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considered. Explicit conditions for absolute stability are derived. The pro-
posed approach is based on the generalization of the “freezing” method for
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1. Introduction and Statement of the Main Result

The present paper is devoted to the stability of nonlinear nonautonomous differential
systems with delaying argument. Stability of systems of nonlinear differential equa-
tions with delay has been discussed by many authors, cf. [6, 8, 9], etc. The basic
method for stability analysis is the direct Lyapunov method. By this method, many
very strong results are obtained. But finding Lyapunov’s functionals for nonautono-
mous retarded systems is usually difficult. In this paper, we investigate the stability
of nonlinear nonautonomous differential systems with delaying argument, whose lin-
ear parts have slowly varying coefficients and whose nonlinear parts have linear
majorants. Our approach is based on the extension of the “freezing” method for
ordinary differential equations, which in the linear case, was developed by V.M.
Alekseev [1, 10, 7] (see also [, Section 3.2]). The method was extended to nonlinear
ordinary differential equations in the paper [2]. In [4] the “freezing” method has been
generalized to linear differential equations with delay.

Consider in a complex Euclidean space C™ with the Euclidean norm || - || ;n the
equation

(t) = Ag()z(t) + Ay(Dz(t —hy) + ...+ A (H)z(t —h,,)
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+ F(t,z(t),z(t —hy),..,x(t —h,)) (& =dz/dt;t > 0), (1.1)

where h;, are positive constants, and A(t) are variable n x n-matrices with the proper-
ties

| Ap(t) = Ap(s) |l gn_on < 45 |t — s | (a5 = const > 0;¢,5 > 0;k =0,...,m) (1.2)

and

m
sup D | Ak(s) | gn_on < oo. (1.3)
520 k=0

In addition, F:[0,00) x C"™—C" is a continuous function satisfying the condition

| F(t2zyse2m) | om
m
< Z Vi |l 2k || gn(7g = const > 052 > 052, € C™ k= 1,...,m). (1.4)
k=1

A solution of (1.1) is an absolutely continuous function z:[ —7,00)—C™, which satis-
fies this equation on (0,00) almost everywhere with the initial condition

z(t) = ®(¢t) for —n <t <0, (1.5)
where

L L
and ®(t) is a given, continuous vector-valued function. The existence and continua-
tion to infinity of solutions to (1.1) for all continuous ®(t) is assumed. For condi-
tions for solution existence see for instance, [6, 8, 9].
We will say that the zero solution of equation (1.1) is absolutely stable in the class
of nonlinearities (1.4), if there is a positive constant M independent of a concrete
form of F' (but dependent on g,...,q,,), such that

l2() [ gn < My sup || &(2)[| on(t > 0)
s € _7770

for any solution z(t) of (1.1) with the initial condition (1.5). Let A be a constant

n x n-matrix, and let A (A) (k=1,...,n) denote the eigenvalues of A including their
multiplicities. The following quantity plays an essential role hereafter:

9(A) = (V3(A) —kfj 04 [ 2172,
=1

where N(A) is the Hilbert-Schmidt (Frobenius) norm of A, ie., N%(A)=
Trace(AA*). The relations g%(4) < N?(A) — | TraceA? |, and
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9(A) < /TJ2N(A* — A) and g(Ae'? 4 21) = G(A) (0 € R,z € C) (1.6)

are true cf. [3, Section 1.1]. In the following I denotes the unit matrix. If A is a
normal matrix: A*A = AA*, then g(A4) = 0. For a fixed s > 0 let K(s,p) be the char-
acteristic matrix-valued function of equation (1.1). That is,

m
— ph
K(s,p) = B(s,p) — pI where B(s,p) = Z Ag(s)e P (p € O).
k=0
To formulate the result, set

, & (B, p)
P2 = 2 Tha k(e 7 €O

where d(K (s, p)) is the smallest modulus of eigenvalues of the matrix K(s,p):

NERCENE

Throughout the following it is assumed that all the zeros of detK (s, p) for every s >0
belong to a half-plane C( — o)) = {z € C: Rez < — ay} with a positive a;. Let

m m
?EZQk» 752719'
k=0 k=1

d(K(s, p)) = min

)

In addition, denote

m

h

V,=vtsup D e k|| A4(s) ]l gmo
520 p—o

r, Ets,]é% wSlelI}{F(A (t, —v+iw)), and a, = 2\/Vuru(vuru +1)

with a non-negative number v. Now we are in a position to formulate the main
result of the paper.

Theorem 1.1: Let conditions (1.2), (1.3) be satisfied. In addition, for a positive
number

v < ay, (1.7)

let the inequality
a,Yvr 1+3v <1 (1.8)

hold. Then the zero solution of equation (1.1) is absolutely stable in the class of non-
linearities (1.4).

The proofs are presented in the next section. Theorem 1.1. is exact: if (1.1) is a
linear stable equation with constant matrices Ay (t) = A;, then §, =% =0 and
condition (1.8) is always fulfilled.

Let us give an estimate for f‘y. Let

9,(B) Essg% wstelpRg(B(s, —v+iw)) and d, (K) Esingwingd(K(s, —v+iw)).
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As it was was shown in [4, 5, p. 170],

n—1 ~k
- 9,(B)
T < ML — (1.9)
YT VR YK

and

,(B) < sup [VIFEN (A(s) — A3(s)) + VIS N (A GDL (110)

k=1
If matrix K(t,A) is normal for all >0, A € C, then g(B(s,p) =0 and we have the
simple expression ', = d L

2. Proof of Theorem 1.1

Set R, =[0,00). The space of all continuous functions defined on a segment [a,b]
with values in C™ and the sup-norm || - || oy, ;) is denoted by C([a,b],C"™). Set

L(s)z(t) = Ag(s)z(t) + Ay(s)x(t —hy)+...+ A, (s)z(t —h,,)
(€ C(R ,C"); t,s >0).
For a fixed s > 0 denote by G,(t) the Green function of the equation
B(1) = L(s)p,(1) = 0. (2.1)
In addition, with the notation
¥(1) =S I G Il on

assume that

o= / G(1)dt < 00,7, = / f(8)dt < oo. (2.2)
0 0
Consider the equation
&(t) — L(t)z(t) = f(2), (2.3)

where f € C(R ,C").
Lemma 2.1: Under conditions (1.2), (1.3), let the inequality

T9, <1 (2.4)
hold. Then for any solution z(t) of problem (2.3), (1.5) the estimate
1201l o,

<ol ®ll gy o1+ Yol =90 "Ml Fllogn ) (co = cons) (2.5)
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is valid.
Proof: Fix s > 0 and rewrite (2.3) in the form

(1) = L(s)z(t) = (L(1) — L(s))x(t) + f(1).
Setting 7(t,s) = (L(t) — L(s))z(t) + f(t), we get
2(t) — L(s)z(t) = (1, s).
A solution of the latter equation with the initial condition (1.5) can be represented as

z(t) = ¢ (t) + / G (t—T)n(r,s)dr (t>0), (2.6)
0

where ¢(t) is the solution of the homogeneous equation (2.1) with the initial
condition (1.5). Let us use the representation of solutions of homogeneous
autonomous systems [6, 8]. We can write

Q
m
8,0 =G,(000)+ 3 A44) [ G, (t-7-he(rdr.
k=0
Zh
That representation and (1.3) give k
[ 65(t) [| on < €1 <00 (c = conmst; t,5 > 0),
since the Green function is bounded according to (2.2). Moreover,
c; <cy || @ ([ - 7,01, C™) (cq = const). (2.7)
From (2.6) the inequality
t
le®llgn<ert [ wlt=r) () [ gndr
0

follows. According to (1.2)

1 7(r,) || g skf: 1 (A(r) = Ag()a(r = he) + £ || gn
=0

m
<Y apls—1l la(r—h) |l gn+ I oy
k=0

Let t = s. Then, taking into account that

t
/ W= 1) || gndr <e(N) =Toll Fll oa 1
0

we get

t
le@lgnserteln+ [ 6T =73 ault=)llalr=hg) | gudr
0

k=0
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t_hk
=c;+e(f)+ Z qk/ Y(t—z—hp)(t—2z—hp) | =(2) || Cndz.
k=0 "‘hk
Hence, ik
Tk
2@l gn< Y qk/ $(t — 2= hp)(t = 2 = hy) [ 2(2) || gndz + c3(f),
k=0 0
where
0
ca=ertelNtsp Do [ wl— = etz ) 8 [ gnd
t20 k=o “hy
Setting

m(e,t0) 5 2, 1120 g

we arrive at the relations
to—hy

m(ty) < c3(f) + m(tp) zm: qk/ P(tg— 2z — hy)(tg — 2 — hy)dz
k=0 0

<eg(f)+ m(to)ﬁ %-

But condition (2.4) implies the inequality

m(to) < e5(F)(1—$,3) "L

Taking into account that ¢ is arbitrary, we arrive at the estimate

sup || 2(t) | on < es(F)(1 =7 v~ L

Clearly, c5(f) <cgz || @ || (= n0],C™) (c5 = const). That inequality yields the result.

Corollary 2.2: Under conditions (1.2) and (1.3), let the inequality
G, I gn < Ce™¥4(t,5 > 0)
hold with constants v > 0 and C, independent of s. If, in addition,
7C, < v
then for any solution z(t) of problem (2.1), (1.5) the estimate
120l n <8, 1@ o oyt~ CLA=CA D o,
(b, = const)

1s valid.
Indeed, under condition (2.8), we easily get

0

(2.8)

(2.9)

(2.10)
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¢OSV——ICV’ '/ﬁSCUV—2-

Now the previous lemma yields the following result.
Lemma 2.3: Let the conditions (1.2), (1.3), (2.8) and

C,Gv +iv H<1 (2.11)
hold. Then the zero solution of equation (1.1) is absolutely stable in the class of non-
linearities (1.4).

Proof: Condition (2.11) implies inequality (2.3) and, in addition,
vl (1-Cciv= 3 1< (2.12)
Due to (1.4) we easily get
P2t A anlt= o) loga, y 7 121 o - oo
<7 (=]l c(rR, )T @l o -y, 0p:
where z(t) is the solution of (1.1). Let
f(t) = F(t,z(t),z(t — hy),..,x(t —h,,))-
Then (1.1) takes the form (2.3). Now the previous corollary yields
lz(t) [| gn <
L S e N C e o Rl 1 PP LY [}
where z(t) is the solution of (1.1). Let
f(t)=F(t,x(t),z(t — hy),..,z(t —h,,)).
Then (1.1) takes the form (2.3). Now the previous corollary yields
121l gn < b, 101l - oy + 7771 CUL=C ) " 2l g, ) (B, = const).
Hence, condition (2.11) implies the inequality
12 ()] gn <, 1€l o oL =F ™0, (1= 7w =2 ")~
which proves the required result. O

Proof of Theorem 1.1: As proved in [4, Lemma 6], the Green function of (2.1)
satisfies the inequality

“ Gs(t ” cnhon < ?l'ye_ Ut(t’s 2 0)'

Now the previous lemma yields the required result. ]
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3. Example
Consider the scalar equation
o+ (L a(0)i(6) + b0t — 1) + a(O)y(t) + b(By(t — 1)
= f(ty(t),y(t - 1)) (3.1)
where a(t),b(t) are positive functions with the properties
[a()] <oy BB <1y, [a(t) < mg, [4(0)] < my
(lgy 13, my, my = const, t > 0). (3.2)

In addition, the function f:[O,oo)xR2—>R supplies the solvability and satisfies the
condition

[ f(ty,2) ] <volyl +7112] (9,2 €RjE20). (3-3)
To establish stability conditions, consider the scalar equation
z+a+be”*=0 (3.4)

with positive constants a,b. Putting w = z+a, we have w+be®e " = 0. Due to
Theorem A.5 from [6, Appendix], the condition

be® < /2 (3.5)
guarantees that all the roots of equation w + be®e ™" =0 are in the open left half-

plane. Therefore, under (3.5) all the zeros of (3.4) are in the half-plane Rez < —a.
Now consider the characteristic equation of (3.1)

24(a+14be™ ) z+at+be™ "= (z2+a+be ?)(z+1) =0.

Under condition (3.5) we can assert that all the zeros of the latter equation are in the
half-plane Rez < — a; with

a; = min(1,a). (3.6)
Clearly, equation (3.1) can be rewritten in the form (1.1) with m =1, h; =1,

—a(t)—1 —aft —b(t —b(t
Ao(t):( (1) 0() ) and Al(t):( 0() 0() )

Let us assume that the condition
b(t)ed™ < /2 (1> 0) (3.7)

holds. Then according to (3.6) all the zeros of the characteristic function
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2+ (a(t) + 1+ b(t)e ™)z +a(t) + b(t)e ~
(z+a(t)+b(t)e” *)(z+1)=0 (3.8)
for any fixed ¢ are in the half-plane
{z€C:Rez < —ay= — min{l,tigfoa(t)}}.
Let v < oy, for example, v = /2. Due to (1.6) and (3.2) we easily have,
9(Ao(t) + ay(t)e” ~%) < g, = 1+ my+mye’(w € R,t > 0).
Moreover, (3.8) implies

MK (L p)) = p+a(t) +b(t)e ™ P, A(K(t,p)) = p+1.

Hence,
| M(K(t, —v +iw)) | > min{ | —v +iwz +a(Db(t)e” "™, | —v+iw+1]}).
But
| — v +iw+a(t)b(t)e” |2
= (—v +a(t) + b(t)e’cosw)? + (w + b(t)e sinw)? > (— v + a(t) — b(t)e)?.
So

d, > min{ tir>1f0 | a(t) —v—>b(t)e”|,1—-v} >0,
since under (3.7), function
a(t) —v +b(t)e Wt
has no zeros. According to (1.9) we get
T, <M,=d;'(1+d;'g,).
In addition,
1 4(0) | g < 1+ 2, [ Ay(0) [ gn_ < 1y (£ 2 0)
So VV < Ww where
W,=v+1+2my+mye” and a, <b,

where

B, = MW, (1+M,W,).
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Moreover, (3.2) implies inequalities (1.2) with ¢, =2ly, ¢; =2l;. So § =2(ly+1,).
Condition (3.3) yields inequality (1.4). Now Theorem 1.1 implies:

Proposition 3.1: Let conditions (3.2) and (3.7) be fulfilled. In addition, for a
positive v < min{1,inf, 5 ja(t)}, let the inequality

hold.

2b,[(vo+ 71V~ Lo+ Lv™ 21<1

Then the zero solution of equation (3.1) is absolutely stable in the class of

nonlinearities (3.3).
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