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The problems of delay-dependent exponential passivity analysis and exponential passification of
uncertain Markovian jump systems (M]Ss) with partially known transition rates are investigated.
In the deterministic model, the time-varying delay is in a given range and the uncertainties are
assumed to be norm bounded. With constructing appropriate Lyapunov-Krasovskii functional
(LKF) combining with Jensen’s inequality and the free-weighting matrix method, delay-dependent
exponential passification conditions are obtained in terms of linear matrix inequalities (LMI).
Based on the condition, desired state-feedback controllers are designed, which guarantee that the
closed-loop MJS is exponentially passive. Finally, a numerical example is given to illustrate the
effectiveness of the proposed approach.

1. Introduction

In recent years, more and more attention has been devoted to the Markovian jump systems
since they are introduced by Krasovskii and Lidskii [1]. It is known that systems with
Markovian jump parameters are a set of systems with transition among the models governed
by a Markov chain taking values in a finite set. They have the character of stochastic hybrid
systems with two components in the state. The first one refers to the mode which is described
by a continuous-time finite-state Markov process, and the second one refers to the state
which is represented by a system of differential equations. Markovian jump systems have
got the virtue of modeling the abrupt phenomena such as random failures and repairs of the
components changes in the interconnections of subsystems, sudden environment changes,
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and so forth, which often takes place in many dynamical systems [2—4]. So due to extensive
applications of such systems in manufacturing systems, power systems, communication
systems, and network-based control systems, recently, many works have been reported
about MJSs, which including filtering problems [5-7], stability analysis problems [8-12], and
control problems [13-20], and so forth.

However, the aforementioned references almost considered that the transition
probabilities are known exactly. In some practical applications, the mode information is
transmitted through unreliable networks, it may be lost or observed simultaneously. That
means the systems mode is neither totally accessible or inaccessible. So the ideal assumption
on the transition probabilities inevitably limits the application of the traditional Markovian
jump systems theory. Therefore, whether in theory or in practice, it is necessary to further
consider more general systems with partially mode information [21-27].

Recently, the passivity problems for a variety of practical systems have been attracting
renewing attention [28-31]. The passivity theory was first proposed in the circuit analysis
[32] so it has played an efficient role in both electrical network and nonlinear control systems.
The main point of passivity theory is that the passive properties of system can keep the
system internal stability. Thus, the passivity theory provides a nice tool for analyzing the
stability of a nonlinear system, and the passivity analysis has received a lot of attention and
has found applications in diverse areas such as signal processing, complexity, chaos control
and synchronization, and fuzzy control [33-38]. In [33] authors dealt with global robust
passivity analysis for stochastic interval neural networks with interval time varying delays
and Markovian jumping parameter; in [34] both delay-independent and delay-dependent
stochastic passivity conditions are presented for uncertain neural networks; in [35-37]
authors discussed the robust passivity and passification of Markovian jump systems and
fuzzy time-delay systems; in [38], the exponential passivity of neural networks with time-
varying are studied and the results are extended to two types of uncertainties.

In practice, input delays are often encountered in control systems because of the
transmission of measurement information. Especially, in networked control systems, sensors
controllers, and plants are often connected by a net medium hence it is quite meaningful to
study the effect of the input delay in the design of controllers. However, to the best of the
authors” knowledge providing less conservative delay-dependent exponential passification
criteria for uncertain MJS with input delays and partially known transition rates to desired
performance are still open problems.

Motivated by this observation, in this paper, we study the exponential passification
problem of nonlinear Markovian jump systems with partially known transition rates,
including state and input delays, the aim of this problem is to design a controller such that
the resulting closed-loop systems satisfy a certain passivity performance index. Comparing
with the large amount of the literature on the analysis of stability of Markovian jump systems,
passivity analysis and passification for these systems have many obvious advantages. Thus,
research in this area should be of both theoretical and practical importance, which motivates
us to carry out the present work. Based on the LKF theory and the free-weighting matrix
method, some desired exponentially passification controllers are designed, which guarantee
that the closed-loop MJS is exponential passive. Finally, a numerical example is used to
illustrate the designed method.

Notations. The notations are quite standard. Throughout this letter R” and R™" denote, resp.,
the n-dimensioned Euclidean space and the set of all n x m real matrices. The notation X > Y
(resp., X > Y) means that X and Y are symmetric matrices, and that X — Y is positive
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semidefinitive (resp., positive definite). || - || is the Euclidean norm in R". I is the identity
matrix with compatible dimension. If A is a matrix, Amax (A) (respective Amin (A)) means
the largest (respective smallest) eigervalue of A. Moreover, let (Q, F, (IF;),,, P) be a complete
probability space with a filteration. (Fy);,, satisfies the usual conditions (i.e, the filtration
contains all P-null sets and is right continuous). E{-} stands for the mathematical expectation
operator with respect to the given probability measure. Denote by L%O([—?Z,O] : R™) the
family of all Fp measurable C([-T3,0] : R")-valued random variables ¢ = {¢(s) : =T, < s <0}
such that sup - . E ||(,o(s)||2 < oo. The asterisk * in a matrix is used to denote term that is
induced by symmetry. Matrices, if not explicitly specified, are assumed to have appropriate
dimensions. Sometimes, the arguments of function will be omitted in the analysis when no
confusion can be arised.

2. Problem Formulation and Preliminaries
Consider the following uncertain MJS with time-varying delays
x(t) = A(tl rt)x(t) + Ad (t/ rt)x(t - T(tl T't)) + Bl (t/ rt)u(t) + El (t/ Tt)u(t - T(tl rt))
+ Do (re) f (x(t),7t) + D1 (rr)w(t).

z(t) = C(t, rr)x(t) + Cy(t, rr)x(t — T(t, 1)) + Bo(t, ri)u(t) + Ex(t, re)u(t — 7(t, 1))
+ Dy (ro)w(t),

(2.1)

(2.2)

Here x(t) € R" is the state vector, u(t) € R” is the control input, z(t) € R7 is the control output,
and w(t) € R is the exogenous disturbance input which belongs to L, [0, 0], {rt,t > 0} is a
homogenous finite-state Markov process with right continuous trajectories, which takes value
in a finite-state space S = {1,2,..., N} with generator Il = {r;;},i,j € S and has the mode
transition probabilities

i . ar;i At + o( At i#7,
Pr{ra=jlr=if=4" (&8) .76]. (2.3)
1+.7l'iiAt+O(At) 1=],
where At > 0,lima; .o (0(At)/At) = 0, ;; is the transition rete from i to j, and
Tii = —Z]Z'i]', TTij >0, ]751 (24)
j#i
For notational simplicity, which r» = i, i € S, the matrices A(t, 1), Aa(t, 1),

Bi(t, 1), E1(t, 1), C(t, 1), Ca(t, 1), Bat, 1), Eax(t, 1), Do(ry), Di(r:), and Dy(r;) will be
described by A;(t), Aai(t), Bii(t), E1i(t), Ci(t),Cai(t), B2i(t), E2i(t), Doi, D1, and D;. We
denote that

Ai(t) = Ai + AA;(t), Agi(t) = Agi + AAgi(t), Bii(t) = By + AByi(t),
Eyi(t) = Ey; + AEq;(t), Ci(t) = G+ ACi(t), Cai(t) = Cqi + AC4(2), (2.5)
Bzi(t) = B2i + ABZi(t), Ezf(f) = Ezf + AEZi(t),
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where A;, Aai, Bii, E1i, Ci, Cai, Boi, Eoi, and Dy;, D1;, Do; are known constant matrices with
appropriate dimensions. In this paper, the transition rates of Markov chain are partially
known, that is, some elements in matrix I'T are unknown. We denote that

I} ={j:if m;j is know} I', = {j:if m; is unknow} (2.6)

moreover, if Il #0, it is further described as I, = {k,k5, ... ki,}, 1<m <N -2

Remark 2.1. k; € N*, 1€ {1,2,...,m} represents the index of the /th known element in the ith
row of transition rate matrix. The case m = N -1 is excluded, which means if we have only
one unknown element, one can naturally calculate it from the known elements in each row
and the transition rate matrix property.

Now the mode-dependent state-feedback controller is taken to be as follows:
u(t) = Kix(t), (2.7)
then, the closed-loop MJS can be represented as

x(t) = (Ai(t) + Bri(H) Ki)x(t) + (Aai(t) + E1i () Ki)x(t = 7i(t)) + Doi f (x(t),1) + Diiw(t),

2() = (Ci(#) + Ba(H)Ki)x(t) + (Car(t) + Eai(H)Ki)x(t - 73(£)) + Dasew(t). (28)

Before proceeding further, we will introduce the following assumptions, definition and
some lemmas which will be used in the next section.

Assumption 1. The uncertain parameters are assumed to be of the form:

(AAi(t) AA4(t) AB(t) AEli(t)>

T
AC0) aCa() am aEs)) = (1) PO Nu Na iy, @9

Ty

where Ty;, Ty, and Ny, k=1,2,3,4, i € S are known real constant matrices with appropriate
dimensions and F;(t), for all i € S, are unknown time-varying matrix functions satisfying

FI(thFi(t) < 1. (2.10)

Remark 2.2. 1t is assumed that all the elements F;(t), for all i € S, are Lebesgue measurable.
The matrices AA;(t), AAgi(t), ABy;(t), AEq1;(t), AC;(t), AC4(t), ABy;(t), and AE,;(t) are said to
be admissible if and only if both (2.9) and (2.10) hold. The parameter uncertainty structure as
in Assumption 1 is an extension of the so-called matching condition, which has been widely
used in the problems of control and robust filtering of uncertain linear systems.

Assumption 2. The time-varying delay 7;(t) satisfies 0 < 71; < 7;(t) < 7o, i (t) < pi, with 713, T,
and y; being real constant scalars for each for alli € S.
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Assumption 3. For a fixed system mode r; = i € S, there exists a know real constant mode-
dependent matrix I'; = diag(ki;, k2i, . . ., kni) > 0 such that the nonlinear vector function f (-, -)
satisfy the following conditions:

FTCe(t), i) (f (x(8), 1) = Tix(8)) < 0. (2.11)

Definition 2.3 (see [39]). The MJS (2.8) is said to be passive if there exists a constant 6 such
that

T
2E{f zT(t)w(t)dt} >6 (2.12)
0

holds forall T > 0.

Definition 2.4. The MJS (2.8) is said to be exponentially passive from input w(t) to output z(t),
if there exists an exponential Lyapunov function (or called the exponential storage funtion)
V defined on R”, and positive scalars p, y such that for all w(t), all initial conditions x(0), all
t > 0, the following inequality holds:

LV (xy, 1) + pV(xy, 1e) — YwT(t)w(t) <2zT (Hw(t). (2.13)

Remark 2.5. From Definition 2.4, if p = 0, then the MJS in the form (2.8) is passive, in other
words, exponential passivity implies passivity. It follows from (2.13) that

0

T T
215“ zT(t)w(t)dt} > -E{V(x))} —yE{f wT(t)w(t)dt} = 6. (2.14)
0

Then from Definition 2.3, we can see that MJS (2.8) is passive. But the converse does not
necessarily hold, that is, we can not obtain the exponential passive if systems are passive.

Lemma 2.6 (see [36]). Let Q(x) = QT(x), R(x) = RY(x), and S(x) depend affinely on x. Then the

following linear matrix inequality:

Q(x) S(x)
ST(x) Ry ° (2.15)

holds if and only if one of the following conditions holds:

(1) R(x) >0, Q(x) = S(x)R'(x)ST (x) > 0;
(2) Q(x) >0, R(x) - ST (x)Q 7" (x)S(x) > 0.

Lemma 2.7 (see [40]). Let A, D, S, F, and P be real matrices of appropriate dimensions with P > 0
and F satisfy FT(t)F(t) < I. Then the following statement holds.
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(1) For any scalar € > 0

DFS + (DFS)" < ¢ 'DD" + ¢SS, (2.16)

(2) For any vectors x and y with appropriate dimensions

2xT ADy < xTAPA"x + y" D" P"'Dy. (2.17)

Lemma 2.8 (see [41]). Let A, X be real matrices with appropriate dimensions. Then there exist a
matrix P = PT > 0 such that PAT + AP + X < 0, if and only if, there exists a scalar € > 0 and Z such
that

* - 'P+X 0
* * —eP

~Z-7T ZTAT+P ZT
0. (2.18)

3. Main Results
3.1. Exponential Passivity Analysis

In this section, we assumed the transition rates are partially known and given the state-
feedback controller gain matrix Kj,i € S, at first, we will present a sufficient condition, which
guarantees the MLS (2.8) is exponential passive.

Theorem 3.1. Given the state-feedback controller gain matrix K;, the uncertain MJS (2.8)
is exponentially passive in the sense of expectation if there exists positive definite matrices
P, Qi,§1,§2,§3, Q*, Z1, Z,, positive scalars y, €14, €2i, and for any matrices G;, M;, R;, U;, V;, H;
with appropriate dimensions such that the following matrices inequalities hold forall i =1,2,...,N:

/ Qlg.o M A Az Ay Ase ne A7 \
x =Zy, 0 0 0 0 2%:ZTies O
* x -7, 0 0 0 0 0
* * * /> 0 0 0 0 _
. . . . -7 0 0 0 <0 k=12 (3.1)
* * * * *  —Zn 0 0
* * * * * * —&y; 0
\ * * * * * * * —521'/

Case 1. If 7 € I}

(ﬂiiQ; -Qr _Qij>vjdik <0, (3.2)
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<1+ Z”ij)(ﬂ'iiQi_Q*) VIR QK /T, Qi

jeli,
* —Qki 0 0 < O/
* * .. 0
* * * —Qk;‘,,

PA;+AlP;+P;<0 VYjel,.
Case 2. If my € I'

Q-Q'>0 Vjel,, j=i

Qi -Q <0 Vjel, j#i

<_1_ ij>Q* VIRQe T Qe

jer
* _Qki 0 0 < 0/
* . 0
* * —Q,

PA;+A[P+P;>0 Vjel, j=i,

PAi+ AP+ P <0 Yjel,, j#i

where

T
Q},ll =P 1+ Z.ﬂ'ij Ai + By;K; + 1+ Z.ﬂ'ij Ai + B1;K; P;
i€l i€l

+ Z][UP] + Qi + TZiQ* +§1 +§2 +§3 + (TZi — Tli)zl + G{I + Gh',

jeli,
Ql,=-Gi+Gy+M Ql;=R;+Gy-M
i12 — TVl + 2i + 1is i13 — N\ + 3i 1is
1 T 1 T
Qi,l4 =—Ry; + G4i +Uq; + Pi(Adi + EliKi)/ Qi,lS =Vi+ G5i - Uy,
1 T 1 T 1 T
Qi,lé = _Vli + G6i + Hli/ Qi,17 = G7i - Hli Qi,lB = GSi + €1iri + P,'Dol',
Q! , = PDy; - (C; + ByK;)" Ql,=-Gl - Gy+ML+My-Q
i19 — LilAli i 2i4Ni) i22 = 2i 2i 2i 2i le
1 _ _ T . T _ . 1 _ _~T _ . T X
Q; 55 = =G5 + Roi + M, — My, Q;oy = =Gy — Roi + My; + U,

1 _ T , T 17 1 _ _~T v/ T ,
pt€d; o5 = —Gs; + Vai + M, — U, Qi = —Gg; = Vai + Mg, + Ha;,

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
(3.9)
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Ql,, = -Gl + M}, - H;, Qlys = -Gy + Mg, Qi =0,
93,33:R§,'+R3i_M;~—M31‘/ Q;S4ZRL—R31'—ML+U3I~,
Q},35 = Rgl + V3i - Mgl - U3i/ Q},S() = Rgl — V3i - Mgz + H3i,
Q11,37 = R;i - M; - Hs;, 93,38 = RBTi - Mgl Q},39 =0,

9;44 = —RL — R4i + UL + U4i - (1 - #i)Qir 911,45 = —R;—I;I + V4i + llgl - U4i,

Q! = —R§; = Vai + Uf; + Hy, Ql,, =-Rl,+UJ, - Hy,
Q11,48 = —Rg; + Uy, Q},49 = —(Cai + ExiKy)",

Q},55 = Vg; + Vs — Ugl - Us;, 9;56 = _ugi - Vsi + Vg; + Hs;,
Qjs; = Vy; — Uy, — Hsj, Qlss = Vg — Uy Q5 =0,

Q11,66 = _VéTi = Vei + Hgl + Hg; - @21 Q11,67 = _V7Ti + H;; - Hg;,
Qi = —Vy; + Hg, Qg =0, Ql,, =-Hj, - Hy; - Q,,
Q. =-H{, Qi=0, Qjgg = —2¢1il, Qlyy =0,
Q}gg =-Dy; — DZTl. -vI, Ty = max{m;}, 7, = min{7y;},

i€S - i€S

T
A1 = (V2T Z5(Ai + ByKi), 0,0, V2% 25 (Aai + EriK3),0,0,0, /25, Z,Doi, V2T 2Dy

A1 (i’) = (\/ 2?222(Ai(t) + Bli(t)Ki), O, 0, V 2?222(Adi(t) + Eli(t)Ki), 0, 0, 0, V 2?2221)0,’,

T
V 2?222[)11') ,

T2i — T1i

Ny =Ty —miHj, Az = /TG, Ay =\ ———M;,

2
/T'—T' [Toi — T1i [Toi — T1i
A42: 212 hl,li, A51= 212 hRi/ A52= 212 hVi/
T

As = (£2T(P,0,0,0,0,0,0,0,~exTF)

A7 = (Ny; + N3;K;,0,0, Ny + N4iK;,0,0,0,0,0)7,
Gi= (G{z Ggi G?Ti GL Ggi Ggi G;i GsTi O)T

M= (M}, Mj, MI, Mf, ME ME M7, M 0),
Ri= (Rl Ry, R, Rf R R R} RE 0)",

T
Ui = (Uj; Uy Uy Uy, Us Ug Uz Ug 0),



Journal of Applied Mathematics 9
T
Vi= (Vi Vo Vi Vi Vs Ve Vi Vg 0)
T
H;=(Hy; H; Hy Hy H; Hg Hy Hg 0),
(3.10)

Proof. First, in order to cast our model involved in the framework of the Markov process,
we define a new process x(s) = x(t +s), s € [-T2,0], and let L be the weak infinitesimal
generator of the random process x;(s), t >0 and

.1 .
Lo(x, 1) = AIEIS+Z{E[v(xt+AITt+A) | xt, 1t = 1] —v(xt, 1) }- (3.11)

Now consider the Lyapunov-Krasovskii functional as follows for ry =i, i €1,2,...,S:
v(xg, 1) = v1(x, 1) + va(x, 1) + 03(x, 1) + Va(xy, 1) + Us5(x4, 1), (3.12)

where

t

v1(xy, 1) = xT () P(>i)x(t), vy (xp,1) = J xT(s)Q(i)x(s)ds,

t=7;(t)

0 t
v3(xy,0) = f xT(s)Q*x(s)ds de,
e t t (3.13)
vy(xp,0) = f xT(5)Q,x(s)ds +f xT(5)Q,x(s)ds +f xT (5)Q;x(s)d,
l’—Tli t—Tzl' t—?z
—T1i t 0 t
vs(xy,1) = f xT(s)Z1x(s)ds dO + ZI I 1T (s) Zrx(s)ds d6,
-T2 t+60 —?z t+0
where
N
DmiQj< Q. (3.14)
j=1

In order to show the exponential passivity of the MJS (2.8) under the given controller gain
matrix K;, we set

J* = Lo(x;, 1) — yw! (Hw(t) - 22T (Hw(t). (3.15)



10 Journal of Applied Mathematics

Notice that

N
Lo (x;, i) = %7 (1) (Pi(Ai(t) + Bu(DK;) + (Ai(t) + Bli(t)Ki)TPl)x(t) +x7 () Y Pix(t)
=1

+2x" (t) Pi(Aai(t) + Evi (1) Ki)x(t = 7 (b)) + 2x" () PDoi f (x(£), i) + 2x" (£) PDyiw(t),
t N
Loy (xt, i) < xT (H)Qix () — (1 — pi)x" (t - 7:(1) Qix (t - 7i(t)) + J‘ o x"(s) Y m;;Q;x(s)ds,
t—7;(t j=1
Los(xi,i) < Tx” (DQ*X(1) = [y, " ()Q"x(s)ds ,
Loy(xy,1) = xT(t) (@1 + @2 + §3>x(t) - xT(t - Tli)élx(t - Ty) — xT(t - TZi)GZx(t - Ty;)

—xT(t-T2)Qsx(t - T2),

t—71;
Los(x;, 1) = (T — T1i)xT () Zyx () + 27057 (£) Zox (t) - f xT(s)Z1x(s)ds
t—T;
t
- ZI xT(s)Zpx(s)ds
t—7o
=T
= (Tzf - Tli)xT(t)le(t) + Z?QJ'CT(t)sza') - f J'CT(S)ZQX(S)dS
t-7o
t—(7i(t)+721) /2 t—7;(t)
- f xT(s) Zox(s)ds — f xT(s)Zox(s)ds
t=1y; t—(Ti(t)+T2i)/2
t=(7i(t)+71:) /2 -7y
- f xT(s)Zyx(s)ds — f xT(s)Zyx(s)ds
t-7i(t) t=(7i(t)+71i) /2

xT(s)Z1x(s)ds — f xT(s)Zpx(s)ds.

t-75

t—T1;

- f x7(s)Zyx(s)ds —J

t=7y; t=To;

(3.16)

Then using Newton-Leibniz formula, for any matrices H;, G;, M;, R;, U;, V; we have

28" (1 G <X(t) - x(t-7) - f X(S)d8> =0,

t—

i+ Ti(t i
2T (1M x(t - i) — x LT”) —f 2(s)ds ) =0,
2 t—(Ti+7i(t)) /2

t*(T],'+T,'(t))/2
T11+Tl(t ) x(t—Ti(t))—j x(s)ds> o,

t=7;(t)

. ) —7i(t)
2T (U, <x<t—n<t>> x %T“))—f t <s>ds>=,

t—(T2i+T,'(t))/2

28T (HR;
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. . —(Toi+1i(t)) /2
2§T<t>w<x(t— %T(”) (- ) - f o x(s)ds> _ o,

t—Ty;

2§T(t)Hi <X(t —Ty) —x(t—Tp) — J‘t_TZi x(s)dt) =0,

t-T»
(3.17)
where
10 = (x7@0,x" (-7 (1= O ey, o (12 HOE),
(3.18)
K (=) T (=7, 1600, 1,070 ).
From the Lemma 2.7 (2.2), it is easy to see that
t t
-2¢T(HG; x(s)ds < ¢’ (1)GiZ, Gl &(t) + f xT(s) Zox(s)ds
t—Ty; =Ty
T o . Ti(f) = Tii o1 1a4T o T :
=2&" () M; x(s)ds < —§ (HM;Z;" M; &(t) + X' (8)Zyx(s)ds
t=(Ti+7i(t)) /2 t=(Ti+7i(t)) /2
t=(mii+7i(t)) /2 T (t) T t=(mii+7i(t)) /2
—2§T(t)RiI x(s)ds < = NTORZRIE() + f xT(s)Zyx(s)ds
t=7;(t) t=7;(t)
t—Ti(t) T (t) t—Ti(t)
-2:THu; x(s)ds < —'§ (WU Z;'UT &(t) +f 11 (s) Zox(s)ds
b=(ra+1i(8)) /2 2 (it Ti(1) /2
t=(m2i+Ti(t)) /2 : ( ) t—(T2i+7i(t)) /2
2TV, x(s)ds < <hiTTh SR HViZ V() +’[ xT(s)Zyx(s)ds
t—To; t=Ty;
t—T; t=T;
2T OH; [ (o)ds < @ -m)d OHZHI0 + [ 500 Zex(s)ds
-7, -7,
(3.19)

Now by Assumption 3, it can be deduced that for any positive scalar ¢1;, i € 1,2,...,S,
251ifT(x(t),i) (Fix(t) - f(x(t),i)) > 0. (3.20)
Then from the above discussion, we can see that

Tl(t) T1;

T1i

0.+ 2200 et - [ 5 (0)zix(s)ds

t—1;

1o

- f i1 (s) Zox(s)ds,

t—To
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D1 () = Qig o(t) + M) Z' A ()" + (T2 — i) Hi Z;' HY + 11,GiZ;' G
+ Ty — T1i

(Miz,'MT + RiZ;'RY),

D (t) = Qi xo(t) + A () Z;' M) + (T2 — 7)) HiZy ' HY +11,GiZ,' G
T2i — Tii

(wzz'uf +viz;'vr),
(321)

where
Qi11(t) = Pi(Ai(t) + Bii(t)K;) + (Ai(t) + Bri(t)Ki) " P;

N
+ Zﬂ'ijpj + Qi+ Q"+ Q + Qy + Qs + (T2 — T1i) Z1 + GJ; + Gy,
=

Qija(t) = P(Aui(t) + E1i(H)K;) = Ry + Gy, + Uy Qi19(t) = PDy; — (Ci(t) + Bu(HKy)',

Qia0(t) = —(Cai(t) + Eni(t)Ky)"
(3.22)

other terms of Q;;.;(t) are similar to Q}/ix i In order to get our results, we will describe that
the @y (t) < 0 and @, (t) < 0.

By the Schur complement, @ () < 0 and @, (t) < 0 under the restriction of (3.14) if and
only if

Qioxg A1 Ay Az Mg Ask
+ ~Z, 0 0 0 0

* x -7 0 0 0
* * x =7 0 0
* * * * -/ 0
* * * * * =2 P

T

+ <T1T,~Pi, Onx7n, ~ T3, VZ?ZTlT,-Zz,Onszn) Fi(k)(N1;+N3;K;, 0520, Noi + N4 K, 04101)
+ (N1 + N2iKi, Onxan, Noi+ N Kj, 0100) " FY (k) (le;ljifonx7n/_T2];’/ V 2?2T1Tizzfonx4n> <0,
(3.23)

where Q, g « 9 is the nominal matrix of Q; ¢ « 9(t). Then from the Lemma 2.7 (2.1), above matrix
inequality holds, which is equivalent to

/ Qigxo A1 Ao Az Ay Ask ne A7 \
x —Z, 0 0 0 0 271,ZTiexw O
* x -7, 0 0 0 0 0
* * x —Z, 0 0 0 0
. . . . -7, 0 0 0 <0. (3.24)
* * * * * =27 0 0
* * * * * * —&p; 0
\ * * * * * * * —521'/ k=1,2
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Case 1. If m;; € Ifm then (3.24) is equivalent to

/ Qoo M A Az A As Ag A7 \
x —Z, 0 0 0 0 212ZTey O
x %« ~Z, 0 0 0 0 0
* * x —Z, 0 0 0 0
* * * x -7, 0 0 0
* * * * * =27 0 0
ok xox % % —&i 0 (3.25)
\ * * * * * * * —821/ k:1,2
15 15
+ diag| Y ;P,0,...,0 | +diag| 3y (P,-Al- +A1.TPI~>,O,...,O <0.
JELy, j€ly
j#i j#i

Obviously, we can see that if (3.1) and (3.4) hold, then ®@;(t) < 0 and ®,(¢t) < 0 under the
restriction of (3.14). Next we will further consider the equivalent form of (3.14).
Zj]il ijQj < Q" is equivalent to

N omiQi+ Y Qi+ miQi - QF + > (i Qi — Q) + D, i (1 Qi — Q) < 0.
jeti, el jeti, = (3.26)
j#i j#i

If we have the following matrix inequalities hold, we can have that (3.14) is satisfied

<1 + Zm;-) (miQi— Q") + >, mjQ; <0,

J€h o (3.27)

miQi-Q*+Q; <0 jeI,.

Obviously, (3.27) is equivalent to (3.2) and (3.3) by the Schur complement.
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Case 2. If m;; € Iflk then (3.24) is equivalent to

/ Qoo M A Az Au As Ag A7 \
x —Z, 0 0 0 0 212ZTiey O
* * —Zz 0 0 0 0 0 15
* * x -7, 0 0 0 0 . —
' o 2 A 0 0 + diag ; miiP;,0,...,0
* * * * * =/ 0 0 ]]'Efuik
* * * * * * —&o; 0
\ * * * * * * * —521‘/ k=12
15 15
i —— i ——
+diag| > m(PiAi+ ATP,),0,...,0 | +m diag| PiAi+ ATR+P,0,...,0 | <0.
jel,
j#i
(3.28)

Then if (3.1), (3.8), and (3.9) hold, then ®; () < 0 and @, () < 0 under the restriction of (3.14),
furthermore, with the similar consideration, we can deduce that if (3.5)—(3.7) are established,
then (3.14) is founded. So there exists a positive scalar p;, then

t t
J < =prllx®O1F = Amin(Z1) | Nlx(s)|Pds = Amin(Z2) | [|%(5)[|*ds. (3.29)

t-75 -7y

On the other hand, it is easy to obtain that

v(®), ) < IPIx®IF + (1Q1+ 11+ [|Q1 || + Q2] + ||| + @ - z)nzu)

‘ ) - ‘ ) 3.30)
Xf lx(s)[I°ds + 272 || Z, || [x(s)[I°ds,

t-To -7,

where ||P|| = maxies {[|IP[l}, QI = maxies {[|Qill}-
Let p > 0 be sufficiently small such that

PlIPII=p1 <0,

p(IQ1+ 121+ [Qu]| + [|@2| + [|@s]| + 2 = )1 Z1) = Amin(Z0) <0, (3.31)
275p|| Zo|| = Amin(Z2) < 0.

So, by Definition 2.4, the MJS (2.8) is exponentially passive. This completes the proof. O

Remark 3.2. 1t is easy to derive that the MJS (2.8) is exponential mean square stability with
w(t) = 0 if the MJS (2.8) is exponentially passive. Moreover, the result of Theorem 3.1 makes
use of the information of the subsystems upper bounds of the time varying delays, which
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may bring us less conservativeness, and from the free-weighting matrix and Newton-Leibnitz
formula, the upper bounds of y; are not restricted to be less than 1 in this paper. Therefore,
our result is more natural and reasonable to the Markovian jump systems.

Remark 3.3. In order to obtain the gain matrices K; for convenience in the next section, (3.1) is
not LMI, if we substitute £; by 55} and use the Lemma 2.7 (2.1), we can obtain the equivalent
form of LMI.

3.2. Exponential Passification

In this section, we will determine the feedback controller gain matrices K;,i € S in (2.7),
which guarantee that the closed-loop MJS (2.8) is exponentially passive with partially known
transition rates.

Theorem 3.4. Given a positive constant €, there exists a state-feedback controller in the form (2.7)
such that the closed- loop M]JS (2.8) is exponentially passive if there exist positive definite matrices

P;, QI, Ql, Qz, Q3, Q Zl, Zz, positive scalar €1, €2;, and for any matrices G;, M;, R;, U;, V;, H,, Zii
with appropriate dimensions satisfying the following LMIs under the two cases foralli=1,2,...,N.

Case 1. If oy € I}

(:n@-@ @> <0, (332)
* _Qf vjerl

<1 + Z ”ii> (”iiai - §*> ﬁQk! \/Tle

j€hy,
* ‘Gki 0 0 <0, (3.33)
* * 0
: ..
—1 . — J
/ Qigxg A1 Ay Az Ay Asi 6 A7 As\
x -Z, 00 0 0 2mTyues 0 O
* *x © 0 0 O 0 0 0
* *x x © 0 0 0 0 0
* * * %k O 0 0 O
* x % % k% —£ 0 O
* ok ok x % * —&; 0
\ * x % % k% * *  Ag /
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~Zi—-ZL ZIAT+P: ZL 0
* —S_lﬁi 0 ﬁi
— <0
« . D, 0 , (3.35)
* * * =P viell,
Case 2. If 7y € I,
Q,-Q' >0 Vjel, j=i (3.36)
Q,-Q <0 Vjel, j#i (3.37)

<—1— Zm]>§* \/Wékl \/ﬂ'Tm@km
jeli,

* _Gki 0 0 <0, (3.38)

* *

* * *

|
Ol o
=

m

~N

/ Q?,9x9 A Ay As Age Ask ne
x« -Z, 0 0 0 V2% Tiex
* 0
0
0
0
—€2i
* —€2i
* *

_

<0 k=1,2, (3.39)

* X X ¥ % ¥
*****@
****@O
¥ ¥ Do oo
cooooo >l

¥ ¥ ¥ ¥ Do oo
Ploococoococoo 2l

\

¥ %X X ¥ ¥ %

*
*
*

—Zii — ZZ —ZZ;AIT +fi ZZ;

* —'P;-P; 0 <0, (3.40)
* * —¢P; vjer,
J=t
~Zi-2ZL ZTAT+P; ZL 0
* —¢1P; 0 P 0
* * —Eﬁi 0 <Y (3.41)
* * * —ﬁj viel,

j#i
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where
T
—1 — — - — —
Qi,ll = 1+ ZJZ',']' Aipi + BliYi + 1+ Z]l'ij AiPi + BliYi + .71'1','P,' + Qi + TZiQ
jEI)iVl jeIlin
~ ~ ~ — —T —
+ Q1+ Qo+ Q3+ (i — i) Z1 + Gy; + Guj,
T
—2 — — — — % ~
Qi,ll = 1+ Z JZ'i]' Aipi + BliYi + 1+ Z ,71'1']' AiPi + BliYi + Qi + TZiQ + Ql
jeL, jert,
~ ~ — —T —
+ Qo+ Q3+ (1 — i) Z1 + Gy; + Gy,
—1 —2 — =T — — — _ T
Q10 = Q15 = =G + Gy + My, ;13 = Qi13 = Rii + G3; — My,
—1 —2 - =T — — —1 —2 — =T —
Qi,14 = Qi,l4 =—Ry; + G4i +Uq; + <AdiPi + EliYi> Qi,15 = Qi,15 =Vy+ G5i -Uy;,
—1 —2 — =T — — —2 —T —
Qi16 =16 = —V1i + Gg; + Huj, Qi17 =917 = Gy — Hyj,
—1 —2 —T — _
Qi,lS = Qi,lS = GSi + PiFi + D0i€1i,
—1 —2 — T —1 —2 —T — —T — ~
Qi,19 = Qi,19 = Dli - (Cipi + BZiYi> , Qi,22 = Qi,ZZ = _GZi - GZi + M2i + le' — Ql/
—1 —2 —T — —T — — —2 —T = —T —
Q03 = Qo3 = —Gg; + Roi + M3, — My, Qing = Qipy = =Gy — Roi + My; + Uz,
—1 —2 —T — —T — —1 —2 —T — —T —
€95 = Q5 = =Gg; + Vi + M; — U, €96 =226 = =Gg; = Vi + Mg; + Ho;,
—1 —2 —T —T — —1 —2 —T —T —1 —2
Qo7 = Q57 = Gy + My; — Ha;, Q08 = L5 = —Gg; + My;, Qi29 =829 =0,
—1 —2 T — —T — —1 —2 - — —T —
Q33 = Q33 = Ry; + Rsi — M3 — M, Q34 = Qi34 = Ry — Rsi — My; + Us;,
—1 —2 T — —T — — —2 T — —T —
Q35 = Q55 = R5; + Vi — Ms; — Us;, Q56 = Qize = Rei = Vai — Mg; + Hzi,
—1 —2 T —T — —1 —2 —T —T —1 —2
Qi,37 = Qi,37 = R;; — My; - H3;, Q1',38 = Qi,38 = Rg; — Myg;, Qi,39 = Qi,39 =0,
—1 —2 T = —T — _
Qiag = Qiuy = —Ry — Rai + Uy + Uy - (1-p)Q,,
—1 —2 T —  —T —
Q45 = Q45 = —Rs; + Vi + Us; — U,
—1 —2 T — —T — —1 —2 T —T —
Q46 = Q46 = —Rei = Vai + Ug; + Huy, Q47 =Qi47 = —Ry + Uy — Hy,
—1 —2 —T —T —1 —2 — T
Qi,48 = Qi,48 = —Rg; + Uy, Qi,49 = Qi,49 = —<Cdip it EZiYi) ’
—1 —2 T — —T — —1 —2 T — —T —
Q55 = ;55 = V5 + Vi — Us; — Us;, Q56 =856 = —Ug — Vsi + Vi, + Hs;,
—1 —2 —T —T — —1 —2 —T —T —1 —2
Qi,57 = Qi,57 =Vy —Uy - Hs, Qi,58 = Qi,58 = Vg —Ug; Qi,59 = Qi,59 =0,
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—1 —2 T — —T — ~ —1 —2 —T —T —
Q6 =66 =—Vei— Vei+ Hg; + Hei — Q2, Q7 =Q;67 =V + Hy; — Hgi,

—1 —2 —T —T —1 —2 —1 —2 —T — ~

Qi,es = Qi,es =-Vg + Hg, Qi,69 = Qi,69 =0, Q1',77 = Q1,77 =-Hy; - Hz7 - Q;3,

—1 —2 —T —1 —2 —1 —2 _ —1 —2

Qi,78 = Qi,78 = -Hyg, Qi,79 = Q1',79 =0, Qi,88 = Qi,ss = -2y, Qi,89 = Qi,89 =0,
—1 2

Qi,gg = ﬁi,99 =-D»; - DQTI =Y, O = ]TZZI - ]Tﬁi - I_Di/
— — — T
A1 = (V252 (AP + BiY:),0,0,V/2% (AaPs + EviY;),0,0,0,\/ 25, Doy, V272D )

_ _ _ — — Toi — Tli~—
N =Ty —miHj, Az = /171G, Ay = %Mi,

K42 = \l D ; a Ei/ KSl = V i ; Tliﬁir KSZ = \/ i ; T Vi/
— T

Ao = (£2iT},0,0,0,0,0,0,0,-exTF)

— — — T
A7 = (NuP; + NaiY;, 0,0, NaiPi + N3iY;,0,0,0,0,0)
Ag = VTRP: \TigPi o /T, Py ,
08n><n OSnxn e 08n><n
Xg = diag(—l_)ki, —I_Dk;, ooy _1_)k£n>/ 22 = Zz_lr Yi = Kil_)i/ Eli = EIil/

l_)i = I)i_ll éi = I)i_lQiPi_lr Ql = Pi_léll)i_ll QZ = l)i_lézl)i_ll

Qs = P'QsP
T

2= dlag ﬁi,...,ﬁi P Ei = (Efi,...,a;,())T = (ﬁl(G{i,...,G;-)Z,glil_)iGgi,O)

T
7

ool
[

Hy, ... ,H;,O)T = (Pi(HY, ..., HE) S, &PiHE, 0)

My,.. .,MSTI.,O)T = (P(M1, .., M;.)Z,EHEM;,O)T,

=l

=l
1]
e s e e
=|
A
<

1. Ry, o)T = (ﬁi<R{i,...,R;)z,aiﬁiRsTi,o)T,

T 0) = (Bi(Uh ... Ty 5, 2,Ps, 0)

<
1l
S

Vi Vs o)T - (E(Vg,...,V;;)z,zuﬁivsi,o)T,

(3.42)



Journal of Applied Mathematics 19

when the LMIs are feasible, a desired state-feedback controller can be obtained in the form of (2.7) with
the controller gains given by K; = Y;P; forall i € S.

Proof. At first, we list the following fact:
JTZ,] - JTP; - P;J + PiZoP; = (Z J- E)TZ2 <Zz J- E) >0 (3.43)
which implies that
~PiZ,P<©=]"Z,] - J'P; - PiJ. (3.44)

Now perform a congruence transformation to (3.1) by

7 4

—_——N— —_—N—
diag| P,..., P el 1,20 P, .. PP LT . (3.45)

1 1

If oy € Ilin, then by the Schu; complement and (3.44), we can infer that (3.34) is
established. In the same way, if or;; € I}, (3.39) is established.

From Lemma 2.8, we can see that (3.35) is equivalent to A;P; + I_DiAiT + EP]-E- <
Oforallj € I, so (3.4) can be established. Furthermore, using the same method that
proposed above, we can deduced that (3.32), (3.33), (3.36)—(3.38), and (3.40) are equivalent
to (3.2) (3.3), (3.5)-(3.7), and (3.8), respectively. In conclusion, the gain matrix of desired
controller in the form of (2.7) is given by K; = Y;P;. This completes the proof. O]

Remark 3.5. To reduce the conservatism, when estimating LU5(3ct,i),—ff_?2 xT(s)Zyx(s)ds

is not simply enlarged as —j:_T'(t) xT(s)Zyx(s)ds, but - :__T(?t")”"(t))/z xT(s)Zrx(s)ds,
- ::(T;Z(itiﬂ(t)) 2 1T (s)Zyx(s)ds are considered as well, and different free-weighting matrices

are introduced. This method above may lead to obtain improved feasible region for
delay-dependent exponential passivity criteria.

Remark 3.6. In fact, Theorem 3.1 gives a exponential passivity criteria for MJS (2.8) with 7; <
7i(t) < i, Ti(t) < pi, where p; is a given constant. In many cases, y; is unknown. Considering
this case, a rate-independent criteria for a delay satisfying 71; < 7;(t) < ; is derived as follows
by setting Q; = Q* =0, for all i € S in the proof of Theorem 3.1.



20 Journal of Applied Mathematics

4. Examples

In this section, we will consider a interval time-varying delay MJS in the form of (2.8) with
three modes, and the parameters of the system are given as follows:

A - (—0.05 —0.05)/ Ay e <—o.05 —0.09>, A= (—0.03 —0.015)}

05 -05 15 -01 0.05 —-0.01
A, = (011 024 A, (7059 001 A (052 024
4= \-053 -037)" 2=\ -0.07 -0.61)" 4 =\0.02 -045)"
0 0 -002 0 0 -1.2
Dor = (—0.02 o)' Doz = < 0 —0.02)' Dos = <0 0 >
2.0 1.0 1.0 05
Bn = (1'0>, By, = (O.S)' Bis = <2.0>, En = <1'0>,
0.8 1.0 1.0 1.0
Ep = (2.()), Ey3 = (0'5>, Dy, = <0.2>, Dy, = (1.0),
05
Dis=(o5)- Cp = (1.0 02), Cy = (05 1.0),

C3 = (05 05), Cai = (-1.0 02), Ca = (0.1 -0.1),

Caz = (0.5 -0.5), By =1.0, By, =-0.5, By; = 0.5,

0.02
D21 — 10, D22 — 05, D23 = —0,5, T11 = le = T13 = <0 01>/

Ni = Nz = Ny = (0.02 0.01), Ny = Ny = Nz = (0.01 0.02),

N31 = N3 = N33 = Ny = Ny = Ny = 0.01, Toy =Ty =T =01,
0.06 0
‘l/ll=0.2, /42=0.3, //£3=0.1, F1=F2=F3=< 0 006),
T11 = 012, T2 = 011, T13 = 013, T = 023,
Top = 028, T3 = 025,
(4.1)
The two cases of the transition rates matrices are described as follows:
-05 02 03
Casel: II=|( 02 -06 04 ],
05 03 -0.8
(4.2)

-05 ? 7
Case2: II={ 02 -06 04 ),
05 ? 7
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Table 1: Calculated the controller gains matrix for different cases.

Case 1 Case 2
K, (-0.2256, 0.0218) (-2.4527, 0.2749)
K> (~0.4330, -0.1248) (~0.4842, 0.1157)
Ks (~0.2800, —0.1641) (~1.0109, —0.1008)
. . 03 0
where ? means the unknown element. With the choice of e = 0.2 and | = ( 003 >, we can
obtain the feasibility solution of case 1 and case 2 as follows.
Case 1:
3.2525 -0.1821 P, 2.6050 -0.2795 P 3.2386 -0.2026
-0.1821 4.2081 27 \-02795 3.6119 37 \-0.2026 3.8813
é _ [ 1.8478 -0.0727 é _ (15779 -0.5056 @ _ (14462 0.2109
~ \-0.0727 2.0824 )’ 27 \-0.5056 1.7197 37 \0.2109 1.8895)/’
@ _ (05074 -0.1035 Q _ (03321 -0.0760 7 1.4315 -0.2159
~\-0.1035 0.7639 27 \-0.0760 0.5493 1=\ -0.2159 1.8214
= 3.0280 -0.2085
Z) = (—0.2085 41893 > Y; = (-0.7376 0.1326), Y, = (-1.0932 -0.3296),

Y; = (-0.8734 —0.5801).

Z5 = 1.0e + 004 *

(4.3)
case 2:
Prenaesones (D20 035), B (35 0106%),
Pa-we+004*<3¢23; D), G- (38 9250),
G- nae o (S 09),  Gmvoeone (O057 0218
G- nae s (0650 9280 v (300 020y,
+(

Z1 = 1.0e + 003 <0.2312 0.9273> 0.6754 1.4246>

0.9273 7.3269) 1.4246 5.4089)
Y; = 1.0e + 003 * (-2.2126 —1.5022), Y, = 1.0e + 003 * (-2.2530 2.3481),
Y; = 1.0e + 004 * (-0.5783 —1.2112).

Under the two cases above, Table 1 lists the state-feedback controller gains matrix Kj,
which can be determined by the method of Theorem 3.4. If the p is sufficiently small, we can
check that the MJS (2.8) is exponentially passive under the condition of Theorem 3.4. Given
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Figure 1: State response of case 1 and the switch signal.
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Figure 2: State response of case 2 and the switch signal.

the initial condition as x(t) = (2.0 - Z.O)T and r(t) = 2, from Figures 1 and 2, we can easily
see that the closed-loop system in (2.8) is mean square exponential stable with cw(t) = 0.

Remark 4.1. In order to illustrate the effectiveness of the proposed approach, a numerical
example is given which included two cases, that is, case 1, the transition rate matrix is
completely known; case 2, some elements in the transition rate matrix are inaccessible. By
using Matlab Toolbox, we can obtain the gain matrix K;, which guarantees that the Markovian
jump systems (2.8) is robust exponential passivity. If we choose the switch signal as
Figures 1 and 2, we can know that the closed-loop system (2.8) is exponentially stable in
the mean square under the state-feedback controllers obtained above, which have been listed
in Table 1.

5. Conclusions

In this paper, the problems of exponential passification of uncertain MJS have been
investigated. To reflect more realistic dynamical behaviors of the system, both the partially
known transition rates, state and input delays have been considered. With utilizing
the Lyapunov functional method and free-weighting matrix method, delay-dependent
exponential passivity conditions are established. Finally, an illustrative example has been
given to demonstrate the effectiveness of the proposed approach.
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