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1. Introduction

The study of random processes and fields with correlations decaying at hyperbolic
rates, i.e., those with long-range dependence (LRD), presents interesting and challeng-
ing probabilistic as well as statistical problems. Progress has been made in the past
two decades or so on the theoretical aspects of the subject. On the other hand, recent
applications have confirmed that data in a large number of fields (including hydrolo-
gy, geophysics, turbulence, economics and finance) display LRD. Many stochastic
models have been developed for description and analysis of this phenomenon. For re-
cent developments, see Beren [6], Barndorff-Nielsen [5], Anh and Heyde [2], Leonenko
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[20], among others.

The non-central limit theorem, which describes the limiting distributions of addi-
tive functionals, plays a key role in the theory of random processes and fields with
LRD. The main references here are Taqqu [35, 37], and Dobrushin and Major [10]
(see also, Surgailis [34], Samorodnitsky and Taqqu [33], Leonenko and Silac-Bensic
[21], Ho and Hsing [16], Leonenko and Woyczynski [24], Anh and Leonenko [4],
among others). The limiting distributions have finite second-order moment but may
have non-Gaussian structure. The problem of rate of convergence in the non-central
limit theorem is therefore of considerable interest.

Some results on the rate of convergence to the Gaussian distribution for integral
functionals of Gaussian random processes and fields with LRD were considered by
Leonenko [19] (see also, Ivanov and Leonenko [17], pp. 64-70, Leonenko et al. [22],
and Leonenko and Woyczynski [23]). These results correspond to Hermitian rank
m =1 (defined in Section 2).

In this paper, we provide the rate of convergence (in the uniform Kolmogorov dis-
tance) of probability distributions of normalized integral functionals of Gaussian pro-
cesses with LRD and a special form of the covariance function (see condition C
below) to a limiting non-Gaussian distribution called the Rosenblatt distribution.
The result corresponds to Hermitian rank m = 2, which is new.

2. Preliminaries

Let (,%,P) be a complete probability space and &(t) = €(w,t):QxR—R be a
random process in continuous time.
We first list the relevant assumptions, not all of which will be needed at the same
time.
A. The process &(t), t€R, is a real measurable mean-square continuous
stationary Gaussian process with mean E{(t) =0 and covariance function
B(t) = B(|t|) = cov(€(0),£(t)),t € R, such that B(0) = 1.
A’. The covariance function B(t), t € R, is of the form

B(t):—L‘(l—fcl,—),0<a<1, (1)
where L(t):(0,00)—(0,00) is bounded on each finite interval and slowly
varying for large values of t; i.e., for each A > 0, lim,_, _[L(At); L(t)] = 1.
Most of the papers devoted to limit theorems for random processes with LRD have
used the covariance function of the form (1). Nevertheless, for continuous-time pro-
cesses, it is not easy to find exact examples of non-negative definite continuous func-
tions which satisfy (1). Note that the class of covariance functions of real-valued sta-
tionary processes coincides with the class of characteristic functions of symmetric pro-
bability distributions. From the theory of characteristic functions we are currently
able to present only the following examples of covariance functions of the form (1):

By(t)=(1+t3)7%% 0<a<1;
Bi()=(1+[t]|*™Y 0<a<]

By(t)=(1+4 [t|P)7Y, 0<pBr<1teR
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The function By(t), t € R, is known as the Fourier transform of Bessel potential (see
Donoghue [11], p. 294) or characteristic function of symmetric Bessel distributions

(see Oberhettinger [27], p. 156, or Fang et al. [14], p. 69). It has the spectral repre-
sentation

Bo(t) = [ cos(ht)f o (A)aA @)
R

with an exact form of spectral density f, (see (17) below) such that
fa) ~c(@) A7) 0<ax<], (3)

as A—0, where the Tauberian constant

¢1(e) = 2I‘(a)c01s(a7r/2)' (4)

The process £(t), t € R, itself satisfying condition A with covariance function By, has
the spectral representation

60 = [T @, (5)
R

where W( -) is the complex Gaussian white noise.

The function B(t), t € R, is known as the characteristic function of the Linnik dis-
tribution (see Kotz et al. [18]). This distribution has a density function (i.e., the co-
variance function B, has a spectral density). Kotz et al. [18] investigated the asymp-
totic behavior at frequency 0 are quite distinct in the cases:

(1) 1/« being an integer,

(#¢) 1/« being a non-integer rational number, and

(741) « being an irrational number.

Similar properties hold for the covariance function B,(t), t € R, which is known as
the characteristic function of the generalized Linnik distribution (see Erdogan and
Ostrovskii [13]).

In this paper, we shall consider the covariance function By(t), t € R, as the key
example of covariance functions of random processes in continuous time in the sense
of representation (1). In principle, our method is also applicable to the cases of covar-
iance functions By(t) and By(t). The method uses the second term in the asymptotic
expansion of the spectral density at frequency zero, which depends on the arithmetic
nature of the parameter o (see Kotz et al. [18]). Hence the rate of convergence de-
pends on the arithmetic nature of a and is different for the cases (i)-(¢77). This pro-
blem will be addressed elsewhere.

Viano et al. [39] introduced continuous-time fractional ARMA processes. Some
asymptotic results for the correlation functions and spectral densities of these process-
es were obtained. However, these results are not useful to the problem of this paper,
since in our approach we need exact results (such as Lemma 4.5 below) on the asymp-
totic behavior of the spectral density at frequency zero. See also Remark 3.3 below.

B. A non-random Borel function G:R—R is defined such that



30 N.N. LEONENKO and V.V. ANH

/ G*(w)p(u)du < oo,

with 2
o(u) = —u2 oy eR.

T

The nonlinear function G(u), u € R can then be expanded in the series

G(u) = Z O H (u)/k!,C) = / G(u) H, (w)p(u)du, k = 0,1,2,. (6)

of orthogonal Chebyshev-Hermite polynomials

2 k 2
Hy(u) = (—1)ke /2j—u,€e w2 k=0,1,2,...
which form a complete orthogonal system in Hilbert space L2(R, ¢(u)du).

Additionally, we will assume that the function G satisfies the condition

B’.  There exists an integer m > 1such that C; =...=C_ _,=0,C,, #0.

The integer m >1 will be called the Hermitian rank G (see, for example, Taqqu
[35, 37]; Dobrushin and Major [10]).

We state the following non-central limit theorem due to Taqqu [35, 37] and
Dobrushin and Major [10]. See also Rosenblatt [32].

Theorem 2.1: Under conditions A, A’, B and B’ with « € (0,1/m), where m > 1 is
the Hermitian rank of the function G, the finite-dimensional distributions of the ran-

dom processes

TS

Y(s) = davg [G(E(D) ~ Coldt,0 < s <1, ™

with
d(T) — Tl - Otm/2Lm/2(T)

converge weakly, as T—oo, to the finite-dimensional distributions of the random
process

c O A L W(dA). . W(dA,)

— . m m/2 | e -1 1 m
Yon(s) = m! [e1 ()] / M+t A A (1—-a)/2’
g A

0<s<1, (8)

where Cy and C,, are defined by (6) and f{Rm is a multiple stochastic integral

with respect to complex Gaussian white noise W(-) (with integration on the hyper-
planes \; = + /\j,i,j =1,...,m,i # j, being excluded).

Remark 2.1: The definition and properties of the multiple stochastic integral (8)
can be found in Major [25]) or Taqqu [37].

Remark 2.2: The normalizing factor d(7T') in (7) is chosen such that, as T—o0,

T
[ (et | = Tymicym, )1 + o), (9)
0



Rate of Convergence to the Rosenblatt Distribution 31

where 11 did 0 |
— S — P
cg(m,a)_/ / e = e E a)’0<a<m'

0 O

Remark 2.3: Note that E|Y  (s) |2 < oo, but for m > 2 the process Y ,.(s) have
non-Gaussian structure.

For a random process in continuous time, the proof of Theorem 2.1 may be con-
structed from Taqqu [37] and Dobrushin and Major [15] by using the argument of
Berman [7].

The Gaussian process Y(s), s > 0, defined in (8) with m =1, is fractional Brown-
ian motion. This process plays an important role in applications in hydrology, turbu-
lence, finance, etc. An extension of this process has been recently proposed by Anh et
al. [3]. They introduced fractional Riesz-Bessel motion, which provides a generaliza-
tion of fractional Brownian motion and describes long-range dependence as well as
second-order intermittency. The latter is another important feature of turbulence
and financial processes. The spectral density of increments of such processes is a
generalization of the spectral density of fractional Ornstein-Uhlenbeck-type processes
(see Comte [9]).

The process Yo(s), s >0, defined in (8) with m =2, is called the Rosenblatt
process (See Taqqu [35, 37]) because it first appeared in Rosenblatt [30] (see also
Rosenblatt [31]). Some moment properties of these distributions can be found in
Taqqu [35, 36] and Tagqu and Goldberg [38]. In particular, the marginal distribu-
tion of the random processes

Ras) = Yols) = Fer(@) [
R2

AL A)s | W(dA )W (d),)

s>0 (10)

0<a<1/2

is called the Rosenblatt distribution. Note that

2 . 2
ER§(1)=[%01(Q)] / LA g
R2

(AL +29)
From Rosenblatt [30, 31], Taqqu [35] and Berman [7], we obtain the characteristic
function of the random variable

) d),
[MAg 117

<oo, 0<a<1/2. (11)

R, = RBy(1)/[Cyey(@)/2]. (12)

It has the form

00 cN\NJ
e 1 (24u)
Eexp {iuR,} _exp{—-§.5=2 7 Nj}, u €R,
where

dl’l...dxj
Nj:/ | EhTENE Ia,0<a<1/2.
o LT bozloe=oe

We shall also use the following representation of Rosenblatt distribution (12), which
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follows from the representation (10) and the results of McKean [26] (see also
Dobrushin and Major [10]):

o0 (e8] o0
Ry= ) v (X5—1),) i <00, Y v =00, (13)
k=1 k=1 k=1
where X,k =1,2,3,..., is a sequence of independent standard normal variables, and
vy, k=12,3,..., is a sequence of non-negative real numbers which are the

eigenvalues of the self-adjoint Hilbert-Schmidt operator

Af(A) / H(A, = A))f(Ag)dAy: Ly(R, dA)—Ly(R, dA) (14)
R

(see, for example, Dunford and Schwartz [12]) with the symmetric kernel

i(Al + )‘2) _
H(\,),) =8 1

such that 1A +29) M1

H(Xp, —Ay) = H(= X, ),) and / | H(A\,Ap) | 2dX d), < oo.
R2
Here L,(R,d)) is the Hilbert space of complex-valued functions f(A), A €RR, such that

fQ) = f(=2), / | F(A) ]| 2d) < o0
R

with scalar product

(f,9)= / FN)g(N)dA.
R

Let ¢4, k=1,2,3,..., be the complete orthonormal system of the eigenvectors of the
operator A. Then

o0

H(Ap, —Ay) = Z Vidr(M)Pk(As) (15)

k=1

and by Itd0’s formula (see, for example, Taqqu [37])

[ a0 W @nwan) = 3 v, ([ aowan)

[R2 k=1

= i Vk(X?c - 1)’
k=1

which can be traced back to McKean [26].
It is easy to see that A is a compact operator and the bounds

m =inf{(Af, f), || f |l =1}, M =sup{(AS,f), I F]l =1}

are different from zero; therefore they are in the spectrum of A. Thus, there exist at
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least two non-zero eigenvalues v, and v, such that

B=2<1. (16)

In fact, at least one non-zero eigenvalue exists because A is a non-zero operator with
non-zero norm. Suppose that there is only one non-zero eigenvalue vy with
corresponding non- zero eigenvector ¢1(/\), then putting A; = A, in (15) and using (11)
we obtain A, | ¢,(};) |2 =0, which is a contradiction. Usmg the same argument, it is
easy to prove that if there exist two non-zero eigenvalues, then they are different.

Recently, Albin [1] proved that the Rosenblatt distribution has a density function
which belongs to the type-1 domain of attraction of extremes. Albin [1] also used the
representation (13) where

Vi=...=V >V >...>0
1 kg kg+1< )

and the Laplace transform of R; is given by

Eexp{-sR,} = exp{ - io: (%ln(l +2v s) — Vjs>}

j=1
for s E( —-(21/1)"1,00).

3. Main Result

We present a result on the rate of convergence ( in the uniform Kolmogorov distance)
of probability distributions of random variables Y 1(1), defined in (7) for a special
covariance function (see condition C below), to the Rosenblatt distribution of R,(1),
defined in (10) or (12) and (13). Some results on the rate of convergence to the
normal law along the line of Theorem 2.1 were obtained by Leonenko [19] (see also
Ivanov and Leonenko [17, p. 64-70]). These results correspond to the case m =1 (see
condition B’) in Theorem 2.1. In this paper, we examine the case m = 2.

For technical reasons, we formulate the following assumption for the covariance
function.

C. The covariance function B(t), t € R, of the process £(t), t € R, has the form

1
Bt)=—21 _ 0<a<l. 17
O = e 0 < (17)

Remark 3.1: Let condition C hold. Then condition (1) is satisfied.

Remark 3.2: Under condition C, the spectral density f(A) = f(|A]|), A €R, has
the following exact form (see, for example, Donoghue [11], p. 293, or Oberhettinger
[27], p. 156):

«)/2
T(a/2)y/7

K, (2) = —%—/Oos” - 1exp{ — %z(s +%)}ds, z>0,

0

£l = £l 13D = 2K ya(1AD 1ALV xR, ()

where
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is the modified Bessel function of the third kind of order v (see, for example, Watson
[40]). We note that

K (z) ~T(v)2"~ =% 210, v>0 (19)

and for a large value of z the following approximation holds:

K, (2) = \/—gz“l/%—z(1+ﬂ8_zl+(ﬂ_2!1(;(zl;2_ 9)+(“_1)(;(;3))3(“_25)+...)

(20)

where p=4v%  Using (18) and (29), we obtain the following representation (see
Donoghue [11], p. 295)

fallA ) =ey(@) [A1*7H1=0([A])), 0 <a<L,A€R, (21)
where §( | A|)—0 as | A| 0. The spectral density f (| A|), A €R, corresponding to

the covariance function (17) is the Bessel potential of order « € (0,1) (see for
example, Donoghue {11], p. 294), that is,

0 9 ~ . d
f"(”):m/ R CER E P DY)
2/

Therefore, for the spectral density f_ (|A|), A€R, the following convolution
equation holds:

Fay o) = / FaN)f (N = N)dN,a > 0,8 > 0. (22)
From (2) we obtain -
B™(t) = / cos(A)F*™(A)dA,

where the convolutions f*™()) are defined recursively as
N =T = [ 7SO - NN m = 2,3,...

In particular, we obtain from (22) the following elegant formula for the spectral
density (18):

A = fra(A), AER, 0 < am < 1,
where f_ (X),X €Ris given by (18). Using (18)-(21) and the relation
[e o]

| Aty = —sinmra - 20272y e (13),
0

we obtain from Lemma 4.2 (see Section 4 below) with U(z) = sin?z and 6 = ma — 3,
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0 < am < 1 the following formula:

T
var /Hm(f(t))dt :2m‘/ sin ()‘TX ) mo(A)dA
0
=T%~™¥mle,(m,a)(1 + o(1))
as T'—oo0.
Let X and Y be arbitrary random variables. Introduce a uniform (or

Kolmogorov’s) distance between the distributions of the random variables X and Y
via the formula

%(X,Y) =sup | P(X <z) - P(Y <2)|.

The main result of this paper describes the rate of convergence (as T'—oo) in
Theorem 2.1 with m = 2 and is contained in the following.
Theorem 3.1: Let assumptions A, B, B' and C hold with m =2 and a € (0,1/3).

Then
T
Jim supTo‘/BflG e ] [G(£(t)) — Cldt, Ry(1)
0
exists and does not exceed the constant
2 ” N
& 2 —C2_=2 S Z2 N7l
T =3a)(2=3a) / G(wp(u)du-C3 -2 |6 (3) R
< o0 P q

where Cy,C, are defined in (6) and the constant c,(a) is defined in (4). The numbers
v, and v, are defined in (16), and the random variable Ry(1) which has the
Rosenblatt distribution is defined in (10) or (12) and (13).

Remark 3.3: Our methodology in principle, is applicable to more general Gaussian
processes in continuous time. For this, we have to replace condition C by a more
general condition which can be given in the spectral form, such as (21), together with
the type of results of Lemma 4.5 and a precise behavior of the spectral density near
infinity (for example, f(A\)=O(|A| ~1~%) as |A|—00). Then, instead of the
convolution property (22), we may use the Riesz Composition Formula (see Lemma
4.6 below) for an investigation of the asymptotic behavior of convolutions of spectral
density. Lemma 4.2 can next be used again to obtain the asymptotic formulae
similar to (9) but in terms of the spectral density. Then the proof can be completed
by following the same principal steps. We will address this approach in a separate
paper together with a generalization to random fields.

4. Proof of the Main Result

Before proving Theorem 3.1, we state some well-known results.
Lemma 4.1: Let (&,n) be a Gaussian vector with E§ = En =0, B2 =En? =1,
Eén=p. Then for allm >0, ¢>0,

EH, (§)H (n) = 6%,p™ml,
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where 61 is the Kronecker symbol.

The proof of Lemma 4.1 is well-known (see for example, Ivanov and Leonenko
[17], p. 55).

Lemma 4.2: Consider the integral
(e o]

S(T) = / UAT)ASp(A)dA.
Suppose that °

(a)  the function ¥(X) is continuous in a neighborhood of zero, ¥(0) #0 and
P(A) is bounded on [0,00);
(6)

/ U(z2)2%dz = 7(6), / |U(2) | 2%dz < oo.
0 0

Then
S(T) =T 5~ 1%(0)y(6)(1 + (1)) as T—oo0.

The proof of Lemma 4.2 can be found, for example, in Ivanov and Leonenko [17],
pp- 29-30.

The following lemma is due to Petrov [28], p. 29.

Lemma 4.3: Let X,Y,Z be arbitrary random variables such that

|P(X<2)-P(Z<2)| <K,
where K 1is a constant. Then for any € >0

B(X+Y,Z)<K+L +P(|Y]| >¢),
where
d L= mazsup{ | T(z 4)~T(2) |, |T(z=e)=~T(2)])
T(z) = P(Z < z).

We now formulate the following statement.
Lemma 4.4: Consider the random variable Ry(1) which has the Rosenblatt distribu-
tion (see (10)). Then there ezists a density function
Cycqy(a)
p(2) = LP(R(1) < 2) S ey =5 21, (23)
p’q
where Cy is defined in (6), the constant ci(c) is defined in (4) and v, and v, are
defined in (16).
Proof: Using representations (13), we obtain that

R_z =11+ N9 (24)
where

N = l/p(X?) -1)+ I/q(X(ZI— 1) = I/q(,BX?) +X§) —(v,+v,),

and

ny= Y, v(Xi-1). (25)

k#pk#q
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The random variables Xp and Xq are independent standard normal. Thus the
density function of the random variable { = ﬂX% + X?] is of the form
u

P = [ pyali=2lpyale)is

0

— 1 —u/2 )~ Y2 —1/2,-(1/B-1)x/2
=— 1736 /(u ) z e T
21%(1/2)3 /

< 1

— 2'
2v, /vy
Thus, the density function of the random variable 7, is also bounded:

1
Py, (W) < g—o=s (26)
M 2 VoV
From (24) and (25) we obtain that there exists a density function of Rosenblatt pro-
cess R,y

p) =Py <) = [ b, (00, (1) S 50,
s P q

where Fn2(y) = P(ny <y) and pnl(:c) is the density function of the random variable

ny. The density function of the random variable R,(1) defined in (10), also exists
and is bounded by a constant c5, defined in (23). 0

Some further information on the density function of the Rosenblatt distribution
can be found in Albin [1].

Lemma 4.5: Let f_(A), AeR, be a spectral density given by (18). Then the
asymptotic relation (21) holds as | A | —0 with

0(13]) =KX~ +0(1)),

where K is a positive constant.
Proof: From Formula 4 of 3.773 of Gradshteyn and Ryzhik [15], we obtain

o]

cos At 1pfla—1 1.3— _1__)\_%
/(th)a/zd 3(2’ 2 )F2<§ 22 >
1—«a
Ao -1 I(E52) aa at+1 A2
+ﬁ_01/2 F(2) 7o 1 F 55, 9 ,—4‘ ,C¥>0,
1—«o
_lp(la-1 /2 )2 A1) a/2 )2
‘§B<§’ 2 X”sza 17T ) \/-4a/2 a) 1+a EEa| T

a >0, where [F, is a hypergeometric function. The statement of Lemma 4.5 now
follows by direct computations. O

The following statement is known as the Riesz Composition Formula (see, for
example, Plessis [29], pp. 71-72).
Lemma 4.6: For0<a<1,0<f8<1,0<a+ <1, the following identity holds:
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o0

eyl B) e —y| TP~ = / loe—z|* " z—y|P~lde,
-0
where

VATNr—5=)
N NG NCEE

c4(a, ,3) =

Proof of Theorem 3.1: Let L,(Q2) be a Hilbert space of random variables with
finite second moments. From (6) and (7), we obtain the following expansion in

Ly(9):

T
[ 16tewy-coa= Y Sme (),
0

k=m

where T

()= [ mueo
and, by Lemma 4.1, °

BCUT)C(T) = RS }(T), k > m,

where by (17) .

T T T
o¥(T)=E / H(E(t)dt| = / / B*(|t—s|)dtds
0

0 O

1 1
:T2‘k°‘/ /Bk(T|t—s|)-Tk°‘dtds
0O O

= T2k, (k,a)(1 4 0(1)) as T—oo,

¢y(k,a) being defined in (9) and 0 < ka < 1.
In order to apply Lemma 4.3 with Z = R,(1), we represent

T
V() = s [ [6(e) - Colde = X7+,
where °
T
C
Xp=2 [ myewyiyr -
and °

Yy =[ ) %@(T)}/Tl -a,

k=3
By (17), Lemma 4.1 and the Parseval identity, we obtain for 0 < o < 1/3 that

O o 2-2
varY o :kz Fak(T)/T e
=3
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1 1
<@y 2@ <52 [ [ s i-sPaas e
0O O
= C(G) «).
We have re (@)
jlzrlng(a) = ¢y(3, @), (28)

the constant cy(3, @) being defined in (9), and the constant

o0

00 2
¢(G) = kz C2/k! = / G (w)p(u)du — CE — %2 (29)
=3

— o0

Using Lemma 4.4 we have the following estimate for L_ defined in Lemma 4.3:

L, < ecg, (30)
where c4 is given in (23).
By Lemma 4.3 (with X =Xp, Y=Y;, Z=Ry(1)) and the Chebyshev
inequality, we obtain from (27)-(30), that
B(X 7+ Y, Ry(1)) < (X1, Ry(1 16 31
(X + Y, By(1)) S (X, By(1)) + €38 + 5 7 9()- (31)
Using (5), condition C and It0’s formula (see for example, Taqqu [37], Major [25]),

we obtain
1

i( Ay + X))t
my(e) = [ <O T @)W ) ()
R2
where f_(X) is defined in (18).
Using the self-similarity property of the Gaussian white noise (formally,

W (adX) 4 V/aW (dX), where £ stands for equality of distributions), we obtain from
(7) and (32) the following representation:

b QCZ/,ei('\1+'\2)—1 1
T—"2 2(A1+)\2) |/\1/\2|(1—a)/2

(33)

l—o

) o

Al |22
T

T

<
From (10) and (33), we have

[ __02 ,6i()‘1+A2)—'1 1
T—-XT—Rz(l)—”Q‘/ HEVEDW l/\l/\2|(1~a)/2

(( Ml |2 )1—2— r( 3 )rd3)- c1<a>)W<dA1)W<dA2>,




40 N.N. LEONENKO and V.V. ANH

and by the properties of multiple stochastic integrals (see, for example, Major [25]),

we obtain
. 2
2 (A + ) A
L1 G [l g Qr(ArA9)
varXm = Ta 4 /2 Oy o | T adAd Ay, (34)
where R 2
l1—a
A LA 2 A A
Qr(A,Ay) =T ( Tl _Tz ) fa(Tl)fa(%> —cq(a@)

From (18)-(21), we can see that the function
T~%Qr(A, ) < K.

Consider now

. 2
61(/\1+,\2)—1 QT(AI”\2) dM.d), =
i(A + ) 1-a™71772 =

) i(A 2 A2

R

1- 1-
IMIST T3 A T 7@

] ] |

A L >T = 2, >T! -« I >TE=o ) < =@

A
By Lemma 4.5, for |7H < #, t = 1,2 and T—o0, we obtain

e = I

Ay

T

Ay

T

)|

A 1—a A 1—a 1A l-a 2
_ pa M 1L U [ 2
2(1 — a) 2(1 — a) 1-a
1A 1A ARTIR!
:Tacl(a)HTl— +:1‘72 +1(Tl T +0(1)
A
using the approximation (1—x)1/2=1—%17+0(:c). Note that, for || S#,
i=1,2,
2(1-a) 2(1 — a) 1-a
A A Al A
a ||ZL 22 2122 - —a(l-2a)
T [T |7 +( 7 || 7T > }SBQT .

Thus,

I, = K3T_"‘(1 _20‘)(1 +0(1)) as T—oo and for 0 < a < %— (35)
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Using Lemma 4.6 and change of variables: A\; + Ay = u, Ay = v, we obtain for I, the
following estimate:

oA+ A
- sin—5—2  djd),
I, < I&lTa / 2 1-«a
(’\1 +’\2) | A2 |
2

1— —
A 1 >TE % A, >T! =@

00 00
o dv 1 du

SI(4T / Ul—a/ T1+alu|1—a!u_yll~a
2T1-a Tl—a

<KT7Y 0<a<y (36)

Combining the arguments for estimates of I; and I,, we obtain
Iy = KT ™20 =291 4 o(1)) as T—o0. (37)

From (35)-(38), we have for 0 < a < 1/3,

. 2
pp(a) = gé/ ¢t 1’ Qr(A,4,)
T 4[Rz (A +Ay) |,\1,\2|1—a

X, dAy—0 (38)

as T'—oo.
We are now in a position to apply Lemma 4.3 again with X = Ry(1), Y = X7 and
Z = R,(1). In this case, we can choose K = 0 in the statement of Lemma 4.3. Thus,
for any ¢ > 0,
(X g, Ry(1)) < es¢ + P{| X0 | > ¢}

(39)
<cge+ lzvarX’T,
€
where ¢ is defined in (23) and var X7 is given by (34).
From (31), (34) and (39) we obtain, for any ¢ > 0,
H(Xp +Y g, By(1)) < 206 + 5 7ia(e(G)or(@) + pig(), (40)

where pr(a) is defined in (38) and gy («) is defined in (27) and (28).
In order to minimize the right-hand side of (40), we set

e = {27 ~*(c(Q)gp(@) + pp(a))/2¢;) /5.

We then obtain the following inequality:

T
* (ﬁ/ [G(E(w) = Coldt, R2<1)) < Ale(@por(e) + (@) Y36,
0

where gp(a)—cy(3,a) and pp(a)—0 as T—oo. Theorem 3.1 now follows directly
from the above inequality. O
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Remark 4.1: It should be noted that the Rosenblatt distribution is absolutely
continuous (see (13), (23) or Albin [1]). Hence convergence in distribution to the
Rosenblatt distribution implies convergence of the Kolmogorov distance to zero.

5. Extension

Theorem 3.1 gives the convergence rate to zero of the Kolmogorov distance between
normalized functionals of random processes with LRD and the Rosenblatt
distribution only for a € (0,1/3). On the other hand, it follows from Theorem 2.1
that the convergence of the Kolmogorov distance to zero holds for o € (0,1/2). As it
turns out, our method is also applicable for the interval « €([1/3,1/2), but the
outcome is a slower convergence rate.

Theorem 5.1: Let assumptions A, B, B' and C hold with m =2 and « € [%,3

312
Then

a(l —2a)

a(l —2a) T
lim supT 3(1+4a) %(ﬁ‘o/ [G(&(t)) — Cpldt, R2(1))

T—o0

exists and does not exceed the constant

1 02 s 3 2 2 1
Tl %) 1=a / GHu)p(u)du— C3 =2 |5 (3 PCley (o)) (v, P.

Proof: We follow the scheme of the proof of Theorem 3.1, incorporating necessary
modifications. In particular, we represent

Yr(1)=Xr+Yyp,
where

(G)
varY T
ar T T 3( )
Observe that
6_1112(1 (0,1),6 <1 20,06 <1—-2c00~6 (41)
for a € [%, %) Thus,
T T T
0':23(T) = / / B3( |t—s]|)dtds = ?,T/ (1—%)33(7')d7'
0 o0 0
¢ T
—or| [+ [ a-fornar
0 T6

T
<or! +5+B(T5)2T/ B2(r)( — Tt

T8
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1 1
<oT'+é 4 B(T)T? 2 / / (B(T |t —s|)T?)*dtds,
0 O
and using (41), we have
2¢(@) e(G)n
varY , < Ti-2a-% + TO‘& T( a),
where as T—o0
1 1
Tp(a) = T B(T?) / / [B(T |t —s|)T*dtds
0 0 (42)
—cy(2,).
By Lemma 4.3 we obtain in a similar way to (40) that
B+ Y, Ry(1)) S KX (1), Ry(1) 4o+ 5 L9l a3)
Following the scheme of the proof of Theorem 3.1, we obtain the estimate (34) in
which Zr% is replaced by T—Ls The estimate (35) holds for « € (0,1). Using the
following formula (see Gradshteyn and Ryzhik [15], formula 2 of 3.194)
> 1
z# ut”
de = SV — 3V 1;
[(1+ﬂm)" P ( v ﬂu)
with Rev > Rep, we obtain for o € (0,%)
24 +/\ dA A
sin? 1 o < 9
K, T 2,2 -3 —a; ——"—
/ ()\ -}-/\2)2 |/\ |1—a~— 1 Tl—a

|A | >TE =

Therefore,

[ee]
dA A
I, < KsTa/ AL _2aT°‘_22F1(2,2—a,3 - ’“T—l%‘&)
art=o?
and for a € (0,%)
lim I, = 0.
T—o0
Similarly,
: — 1
Jim I;=0forac (0.3)
Thus from (43)

(X7, Ry(1) < 268 + 75 —5((«(G)(2 +Fr(e))) + pig()),

(44)
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where
Jim p) =0

Let us set

Rt +'5§£:))+uT<a>)?

We then obtain the following inequality:

T
% | s [ [G(&) - Colit, Ry(1)
0

(45)
1 L 2
< —a3le(@)2 +Gr(a)) + py(@)P(2e3),
T3
with

§ = 1—2a

I+a’
From (42)-(45), Theorem 5.1 follows. 0

6. Concluding Remarks

This paper addresses the issue of measuring the speed of convergence to the Rosen-
blatt distribution, as measured by the Kolmogorov distance, for some functionals of
nonlinear transformations of long-range dependent Gaussian processes with Hermite
rank m = 2. Our method is based on a direct probabilistic analysis of the main term
(m =2) as well as the second term (m =3). Due to the nature of limiting laws in
the situation of LRD, it is not straightforward to present an argument on the sharp-
ness of the results as in the traditional situation of short-range dependence. In parti-
cular, the rate of convergence in Theorem 5.1 is not optimal, hence yields a gap in
the rate of convergence at « = 1/3 between Theorems 3.1 and 5.1. However, the
paper takes the first step towards solving the important and difficult problem of
sharp convergence rate in non-central limit theorems.

The method of this paper in fact is general. It can be applied to nonlinear
functionals of non-Gaussian random processes with LRD and special bilinear
expansions of their bivariate densities in orthogonal polynomials such as Chebyshev-
Hermite polynomials, Laguerre polynomials. In particular, the rate of convergence to
the non-Gaussian Laguerre processes with Laguerre rank m = 1 has been obtained in
Anh and Leonenko [4] (see also Leonenko [20]).
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