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1. Introduction

Let N, (R, w) be the number of real roots of the random algebraic equation

Fu(x,0) = > a,(w)x” =0, (1.1)
v=0

where the a,(w), v = 0,1,...,n, are random variables defined on a fixed probability space
(Q, 9, Pr) assuming real values only.

During the past 40-50 years, the majority of published researches on random algebraic
polynomials has concerned the estimation of N, (R, w). Works by Littlewood and Offord
[1], Samal [2], Evans [3], and Samal and Mishra [4—6] in the main concerned cases in
which the random coefficients a,(w) are independent and identically distributed.

For dependent coefficients, Sambandham [7] considered the upper bound for N, (R, w)
in the case when the a,(w), v =0,1,...,n, are normally distributed with mean zero and
joint density function

IM|Y22m)" "2 exp (- (1/2)a’ Ma), (1.2)

where M~! is the moment matrix with o; = 1, pij=p 0<p <L (i#)), i,j =0,1,...,n
and a’ is the transpose of the column vector a. Also, Uno and Negishi [8] obtained the
same result as Sambandham in the case of the moment matrix with 0; = 1, p;; = p;_)»
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(i#j), i,j = 0,1,...,n, where P is a nonnegative decreasing sequence satisfying p, < 1/2
and Z;O=1P,' < o0 in (1.2).

The lower bound for N,(R,w) in the case of dependent normally distributed coef-
ficients was estimated by Renganathan and Sambandham [9] and Nayak and Mohanty
[10] under the same condition of Sambandham [7]. Uno [11] pointed out the defect in
the proofs of the above papers and obtained the result for the lower bound. Additionally,
Uno [12] estimated the strong result for this particular problem in the sense of Evans [3].
The term strong indicates that the estimation for the exceptional set is independent of the
degree n.

The object of this paper is to find the lower bound for N, (R, w) when the coefficients
are nonidentically distributed dependent normal random variables. We remark that this
result is the general form of Uno [11] and that the exceptional set is dependent on the
degree n. In this paper, we suppose that the a,(w), v = 0,1,...,n, have mean zero, and the
moment with

1 (i=j),
Pij =1Pli—ji (1=li—jl<m), (1.3)
0 (li—jl>m), ij=01,..,m

for a positive integer m, where 0 < p; < 1,j=1,2,...,min (1.2). That is to say we assume
the a,(w)’s to be m-dependent stationary Gaussian random variables. With Yoshihara
([13, page 29]), we see that this assumption is equivalent to the following two statements
for a stationary Gaussian sequence:

(i) {a,} is *-mixing;

(ii) {a,} is ¢-mixing.

Throughout the paper, we suppose # is sufficiently large. We will follow the line of

proof of Samal and Mishra [5].

THEOREM 1.1. Let
folx,0) = Zav byx” = (1.4)

be a random algebraic equation of degree n, where the a,(w)’s are dependent normally dis-
tributed with mean zero, and the moment matrix given by (1.3) and the b,, v =0,1,...,n,
be positive numbers such that lim,_« (k,/t,) is finite, where k, = maxo<y<,b, and t, =
ming<y<ybs.

Then for n > ny, the number of real roots of most of the equations f,(x,w) = 0 is at least
eqlogn outside a set of measure at most

u +(k">ﬁexp("f), B0, (1.5)

eqlogn ty

provided e, tends to zero, but e,logn tends to infinity as n tends to infinity, and y and y' are
positive constants.
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2. Proof of theorem

Let {1,} be any sequence tending to infinity as #n tends to infinity and M is the integer

defined by
k 2
M = [azai(t—”) ]+ 1, (2.1)

where « is a positive constant and [x] denotes the greatest integer not exceeding x. Let k
be the integer determined by

M?* < n < M2, (2.2)

We will consider f,(x,w) at the points

= (1 - 1)1/2 (2.3)

forl=[k/2]1+1,[k/2] +2,...,k.
Let

W (x, @ z a,(w)byx] + (2 + z)av (w)byx] = Ul(w) +Ri(w), (say), (2.4)
2 3

where v ranges from M2~ + 1 to M?*!in 3 |, from 0 to M*~!in 3, and from M?*1 +1
tonin > ;.
The following lemmas are necessary for the proof of the theorem. We will use the fact

that each a,(w) has marginal frequency function (2m)" V2 exp (—u?/2).
Lemma 2.1. For aq >0,
o1 > art, M, (2.5)
where
MZI+1 MZI+1 1 MZHI
of= > bix+2 > > bbx;ﬂp] p (2.6)
i=M2-1+1 i=M2-141 j=it]
Proof. First, we have
MZH»I MZl B
> obeh > s (2)am (2.7)
i=M2-141 i=M2-141

where A and B are positive constants such that A>1and 0<B< 1.
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Second, we get

M21+1_1 MZI+1 MZI 1 MZI
i+ i+
> Zbibxl]P],>t2 >, ZxIJP,,
i=M2-141 j=i+1 =M1 41 j=it+1

2(MZf 1+1)

2A_pp2-1y_j B’
=g {ZP’Q szzM M } ( )PotzMZI

(2.8)

where pg = 37 p ;and A" and B’ are positive constants satisfying A" >1and 0 < B’ < 1.

So we get
2 20280
o7 = ajt,M~,
where « is a positive constant, as required.

LEMMA 2.2. Let

2 e—lﬁ/Z
Pr({w; Zay(w)bvx,”‘ >/\n01}) <./— ,
> ToAy,
where
M2t M2-1_1 p2-t
_ 2,20 i+j
= 2 bix'r2 X D bibx
i=0 =0 j=itl

Proof. We get
Pr ({w

LEMmMA 2.3. Let

51> ay(w)byx]

2

([

~ —A2/2
S ay(w)by] ‘ > Anal}) < \Fe ,
T A,

3
where
~2 n n—1 n
Sl 2,2 it]
o= D bi+2 3 X bibx Pj-i
i=M2H1 41 i=M2H14 j=it]
The proof is similar to that of Lemma 2.2.

LEmMa 2.4. For a fixed I,

: o 2L un
Pr ({w; |Ri(w)| < a7}) >1 2\/;Ane .

o 2 (® 2 A2
>Anal}) = ,J e 2y < |26 .
N ), N Ay

(2.9)

O

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Proof. By Lemmas 2.2 and 2.3, we get, for a given /,
|Ri(w) | <Au(51+01)

outside a set of measure at most 2(2/7)" ZA; ! exp (—)tf,/Z). Again, we have
MZI—]
> bixt < 2k2MAY,
i=0
MU1-1 poi m MPI_(i=1)

i+ 2j+i-2
2. Azlhibjxlﬂpj—i Skﬁépi gl %" < poka M

i=0 J=it

Hence we get, for a positive constant a5,
~2 _
07 < a3k2MPT,

Similarly, we have
~? 2723 20-1
o) < azk,M

for a positive constant a3. Therefore, we obtain, outside the exceptional set,

+a3 k
| Ri(w) | < Ay(oy +a3) kM7 < (%t—"knol)/Mm <ay,
1 n

by Lemma 2.1 and (2.1).

Let us define random events E,, F), by

E, = {w; U3p(w) = 03p, U3p+1(w) < —U3p+1})

Fy = {w; Usp(w) < =035, Uspr1(w) = 035111
It can be easily seen that
Pr(E,UF,) =68, (say)>6,

where § >0 is a certain constant. Let 77, be a random variable such that

B 1 onE,UF,
T = 0 elsewhere.

Then we get
E(r]p) :617) V(rlp) :61)_6?)'

Let q be the total number of pairs (Us,, Usp+1) for which

[§]+153p<3p+15k,

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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q must be at least equal to [k/3] — [([k/2] +1)/3] — 1. Take

n= an, (2.26)

where the summation is taken over all the g pairs. Applying Tschebyscheff inequality, we
have, for 0 < e < §,

V(ﬂ) - 28p - L
q2£2 - q2€2 - qSZ’

Pr({|n—E(m)| = qe}) < (2.27)

since for n sufficiently large, Cov (7,1 j) =0(i#j). But

qz[g]—[[k/23]+1]—1z§—1—((k/23)+1>—1:é(k—14)2y1k, (2.28)

where 4, is a positive constant. Therefore, outside a set of measure at most y,/k,

|n—En)| <qe, (2.29)
that is,
n—E(n) > —qe (2.30)
or
n>E(n) —qe=>8,-qe>q(8—e) = uk, (2.31)

where y, and y, are positive constants. Thus we have proved that outside a set of measure
at most y,/k, either Us, = 035 and Uspr1 < —03p41, OF Usp < —03p and Uspy1 = 03541 for
at least y,k values of L.

Define

0 if|R <03p, |R <0 >
(P:{ if | 3p| 3p | 3p+1| 3p+1 (2.32)

1 elsewhere.

Let fp =1,- qp(p. If fp = 1, there is a root of the polynomial in the interval (x3p,x35+1).
Hence the number of real roots in the interval (x{k/2)+1, %) must exceed >’ & » where the
summation is taken over all the g pairs. Now, by using Lemma 2.4, we have

E(Xn,0,) =Y E(n,¢,) < > E{,) => Pr({,=1)
< D APr(|Rsp| = 03p) + Pr(|Rsper | = 03p11)} (2.33)
<y4(k+1)%e-ki/2,

where g, is a constant. Hence we have, for § >0,

pyk+ DA ez

Pr<{zﬂpcp >y (k+ 1)Aﬁiﬂi/2}) < (2.34)
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So we get
D,Cp <py(k+ DAE e b2, (2.35)

except for a set of measure at most 1//15. Therefore, we have, outside a set of measure at
most p,/k + 1/AL,

N> 3 &, > sk =y (e + DM e = e, — &), (2.36)

where 0 < &; <y, (since /44/1571 exp (—12/2) tends to zero as n tends to infinity). But it
follows from (2.1) and (2.2) that

2 2
(i) Bz () 5

(2.37)
ylogn k< pglogn
log ((kn/tn)An) = 7 log ((kn/tw)An)’
where y,, i = 5,6,7,8, are constants. Hence we get outside the exceptional set
Yologn
n 7) 2-
N Tog ((ku/t,)1,) (2:38)
where y, is a constant.
Taking A, = (t,/k,) exp (4y/€4), we obtain
N, >¢e,logn (2.39)
outside a set of measure at most
B /
e () en ()
enlogn N ( t P & )’ (2.40)

where y and ¢’ are constants. This completes the proof of the theorem.
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