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A wave equation of the Kirchhoff type with several nonlinearities is stabilized by a viscoelastic
damping. We consider the case of nonconstant (and unbounded) coefficients. This is a nondissipa-
tive case, and as a consequence the nonlinear terms cannot be estimated in the usual manner by the

initial energy. We suggest a way to get around this difficulty. It is proved that if the solution enters
a certain region, which we determine, then it will be attracted exponentially by the equilibrium.

1. Introduction

We will consider the following wave equation with a viscoelastic damping term:

m k
. 2g;
ug+ 3 bi®ufPru=( 1+ a;0)|Vull,” )Au

i=1 j=1

t

—I h(t—s)Au(s)ds, in QxR,, (1.1)
0
u=0, on I'xR,,

u(x/ 0) = uO(x)/ ut(x/ O) = (.X'), in Q/

where Q is a bounded domain in R" with smooth boundary I' = 0Q and p;,q; >
0,i =1,....,mj = 1,...,k. The functions up(x) and u;(x) are given initial data, and
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the (nonnegative) functions a;(t), bi(t), and h(t) are at least absolutely continuous and will
be specified later on. This problem arises in viscoelasticity where it has been shown by
experiments that when subject to sudden changes, the viscoelastic response not only does
depend on the current state of stress but also on all past states of stress. This gives rise
to the integral term called the memory term. One may find a rich literature in this regard
(with or without the Kirchhoff terms) treating mainly the stabilization of such systems for
different classes of functions h. We refer the reader to [1-25] and the references therein. For
problems of the Kirchhoff type, one can consult [26-35] and in particular [36—46] where the
equations are supplemented by a nonlinear source. Several questions, such as well-posedness
and asymptotic behavior, have been discussed in these references, to cite but a few.

As is clear from the equation in (1.1), we consider here several nonlinearities and
the relaxation function is not necessarily decreasing or even nonincreasing. These issues
are important but do not constitute the main contribution in the present paper. In case that
aj(t) and b;(t) are not nonincreasing, then we are in a nondissipative situation. This is the
case also when the relaxation function oscillates (in case a;(t), b;(t) are nonincreasing). Our
argument here is simple and flexible. It relies on a Gronwall-type inequality involving several
nonlinearities. We prove that there exists a sufficiently large T > 0 and a constant U after
which (the modified energy of) global solutions are bounded below by U or decay to zero
exponentially. We were not able to find conditions directly on the initial data because the
Gronwall inequality is applicable only after some large values of time.

For simplicity we shall consider the simpler case p; = p,pi = 0,b1 = b, b; = 0,1 =
2,...,mandq1=q,49;=0,a1=a,a;=0,j=2,...,k.

The local existence and uniqueness may be found in [36, 37].

Theorem 1.1. Assume that (uy,u1) € H&(Q) x L2(Q) and h(t) is a nonnegative summable kernel.
If0<p<2/(n-2)whenn >3 andp > 0 when n = 1,2, then there exists a unique solution u to
problem (1.1) such that

ue C([O,T];Hé(Q)) N C1<[O,T];L2(Q)> (1.2)

for T small enough.

The plan of the paper is as follows. In the next section we prepare some materials
needed to prove our result. Section 3 is devoted to the statement and proof of our theorem.

2. Preliminaries

In this section we define the different functionals we will work with. We prove an equivalence
result between two functionals. Further, some useful lemmas are presented. We define the
(classical) energy by

a(t)
2(g+1)

2(¢+1) , b(t)

p+2
Va2

p+2/

1
E(®) = 5 (s + 1 Vull3) + lullyiz £20, (1)
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where || - [|,, denotes the norm in L7 (€2). Then by (1.1) it is easy to see that for t > 0

E'(t) =L Vut-J;h(t—s)Vu(s)ds dx+ 2O IVl 59 + f)z u (2.2)

2(q+1)

p+2°

The first term in the right-hand side of (2.2) may be written as the derivative of some
expression; namely,

f Vu, - fh(t—s)Vu(s)dsdx— I (h'DVu)dx——h(t)lquH2

(2.3)
14 f (hOVu)dx - Jth( )ds )| Vull3
2at ), u . s)ds ully ¢,
where
t
(hOo)(t) = f h(t - s)|o(t) — v(s)|*ds. (2.4)
0
Therefore, if we modify E(t) to
1 2 ' 2
E(t) = 3 llellz + { 1= | h(s)ds )||Vulz + | (hOVu)dx
’ ° (2.5)
+ Ll(t) || ||2(q+1) b(t) P+2
2(g+1) Hlps2r
we obtain for t >0
' _ 1 ' 2 al( ) 2(q+1) b (t) p+2
&) = 3 J;((h OVu) — h(t)|Vul >dx + g+ 1) IVull, || ||p+2. (2.6)
Assuming that
+oo
—f h(s)ds=:1-x>0 (2.7)
0
makes &(t) a nonnegative functional. The following functionals
@D (t) ::J uu dx,
¢ 2.8)

t
D, (t) == - J‘Q Uy J‘o h(t —s)(u(t) —u(s))dsdx
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are standard and will be used here. The next ones have been introduced by the present author
in [24]

t t
@5 (t) :=f0HY<t—s>||Vu<s)||%ds, D4 (1) :=f0%<t—s>||w<s>||§ds, (2.9)

where

H,(t) ;:y(t)—lf h(s)y(s)ds, ¥, (t) ::y(t)_lj‘t &(s)y(s)ds, t>0, (2.10)

t

and y(t) and ¢(t) are two nonnegative functions which will be precised later (see (H2), (H3)).
The functional

4
L(t) := &(t) + D Ly (t) (2.11)
i=1
for some \; > 0,i=1,2,3,4, to be determined is equivalent to £(f) + D3 (t) + D4(t).
Proposition 2.1. There exist p; >0, i = 1,2 such that
p1lE(t) + D3(t) + Da(t)] < L(t) < pal E(F) + D3(t) + Da(t)] (212)

forall t > 0and small A;,i=1,2.

Proof. By the inequalities

1 C
(1) = f wedx < gl + 2 1Vull,
} (2.13)
1, o GCpx
Do (t) < Sllwell; + —— | (hOVu)dx,
2 2 ),

where C,, is the Poincaré constant, we have

1

1 ! b(t
L) < 20+ o+ o)l + 4 <1 [ neds + Alcp> 9l + 2 a3
0

p+2" P2

2

a(t)
2(g+1)

Va3 + AsDs(t) + AaDs(t), £>0.

+ %(1 + 1,Cpr) f (hOVu)dx +
Q
(2.14)
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On the other hand,
2b(t
2L > (131 =)l + (1= 1Cy) [ (hOTmpdx+ 220 )
Q
(2.15)
a(t +
+ % V397 + [1 =5 = 14.Cp] [ Va3 + 205D (F) + 204Dy (£).

Therefore, p1[E(t) + D3(t) + Du(t)] < L(£) < pa[E(E) + D3(t) + Dy(t)] for some constant p; >
0,i=1,2and small \;, i = 1,2 such that \; < min{1, (1-x)/C,} and 1, < min{1/Cpx,1-1A1}.
The identity to follow is easy to justify and is helpful to prove our result. O

Lemma 2.2. Orne has for h € C(0,00) and v € C((0, 00); L*(€2))

t 1 t )
J-Q v(t) fo h(t - s)v(s)dsdx = 5 <J‘0 h(s)ds> lo®)];

1( 1
+ - f h(t - s)||v(s)||§ds - = f (hOv)dx, t>0.

(2.16)

The next lemma is crucial in estimating (partially) our nonlinear terms. It can be found
in [47].
LetI CR,and let g1, : I — R\ {0}. We write g1 « g if g»/ g1 is nondecreasing in I.

Lemma 2.3. Let a(t) be a positive continuous function in | := [a,p), kij(t),j = 1,...,n are
nonnegative continuous functions, gj(u), j = 1,...,n are nondecreasing continuous functions in R,
with gj(u) > 0 for u > 0, and u(t) is a nonnegative continuous functionsin J. If g1 & g o ++- & gy
in (0, o0), then the inequality

n t
u(t) <a(ty+ > f Ki(s)g(u(s))ds, te ], (2.17)
=R
implies that
u(t) <cu(t), as<t<po, (2.18)

where co(t) = supy,,a(s),

t
C]'(t) = G;l I:G]' (C]'_l (t)) + j k]'(S)dS], ji=1,...,n,
‘ (2.19)

G,(u) = J‘“ dx

— u>0(u;>0,7=1,...,n),
" g](x) (] ] )

and Py is chosen so that the functions c;(t), j = 1,...,n are defined for a <t < fy.
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Lemma 2.4. Assume that2 < g <+ooifn=120r2<q<2n/(n-2)ifn> 3. Then there exists a
positive constant C, = C, (L2, q) such that

llully, < CellVull (2.20)
for u € Hy(Q).

3. Asymptotic Behavior

In this section we state and prove our result. To this end we need some notation. For every
measurable set & C R*, we define the probability measure h by

h(H4) = % L h(s)ds. (3.1)

The nondecreasingness set and the non-decreasingness rate of h are defined by

Qn:={se€R": h(s) >0, K (s) >0}, (3.2)

Ry = h(Qn), (3.3)

respectively.
The following assumptions on the kernel h(t) will be adopted.

(H1) h(t) >0 forallt >0and 0 < x = goo h(s)ds < 1.

(H2) h is absolutely continuous and of bounded variation on (0, o0) and K'(t) < ¢(f) for
some nonnegative summable function ¢(t) (= max{0, h'(t)} where h'(t) exists) and
almost all t > 0.

(H3) There exists a nondecreasing function y(t) > 0 such that y'(t)/y(t) = n(t) is a
nonincreasing function: fgoo h(s)y(s)ds < +o0 and fgoo &(s)y(s)ds < +oo.

Note that a wide class of functions satisfies the assumption (H3). In particular,
exponentially and polynomially (or power type) decaying functions are in this class.

Let t, > 0 be a number such that fé h(s)ds = h, > 0. We denote by B, the set B; :=
BNJO,t].

Lemma 3.1. One has fort > t,and 6;>0,i=1,...,5

) 3
(1) <(1-h.) [61 NG s)ds] IV ul + (B = Bl
Q

+

K 1
(1- h*)E + (1 + 6—2>K] fQ " h(t - s)|Vu(t) - Vu(s)|2ds dx
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2 C ’
+ = (1 h, )I h(t - s)||Vu(s)|l>ds - BV[h]I (WOVu)dx

+(1+67) <IQ h(t- s)ds) Lz '[Q h(t - s)|Vu(t) — Vu(s)|*ds dx

| 2M8CHA (1)
( )p+1

C
46 §(t—s)ds J‘J. E(t—9)|Vu(t) - Vu(s)| dsdx,

297 ka(t)

el 0 2g+1)
(t) + 45 f(h Vudz + Gsa(0)|Vuly " + =

éﬂ” (t)

(3.4)

where BV [h] is the total variation of h.

Proof. This lemma is proved by a direct differentiation of @, (t) along solutions of (1.1) and
estimation of the different terms in the obtained expression of the derivative. Indeed, we have

D, (t) = - f Uy It h(t—s)(u(t) —u(s))dsdx
Q 0
t ; (3.5)
- f Ug [f H(t—-s)(u(t) —u(s))ds +u; f h(s)ds] dx
Q 0

0

or
! 2
D(t) = - Lz [<1 - fo h(s)ds> Au—b(t)|ufPu + a(t)||Vu||2un
t t
+ f h(t—s)(Au(t) - Au(s))ds] j h(t —s)(u(t) —u(s))dsdx (3.6)
0 0
t t
- <f h(s)ds) ||ut||% - f utJ‘ H(t-s)(u(t) —u(s))dsdx, t>0.
0 e Jo
Therefore,

D} (t) = <1 - ﬂh(s)ds + a(t)||Vu||§‘7>

x j Vu- It h(t - s)(Vu(t) — Vu(s))ds dx — <It h(s)ds> ||ut||§
Q 0 0
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t t
+b(t) fg |u|Pu J; h(t —s)(u(t) —u(s))dsdx - J; Uy fo K (t-s)(u(t) —u(s))dsdx

2

t
f h(t —s)(Vu(t) — Vu(s))ds| dx, t>0.

0

I,

For all measurable sets &/ and Q such that &/ = R* \ Q, it is clear that

f Vu- It h(t—s)(Vu(t) — Vu(s))ds dx
Q 0
= J‘ Vu- j h(t —s)(Vu(t) — Vu(s))dsdx
Q A0[04]
+ f Vu- I h(t - s)(Vu(t) — Vu(s))ds dx
Q Qn(o,4]

= f Vu- f h(t=s)(Vu(t) — Vu(s))ds dx
Q n[0]

+ (I h(t - s)ds> ||Vu||§ - f Vu- f h(t —s)Vu(s)ds dx,
QNI[0,] Q QN[0,t]

For 6; > 0, the first term in the right-hand side of (3.8) satisfies

f Vu-j h(t —s)(Vu(t) — Vu(s))dsdx
Q 4

< 6|Vl + % fQ L h(t - s)|Vu(t) - Vu(s)Pdsdx, t>0,

and the third one fulfills

I Vu-j h(t —s)Vu(s)dsdx
Q Q:

(3.7)

(3.8)

(3.9)

(3.10)

<5 ([ ne-9ds )ivulp+ 3 [ ne-ovus)iids, 120
2 Q; 2 Q
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Back to (3.8) we may write

t
f Vu- J h(t - s)(Vu(t) — Vu(s))ds dx
Q 0
< 6|Vl + 4% fg L h(t - 5)|Vu(t) - Vu(s)Pds dx (3.11)
+ ;IIVullif h(t —s)ds + % f h(t - s)||Vu(s)|3ds, t>0.
Q Q;

The last term in the right-hand side of (3.7) will be estimated as follows:

2
J‘ Ut h(t - s)(Vu(t) — Vu(s))ds| dx
alto

< <1 + 612>fo . h(t - s)|Vu(t) - Vu(s)*ds dx

(3.12)
+ (14 67) < h(t- s)ds> f f h(t—s)|Vu(t) — Vu(s)|2ds dx, 6,>0.
Q QJQ
For the fourth term in (3.7), it holds that
t
- I utJ H(t-s)(u(t) —u(s))dsdx
o Jo
2 C !
< Gallul} - 32 BVIH] | (WOVu)d (.13)
Cp
46 < §(t—s)ds> I f &(t—8)|Vu(t) — Vu(s)|Pdsdx, 63>0, t>0.
3
Moreover, from Lemma 2.4, forp > 0if n=1,2and 0 < p <2/(n-2) if n > 3, we find
t
b(t) j |u|”uf h(t—s)(u(t) —u(s))dsdx
Q 0
< &2 (1) |[u) PPN + Sy h(s)ds (hOVu)dx
4 20+1) T 45, o
(3.14)

C
< 6,CL2 ()| V37V + 4%: Lz(hDVu)dx

2r+15,C b2 (t) C,x
<= —==e” 1Y p+1t+LI hOVu)dx, 64>0,t>0.
ST o e, | OVIde 0012
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The definition of £(t) in (2.5) allows us to write

a(t)||Vu||§q fQ Vu- JZ h(t —s)(Vu(t) — Vu(s))ds dx

< a(t)||Vu||§q{55||Vu||§ + lf (hDVu)dx} (3.15)
465 Q
2q+1) . 2T 'xa(t) |,
< 65a(t)||Vu||2 + méq+ (t), 65 > 0, t> 0.

Gathering all the relations (3.11)—(3.15) together with (3.7), we obtain for t > ¢,
, 3
(1) < (1-h) [61 HE s)ds] 190l + (83 - h)
Q;

K 1
+ [(1 —h*)E + <]. + 6—2)K

N %(1 —h) f h(t - $)|[Vu(s)|Eds — L BVA] f (WOVu)dx
Q: Q

f J h(t - s)|Vu(t) — Vu(s)*ds dx
QJ A

463

+(1+ 62)< h(t - s)ds> f f h(t—s)|Vu(t) - Vu(s)|2ds dx
Q QJQ

p+1 2
L 2IBCH ()

o 29 lka(t
(1) &0+ 5 f (BEVudx + bsa(t) (VP 4 22 %80 i gy

2 65(1 — K)q

C
' EZ’ <«[Qt o S)ds> Ig fat §(t = 9)|Vu(t) - Vu(s)[*ds dx.

(3.16)
O

In the following theorem we will assume that p < g just to fix ideas. The result is also

valid for p > g. It suffices to interchange p < g and A(t) < B(t) in the proof following it. The
case p = q is easier.

We will make use of the following hypotheses for some positive constants A, B, U,
and V to be determined.

(A) a(t) is a continuously differentiable function such that a'(t) < Aa(t), t > 0.
(B) b(t) is a continuously differentiable function such that b'(t) < Bb(t), t > 0.
C)p>0ifn=12and0<p<2/(n-2)ifn > 3.

(D) [ a(s)e>ds] [ b*(s)eP°ds]'" < UL.

(E) [fgo a(S)e_qj;q(T)desll/q[J‘OOO bz(s)e_png(T)des]l/P <V,
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Theorem 3.2. Assume that the hypotheses (H1)-(H3), (A)—(C) hold and Ry, < 1/4. If lim;_, x7(t) =
7#0, then, for global solutions and small [, &(s)ds, there exist Ty > 0 and U > 0 such that L(t) >
Uu,t>T or

E(t) < Mie™, t>0 (3.17)

for some positive constants My and vy as long as (D) holds. If 71 = O, then there exist T, > 0 and
V > 0such that L(t) >V, t > T, or

E(f) < Mae™2hnds 4> (3.18)

for some positive constants My and v, as long as (E) holds.

Proof. A differentiation of @ () with respect to ¢ along trajectories of (1.1) gives

t
@ (t) := ||ut||§—||Vu||§+f Vu-f h(t - s)Vu(s)ds dx
0

(3.19)
—a®|Vul " - b ull,
and Lemma 2.2 implies
) 2 K » 1 2
Oy (1) < Julz ~ (1= 3)IVul + 5 | h(t=9)|Vu(s)l3ds
0 (3.20)
-3 | (rovax @I -, >0,
Next, a differentiation of @5 (t) and d4(t) yields
! 2
@, (1) = Hy (0)]| Va2 + f HL (¢ - 5)]| Va(s) s
'(t-s)
= H,y(0)[|Vull3 - Y(t 5 Hr(t=9)[Vu(s)lids —f h(t - 5)|[Vu(s)|3ds
t
< H,(0)|Vul}2 = () Ds(t) —j h(t - )| Vu(s)|ds, 20,
‘ (3.21)

t
@, (1) = ¥, (0)[Vul3 +f W (t - 5) | Vu(s)|2ds

Y (t->s)
y(t-s)

= ¥, (0) [ Vu2 - fo W, (¢ 8)[[Vu(s)|2ds - f §(t - 8[| Vus) [ds

t
< W, (0)[| Vull3 - (1) Da(t) - fo«;(t - 9)||Vu(s)|3ds, t>0.
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Taking into account Lemma 3.1 and the relations (2.6), (3.20)-(3.21), we see that

L'(t) < G - ?AZBV[h]) f (WOVu)dx + [Ay + (65 — h)Aa] ||l

4 {12(1 ~h) [51 + g ’[Qt h(t - s)ds] + A3H, (0) + A%, (0) - Ay <1 _ g>}

vl + (3 20 1) [ -9 TucslBds
[z(a t) 3 + 65\pa(t) — Ala(t)] ||Vu”2(q+1) [(1 +62) A2 Lb h(t—s)ds - %:I
1-h. 1

IQ(hDVu)dx + Aox |1 + — 15, + 5

(3.22)

f h(t - s)|Vu(t) - Vu(s)*ds dx
QJ A

’(t)

= Aan () D3 (£) — Aar () Da(t) + o+ p+2

Y b(t)] 22+

29 ka(t) X + 2P+16,C L2 (1)

t
S TR R [ se=snvucipas

" )Z_g:< ot S>d5> fat 5t = 9)|Vu(t) - Vu(s)|3ds, t2t.

Next, as in [17], we introduce the sets
An:={seR" :nh'(s)+h(s) <0}, neN, (3.23)

and observe that

Uetn =R\ {QuU M), (3.24)

n

where NV, is the null set whege h'is not defined and Qj, is as in (3.2). Furthermore, if we denote
Q,, :=R"\ &4, then limnqw}i(Qn) = h(Qy) because Q,+1 C Q, forall nand N, Q, = Qn U Ny,
Moreover, we designate by A,; the sets

Ay = {seR":0<s<t nh'(t-s)+h(t-s)<0}, neN. (3.25)
In (3.22), we take o#; := Ay and Q; := ént. Choosing A1 = (h, — €),, it is clear that

(1+ 62)Aaxh(Qy) - 2 <0 (3.26)

2
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for small € and 6,, large n and t,, if lAz(Q) < 1/4. We deduce that

(1+6)A . h(t - s)ds — % <0. (3.27)

Furthermore, if fz(Q) < 1/4, then

M N h(t - s)ds < 6h. (1 - g) (3.28)
with
PCI o
and a small g > 0. Pick
b= 20+ A1 h)] (3:30)

and H,(0) such that

(1-6)h.(2 - )

\sHy (0) < =21 (3.31)
Note that this is possible if t, is so large that h, > 7x /(8 — k) even though
H,(0) = Y(O)_1 f h(s)y(s)ds > f h(s)ds = x. (3.32)
0 0

Taking the relations (3.22)-(3.30) into account and selecting A, < 63/C,BV [h] so that

BV[h] > 31’ (3.33)

and small enough so that

1-h, 1 G\ 1
—_— 4+ — + — — 3.34
/\2K<1+ 5 5 +464> <—, (3.34)
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we find for 63 = £/2, large 64, small ¥, (0), and t > ¢,

2r+15,C b2 (1)

+1
TR

L) < —cl{nutu% Va2 +j (hDVu)dx} +
Q
20 kca(t)

65(1 - K)q)‘zéq+l(t) — Aan(t)®s(t)

[2(“ ©) 5 Bstaal®) - Ala(t)]nv 26D

[ LG,
- M) Dy(t) + o |1+

26, §(t—s)ds]f f H(t-s)|Vu(t) - Vu(s)| dsdx

b t
. [p U b(t)] a2 - 44 fog(t— $)IVu(s)|3ds
(3.35)

for some positive constant Cy. Take Ay > 1 + (AZCP/263) fQ é(s)ds, 65, fQ ¢(s)ds small, and

a'(t)
2(q+1)

< (M —a)a(t) (3.36)

(ie, A=2(g+1)(A —a) forsome 0 < & < A1) and

b'(t)
p+2

p)b(t) (3.37)

(i.e., B=(p+2)(A1 — p) for some 0 < < A1) to derive that

p+l 2 -1
(1-x)P* 65(1 —x) (3.38)

- .)L37](t)(D3(i’) - .}L471(t)(D4(t)

L'(t) < - Cé(t) +

for some positive constant Cy. -
If limy —, o 77(t) #0, then there exist a t > ¢, and Cz > 0 such that 7(t) > C; for t > t. Thus,
in virtue of Proposition 2.1, for C3 > 0, we have

L'(t) < —CsL(t) + BE)LPL (1) + A(F) LT (D), (3.39)

where

20*16,C, Ay

B(t) = 1 pil
(1-x)""py

b (1),
(3.40)
Zq_lKJ\z

At) = —— =2
65(1-x)7p]"

a(t).



Journal of Applied Mathematics 15

If there exists a T > t such that L(T) < [p I E(s)ds]_l/p, where B(t) := B(t)e PG then
from (3.39)

[eCSU-DL(t)]' < eSEDBEHLP (L) +eSED AR)LI (1), (3.41)

and it follows that fort > T

t t
ePSEDB(s) 1P (s)ds + f e IOCTDAEL (s)ds (342)
T

L(t) < L(T) +f

T

with L(t) := eS* T L(t). Now we apply Lemma 2.3 to get

t -1/4
L(t) < [N-q - qf A(s)ds] , t>T, (3.43)
0

where A(t) = eG0TDA®M) and N = [L(T)P-p[o B(s)ds] ", 1f, in addition,
q fgo A(s)ds < L(T)™, then i(t) is uniformly bounded by a positive constant C4. Thus

L(t) < Cye™!, t>T, (3.44)

and by continuity (3.44) holds for all t > 0. B
_ Iflimy, 7 (t) = 0, then for any C > 0 there exists a £(C) > £, such that 7(t) < C for
t > t(C). Therefore,

L'(t) < =Csn(H)L(t) + BOLP(t) + A(YLT(E),  t21=HCy) (3.45)

for some Cs > 0. The previous argument carries out with e©>*-T) replaced by e frndyds,
In case that g < p, we reverse the roles of p and g in the argument above. The case p = g
is clear. 0O

Remark 3.3. The case where the derivative of the kernel does not approach zero on « (as is
the case, for instance, when h' < —Ch on ) is interesting. Indeed, the right-hand side in
condition (3.34) will be replaced by C/4 with a possibly large constant C.

Remark 3.4. The argument clearly works for all kinds of kernels previously treated where
derivatives cannot be positive or even take the value zero. In these cases there will be no
need for the smallness conditions on the kernels. This work shows that derivatives may be
positive (i.e., kernels may be increasing) on some “small” subintervals and open the door for
(optimal) estimations and improvements of these sets.

Remark 3.5. The assumptions a'(t) < 2(q + 1)(A1 — a)a(t) and b'(¢) < (p +2)(\1 — B)b(t) may
be relaxed to a'(t) < 2(g + 1)Ma(t) and b'(t) < (p + 2)A1b(t), respectively. In this case a = a(f)
and f = B(t) would depend on .
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Remark 3.6. The assertion in Theorem 3.2 is an “alternative” statement. As a next step it would
be nice to discuss the (sufficient conditions of) occurrence of each case in addition to the
global existence.
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