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1. Introduction

In this paper we study the existence and uniqueness of mild and classical solutions of
a semilinear functional-differential evolution nonlocal Cauchy problem in a general
Banach space. Methods of C, semigroups and the Banach theorem about the fixed
point are applied. The functional-differential evolution nonlocal Cauchy problem con-
sidered here is of the form

w(t) + Au(t) = Fy(t,u(t), w(0y (1)), . u(0 (1))

t s (1.1)
+ / Fy(t,s,u(s), / f(s,7,u(r))dr)ds, t € (15,1, + a)
to to
and
u(ty) + G(u) = uy, (1.2)

where ¢ty > 0, a > 0, — A is the infinitesimal generator of a Cy semigroup of operators
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on a Banach space, F; (i=1,2), G, f,0; (i =1,...,m) are given functions satisfying
some assumptions and u is an element of the Banach space.

The results obtained pertaining to the nonlocal evolution problem are generaliza-
tions of those given by Byszewski [2, 4, 5], and by Balasubramaniam and Chandrase-
karan [1]. Moreover, the results obtained concerning the evolution problem (1.1)-
(1.2), where F, =0 and G =0, are generalizations of those given by Winiarska [10]
and Pazy [9].

Nonlocal semilinear and nonlinear functional-differential evolution Cauchy
problems in general Banach spaces have also been studied by Byszewski (3, 6, 7] and
by Lin, Liu [8].

2. Notation and Definitions
Let E be a Banach space with norm || - || and let {T'(¢)}, s o be a Cy semigroup of
operators on E. -

In this paper we assume that — A is the infinitesimal generator of a C|, semigroup

of operators on E, D(A) is the domain of 4, t; >0, a >0,

I: =[to,tg+a], A ={(t,s):tg<s<t<ty+a}

o i | 2.1
tesl[nga] IT® | pr(e, B) 1)
X: = C(I’E)

and
Fi:IxE™t!'wE, F,AxE’>-E, G:X—E,

[iAXE—E, o:I-I (i=1,...,m)

are given functions satisfying some assumptions.

In the sequel, the operator norm || - || BL(E, E) Will be denoted by I|-1-

We will need the following two definitions ot) mild and classical solutions of the
nonlocal Cauchy problem (1.1)-(1.2):

Definition 2.1: A function u € X satisfying the integral equation

u(t) = T(t — to)ug — T(t — 15)G(u)

t

+ / T(t—s)F(s,u(s),u(4(s)),..., u(o,,(s)))ds (2.2)
to
t s T
+ / T(t—s) / Fy(s,1,u(r), / f(ry pmyu(p))dp)dr |ds, tel,
to fo to
is said to be a mild solution of the nonlocal Cauchy problem (1.1)-(1.2) on I.

Definition 2.2: A function u: I—F is said to be a classical solution of the nonlocal
Cauchy problem (1.1)-(1.2) on I if:



(1)
(1)

(iid)
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u is continuous on I and continuously differentiable on I'\{t,},
u'(t) + Au(t) = Fy(t,u(t), u(oy(2)),...,u(o,,(1)))

to

t 8
+/ F, (t,s,u(s),t/f(s,r,u(r))dr)ds, t € I\{ty},
0

u(ty + G(u) = ug.

3. Theorem about a Mild Solution

Theorem 3.1: Assume that

(%)

(i)

for all z; € E (1 =0,1,...,m), the function I 3 t—F(t,29,2y,...,2,,) €
continuous on I, for all z;€E (i=1,2) the function A>(t
Fy(t,s,21,29) € E is continuous on A, for all z€ E the function

(t,5)—f(t,s,2) € E is continuous on A, G:X—FE, 0, € C(I,I) (1 =1,..

and uy € E;
there are constants L; >0 (i =1,2,3,4) such that

m
I F1(t 202000 200) = F1(6, %0, 21w Z) (| S LY =%l
i1=0

fortel, z,Z,€ E (i=0,1,...,m);

1

2
| Fo(ty 8,21, 29) — Fo(t,8,7),7,) || < L2Z 2, =% |l
i=1
for (t,s) €A, z;,Z,€ E (i=1,2);
| f(t,s,2) = f(t,8,Z ) || < Lglle—7 ||

for (t,s) €A, 2,7 € E}

1G(w) = G@) || < Lyllw— || x for w,® € X;

(iii)  M[Lja(m+1) + Lya¥(1 + Lya) + L,] < 1.
Then the nonlocal Cauchy problem (1.1)-(1.2) has a unique mild solution on I.
Proof: Introduce an operator ¥ on X by the formula

(Fw)(t): = T(t = tp)up— T(t - t5)G(w)

t

+ / T(t—s)F(s,w(s),w(o(s)),...,w(o,,(s)))ds
to
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(3.2)
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(3.4)
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t s T
+/T(t-—s) /F2(s,r,w(r),/ f(T,u,w(,u))du)dr)ds
to to to

forwe X andtel.
It is easy to see that
F:X-X. (3.5)

Now, we shall show that F is a contraction on X. For this purpose, consider the
difference

(Fu)(t) = (FB)(t) = = T(t = 1)[G(w) - G(D)]

t
+ / T(t—s)[Fy(s,w(s),w(oy(s)).. o w(o,(s))) (3.6)
to
— Fy(5, () (01(5)) B (0 ()]s

+ t/OtT(t—s) ( /3 [Fz(S,T,w(T), 4Tf(’fa#,w(#))dﬂ)

to

to

— Fy(s, 7, (1), / f(f,u,%(u))du)}dr)ds
for w,w € X and t € I.
From (3.6), (2.1) and (3.1)-(3.4),
1@u)0 - @O < 1T 10)]| | Gw) - 6@)]
t
1 R YT P XERTORTENE RTCHE) (1)
to

= Fy(5,0 (5), @ (01(5))s.. ., W (0,(5))) | ds

t s ,
+ [ -9 ( J 1Essm o), [ s wtadm)
to to t
— Pyl B0, [ Srn B 0w | dr)ds
to

t
SMLy||w— ||x+ML1/(IIW(S)—w(?)H + Z:l [ w(o(s)) =@ (o)) )ds

to
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t s -
Ly [ | [ @ =B @1+ [ 15 w00) = £ ()l i s
to

to to
<MLy |l w=i | x+MEya(m+1) || w— || x

T

t S
wMry [ | ] e =B+, [ 1wt - 6 Il dujir fas

to to to

= M[Lya(m +1) + Lya®(1 + Lya) + L) | w = || x

for w, € X and t € I.
Let

¢: = M{Lya(m +1) + Lya®(1 + Lya) + L, |
Then, by (3.7) and by assumption (i),
|Fw—Fw || y <q|lw—D || x for w,w € X (3.8)

with 0 < ¢ < 1. This shows that operator ¥ is a contraction on X.

Consequently, from (3.5) and (3.8), operator ¥ satisfies all the assumptions of the
Banach contraction theorem. Therefore, in space X there is only one fixed point of ¥
and this point is the mild solution of the nonlocal Cauchy problem (1.1)-(1.2). So
the proof of Theorem 3.1 is complete.

4. Theorem about a Classical Solution

Theorem 4.1: Suppose that assumptions (i)-(iii) of Theorem 3.1 are satisfied. Then
the nonlocal Cauchy problem (1.1)-(1.2) has a unique mild solution on I. Assume,
additionally, that:
()  E is a reflexive Banach space, uy € D(A) and G(u) € D(A), where u de-
notes the unique mild solution of problem (1.1)-(1.2);
(71)  there are constants C; >0 (i = 1,2) such that

||Fl(t,zo,zl,...,zm)—FIG,zo,zl,...,zm) l| SCIH—? |
N (4.1)
fort,t €1,2,€ E(i=0,1,...,m)

and
|| Fo(tys,2q,29) — Fo(t ys,21,25) || <Cy|t—1 |

for (t,s) €A, (f,s) €A, z;€ E (i=1,2);
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(737)  there is a constant ¢ > 0 such that

[l u(o;(0)) = u(o; (@D 1| <ellu(t)—u@)|]

fort,f €1 (:=0,1,...,m).

(4.3)

Then u is the unique classical solution of the nonlocal Cauchy problem (1.1)-(1.2)

onlI.

Proof: Since all the assumptions of Theorem 3.1 are satisfied, then the nonlocal
Cauchy problem (1.1)-(1.2) possesses a unique mild solution which, according to

assumption (7), is denoted by u.

Now, we shall show that u is the unique classical solution of problem (1.1)-(1.2) on

I. To this end, introduce

Ny = max | Fy(s,u(s),u(ay(5)) - u(nls)) |

and

n
Nyt = max | Fy(6m,u(o) / £ u()in)
0

and observe that
u(t + h) — u(t) = [T(t + h — tg)ug — T(t — to)ug]

[Tt +h - t9)G(u) = T(t ~ tg)G(w)]

to+h
+ / T(t+ h—s)F(s,u(s),u(c4(s)),..., u(o,,(s)))ds
to
t+h
+ / T(t+h—s)F(s,u(s),u(o4(s)),.., u(o,,(s)))ds
tgt+h

t
- / T(t—s)F(s,u(s),u(ay(s)),...,u(c,,(5)))ds
t
ty+ h °

+ / T(t+h—s) /st(s, 7,u(7), /Tf(-r, wyu(p))dp)dr |ds
t

to to

t+h s T
+/ T(t+h—s) /F2(s,7',u(7'),/ f(rypyu(p))dp)dr |ds
ty+h

to to

(4.4)

(4.5)

(4.6)
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—/tT(t—S)(/st(s,T,u(T)» /Tf(r,u,U(u))du)dT)dS
to

to to
= T(t = to)[T(h) - Tlug = T(t ~ ,)[T (k) - TG (u)
tgt+h
+ / T(t+h—s)F(s,u(s),u(c4(s)),...,u(c,,(s)))ds
t
t

- / T(t—s)Fy(s + h,u(s + k), u(oy(s + h)),...,u(o,,(s + h)))

to

— Fy(5,u(s), u(04(5)), . u(0,(5))) s

to+h . ,
+/ T(t+h—s) ( / F2(s,'r,u(7'),/ f(T,,u,u(p))d,u)dT)ds

to to to
t S| T
+/T(t—s) (/I:Fz(s-i—h,r,u(r),/ F(rypyu(p))dp)
) to to

—-Fz(s,T,u(T),/f(r,u,u(,u))d,u)]d‘r)ds
to

s

t s+ h T
+ [ 2(-9) ( [ Frnrae, | f(r,u,u(u))du)dr)ds

to to

for t € [ty ty+a), h>0and t +h € (tyt, + al.
Consequently, by (4.6), (2.1) and (4.1)-(4.5),

| u(t+h)—u(t) || <hM || Aug || +hM || AG(u) || +hMN, +ahML,

t
+ MLI/ ( lu(s +h)=u(s) | + D lu(oi(s + k) —u(o(s)) )ds (4.7)
i=1

to

t
+a*MLyh+2aMNyh < Ch+ MLy(1 + mc)/ | u(s + h) —u(s) || ds
t
0

for t € [tg,tg+a), h >0 and t+ h € (y,t,+ a], where
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C: = M[ || Aug || + | AG(w) || + Ny +aLy +a’Ly + 2aN, |

From (4.7) and Gronwall’s inequality,

Il u(t+ k) —u(t) || < ce®MErltTmely

for t € [ty,tg+a), h >0 and t + h € (5,15 + a]. Hence u is Lipschitz continuous on I.
The Lipschitz continuity of v on I and inequalities (4.1), (3.1), (4.2) imply that
the function

I3 t—k(t): = Fy(t,u(t),u(cy(t)),...,u(a,,(1)))

t s
+/F2 (t,s,u(s),/f(s,r,u(r))dr)dseE
t b

is Lipschitz continuous on I. This property of t—k(t) together with assumptions of
Theorem 4.1 imply by Theorem 1 from [10], by Theorem 3.1 from this paper and by
(2.2), that the linear Cauchy problem

v'(t) + Av(t) = k(1), t € I\ {1},
v(ty) = uy — G(u)
has a unique classical solution v such that

t
v(t) = T(t—ty)ug— T(t —ty)G(u) + / T(t—s)k(s)ds
to
=T(t = to)ug — T(t — t5)G(u)
t
+ / T(t—s)F(s,u(s),u(o4(s)),...,u(c,,(s)))ds

to

t s T
+ / T(t-s) /F2(s, T, u(T), / f(rypyu(p))dp)dr |ds = u(t), tel.
fo to to

Consequently, u is the unique classical solution of the nonlocal Cauchy problem (1.1)-
(1.2) on I. Therefore, the proof of Theorem 4.1 is complete.
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