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The authors present the greatest value r; and the least value r, such that the double inequality

Jr(a,b) <T(a,b) < J2(a,b) holds for all a,b > 0 with a # b, where T(a, b) and J,(a,b) denote the
Seiffert and pth one-parameter means of two positive numbers a and b, respectively.

1. Introduction

For p € R the pth one-parameter mean J,(a,b) and the Seiffert mean T'(a, b) of two positive
real numbers a and b are defined by

( p(ap+1 _ bp+])
)@ ) °7bPrO-L

a-b

I(ab) - d oga_togp’  “*bP=0 .

ab(loga —logb

(a—b )’ a#b’p=_1/
na’ a=b,

a-b

T(a,b) = { 2arctan((a-b)/(a+b))’
a, a=b>b,

(1.2)
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respectively. Recently, both mean values have been the subject of intensive research. In
particular, many remarkable inequalities and properties for J, and T can be found in the
literature [1-14].

It is well known that the one-parameter mean J,(a,b) is continuous and strictly
increasing with respect to p € R for fixed a, b > 0 with a#b. Many mean values are the
special case of the one-parameter mean, for example:

Ji(a,b) = (a i b) the arithmetic mean,
(a + \/ b+ b>
Ji/2(a,b) = = the Heronian mean, (1.3)
J-1/2(a,b) = Vab, the geometric mean,
J->(a,b) = %, the harmonic mean.

Seiffert [4] proved that the double inequality

Mi(a,b) < T(a,b) < Ma(a,b) (1.4)

holds for all a,b > 0 with a #b, where M,(a,b) = [(a” +b")/2]""(r #0) and My(a,b) = Vab
is the rth power mean of a and b.

n [15-17], the authors presented the best possible bounds for the Seiffert mean in
terms of the Lehmer, power-type Heron, and one-parameter Gini means as follows:

Lo(a,b) <T(a,b) < Lis3(a,b),
Hiog3/10g(r/2)(a,b) <T(a,b) < Hs/2(a,b), (1.5)
S1(a,b) <T(a,b) < Ss/3(a,b).

for all a,b > 0 with a #b, where L,(a,b) = (a”™! +b™)/(a” + b"), Hi(a,b) = [(a* + (ab)k/2 +
b*) /31K (k #0) and Ho(a,b) = Vab, and Sk(a,b) = [(a® + b* 1) /(a + b)Y “ P (a#2) and
Sa(a,b) = (a®b?)"/“*P) denote the Lehmer, power-type Heron, and one-parameter Gini means
of a and b, respectively.

The purpose of this paper is to answer the question: what are the greatest value r; and
the least value r, such that the double inequality

Jr(a,b) <T(a,b) < J,(a,b) (1.6)

holds for all a,b > 0 with a#b?

2. Lemma

In order to establish our main result we need the following lemma.
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Lemma2.l. Ifp=2/(r—2)=175---,t>land g(t) = —(p - D)t*P2 + (p+ Dt* + p(p + DtF*3 -
2(p + 1)*7*2 4 2p(p + 3P = 2(p + 1) + p(p + NP + (p + 1) — (p — 1), then there exists
A € (1,00) such that g(t) > 0 fort € (1,1) and g(t) <0 fort € (A, 00).

Proof. Let gi(t) = g'(t)/t, g(t) = t*Pg/(t) and g (t) = t* PO (t) /[4p*(p - 1)*(p + 1)*]. Then
simple computations lead to

g(1) =0, (2.1)
Jim g (t) = —oo, (22)
i) = -2(p-1)(p+ ¥ +2p(p+ P2 +p(p+ 1) (p +3)
x P _2(p+1)*(p+2)F +2p(p + 1) (p +3) 7! (2.3)
“2p(p+ 1)’ +p(p+ 1) (p- D> +2(p +1),
g(1) =0, (2.4)
Jim g1 () = ~oo, (2.5)

@)= ~4p(p-1)(p+ )2 +4p(p+ 1) (p- DI +p(p+1)°

x (p+3)t =2p(p+1)(p+2) +2p(p-1)(p+1)(p+3) (2.6)
<t =2p(p+1)"(p-2)t+p(p+1)(p-1)(p -3),

£(1) =0, (2.7)

JHm g (f) = ~oo, (2.8)

@)= —4p(p-1)(p+1)(p+3)P2 +4p(p +1)* (p— 1)1

+4p(p+1) (p+3) —6p(p+1)°(p+2)£ (2.9)
+4p(p-1)(p+1)(p+3)t-2p(p+1)*(p-2),

(1) =0, (2.10)

Jim g5 (#) = —oo, (2.11)

Gt = —4p(p-1)(p+1)(p+2)(p+3)t"" +4p*(p +1)*

x (p=D +12p(p+1)*(p+3)2 - 12p(p +1)° (2.12)
x(p+2)t+4p(p-1)(p+1)(p +3),
gi(1) =12p(2-p)(p+1)° >0, (2.13)

Jim g5 (t) = —oo, (2.14)
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') = —4p(p-1)(p+1)*(p+2) (p +3) +4p*(p+ 1)

x (p=1)°#2 +24p(p+1)*(p +3)t (2.15)
~12p(p+1)*(p+2),
g'(1)=12p(2-p)(2p+3)(p+1)" >0, (216)
Jim g5'(t) = —oo, (2.17)
&M= -4’ (p-1)(p+ 1) (p+2)(p+3)F " +4p’(p+1)° o1s)
x(p=1)"(p-2)"> +24p(p +1)*(p +3),
(1) = 8p(p+1)* (~4p” + 2p* + 5p +9)
>8p(p+1)°|-4x 18 +2x 1752 +5x 175 +9)] (2.19)
= 4376p(p+1)° >0,
Jim 57 (1) = ~oo, (220)
&) =-(p+2)(p+3) + (p-2)(p-3)
<=(p+2)(p+3)+(p-2)(p-3) (221)

=-10p <0

fort € [1,00).

From the inequality (2.21) we clearly see that g2(4)(t) is strictly decreasing in [1, o).
Then (2.19) and (2.20) lead to the conclusion that there exists A; > 1 such that g2(4)(t) >0
fort € [1,11) and g§4) (t) < 0 fort € (A, 00). Hence, gy'(t) is strictly increasing in [1,1;] and
strictly decreasing in [y, c0).

It follows from (2.16) and (2.17) together with the monotonicity of g)'(t) that there
exists A, > 1 such that g)'(t) > 0 for t € [1, ;) and g,'(f) < 0 for t € (A, o0). Therefore, g; (t) is
strictly increasing in [1, 1;] and strictly decreasing in [A;, o0).

From (2.13) and (2.14) together with the monotonicity of g)(t) we know that there
exists A3 > 1 such that g5 (t) > 0 for t € [1,13) and g, (t) < 0 for t € (A3, ). So, g,(t) is strictly
increasing in [1, A3] and strictly decreasing in [A3, o).

Equations (2.10) and (2.11) together with the monotonicity of g;(t) imply that there
exists Ay > 1 such that g;(t) > 0 for t € (1,14) and g,(t) < 0 for t € (A4, 00). Hence, g (t) is
strictly increasing in [1, 14] and strictly decreasing in [\4, o0).

It follows from (2.7) and (2.8) together with the monotonicity of g(t) that there exists
As > 1 such that g»(t) > 0 for t € (1,A5) and g»(¢) < 0 for t € (A5, o0). Therefore, gi(t) is strictly
increasing in [1, A5] and strictly decreasing in [As5, o0).

From (2.4) and (2.5) together with the monotonicity of g;(t) we clearly see that there
exists \¢ > 1 such that g;(f) > 0 for t € (1,1¢) and gi(t) < 0 for ¢t € (Xg,0). So, g(t) is strictly
increasing in [1, A¢] and strictly decreasing in [Aq, 0).
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Therefore, Lemma 2.1 follows from (2.1) and (2.2) together with the monotonicity of
8(®). B

3. Main Result

Theorem 3.1. The double inequality
J2/(x-2)(a,b) <T(a,b) < J(a,b) (3.1)

holds for all a,b > 0 with a#b, and J>/(x-2) (a,b) and J,(a,b) are the best possible lower and upper
one-parameter mean bounds for the Seiffert mean T (a, b), respectively.

Proof. Without loss of generality, we assume that a > b. Let t = a/b > 1. Then from (1.1) and
(1.2) we have

D) T(ab) = b(P+t+1) A t-1 3(t-1) -
L(ab) =T b) = e arcan(e /a1 | A 51 et G2
Let
2 _
£(8) = darctan L1 - 3E =D (3.3)

t+1 P2+t+1

Then simple computations lead to

f1) =0,
(t—1)* (3.4)
(+1) (2 +t+1)°

fi=

fort > 1.
Therefore, T(a,b) < J2(a,b) for all a,b > 0 with a#b follows from (3.2)-(3.4).
Next, we prove that

T(a,b) > J2/(z-2)(a,b) (3.5)

for all a,b > 0 with a#b.
Letp =2/(r—2)=175---.Then (1.1) and (1.2) lead to

T(a,b) - Jp(a,b)

_ bp(t#*' - 1) (pr)E-DE-1) -1 (3.6)
~ 2(p+1)(t? — 1) arctan((t — 1)/ (t + 1)) p(t1 1) arctan .— .
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Let
HE-1)@r -1 -
G(t) = (p+1)( N ) — 2arctan g (3.7)
p(tr*1 - 1) t+1
Then simple computations lead to
}13} G(t) = tlierG(t) =0, (3.8)
t
ct=——"5Y 69)

Cpr -1+ 1)

where g(t) is defined as in Lemma 2.1.
From Lemma 2.1 and (3.9) we know that there exists A > 1 such that G(¢) is strictly
increasing in [1, A] and strictly decreasing in [\, o). Then (3.8) leads to that

G(t) >0, (3.10)

fort>1.

Therefore, the inequality (3.5) follows from (3.6), (3.7), and (3.10).

Finally, we prove that J,,(r-2)(a,b) and J>(a,b) are the best possible lower and upper
one-parameter mean bounds for the Seiffert mean T'(a, b), respectively.

Letp=2/(r—-2),0 <e <2and x > 0. Then from (1.1) and (1.2) one has

]p+e(x/1) p+e ar 4 a
_ x T 3.11
ST presl 2 T pel 2 G1D)
h(x)

T(1+x,1)-Je(1+x,1) =

2(3-¢) [(1 +x)7 - 1] arctan(x/ (2 + x)) ’ (3.12)
where
2- 3-¢ X
h(x) = 3-)x[(1+ )7 = 1] ~22 - )| (1 +x)>* - 1] arctan T (3.13)

Letting x — 0 and making use of Taylor expansion we get

h(x) = (3-¢)x [(2 —-&)x + (2- 5)2(1 —¢) x> - e(l- 52(2 —¢) X2+ o<x3>

_202-¢) [(3_£)x+ (3—6)2(2—£)szr (1—5)(2;8)(3—£)x3+0<x3>] (3.14)

x [JZ—C - xzz + g +o<x3>] = 11—25(2—5)(3—5)x4 +o<x4>.
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The inequality (3.11) implies that for any 0 < ¢ < 2, there exists X = X(¢) > 1, such that
T(x,1) < Ja/(r-2)+e(x, 1) for x € (X, +0).

Equations (3.12)—(3.14) imply that for any 0 < € < 2, there exists 6 = 6(¢) > 0 such that
T(1+x,1)> Jo-e(1+x,1) for x € (0,0). O
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