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The purpose of this paper is to develop a generalized matrix Riccati technique for the selfadjoint
matrix Hamiltonian system U’ = A(t)U+B(t)V, V' = C(t)U-A*(t)V. By using the standard integral
averaging technique and positive functionals, new oscillation and interval oscillation criteria are
established for the system. These criteria extend and improve some results that have been required
before. An interesting example is included to illustrate the importance of our results.

1. Introduction

In this paper, we consider oscillatory properties for the linear Hamiltonian system

u' = A(HU + B(H)V,

, (1.1)
V' =C(HU - A*())V, t>to,

where A(t), B(t), and C(t) are real n x n matrix-valued functions, B, C are Hermitian, and B
is positive definite. By M*, we mean the conjugate transpose of the matrix M, for any n x n
Hermitian matrix M.

For any two solutions (U1(t), Vi(t)) and (Ux(t), Vao(t)) of system (1.1), the Wronski
matrix U7 (¢) V2(t) = Vi (£)U2(t) is a constant matrix. In particular, for any solution (U (t), V (t))
of system (1.1), U*(t)V(t) — V*(#)U (¢) is a constant matrix.

A solution (U(t), V(t)) of system (1.1) is said to be nontrivial if detU (t) #0 is fulfilled
for at least one t > ty. A nontrivial solution (U(t), V (t)) of system (1.1) is said to be conjoined
(prepared) if U*(t)V(t) — V*(t)U(t) = 0,t > to. A conjoined solution (U(t), V(t)) of system
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(1.1) is said to be a conjoined basis of system (1.1) if the rank of the 2n xn matrix (U (t), 2708
is n.

In 2000, Kumari and Umamaheswaram [1], Yang and Cheng [2], and Wang [3] used
the substitution

Wi(x) = a(@) [V)U () + f()E], a(x) = exp{ -2 f f(s)ds}, (12)

to study the oscillation of system (1.1). One of the main results in [1] is as follows.

Theorem A. Let D = {(x,s) | xo < s < x}and Dy = {(x,s) | xo < s < x}. Let the functions
H € C(D,R) and h € C(Dy, R) satisfy the following three conditions:

(i) H(x,x) =0, for x > x9, H(x, s) > 0 on Dy,

(ii) H has a continuous and nonpositive partial derivative on Dy with respect to the second
variable;

(iii) —(0/0s)H (x, s) = h(x,s)\/H(x, s), for all (x,s) € Dj.

If there exists a function f € C'[xg, o0) such that

li?—?ipm)q [Jx {H(x,s)T(s) + F(x, s)}ds] = oo, (1.3)

where T(x) = a(x)[-C — f(A+ A*) + f>B - f'E,](x), a(x) = exp{-2 f;co f(s)ds},E,isthen xn
identity matrix, and

F(x,s) = H(x,s) [af(A + A*) - aA*B-lA] ()

~a(s) [%h(x, s$)\/H(x,s) + f(s)H(x, s)] [A*B-1 + B-1A] (s) (1.4)

—a(s) [(%h(x,s) + f(s)\/H(x, s))B-“Z(s) - f(s)\/H(x, s)B(s)]z,

then, system (1.1) is oscillatory.

In 2003, Meng and Mingarelli [4], Wang [3], and Zheng and Zhu [5] studied the
oscillation of system (1.1) by using the substitution

Wa(x) = a(x) |V (x)U ! (x) +f(x)B—1(x)], a(x) = exp{—z ’[x f(s)ds}. (1.5)

One of the main results in [4] is as follows.
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Theorem B. Let the functions H € C(D,R) and h € C(D,,R) satisfy (i)—(iii) in Theorem A and,
for all sufficiently large s € R,lim inf,_,  H(x,s) > 1. Assume that there exist a function f €
Cl[xo, 00) and a monotone subhomogeneous functional q of degree ¢ on S such that

lim sup

1 * 1
msu mq[f {H(x,s)R1(S)+Za(s)h2(x,S)Bf1(5)}d5]=°°r (L6)

X0

where Ry (x) = ¢* (x)R(x)P(x), B1(x) = ¢~ (x)B(x) [(,b*(x)]_l, ¢(x) is a fundamental matrix of the
linear equation v' = A(x)v, and

R(x) = a(x) [—c - f(ABt+BA) + 2B - ( fB-l)'] (x). (1.7)

Then, system (1.1) is oscillatory.

In 2004, Sun and Meng [6] also studied the oscillation of system (1.1). One of the main
results in [6] is as follows.

Theorem C. Let H, h be as in Theorem A, and suppose that

. . . .H(t,s)
< . .
0< gtg{hmioan(t,to) } < +o0 (1.8)

If there exist a function f € C'[ty, c0) and a positive linear functional g on R such that

t

lim inf——— g[—H(t, s) <c1 +ABI'A + (B;lA)') (s)|ds > -0,
t—oo H(tl tO) to
. \ (1.9)
. 2 -1
hItILS;IPH(t, ) J‘to h*(t, s)g[Bl (s)]ds < oo,
and suppose also that there exists a function m € Clty, oo) such that
lim sup ! ft g[H(t,s)<c1 +A*B{'A + (B;1A>'>(s) - 1h2(t, s)B;'(s)|ds,
> m(T),
forall T > toand
o 2 t
f mj—f)dt = +oo, 1.11)
to g[B1 (t)]

where m,.(t) = max{m(t),0} and By (t), C1(t) are the same as in Theorem A, then, the system (1.1)
is oscillatory.
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Recently, Li et al. [7] also studied the oscillation of system (1.1) by using the standard
integral averaging technique and the substitution

Ws(t) = —a(t) [Y(t)x-l(t) + f(t)B-l(t)], t> to, (1.12)

where a(t) is as in (1.5). One of the main results in [7] is as follows.

Theorem D. Let H, h be as in Theorem A, and suppose that there exist a function f € C'[ty, o) and
a positive linear functional g on R, for some p > 1, such that

t !
lirtrlsotlpm . g[—H(t, s) <C1 + A*BilA + (B;1A> )(s) - ghz(t, s)Bl_l(s)] ds = oo,
(1.13)
where
t
Bi(t) = a '(H)B(t), a(t) = exp{—ZJ‘ f(s)ds},
(1.14)

Ci(t) = a(t) {C<t> +fO[B A+ B @ + [fOB 0] - OB }

Then, system (1.1) is oscillatory.

The purpose of this paper is further to improve Theorems A, B, C, and D as well as
other related results regarding the oscillation of the system (1.1), by refining the standard
integral averaging technique and Riccati transformation.

Now we use the general weighted functions from the class #. Let D = {(t,s) |ty <s <
t < +oo} and Dy = {(t,s) | tp < s <t < +o0}. We say that a continuous function H(t,s) : D —
R, belongs to the class J if

(i) H(t,t) =0fort >ty, H(t,s) >0 on Dy,

(ii) H has a continuous and nonpositive partial derivative on Dy with respect to the
second variable,

(iii) —(8/0s)(H(t,s)k(s)) = h(t,s)\/H(t,s)k(s), for all (t,s) € Do, where k(t) €
C([to, +o0), (0, +o0)).

We now follow [8] in defining the space .S as the real linear spare of all real symmetric
n x n matrices. Let g be a linear functional on R, g is said to be positive if g(A) > 0 whenever
A€Sand A>0.

2. Main Results
In this paper, we need the following lemma.

Lemma 2.1 (see [6]). If g is a positive linear functional on R, then, for all A, B € R, one has

|g[A*B]|* < g[A*Alg[BBI. (2.1)



Journal of Applied Mathematics 5

Theorem 2.2. Let H(t,s) € K. If there exist a function b € C'([ty, +o0),R,), a matrix function
¢ E C'([to, +0),8), and a positive linear functional g on R, for some a > 1, such that

1 t
ligiipm LU g{—H(t,s)k(s)Tl(s) - %B{l(s)Tz(t,s)z}ds = o0, (2.2)

where Bi(t) = (1/b(t))B(t),D(t) = A(t) — b(t)Bi(t)g(t), Fi(s) = b(s)[C + A*¢p + ¢A -
¢By + ¢'1(s), Ti(s) = [F1 + (Bl_lD)l + D*Bl_lD - (b’/b)Bl_lD](s), and Tr(t,s) = h(t,s) —
VH(t, s)k(s)(b'(s)/b(s)), then, system (1.1) is oscillatory.

Proof. Assume to the contrary that system (1.1) is nonoscillatory. Then, there exists a
nontrivial prepared solution of (U (t), V(t)) such that U (t) is nonsingular for all sufficiently
large t. Without loss of generality, we assume that detlU (t) #0 for all t > ;. This allows us to
make a Riccati transformation

W) =-b(t)[Viu (1) + ¢ (1), (2.3)

for all t > ty. Then, W (t) is well defined, Hermitian, and solves the Riccati equation

W'(t) - %W(t) +W*(t)(A-By)(t) + (A-By) (HW(t) - %W*(t)B(t)W(t) +Fi1(t) =0,
(2.4)
on [tg, o).

Let Bi(t) = (1/b(t))B(t), D(t) = A(t) — b(t)B:1(t)g(t). So, from (2.4), we have

AV

WiH -4 o WO W ODO + D' OW O - W OBOW @) + Fid) 0. (25)

Now by the substitution P(t) = W (t) - B{l (t)D(t) in (2.5), we obtain

P'(t) - %P(t) - P*(t)B1(t)P(t) + T1(t) = 0. (2.6)

By rearranging the terms, we get

Ti(t) = -P'(t) + %P(t) + P*(t) By (t)P(1). (2.7)
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Multiplying (2.7), with t replaced by s, by H (t, s)k(s) and integrating from ¢y and t, we obtain

- f H(t, )k(s)T1(s)ds
to
- H(tsk(s) [P’() b((s))P() P*(s)Bl(s)P(s)]
fo (2.8)

= —H(t, to)k (o) P(to) +_[ P(s) [h(t s)\/m H(t, s)k(s) b’((s))

- Jt H(t,s)k(s)P*(s)B1(s)P(s)ds.

Taking the linear functional g on both sides of the above equation, we have, for some a > 1,

t

g{-H(t, s)k(s)T1(s)}ds

—_H(t )k (t)g[P(to)] f $1P(©)] 10,9\ H @, k() - H k() 70|
- :H(t,s)k(s) [P*(s)B1(s)P(s)]ds
< —H(t, to)k(to)g[P(t0)] fg s)][hts) H(t, )k(s) — H(t, $)k(s )b’(s)]d
- j Ht,s)k(s) [ g[8 0)] ] 51P()])ds
—_H(t )k (t)g[P(to)]
:

+ H;g[Bgl(s)] <h(t,s)—\/H(t $)k(s )’Z((SD ds
4ot

(s[B )]} (stPo)]) s

t
<-H( t)k(oglP()] + § [ g[Bi!o)]Ta(t 57,
to
(2.9)

So,

t
[ s{-H(t KT - §B Gt s < -HG k)gPE)]. (210
to
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Taking the upper limit in both sides of (2.10) ast — oo, we obtain

t

X1 2
limsupgrs | g{=H(L SKOTi(s) - {5 (D1, 5)° Jds < —kto)g[PW)], 1)
which contradicts (2.2). This completes the proof of Theorem 2.2. O

Theorem 2.3. Let the functions H, h and b, g be as in Theorem 2.2, and suppose that

(t,s)
0< glf{htrgglfH(t ) } < +oo. (2.12)

If there exists a function ¢ € C([to, o)), such that, forall t > T > to, and for some a > 1,

1 t
lim sup L g{—H(t, $)k(s)T1(s) — gBl’l(s)B(t, 5)2}ds > ¢(T), (2.13)
S R
f TROIED dt = +oo, (2.14)

where ¢, (t) = max{¢$(t),0}, Bi(t), F1(t), D(t), T1(t), and Ta(t, s) are the same as in Theorem 2.2,
then, system (1.1) is oscillatory.

Proof. Assume to the contrary that system (1.1) is nonoscillatory. Similar to the proof of
Theorem 2.2, we can obtain, forallt > T > ty, and for some a > 1,

1 ! a,
HET) L g{-H(t 9)k()Ti(s) - 7B, () Ta(t, )" | ds -
< —k(T)gl b | ek s[E o)) stpen s

Taking the upper limit of the above inequation ast — oo,

lim sup t g{ ~H(t,s)k(s)Ty(s) - 53;1(S)T2(t,s)2}ds

t— o0 H(t/T)

< —k(D)g[P(T)] - — hmme(t T)f H(t,9)k(s){g[Bi' ()]} '(5[P(s)] s
(2.16)

By (2.13), we obtain

—k(T)g[P(T)] > $(T) + = hmme(t T)f H(t, s)k(s){g[B 1(5)]} (g[P(s)]) ds
(2.17)
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—k(T)g[P(T)] 2 ¢(T).

Besides, we have

t— o0

lim infﬁ J’ : H(t, k) [ g[Bi )]} (sIP()])ds

< [p(to) + k(to)g[P(t)]] < oo.

Now, we claim that

fm s[B @]} (s1Pes)1) s <o
Suppose to the contrary that

J:O {3[351(”] }_1{8[1)(5)]}2615 = +oo.

By (2.12), there exists a positive constant ¢ satisfying

it {mint g7y} > >0
And according to the above ¢, there exists t; > t; such that
,[ s [B_l(s)]} glP(s)]) ds > 51—2 t> .
Thus,

H(t ™ f H(t, S)k(s){g[B 1(s)]} g[P(s)]}d

H(tt)f H(t, s)k(s)d<f { [BIl(é)]}_l{g[P(g)]}zdg>

_ 1 O(H(t,s)k(s)) ) 4 ,

T H(tt) L s to{g[Bll(«s)]} {g[P(&)]} d¢ds
11 (" _d(H(ts)k(s))

T EH) ), 55 ds

_ k(h) H(t, b)

T & H(tt)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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From (2.22), there exists a t, > t; such that, for all t > t,,

x :; €. (2.25)
So,
T to)f H, 9k |[B o)) (s1Pe)1)2ds > <) 226)
Since ¢ is arbitrary, we get
lim inf jH(t k() {g[B7 )]} (glP©)])ds = o0, 227)

which contradicts (2.19). So, (2.20) holds; then, by (2.18) and (2.20), we can obtain

® 2(t © g[P(H)]
f Oy (T8POF (2.28)
w g[Br (H]K(H) w 8By ()]
which contradicts (2.14). This completes our proof of Theorem 2.3. O

Example 2.4. Consider the linear Hamiltonian system (1.1), where B(t) = tI;,C(t) = —((1/t)

cost+ (3/4t3))I,, A(t) = (_f/t 1ét> are 2 x 2-matrices and B, C are Hermitian.

Let H(tls) = (t_ S)th(tfs) = Z/b(t) = t/(lf(t) = _(1/2t2)12/ and g[A] = 4ai,
where A = (a;) is a 2 x 2-matrix. Then, lim;_o,(H(t,s)/H(t, o)) = (t - s)*/(t - to)* =
LBi(t) = b, DO = (M4%Y4) F) = —costh,T(t = (Vi e 3
limsup, , (1/8) [;g{~(t—)*T(s) - (a/4)B; (s)[2 — (t - 5)(1/5)]*}ds > 1/~/T = ¢(T), and
f::’(gb%(t)/g[Bl‘l(t)]k2(t))dt = [ (1/t)dt = co. According to Theorem 2.3, we get that this
linear system is oscillatory.

Remark 2.5. In Theorem 2.2, let b(t) = exp{—2ftf(s)ds},q;(t) = f()B(@®), k(t) = 1
Theorem 2.2 reduces to Theorem D. In Theorem 2.3, we obtain the same result in which
we remove the two assumptions (1.9) in Theorem C. Therefore, Theorems 2.2 and 2.3 are
generalizations and improvements of [7, Theorem 2.1] and [6, Theorem 3].

Remark 2.6. The above theorems give rather wide possibilities of deriving different explicit
oscillation criteria for system (1.1) with appropriate choices of the functions H(t,s), k(s),
and f(s). For example, we can obtain some useful oscillation criteria if we choose H(t, s) =
(x=s)", [In(x/s)]™, st dz/6(z)]™, or p(x — s), and so forth.

3. Interval Oscillation Criteria

Now we establish interval oscillation criteria of system (1.1), that is, criteria given by the
behavior of system (1.1) only on a sequence of subinterval of [y, o0). We assume that a
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function H = H(t, s) satisfying (i). Further, we assume that k(tf) = 1 and H (¢, s) has partial
derivatives 0H /0t and 0H/0s on D such that

29 = m(ts/HEs), (3.1)

%H(t, s) = —hy(t,s)\/H(t,s), (3.2)

where hl, hz € Lloc(D/ R)
We first prove two lemmas.

Lemma 3.1. Suppose that (U(t), V (t)) is a nontrivial prepared solution of system (1.1) such that
detU(t) #0 on (a1, a2] C [to,o0). Then, for any b(t) € C'([to, ), R,), matrix function ¢ €
C!([to, 0),8), H satisfies (i), (3.1) and (3.2), and a positive linear functional g on R, one has, for
some a > 1,

1 a - /(t)
H(ay, ar) j { A al)Tl(S)"B 1(t)<h1(t @)+ VHE @) (t)> }dt (3.3)

< g[P(a2)],

where W (t) is defined by (2.3) on (ai,az], Bi(t),D(t), Fi(s), and Ti(s) are the same as in
Theorem 2.2.

Proof. Since (U (t), V(t)) is a nontrivial prepared solution of system (1.1) such that U(t) is
nonsingular on (aj, a;], then, W (t) by (2.3) is well defined and solves the Riccati equation
(2.7) on (a1, az].

On multiplying (2.7) by H(t,s) and integrating with respect to t from s to a, for s €
(a1, az], we can find

- j H(t, )T (t)dt

b'(t)

_ J CH(t s)P (Hdt - f TH(, 52D b

P(t)dt —j H(t,s)P*(t)By(t)P(t)dt
o (3.4)
= H(ay, s)P(ay) — J‘ P(t)(hl(t S)\/H(t,s) + H(t,s )b(t)> t

- f H{(t,s)P*(t)B1(t)P(t)dt.
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Taking the linear functional g on both sides of the above equation, we have, for some a > 1,

fz gl=H(t $)T1 (1))t

:H(@,S)g[p(az)]_fZg[P(t)]<h1(t,s) H(t,s)+ H(t, s)%) {
_ J‘ H(t,5)g[P" (t)Bi(t)P(1)]dt
SH(%S)g[p(az)]_Lazg[P(t)](hl(t,s) H(t,s)+ H(t, s)%) ¢
_ J':2 H(t,s){g[Bl‘l(t)]}_1{8[P(f)]}2dt
= H(ay,s)g[P(a2)]
2
- %gmm@(’““ e HEs )|
"

+ % f“z g[B—l(t)] <h1(t, s) + \/I?) I;’ ((:))) I

[s[B 0]} (slP0))a

< H(ay, s)g[P(a2)] + — J‘ g[B 1(t)] (hl(t s)+ mgég) dt.

(3.5)

That is,

e L 20,
s ). { ~H(t, )T (1) B (t)(hl(t s) +\/H(t,s )b(t)> }dt 56

< glP(az)].

Lets — ay,

1 a a v (t)
Haa ). g{—H(t,al)Tl(t)—ZB (t)(hl(t a1) +\/H(t,a )b(t)> }dt 57

< g[P(a2)]. .

Lemma 3.2. Suppose that (U(t),V(t)) is a nontrivial prepared solution of system (1.1) such
that detU (t) #0 on (az,a3] C [to,o0). Then, for any b(t) € C!([ty, o), R;), matrix function
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¢ € Cl([to,»),), H satisfies (i), (3.1) and (3.2), and a positive linear functional g on R, one
has, for some a > 1,

1 (" _ g b'(s)
o f { H(as, T(9) - 5557(5) (n(an, 9+ F(as, ) 1)) }ds .

< =g[P(a2)],

where W (t) is defined by (2.3) on (ay,az], Bi(t),D(t), Fi(s), and Ti(s) are the same as in
Theorem 2.2.

Proof. Since (U (t), V(t)) is a nontrivial prepared solution of system (1.1) such that U(t) is
nonsingular on (ay, as], then, W(t) by (2.3) is well defined and solves the Riccati equation
(2.7) on (ay, as].

On multiplying (2.7) by H(t, s), integrating with respect to s from a, to t for t € (a, as],
and following the proof of Lemma 3.1, we can find

1 ! _ b'(s)
HEay) Lz { -H(t, s)T1(s)——B 1(s)<h1(t s)+1\/H(t,s )b( )> }ds (39)

< —-g[P(az)] < +oo.

Lett — as,
1 as - /( )
o fg{ H(as, 9)T3(6) - §B;' () (s 5) + \[Has, ) 3. ) }ds 510
< -g[P(a2)]. O

Theorem 3.3. Suppose that there exist some ay € (ai, az) C [to, o0),b(t) € C'([to, ), R,), matrix
function ¢ € C([to, 0), ), H satisfies (i), (3.1) and (3.2), and a positive linear functional g on R
such that, for some a > 1,

— | -H b'(t)

{H(az, = f (L,a)Ti(H) - TB7 () <h1(t @)+ \H(t @) g > dt
—_— b'(s)
H(a3/ az) J‘ H(a3’ S)Tl(s) - _B 1(5) <h1(a3/ S) + H(a3/ ) b( ) ) ds} > O/

where Bi(t), D(t), F1(s), and Ti(s) are defined as in Theorem 2.2. Then, for any nontrivial prepared
solution (U(t), V(t)) of system (1.1), detU (t) has at least one zero in (a1, as).

(3.11)

Theorem 3.4. If, for each T > t,, there exist b(t) € C([to, ), R,), matrix function ¢ €
Cl([to, 0),8), H satisfies (i), (3.1), (3.2), a positive linear functional g on R and a1, a», a3 € R,
such that T < a1 < ap < az and condition (3.1) holds, where By (t), D(t), F1(s), and T (t) are defined
as in Theorem 2.2, then, system (1.1) is oscillatory.

In conclusion, we note that the results given here can extend, improve and complement
Theorems A-D, and deal with some cases not covered by known criteria by choosing the
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functions H,b,¢$, and g. From our results, we can derive a number of easily verifiable
oscillation criteria.
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