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In this paper we consider the dynamics of solutions of impulsive differen-
tial equations with fixed time moments of impulsive effects on the basis of
comparison methods and vector Lyapunov functions. We propose suffi-
cient conditions on the following dynamic properties: stability, attractivi-
ty, and some combinations of them.
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1. Introduction

In [1] it has been proposed to study the stability of solutions of impulsive differential
equations on the basis of comparison method and Vector Lyapunov Functions (VLF).
In this paper, we obtain more weak sufficient conditions of stability and extend this
approach onto more wide class of dynamic properties. The main aim of this paper is
to show that on the basis of comparison methods which is rather traditional, now it
is very easy to obtain sufficient conditions of different dynamic properties. In Section
2, we describe mathematical models of analyzed system and comparison system. In
Section 3, we state and prove Wazewski-like result on differential inequalities. For
dynamic properties which definitions are introduced in Section 4, we propose in
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Section 5, new sufficient conditions in terms of VLF. Some illustrative examples are
considered in Section 6.

2. Mathematical Models
Consider an increasing sequence t,,1,,... of reals t; € R(l) =[0,+o00), keN=1,2,...,
such that t;— +oco when k— +o00 and a function ¢: Rcl) x RP—RI. We denote

o(tit,2) < limy,_g | @(ty + hy2) if the right side limit exists. The function ¢ is said
to belong to class @, if

(7)) ¢ is continuous in (t; _,,?;]x RP, and

(i4) Vk€N Vze RPIue RY

u :"lll'ron_i_ o(ty + hyw).

w—z

Let us consider two systems of differential equations with impulsive effects [1]

4

¢ = F(t,z), t =1, Feo,,,
Q2(t) = 2(ty) + Ii((t)), U= 1, (2.1)
-’L'(t0+) =Zo
(v =1y, t#h, FES,,
q ) = vu(t), t=ty, (2.1)
y(tsh) = vor

where k € N, and solutions = = x(-,%y,zy), ¥y =y(-,%y,) are to be understood as
left continuous functions with points of discontinuity of the first kind at ¢ = ¢;. More
exactly [1], a function z:(ty,t5+ A)—R", t; >0, A >0, is said to be a solution of
(2.1) if

() a(tgh) = zg, Vi € [ty to + A)(t,2(t)) € domF,

(3t)  z is continuously differentiable and satisfies the equality

/() = F(t,2(t)) for t € [ty tg+ A), t# 1,

(i7) if t =ty € [tg,tg+ A), then 2(t T) = z(t) + I (z(t)),
and at such t’s, z(t) is left continuous.

For the system (2.2) its solutions y(t) are to be understood analogously and in
addition, we assume that the function f(t,y) satisfies in the field of its definition, the
Wazewski condition in y [3], i.e., possesses the following property of quasimonotone
nondecreasing:

if V(t,z), (t,2') € domf such that z < z', Vi € 1,...,m such that ¢, = z}

fi(z) < fi() (2.3)
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(vector inequalities are to be understood componentwise).

3. Lemma on Differential Inequality

The systems (2.1), (2.2) are connected by a function v(t,z), v € ® .. which is locally
Lipschitzian in z and satisfies the differential inequality

Dtu(t,z) < f(t,u(t,z)), t # 1, k € N. (3.1)
In addition, we introduce the following requirement:
Vke N VzeX, VyeY,
ot @) Sy = otz + Ii(2)) < Yily) (3.2)

where X,Y, are the regions of achievability of the systems (2.1), (2.2) respectively
at the time moment ¢;. If the sets X, are unknown, then we replace in the (3.2) the
set X, by R" (analogously, Y can be replaced by R™).

A solution y(-,ty,y,) of (2.2) is said to be upper solution and is noted by
7 (+ytg ) if for any solution ¥ (-,1y,y,) of (2.2) with the same initial data ¢,y

VYt € domy Ndomy T (1te¥0) LT (1t Y0)-

Lemma 3.1: If the systems (2.1), (2.2), and the locally Lipschitzian in z function
v:Ryx R"—R™, v€®,,,, satisfy the conditions (2.3), (3.1), (3.2), then for all
(tg, xg) € domF, (ty,y) € domf such that v(ty,xy) <y, there exists an upper
solution of (2.2) ¥ =7 (-, y) such that for any solutions x = (-, ty, z;) of (2.1)

Vt € domzNdomy v(t,z(t)) <7y (t). (3.3)

Proof: Let the conditions of Lemma 3.1 be satisfied, (ty,z,) € domF, (ty,y,) €
domf, v(ty) < yq, t; be the minimal of time moments t;, k € N, such that t; < ¢,.

Let ty ¢ {t;:k € N}. Consider (2.2) (only differential equation) on time interval
[to;t;]. In this case, the existence of the solution and upper solution of the initial
value problem y' = f(t,y), y(t,) = y(to'") =y, depends only on the function f and we
are now in the position to apply Wazewski theorem [3] and to claim that there exists
a time interval [t,,7), 7 < t,, on which the upper solution 7 ( -,,,y,) exists.

If the [t,,7) is maximal interval of existence of the solution § of the system (2.2)
on the whole field of its definition, then § goes to infinity when t—7 ™, and by the
same theorem, we obtain that Lemma 3.1 is valid on an interval [t,,7) N domz.

Let the solutions 3,z be determined at ¢; also. Then 3 (¢;7) is determined and
equal ¥,(¥ (t;)). We can consider the condition 7 (¢;¥) = %,(7 (¢,)) as the new initial
condition of solutions of the differential equation from (2.2) and by the Wazewski
theorem we can prove that there exists a time interval [¢,,7,), 7; <t, | where the
upper solution 7 ( -,¢,,7 (t;7)) exists. On the basis of (3.2)

u(t;, () <7 ()
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2ot 2(t5)) = ot 2(t) + Ti(=(4)) < 9, (1) =7 (£F).

Therefore, for any solution =z(-,t;z(t;)+ I,(z(t;))) and for all t € domzN|t;,7,)
using the same theorem [3] we obtain the inequality

o(t, 2(1) <7 (1)

and so on. Repeating this, we finally arrived at the desired inequality for all t €
domz Ndomy.

If for some k € N, t;, = t;, then the initial value problem ¥ (t0+) =y, for differen-
tial equation from (2.2) and majorizing condition (3.3) are considered as above for
the corresponding problems on interval [t,,t 1] and the proof is complete.

Remark 3.1: If v(t; ,z) = v(t;,z), Yk € N e.g., v does not depend on ¢ or is right
continuous in ¢, and to assume that

(a) the functions 9, are nondecreasing, (3.4)
(6) v(tg,z + I1(2)) = by(v(ty, 2)) (3.5)

then the condition (3.2) is valid for all z € R™, y € R™.

4. Dynamic Properties
Assume that in the system (2.1), the following dynamic property is studied
Vi, €T°C R} 3QeR) VPR
[(AP° € ) Vzoe M(P°,Q,t,) Yo =z(-,ty2,)
Vit > t5:t € domz z(t) € P(t)) & (Vzo) € Q(to)Va( -, 1o, 7o)
3ty > to(Vt > t;: t € domz) xz(t) € P(t))] (4.1)
where VPO € %) P°CT°x R", i€1,2, VP €% P C RyxR" and M = M(P°,Q,1,)
is some subset of R™, dependent on P, Q,¢
L. Assume particularly that M (P Y@, tg) = PO\Q(tO) and consider the
following cases:
(i) When %)-single-point set, Q(t) = Q* is fixed, Q* = R} = {z € R™
z >0},
R =R =R*={RixPse>0}, P.={z € R™ || z|| <¢},
the property (4.1) means stability or attractivity of solutions. More

exactly, this means the attractivity to the origin of solutions with non-
negative vectors of initial states and stability of other solutions.

(i) When R = {0}, Q(t) = Q* is fixed, then (4.1) is equivalent to Q*R-
attractivity.
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(7it) When Q(t) = 0, the property (4.1) means ?Ra%g—stability [4].
(3v) If Q(t) =0 and R = {P}-singl, R = {P}-singl, then (4.1) defines the
property of practical stability, or more exactly, PP°-estimation of
solutions [4].
I If in (4.1), M(P°Q,t) = P°(ty), then under the assumptions of the case
(7), we obtain the definition of the property of asymptotic stability.

5. Comparison Theorem and Corollaries

The system (2.1) and function v € @, are said to be comparison system and com-
parison function respectively for the system (2.1) if the majorizing condition (3.3) is
valid. In the system (2.2) we consider the property (4.1.) which has the same mean-
ing and is described in the same fashion in terms of corresponding sets T(cJ C R(l),

R, C

RO X R™ 79 x R™

y Q. C %(1]0 %?c c2c¢ ,.... We assume further that 7° = T(c).
Theorem 5.1: Let for the system (2.1), there exist comparison system (2.2) and
comparison function v € @, . such that the following conditions are valid:
(1) Vi, €T® vQ.eR), IQeR) VPP e R, IPPc Ry Vepe M Ty, € M,
v(to, ‘50) <y & Vay € Q(to) Jyp € Qc(to) (g, Zg) < yo];
(2) Ve T° Vyo € R™ there exists the upper solution §(-,ty,y,) of (2.2) in-
finitely right continuable;
(3) Vi, I° VPEeRIP, € R Vt>tyc ¢ P Bye P =u(t,z) £ y;
then (4.1.)=>(4.1).
Corollary 5.1: (the case (4.1.1.7)). Let in (4.1) M = PO\Q(tO), Q(t) = Q*, the set
Q* be fized, %:%g:%*, the corresponding sets in (4.1,) be analogously chosen
and the following conditions be satisfied for all t, € T9°:

Ve >0 36 >0 v(ty, Ps\Q™) C P \Q7; (5.1)
v(te, @) C Qg (5.2)
Ve>0 36>0 Vt>ty, Yee R"\P, Vye€ Ps. v(t,x) Ly. (5.3)

Assume also that the conditions of Lemma 3.1 are satisfied and in the sense of (2)
upper solutions of (2.2) exist and are infinitely right continuable. (Conditions a).
Then (4.1,)=>(4.1), i.e. (2.1) possesses the property of stability or attractivity (see the
case, 1.7 above).

Corollary 5.2: (the case (4.1.II)). Let all the assumptions of Corollary 5.1 be
satisfied except that: M = Po(to), Q si not fized (analogously in (4.1,)), and instead
of (5.1), (5.2) the conditions below are valid:

Ve>0 36>0 v(ty,Ps) C P, (5.4)
VQ, €%, Q€ R) v(1y,Q) C Q.. (5.5)

Then (4.1,)=>(4.1), i.e., asymptotic stability of (2.2) implies the analogous property of

(2.1).
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Corollary 5.3: (4.1.Lii). Let in (4.1) R =0 and for all t,€ T® the conditions
(5.3), (5.5), (a) be satisfied. Then RY, R -attractivity of (2.2) implies RS Ro-attrac-
tivity of (2.1).

Corollary 5.4: (4.1.Liii). Let in (4.1) B = R) = R, Q(t) =0, M = P°(t,) and for
all t, € T° the conditions (5.3), (5.4) as well as conditions (a) are satisfied. Then sta-
bility of (2.2) implies stability of (2.1).

Corollary 5.5: (4.1.Liv). Let in (4.1) R = {P}-singl, R° = {P}-singl, Q(t) =0,
M = P%(ty). Assume that the conditions (a) are satisfied and for all t, € T® the
following conditions are valid:

v(to, P°(t)) € PS(to)
Vi>t, VzeR™P(t) VyeP(t) v(tz)Ly.

Then P P%-estimation of (2.2) implies PP°-estimation of (2.1).

6. Examples

Let us consider some illustrative examples which have been analyzed in [2] also.
Example 6.1: For the following model

T) =Ty,

:c’Z:—:cl—'y:c?, v >0 when t # t; (6.1)
Az, = apz, '
Az, = Bz, when ¢ =t

where Az, =z,(t;)—z,(t,), i=1,2, let us use the function v(zy,z,)= %:c% +
1.4 1.2
7% T3%%

Since D * v(z) = 0, we obtain comparison system

V=0 (6.2)
y(tF) = u(te), '

where second relationship is derived from majorizing of v(z + Az).
Condition (3.2) is satisfied if

v(zy + gy, Ty + Brz,) < v(xy,Ty).

This can be satisfied by o) € [-1,0], By € [—1,0]. Trivial solution of the compari-
son system (6.2) is stable. All other conditions of Corollary 5.4 are satisfied. There-
fore, the trivial solution of the considered system is also stable.

In [2], the example like (6.1) has been analyzed not from the viewpoint of stability,
but asymptotic stability and instability on the basis of some other theorems, which
contain other conditions stated in terms of Lyapunov function (not in terms of com-
parison function and without comparison system).
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Example 6.2: Consider the model

(
] = =2z, + TyT5 — T4,

[
Ty =T, — T ;T3 — Ty,

Th = Z,T, — g, when ¢ # t),

where t;, = kT, ke N, T >0,d;,>0,:=1,2,3.

_ Let us use the function u(z)= 22 + 222 4 22, Then we shall
D*v(z) = —2v(z) and the comparison system
y' =2y

y(ti) = Yi(up),

where 1 is subject to find.
Let d,,,, = max{d;,d,,d3}. Then

v( + I1(z)) = (14 d))%e? + 2(1 + dy) 222 + (1 + dy) %22
S (1 + dmaz)zmg + 2(1 + dmaav)zx% + (1 + dmaa:)2x2
=1+ dmax)zv(m);

'l/)k = (1 + dmaa:)zyk'

83

(6.2)

obtain

(6.4)

Variation of y on T as decreasing is equal to y(t; _{)(1—e~ 2T), therefore Ay =
¥(yr) —y(t;) has to be equal or less then y(tk__l)(l—e_2T) if we want to have

stability of (6.4). Thus,
<y(tp_q)(1—e” 2T)
and therefore

d <el —1.

maxr —

If this inequality is valid, then the (6.3) is stable. In [2] the example (6.3) has been
considered also from different viewpoint only for asymptotic stability and instability.
For asymptotic stability o f(6.4) and as a consequence of the system (6.3), we re-

quire Ay <y(tp_4)1—e” 2T) strictly, i.e., d

max

< el — 1. The last condition coin-

cides with the same result of [2], but it was obtained by a different method (without

comparison system and comparison function).
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7. Conclusion

In this paper we have considered the system of impulsive differential equations (2.1)
and its dynamical properties generalized by the definition (4.1). Under particular
cases of choosing the sets contained in (4.1), it is possible to obtain definitions of such
different classical dynamical properties as stability, attractivity, invariance, etc., as
well as their various combinations like conjunctive property (4.1.II) of asymptotic sta-
bility, disjunctive property (4.1.1.7) stability or attractivity, and so on. We have ob-
tained new sufficient conditions for (4.1), and such its particular cases as stability,
attractivity and some other dynamic properties of impulsive differential equations
(2.1) where time moments of impulsive effects are fixed. These criteria can be more
preferable than known ones [1, 2], since in general, they can be easier to satisfy. For
example, instead of conditions (3.4), (3.5) from [1] we require only (3.2). It is very
east to extend these results on different other dynamic properties. It is more difficult
to analyze the model with unfixed moments of impulses, particularly when these
moments depend on truth of some logical conditions. This logical-dynamic model
will be considered in forth coming papers.
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