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An estimate is given for the lower bound of real zeros of random algebraic
polynomials whose coefficients are non-identically distributed dependent
Gaussian random variables. Moreover, our estimated measure of the
exceptional set, which is independent of the degree of the polynomials,
tends to zero as the degree of the polynomial tends to infinity.
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1. Introduction

Let N, (R,w) be the number of real roots of the random algebraic equation
n
Fo(z,w)= ) a(w)z’ =0, (1.1)
v=0
where the a (w), v=0,1,...,n are random variables defined on a fixed probability
space (£2, A, Pr) assuming real values only.

The problem of estimating the lower bound of N (R,w) was initiated by
Littlewood and Offord [4]. They considered the case when the coefficients are
normally distributed, uniformly distributed in [ — 1,1] or assume only the values +1
and — 1 with equal probabilities, and proved that there exists an integer ngy such that
for n > ngy, N (R,w) > l_#‘" except for a set of measure at most IL’ where C

og log logn ogn
and C' are constants.

The lower bound has been studied especially in 1960’s and early 1970’s (cf.
Bharucha-Reid and Sambandham [1] and Farahmand [3]). Taking the coefficients as
normal random variables, Evans [2] proved that there exists an integer nj such that
Clogn C'log log Ny
log log n

for each n > ny, N (R,w)> except for a set of measure at most

log ng
The above result of Evans is called the “strong” result for the lower bound in the
following sense. The result of Littlewood and Offord is of the form,
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N, (R,w)
logn
log log log n

scl>1--&

Pr ng‘*ﬁ.

In this case, the exceptional set depends on the degree n of the equation. While the
“strong” result of Evans is of the form,

N C'log 1
pr( it Yol o) Closlogmg
n>ny logn log ny
log log n

In such case, the exceptional set is independent of the degree n.

Since Evans’ paper appeared, there has been a stream of papers on the lower
bound by many workers, like Samal and Mishra [7, 8], although they mainly worked
with independent and identically distributed coefficients.

For non-identically distributed coefficients, Samal and Mishra [9] considered the
following type of the random algebraic equation:

n
Falmw) =) a,(w)h,z" =0, (1.2)
v=0
where the a,(w)’s have a symmetric stable distribution and the b,’s are non-zero real
numbers, and estimated the lower bound and the “strong” result for it. In this case,
the coefficients a,(w)b,’s are non-identically distributed.

For dependent coefficients, Renganathan and Sambandham [6] and Nayak and
Mohanty [5] took up several cases. Both of them defined the random variable 7,, in
their proofs and treated the 7, s as independent random variables. Uno [10] pointed
out that the 7, s were dependent and that their required results had not been
completed, and obtained the lower bound in the case of the type of (1.2), where the
a,(w)’s are normally distributed with mean zero and joint density function

IM'1/2(27r)—(n+1)/28xp(_1/2)G/Ma), (13)

where M ~! is the moment matrix with
1 (i=13)
Pi; = Pli-j| 1< Ji—j| <m) (1.4)
0 (Ji—=3] >m) i,7=0,1,...,n,

for a positive integer m, where 0 < p;<1,j=12,..,m and @ is the transpose of
the column vector a, and the b ’s are positive numbers. However, the result of Uno is
not the “strong” result for the lower bound.

The object of this paper is to show the “strong” result for the lower bound when
the coefficients are non-identically distributed and dependent normal, that is, to
obtain a “strong” result of Uno. We assume the same conditions of the a, (w)’s and
the b,’s as those of Uno. We remark that this assumption of the a,(w)’s is called
stationary m-dependent Gaussian and equivalent to the following two statements for
a stationary Gaussian sequence:

1. {a,} is *-mixing,

2. {a,} is ¢-mixing,
according to Yoshihara [11].
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Throughout the paper, we suppose n is sufficiently large. We shall follow the line
of proof of Samal and Mishra [8] and Uno [10].
Theorem: Let

n
folz,w) = Z a,(w)b,z” =0
v=0
be random algebraic equation of degree n, where the a,(w)’s are dependent normally
distributed with mean zero, joint density function (1.3) and the moment matriz given

k
by (1.4) and the b,, v=0,1,...,n are positive numbers such that log(:*) = o(logn),
n

where k, = max ¢ 4 < n(?n and t,, = min; <uv< nbu-
Then there exisls an integer ny such that for each nflrgo, the number of real roots
of most of the equations f, (z,w)=0 is at least o8 T except for a set of
log (t_n log n)
c' "
log n
log A & o
"0
log (t_ log no)
"0

measure at most

, where C and C' are positive constants.

2. Proof of the Theorem

Let
N=1llogl (2.1)
and M, | =1,2... be a sequence of integers defined by
2
k
2
M;= — +1 (2.2)

where « is a positive constant and [z], as usual, denotes the greatest integer not
exceeding z. Let k be the integer determined by

k k
(2k)IM2F < n < (2k 4 2)IM2EF +2, (2.3)

It follows from (2.1), (2.2) and (2.3) that
Cilogn

k
log (t—" log n)
n

for a constant C';. Hence k is large when n is large.
We shall consider f (z,w) at the points

1

1 2

g =(1-—L1 _V,
=" )

<k (2.4)

for I =[5 +1, 5] +2,..,k.
We write
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fa(zpw) =Uy(w) + Ry(w)

= ;avmbvm( IEDY )av<w>bux7,

where v ranges from (21—1)!M,2l_1+1 to (21+1)!MI2H'1 in >4, from 0 to

2 -1)M¥~Vin ¥, and from (20 + 1)!MZ+1 4 1tonin 3,
The following lemmas are necessary for the proof of the theorem.
Lemma 2.1: For oy >0 and

(20 + 1M+ @+mP o @yttt
2 _ 2 2i it
i=@-1MP T4 i=@-MP -ty I
we have

o > ot /C2DIML

Proof: First for ¢, = ming ., < ,b,, Wwe have

(2 + 1)t 1 @i
blaf' > 17, > o7 > (B )enmd
i= (-1t 4 i=@-1M¥-14

where A and B are positive constants such that A >1 and 0 < B < 1. Next, for m
given in (1.4), we get

@+t (@Mt

"
D b
i=@-1MP -1 j=1+1

iymP -1 M

2 i+ 7
A R
i=@-nmP -ty J=itl

22— 1M -1 41y _ .
_ 2l : ip-xf—ip-x,z{(zl)!M?l_(zl_l)!Mlzl i
R () 2 1 1

1—‘1"1 i=1 1=1

> (Bt 20 M3

where p, = Z?: 1p; and A’ and B’ are positive constants satisfying A’>1 and
0 < B'<1. So we get
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of > ofii20!M

where o is a positive constant, as required.
The following lemmas (Lemmas 2.2 and 2.3), which are required to prove Lemma
2.4, can be proved by Feller’s inequality.

Lemma 2.2:
Pr ({ w:

(20 -1 -1 @-mMP-to1 @r—ymP !

Fi= ). b+ >, > bt

1 =0 1 =0 j=1+1

Pr ({w

~ n n—1 n
N2 Z 2 2i Z Z i+ g
i= @+t i=@mP iy J=itl

2
Al

> ’\131}) < \/g € )‘12 )

Z a,(w)b,xy
2

where

Lemma 2.3: 2
Al

] T2
>’\1‘71})< \/ge X

Zav(w)bvx;’

3

where

Lemma 2.4: For a fized [, )
Al
Pr({w: | Ry(w)| <o}})>1-2 %)‘lle 2,

Proof: By Lemmas 2.2 and 2.3, we get for a given [,

| By(w) | < N +7)),

2
. 2 .
outside a set of measure at most 2\/% e/\_ Again we have
l
@ -1ymp -1
S bl <okl -1)mMP !
1=0
and
@-1yMPE-1o1 @-ympl

i+
> Yo bbaitip
1 =0 J=1+1

-1~ (i-1)

m . .
<KL P > zf? T2 < pokR 2 = )M
i=1 71=1
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Hence, we get for a positive constant a,,
¥ < a2k2(2 - 1)IMF -1,
Similarly we have
2 < a2k2(20 — 1)IM2 -1
for a positive constant az. Therefore we obtain outside the exceptional set,
ay+ag k

-1 1 1
P In 1
| By(w) | < N(ag +ag)k,M; 2 < ( a1 \/’2_1)‘1‘71>/M? <oy,

n

by Lemma 2.1 and (2.2).
Let us define random events Ep, F P and G P by

Fo,={w:Usp(w) < =03, Uz, 1 1(w) 2 03, 41}
and
G, =A{w: | R3,(w)| < o3 | Ry 1(w) | <o3p 44}
for (3p,3p + 1) such that [%] +1<3p<3p+1<k. It can be easily seen that
Pr(E,UF,) >,

where 6 > 0 is a certain constant. And we define random variables Npy ¢ P and ¢ P
such that

- 1 on F pY F P
P 0 elsewhere,
B 0 on G p
Cp -
1 elsewhere
and
Ep=1p = MpCp:

If &p =1, there is a root of the polynomial in the interval (:csp,

. pr + 1)'
Let p_;, and p_ . be the integers such that

pmin:min{P€N|[l2c']+1§3p<3p+1 gk}

and
Pmax=maX{p€Nl[§]+l s3p<3p+1sk}.
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Then the number of roots in the (z k] , ) must exceed n pmax £
min

We shall need the strong law of large numbers in the following form.

If myym3,... are independent random wariables with var(n,) <1 for all i, then for
given any € > 0, we have

1 pmax D
Pr sup P — (77 _E("] )) >\ D
pmax B pmin +1 2 k pmax N pmin + 1P =;min P P €2k0’
where D 1is a positive constant.
Here we get
pma.x pmax pmax
D AG=E@mY S| D {mp—Em)+ Y (e
P = Pmin P = Pmin P = Pogin

Since

A2
E(¢ )<4\/7 ~—e ﬂ

from Lemma 2.4, we have

pmax

Z Cp < (pma.x ~ Pmin T 1)61

P = Pmin

outside an exceptional set of measure at most

2 22
2 p;“vj" 1 | e | -—lmin
4\/: —e %2 <C, e 2
" p= pmin(pmax ~ Pmin + 1)61 )‘3p )\Spmin '
where C, is a constant. Thus we obtain
sup ¢, <€,
Pmax ~ Pmin +1 >k (pma.x Pmin T 1) P = Phin P
outside an exceptional set of measure at most
22
3p min

c, 3 £t

Pmax ™ Pmint12 kO 3Pmin

By using the strong law of large numbers since the np’s are independent for
sufficiently large n, we have

pmax

sup 1 > {6, —EMmy}|<e
P = Pmin

Print12kg (pmax pmin+1)

pmax



358 T. UNO

outside an exceptional set G kg of measure at most

where C5 is a constant.
A simple calculation shows that

Pmax = |:IC3L2]_ 1 and Pmin = [%]4' L.

Hence we obtain

max

Pma

1 1
1 1 E(n,)—e¢
pmax—pmin+1 Z _pmin+1 Z (np

=P pmax

for all k such that p .. — Pmin +1 > k outside an exceptional set G kg
Applying E(n,) > 6 and using (2.4), we get

p max

Ny > Z 6P> (pmax_pmin+1)(6’“5)>c4k‘>

P = Pmin

Cslog n
log (ﬁ log n)

for all k such that p_ . —p ;, +12>k, outside an exceptional set Gko’ where C,

and Cy are constants. It can be seen that the set {k € N|p,, —
contained in the set {k € N| k > 6k, — 2}.

If n=mn, corresponds to k =6k;—2, then all n>ny will correspond to
k > 6ky — 2. Therefore, we have for all n > n,

+12>ky}is

Pmin

N, > Cklog n ,
log (3% log n)
where " 2
A
1 _ 3Pmin CS
Pr(G )<Cy D e  ° T
0 k> 6ky—2 3P min
2
’\:23k0 A3(kgy +1) 3(kq +2) c
SCl\p—e 7 +6 5 e T 2T 45 R
3k, 3(ky+1) 3(k +2) 0
\2
3q Cy _3q(log (39))"  ~

—=6C, 2 +
2
g >k, 3q ko q;c V3q log 3q ko
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4 1 Cs Ce Cy c’
< ¢ Z + Slog k‘0+k0 < log n,,
log
"o
log (-t——— log 710)
)

where Cy is a constant. This completes the proof of the theorem.
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