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ABSTRACT

A class of strongly damped semilinear equations is studied by using the
theory of analytic semigroups. Conditions (on the nonlinear forcing term) are
given under which the existence and uniqueness of local and global classical
solutions are ensured.
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1. Imtroduction

Let © be a bounded domain in R™ with sufficiently smooth boundary 9 and let Lu = )
laf <2m

a,(z)D%u be a strongly elliptic differential operator of order 2m in Q. We consider the following
strongly damped wave equation

Uy, + (aL + b)u, + (cL + d)u = f(t,u,u,), in Qx (ty, T), (1.1)
u(z,ty) = ¢o and u,(z,t,) = z; for z € Q,
D% =0 for (x,t) € 02x[ty,T), |a| <m—1,

where a > 0. Duvaut and Lions [4], Glowinski, Lions and Tremolieres [5] have studied particular
cases of (1.1) in which the n-dimensional Laplacian, L = — A, in the context of the theorem of

viscoelastic materials. For more information on these particular cases, we refer the reader to
Webb [8] and Ang and Dinh [1].

We treat (1.1) as a special case of the following abstract second order semilinear differential
equation in a Banach space X:

u(t) + (aA +bI)u'(t) + (cA+dI)u(t)
= f(t,u(t),w'(t)), t>ty (1.2)
u(ty) = zy and v'(ty) = z;.

For (1.1) we take A = L and assume that — A generates an analytic semigroup T'(t) in X (cf.
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Theorem 7.3.5 in Pazy [6]). The nonlinear map f is supposed to satisfy assumption (F), stated in
Section 2.

Sandefur [7] studied the second order semilinear differential equation
u"(t) + Au'(t) + Bu(t) = f(t,u(t),u'(t)), (1.3)
u(0) = ¢, w(0) =4

in a Banach space X under the assumptions that the linear operators A and B can be decomposed
as —A=A;+A, and B=A,A,, where A, generates a cy-semigroup T'(t), k =1,2,; and f
satisfies a locally Lipschitz condition. He established the local existence and uniqueness of a mild
solution to (1.3) which reads as follows. There exists a continuous function u on [0,c] for some
¢ > 0 such that u satisfies the integral equation

u(t) = T(t)¢ + / Ty(t—1)Ty(r)( — Ay ¢)dr

/ / (t—=7)Ty(t —s)f(s,u(s))dsdr,

where ¢ € D(A;). Aviles and Sandefur [2] studied the wellposedness of (1.3) under similar
conditions.

We notice that, for the existence and uniqueness of solutions to (1.2), it suffices to study the
problem

W(t) + Aw(t) = F(tu(t), w(1), (14)
u(ty) = zg,  u'(ty) = x4,

where the terms bu'(t) and (cA + dI)u(t) are merged with f so that f still satisfies assumption

(F).

Engler, Neubrander and Sandefur [3] proved the local existence and uniqueness of a mild
solution to (1.4) under the assumptions that — A generates an analytic semigroup T'(t) in X and
[ satisfies a condition similar to assumption (F), where a mild solution on [¢y,?,), for some
t; > tg, to (1.4) is the first component of a solution (u(t),v(t)) of the integral equations

u(t) = 2o+ (T(t ) = I)(— 4) ™'z

t
+ [ @a=9=D(= 07 s, ue) s, toSt<y (L5)
tO .
v(t) = T(t—ty)z, + / T(t—s)f(s,u(s),v(s))ds, ty <t <t.
to

We improve the result of [3] by showing that (1.4) has a unique classical solution locally, i.e.,
there exists a unique u € C'([tg,¢,): X) N C%((ty,t;): X) and satisfies (1.4) on [ty,t;) for some
t; > t5. Further, we discuss the continuation of this solution, maximal interval of existence and
the global existence. We achieve these objectives by extending the ideas and techniques used in
the proofs of Theorems 6.3.1 and 6.3.3 in Pazy [6] concerning the semilinear equations of the first
order to problem (1.4). For the global existence, we require a modified version of Lemma 4.1,
stated and proved at the end of Section 4 originally stated in Pazy [6] as Lemma 5.6.7.
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2. Preliminaries and Assumptions

Let X be a Banach space and let — A generate the analytic semigroup T'(¢) in X. We note
that if — A is the infinitesimal generator of an analytic semigroup then — (A + aI) is invertible
and generates a bounded analytic semigroup for a > 0 large enough. This allows us to reduce the
general case, in which — A is the infinitesimal generator of an analytic semigroup, to the case
where the semigroup is bounded and the generator is invertible. Hence, for convenience, without
loss of generality, we assume that T(t) is bounded, that is ||T'(t)|| <M for t>0 and
0 € p(—A), i.e., — A is invertible. Here p( — A) is the resolvent set of — A. It follows that, for
0 <a <1, A% can be defined as a closed linear invertible operator with its domain D(A®) being
dense in X. We denote by X the Banach space D(A*) equipped with the norm | x|, =
|| A% || which is equivalent to the graph norm of A% For 0 <a < f, we have X3 C X, and the
embedding is continuous.

We consider the problem
u"(t) + Au'(t) = f(t,u(t),u'(t)), (2.1)
u(ty) = zp,  u'(tp) = ;-

Regarding the function f we make the following

Assumption (F): Let U be an open set of R, xX;xX,. A function f is said to satisfy the
assumption (F) if for every (t,z,T ) € U there exist a neighborhood V C U and constants L > 0,
0 < ¥ <1, such that

~ ~ 9 ~ ~
| (s 21, %1) = f(ty,25,,) | SL[|t1_t2| + e -zl + |l ‘”1_‘”2”(1] (2:2)
for all (t;,x;,%;,) €V.

By a local classical solution to (2.1) we mean a function u € C([to,t;): X) N C%((ty, t,): X)
satisfying (2.1) on [t(,t,) for some t, >t,. By a local mild solution to (2.1) we mean the first
component of a solution (u,v) to the integral equations (1.5) on [t,,) for some #; > t,.

3. Local Exastence

As we have already pointed out, without loss of generality, the semigroup, generated by — A,
can be assumed to be bounded and A invertible. Under these conditions imposed on A we prove
the following local existence and uniqueness theorem.

Theorem 3.1:  Suppose that — A generates the analytic semigroup T(t) such that
|T(t)|| <M and 0 € p(— A). If the map f satisfies assumption (F) then (2.1) has a unique
local classical solution.

Proof: Fix (ty,24,2;) in U and choose t] > t; and 6 > 0 such that (2.2), with some fixed con-
stants L > 0 and 0 < ¥ <1, holds on the set
V={t2Z)eU:To<t<ty, lz—zpll + |17 —2y || o <6} 3.1)

Let B= max || f(t 2y ;). Choose t; > t; such that
tg<t<t)

1
tl—t0<min{t’l—-to,%(l+M)'1(L6+B)"1, [gc;l(l—a)(LMB)-l]l—a} (3.2)
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where C, is a positive constant depending on « and satisfying
| A®T(t)|| <C t~*fort>0. (3.3)

Let Y = C([ty,t1]: X x X). Then y €Y is of the form y = (y,9,), y; € C([te, t1): X), i =1,2. Y,
endowed with the supremum norm,

(w1, 92) |l v =2 tl[ ly D1+ [Ty 11,

is a Banach space. We define a map F on Y by Fy = F(y,,y,) = (¥;,¥,) with

t

B = Azg = (T(t~tg) = D)oy~ [ (T(t=35)=D)f (o),

to

t

Gy(t) = T(t — 1) A%, + / T(t - 5)A%f (s)ds, (3.4)

to

where fy(t) =f(t,A~ 1yl(t),A T %yy(t)) for t € [t, 1]

For every y €Y, Fy(ty) = (Azy,, A%;), and the assumption (F) on f implies that F:Y Y.
Let S be a nonempty closed and bounded set given by

S={y €Y:y=(y1,92),¥1(to) = AZp,y5(tp) = A%zy,
|'y;(t) — Azq || + || yo(t) — A%y || <6}

Let y = (y;,y,) be any element of S. Inside the integrals in (3.4) we add and subtract f(s,zg,x;)
and use the fact that || T'(t) || < M and (3.3) to obtain

| y1(t) — Az || + || yo(t) — A%y ||
1
S%—*—(l +M)(L6+B)(t1 —t0)+Ca(1 —a)—l(L6+B)(tl _to)l —a L s,

Hence F:S5—S. Now let (y;,y5) and (zy,25) be any two elements of S. We use assumption (F)
to get

N91(8) =21 1| + 11 9(2) = Z5(2) ||
_1
S[L(L+ M)(ty —tg) + LC (1 — &) ~ 1ty — 1)1 =] || (y1,¥3) — (212 25) |l y

<2 (Wi v2) = (2152 I -

Thus F' is a contraction on S. Therefore, it has a unique fixed point in S. Let § = (3,,9,) € S
be that fixed point of F. Then,

t
¥,(t) = Azg — (T(t - tg) - I)z, - / (T(t— )= I)f (s)ds, (3.5)
to
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t
1at) = T(t— )%, + [ T(t=5)A%F; (s)ds,
t
where fo ()= f(t,A” 17,(t), A~ %F,(t)). We note that (u,v) = (A~ 'g;, A~ F,) is the unique
solution of integral equations (1.5) on [ty,%;]. Assumption (F) and the continuity of §; and g, on
[tg;t;] imply that the map t— fy (t) is continuous and hence bounded on [¢y,t,;]. Let
Il f (@)l <N for ty <t <t;. We will now show that t—f (¢) is locally Hélder continuous on

(tg)t;]. For this we first show that 7, and ¥, are locally Holder continuous on (Zy,t;]. From
Theorem 2.6.13 in Pazy [6], for every 0 < # <1 — « and every 0 < h < 1, we have

| (T(h) = D)AX(t—5) || <Cgh® || A +PT(t—5) || <CxlP(t—s5)" TR (36)

Now,
t

1 92(¢ + 1) =T | < | (T(R) = AT (t = tp)z, || + / | (T(h) = )AST(t = 5)f5 (s) || ds
to
t+h
+/ | A“T(t+h—s)f5(s)|lds =1 +1I,+I;.

t
We use (3.6) to get

I, <C(t—ty) " @ +PRs < M AP,
t
I, < NhPCy / (t—s)~ @+ Bds < M hP,
to
t+h
I;< NCa/ (t+h—s)"%ds < MhP.
t
Here M, depends on t and increases to infinity as t|¢,, while M, and M4 can be chosen indepen-

dent of t. From the above estimates, it follows that there exists a positive constant C' such that
for every t; > t,

192(8) = Fy(s) Il SClt=s|P for tg <ty <t,s <ty
Similar result holds for 3, (if we take a = 0 in the above considerations). The local Hélder contin-

uity of f-(t) on (ty,t,] follows from assumption (F) and the local Holder continuity of §; and ¥,
on (tg,t,].

Consider the initial value problem
dv(4) 4+ Au(t) = 3.7
A1) 4 Au(t) = f3 (1) (3.7)
v(ty) = ;.

By Corollary 4.3.3 in Pazy [6], (3.7) has a unique solution v € Cl((to,tl[:X) given by
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t
o(t) = T(t — tg)z, + / T(t - s5)f5 (s)ds. (3.8)
b
For t>t,, each term on the right-hand side belongs to D(A) and hence belongs to D(A%).
Application of A* to both the sides in (3.8) and the uniqueness of 3, imply that A%v(t) = g,(t) or
¢

v(t) = A~ %Fy(t). Let u(t) = A~ '5,(t). Then, we have u(t) = zy+ [ v(s)ds which yields u(t) €
¢
0
C ([tgst,): X) N C%((#g,t;): X). Thus, u satisfies (2.1) on [ty,¢;). This completes the proof of
Theorem 3.1. 0

Remark 3.1: Theorem 3.1 can be applied to assert that a unique local mold solution of the
general linear second order equation established by Engler, Neubrander and Sandefur [3] in
Example 3.1, is in fact a local classical solution. Using arguments of [3], this solution can be
proved to be global.

Remark 3.2: Theorem 3.1 can also be used to prove the regularity of local mild solutions to
the strongly damped quasilinear wave equations and the strongly damped Klein-Gordon equation
of Examples 3.2 and 3.3 in [3], respectively.

4. Global Exastence

In [3] it was proven that if f:[0,00) x X; x X ,—X satisfies assumption (F) globally, then the
solution (u,v) to integral equations (1.5) can be continued to the maximal interval of existence
[0,T), and, if T < oo, then :_131“1[ fut)||;= |lv(®) ]|l )= + 0.

We prove the following global existence result.

Theorem 4.1: Let 0 € D(— A) and let — A be the infinitesimal generator of an analytic semi-
group T(t) such that || T(t)|| <M fort>0. Let f:[0,00)x X; x X ,—X satisfy assumption (F).
If there exists a nondecreasing function Ic:[to,oo)—>IR+, such that

172, Z) || <KDL+ 2]y + [|F (| 4] for t 21y, (2,7 ) € Xy x X,

then for each (zy,21) € X| x X, (2.1) has a unique classical solution u which ezists for all t > 1.

Proof: Let [t), T) be the maximal interval of existence for the solution u to (2.1) guaranteed
by Theorem 3.1. It suffices to prove that [ || u(t) ||, + ||v(t)|l,] < C on [ty,T) for some fixed
constant C' > 0 independent of ¢.

Now, since u(t) is a solution of (2.1) on [ty, T), it is also a mild solution to (2.1). Therefore,
from (3.5), we have

t
Au(t) = Azg— (T(t —ty) — Iz, — / (T(t—s)—I)f (s)ds,
to

t
ACY(t) = T(t — t5) A%, + / T(t - s)A°F (s)ds,
to

where f (t) = f(t,u(t),u'(t)) for t € [ty, T). Our assumptions on f imply that

[L+ a1+ (@) 1] o]
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t
<0y +0y [ I 1)1+ W) ] Jds
t fo
+C5 [ (=97 0+ ) ]y + 1) I ol
to
Now, we only need to apply the following lemma to get the required estimate.
Lemma 4.1: Let ¢(t,s) >0 be continuous on 0 <s <t <T. If there are positive constants
A, By, B, and 3, such that

t t
#(t,s) < A+ B, / #(o,s)do + Bz/ (t—0)8~1¢(o,s)do, (3.9)

for 0 < s<t<T, then there exists a positive constant C such that ¢(t,s) < C for0<s<t<T.
Proof of Lemma 4.1: We have

t o t t
/ / (t—cr)ﬁ_lgﬁ(r,s)drda':/(/ (t—o)B~Ydo)g(r,s)dr (3.10)
and the well—know; idfzntity t
t
—o)P Yo —7)"" Yo = (t—7)P "M
[ =P~ =ry o = (- )7 1A, (3.11)

T

Iterating (3.9) n —1 times using (3.10) and (3.11) and majorating (t —s) and (t —7) by T, we

n=3(pre\  n=ifmreY
$(t,s) <A 2ﬂ +BIZ ’% /¢(a,s)da

3=0 1=0

get

t
+ ———(BI%(I;SZ))) / (t— o)~ 1¢(a,s)do.

Choosing n sufficiently large so that n > 1 and replacing (¢ — a)"ﬂ “1py T8~ 1 we get

t
Kt9)<er+ey [ 4o5)do,

where ¢, and c, are positive constants independent of s. The required result then follows from
the Gronwall’s inequality. This ends the proof of the lemma and of Theorem 4.1. a

Remark 4.1: Theorem 4.1 gives the global existence and uniqueness of a classical solution to
the Klein-Gordon equation considered in Example 3.3 in [3] (cf. also Example 4.1 in [3]).
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