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We use an inequality given by Mati¢ and Pecari¢ (2000) and obtain improvement and reverse of
Slater’s and related inequalities.

1. Introduction
In 1981 Slater has proved an interesting companion inequality to Jensen’s inequality [1].

Theorem 1.1. Suppose that ¢ : I € R — R is increasing convex function on interval I, for
X1,%X2,...,X, € I° (where 1° is the interior of the interval 1) and for p1,p2,...,pn > 0 with

Py =3 pi>0,if 31 pidly (xi) > 0, then

<w) (1.1)

1 n
B, 2P0 < ¢S5

n =1

When ¢ is strictly convex on I, inequality (1.1) becomes equality if and only if x; = ¢ for some ¢ € I°
and for all i with p; > 0.

It was noted in [2] that by using the same proof the following generalization of Slater’s
inequality (1981) can be given.
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Theorem 1.2. Suppose that ¢ : I CR — R is convex function on interval I, for x1,x5,...,%x, € I°
(where I° is the interior of the interval I) and for p1,pa, ..., pn = 0 with P, = 31, pi > 0. Let

Sz pidl (i) xi

I°, .
SEpd ) 12

S pidl(x:) #0,
i=1

then inequality (1.1) holds.
When ¢ is strictly convex on I, inequality (1.1) becomes equality if and only if x; = ¢ for some
¢ € I° and for all i with p; > 0.

Remark 1.3. For multidimensional version of Theorem 1.2 see [3].

Another companion inequality to Jensen’s inequality is a converse proved by
Dragomir and Goh in [4].

Theorem 1.4. Let ¢ : I C R — R be differentiable convex function defined on interval 1. If x; €
Ii=1,2,...,n (n > 2) are arbitrary members and p; > 0 (i = 1,2,...,n) with P, = 3.1 pi > 0,
and let

- 1 _ 1
X= o P, Y= D pdlx). (1.3)
™i=1 =1
Then the inequalities
T S -
0<y-9(Xx) < P—ZM (i) (xi — X) (1.4)
=1

hold.
In the case when ¢ is strictly convex, one has equalities in (1.4) if and only if there is some
¢ € I such that x; = ¢ holds for all i with p; > 0.

Mati¢ and Petari¢ in [5] proved more general inequality from which (1.1) and (1.4)
can be obtained as special cases.

Theorem 1.5. Let ¢ : I C R — R be differentiable convex function defined on interval I and let
Xi, pi, Pu, X, andy be stated as in Theorem 1.4. If d € I is arbitrary chosen number, then one has

7<) + 5 il - )P (). (15)

ni=1

Also, when ¢ is strictly convex, one has equality in (1.5) if and only if x; = d holds for all i with
pi > 0.

Remark 1.6. If ¢, x;, pi, Py, and x are stated as in Theorem 1.4 and we let >, pi¢'(x;) #0,
also if x = X1, pixid' (xi)/ >y pi¢' (xi) € 1, then by setting d = X in (1.5), we get Slater’s
inequality (1.1) and similarly by setting d = x in (1.5), we get (1.4).
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The following refinement of (1.4) is also valid [5].

Theorem 1.7. Let ¢ : I CR — R be strictly convex differentiable function defined on interval I and
let xi, pi, P,, X, and y be stated as in Theorem 1.4 and d = (¢’)’1((1/Pn) St pid' (xi)), then the
inequalities

y< ¢(3) + Plipi¢,(xi)<xi - E), (1.6)

ni=1

0<7-p@® < P(@) + 5 Spid () (i~ ) (D) < 5 Sp ) -D) (1)
ni=1

nq

hold.
The equalities hold in (1.6) and in (1.7) if and only if x1 = x5 = -+ = xy.

Remark 1.8. In [6] Dragomir has also proved Theorem 1.7.

In this paper, we use an inequality given in [5] and derive two mean value
theorems, exponential convexity, log-convexity, and Cauchy means. As applications, such
results are also deduce for related inequality. We use some log-convexity criterion and
prove improvement and reverse of Slater’s and related inequalities. We also prove some
determinantal inequalities.

2. Mean Value Theorems

Theorem 2.1. Let ¢ € C*(I), where I is closed interval in R, and let Py, = 3L pi, pi > 0, x;,d € I
with x;#d (i=1,2,...,n)and y = (1/P,) >, pip(xi). Then there exists ¢ € I such that

$(d) + Pini(xi—d)qf(xi) -y= ¢21()§) >pilxi = d)*. (2.1)

=1 noi=1

Proof. Since ¢"(x) is continuous on I, m < ¢"(x) < M for x € I, where m = min,¢r¢”(x) and
M = maxyerd" (x).
Consider the functions ¢1, ¢, defined as

2
B0 =5 ),
2 (2.2)
P2(x) = p(x) - N
Since
1(x) =M-¢"(x) 20, 23)

p(x) =¢"(x) -m 20,

¢i(x) for i = 1,2 are convex.
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Now by applying ¢, for ¢ in inequality (1.5), we have

Md? 1 , 18 [ Mx?
5 $(d) + P_Zpi(xi —d)(Mx; - ¢'(x)) - P_Zpi< > ¢(xi)> > 0. (2.4)
nizl izl
From (2.4) we get
1 , MY 5
P) + 5 D pilxi - A (1) -7 < - il — ), 25)
ni nizl
and similarly by applying ¢, for ¢ in (1.5), we get
1 & , _oom & 2
P) + o it — P () 7 2 50 > il — ) 26)
mi=1 n =1
Since
Zpi(xi—d)2 >0 asxi#d, pi>0(i=12,...,n), (2.7)

i=1

by combining (2.5) and (2.6), we have

2P, [p(d) + (1/Py) X1y pixi — d) ' (x:) —
m <

vl
- S pilxi— d)2 =M 28

Now using the fact that for m < p < M there exists ¢ € I such that ¢"(¢) = p, we get (2.1). O

Corollary 2.2. Let ¢ € C2(I), where I is closed interval in R, and let x;, X, Y, and P, be stated as
in Theorem 1.4 with p; > 0and x; 2x (i =1,2,...,n). Then there exists ¢ € I such that

SR . —\ —_9"@< -
P(x) + P—Zpi(Xi -X)¢ (x;) -y = d)zp S pi(xi - %)%, (2.9)
mi=1 nog=1
Proof. By setting d = x in Theorem 2.1, we get (2.9). O

Theorem 2.3. Let ¢, ¢ € C*(I), where 1 is closed interval in R, and let P, = 3, pi, pi > 0 and
xi,delwithx;#d (i=1,2,...,n). Then there exists ¢ € I such that

¢"(8) _ 9(d) + (1/P) i pixi =)' (xi) — (1/Py) X2y picp(xi)
¢"(@)  @(d)+ 1/Py) X pi(xi —d)g' (x;) — (1/Py) 32 pigp(x:)”

(2.10)

provided that the denominators are nonzero.
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Proof. Let the function k € C?(I) be defined by
k=ci¢-cyp, (2.11)

where ¢; and ¢, are defined as

1 = gld) + - Ypilxi -~ )y (x) — - S (),

"= =
(2.12)

1 ) 1

c2=¢(d) + P_Zpi(xi —d)¢'(xi) - szid’(xi)-
=1 =
Then, using Theorem 2.1 with ¢ = k, we have
C(ad' @) g’ (@)\ L )

0= ( o7, 2P, >Zp,(x, d)?, (2.13)

i=1

because k(d) + (1/P,) XLy pi(xi — d)K'(d) — (1/Py) 31 pik(x;) = 0.
Since (1/P,) 3% pi(xi — d)2 >0asx;#dand p; >0 (i = 1,2,...,n), therefore, (2.13)
gives us

e _¢6) (2.14)
et ")
After putting the values of ¢; and ¢, we get (2.10). O

Corollary 2.4. Let ¢, ¢ € C*(I), where I is closed interval in R, and P, = 3, pi, pi > 0 and let
xi€l,x=(1/P,) > pixiwithx;#x (i=1,2,...,n). Then there exists ¢ € I such that

P"(¢) _ &)+ (1/Py) 3ty pi(xi - X)@' (xi) — (1/Po) 32y pich(xi)

= = = — = , (2.15)
$"(@) ¢ () + 1/ Py) Zisy pilxi = X)g' (xi) = (1/ Pa) Zicy pigp (xi)
provided that the denominators are nonzero.
Proof. By setting d = X in Theorem 2.3, we get (2.15). O

Corollary 2.5. Let x;,d € I with x;#d and P, = > pi, pi >0 (i = 1,2,...,n). Then for u,v €
R\ {0,1}, u#v, there exists ¢ € I, where I is positive closed interval, such that

_o(0 = D[+ (/P Sy pilxi - )x = (1/P) S pit]
W= 1) [d° + (0/P) Sy pii — ) = (1/Py) iy pi]

o (2.16)

Proof. By setting ¢(x) = x* and ¢(x) = x¥, x € I, in Theorem 2.3, we get (2.16). O
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Corollary 2.6. Let x; € I, P, = > pi, pi > 0 (i = 1,2,...,n),and x = (1/P,) XL, pixi with
x; #2X. Then for u,v € R\ {0,1}, u#wv, there exists & € I, where I is positive closed interval, such
that

_ v(v-1)[X" + (u/Py) Tty pi(xi —X)xf ™ = (1/Py) Sy pix]
u(u—1)[x" + (v/Py) Sty pi(xi - 0)x07 = (1/Py) Sy pix?]

Uu-v

(2.17)

Proof. By setting ¢(x) = x* and ¢(x) = x?, x € I, in (2.15), we get (2.17). O

Remark 2.7. Note that we can consider the interval I = [my, M,], where m, = min;{x;,d},
M, = max;{x;, d}.
Since the function { — ¢*7° with u # v is invertible, then from (2.16) we have

[P@= Dl /P S px =i - (/B SEpt |V
u(=1)[d* + (0/Py) Sy pixi - )l = (1/Py) Sy pix?] )

We will say that the expression in the middle is a mean of x;, d.
From (2.17) we have

(v - 1)[F* + (u/Py) Sy (xi = D) = (1/P,) I pix’] }W_v) < max(xi).

min{x;} < { — —
u(u—1)[x°+ (v/Py) 3Ly pi(xi = )x7 " = (1/Py) S pix?]

1

(2.19)

The expression in the middle of (2.19) is a mean of x;.
In fact similar results can also be given for (2.10) and (2.15). Namely, suppose that
¢"/¢" has inverse function, then from (2.10) and (2.15) we have

- ( ¢ >‘1 < P(d) + (1/Po) Sy pitxi = d)p' () = (1/ Po) i1 pigp () >

" p(d) + (1/Pa) Zity pi(xi = )yt (xi) = (1/ Pu) ZiZy pigp (xi) 220)
- (sb_”)l ( @) + (1/Py) Sy pilxi = D) () = (1/Pa) Sy pi () )
¢" @ (X) + (1/Pn) Zily pixi = X)g' (xi) = (1/Pu) ZiZy pigp(xi) /-
So, we have that the expression on the right-hand side of (2.20) is also means.
3. Improvements and Related Results
Definition 3.1 (see [7, page 2]). A function ¢ : I — Ris convex if
P(s1)(s3 = 52) + P(52) (51 = 83) + p(53) (52— 51) 2 0 (3.1)

holds for every s; < s, < s3, 51,52,53 € I.
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Lemma 3.2 (see [8]). Let one define the function

xt

HE=1) t#0,1,
P(X) =4 _logx, t=0, (32)
xlogx, t=1.

Then ¢} (x) = x!72, that is, ¢y is convex for x > 0.
Definition 3.3 (see [9]). A function ¢ : I — R is exponentially convex if it is continuous and

> axai(xi +x1) >0, (3.3)
k=1

forallneN,ar e R,andxx € I,k =1,2,...,nsuchthat x,+x; € I,1 < k,I < n, or equivalently
n

3 aka,¢(x"T+xl) > 0. (3.4)

k=1

Corollary 3.4 (see [9]). If ¢ is exponentially convex function, then

det [p(ZD)]" >0 (3.5)

2 k=1 —

foreveryneNxcel, k=1,2,...,n.

Corollary 3.5 (see [9]). If ¢ : I — (0, 00) is exponentially convex function, then ¢ is a log-convex
function that is

p(Ax+(1-Dy) < ' (09" (y), Vxyel Le[01]. (3.6)

Theorem 3.6. Let x;,p;, d € R* (i=1,2,...,n), P, = 3", pi. Consider T; to be defined by

L= i) + - Vi~ dgh() ~ - S pig (). (37)

ni=1 =1

Then

(i) for every m € N and for every sy € R, k € {1,2,3,...,m}, the matrix [r(5k+51>/2]km,l=1 isa
positive semidefinite matrix; particularly

det [r(sk+51)/2] ;(rfl=1 2 O/ (38)

(ii) the function t — Ty is exponentially convex;
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(iii) if I'y > O, then the function t — Ty is log-convex, that is, for —oo < r < s <t < oo, one has

(T) ™ < (L) () (3.9)
Proof. (i) Let us consider the function defined by

p(x) = i axaips, (x), (3.10)

k=1

where s = (sx +51)/2,ar € Rforallk € {1,2,3,...,m}, x>0
Then we have

m m 2
w(x) = Z arapxh? = <Zakx(5k_2)/2> > 0. (3.11)

k1=1 k=1

Therefore, p(x) is convex function for x > 0. Using p(x) in inequality (1.5), we get

m
> axalg, >0, (3.12)
k,I=1

so the matrix [[(s,+s)/2]} =1 is positive semi-definite.

(ii) Since lim; oI’y = Ty and lim; _,1I; = I'1, so I'; is continuous for all t € R, x > 0, and
we have exponentially convexity of the functiont — I'.

(iii) Let I't > 0, then by Corollary 3.5 we have that I’; is log-convex, that is, t — logI’;
is convex, and by (3.1) for —co < r < 5 <t < co and taking ¢(t) = logI';, we get

(t-s)logl, + (r—t)logIl's + (s—r)logIl; >0, (3.13)

which is equivalent to (3.9). O

Corollary 3.7. Let x;,p; € R* (i=1,2,...,n), P, = X\, piand x = (1/P,) 3., pixi. Consider T
to be defined by

I = (%) + Pizpi (xi — X)) (x;) — Pizpi(/’t(xi)‘ (3.14)

n =1 n =1

Then

(i) for every m € N and for every s, € R, k € {1,2,3,...,m}, the matrix [f(sﬁso/z]km/l:l isa
positive semi-definite matrix. Particularly

m

det [f(sk+sl)/2] il >0, (3.15)
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(ii) the function t — T is exponentially convex;

(iii) ifl:t > 0, then the function t — ft is log-convex, that is, for —oo < r < s < t < oo, one has
~ \ -1 ~ \I=S /~ \ 5T
(rs> < (rr) (rt> . (3.16)

Proof. To get the required results, set d = x in Theorem 3.6. O

Let x = (x1,x2,...,x,) be positive n-tuple and p1, py, . . ., p positive real numbers, and
let P, = 3. pi. Let M;(x) denote the power mean of order ¢ (t € R), defined by

1 & 1/t
<P_Zp1xf> 7 t7€O/
n =1

Mi(x) = ) (3.17)

n N\ VP
<fo'> R
i=1

Let us note that M; (x) = x.

By (2.18) we can give the following definition of Cauchy means.

Let x;,d € I with x;#d, I is positive closed interval, and P, = X!, p;, pi > 0 (i =
1,2,...,n),

o\ Yo
M = (F_u> (3.18)

for —co < u#v < +oo are means of x;, d. Moreover we can extend these means to the other
cases.
So by limit we have

M,

P,d*logd + (u—1) T, pix log xi + P, Miy(x) — d(u T 1L, pix" log xi + P,Miy} (%))
=eX
P Py [d + (u = 1) M (x) - duMi ()]

2u-1
“wom) PO

P,log’d - P,M2(log x) + 2P, log My(x) - 2d 3, pix; ! log x; . 1>

Moo =
00 =P < 2P, [log d - log Mo(x) + 1 - dM~1 (x)]

P,dlog®d +2 3", pixilog x; — dP, (M3 (logx) —2log Mo(x)) 1>

M =

(3.19)

where logx = (log x1,log x7, ..., log x,,).
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Theorem 3.8. Let t,s, u,v € R such that t < u,s < v, then the following inequality is valid:
M;is < M,y (3.20)
Proof. For convex function ¢ it holds that ([7, page 2])

P(x2) ~P(x1) _ 9(v2) —9(v1) (3.21)

X2 — X1 - Yo — 1

with x1 < y1, X2 < Y2, x1 #x2, Y1 # Y. Since by Theorem 3.6, I'; is log-convex, we can set in
(3.21): ¢(x) =logl'y, x1 =t, x, = 5, y1 = u, and y, = v, then we get

logT's —log T < logT’, —logT,

(3.22)
s—t - v—-UuU
From (3.22) we get (3.20) for s#t and u #v.
For s = t and u = v we have limiting case. O

Similarly by (2.19) we can give the following definition of Cauchy type means.
Let x; € I with x;#X, I is positive closed interval, and P, = >, pi, pi > 0 (i =

1,2,...,n),
f 1/(u-v)
M, = <~—> (3.23)
Iy

for —oo < u# v < +oo are means of x;. Moreover we can extend these means to the other cases.
So by limit we have

M,

P,x"logx + (u—1) 31, pixtlog xi + PuM¥(x) = x(u 1L, pix~' log x; + Py M" 1 (x)
= exp & i=1 PiX; 108 u i=1 PiXi ] wl
P, [x" + (u = 1) MY (x) - xuM27} (0)]

2u-1
u(u-1)

M0,0 = exp<

), u#0,1,

P,log’x — P,M3(log x) + 2P, log My(x) — 2x 3., pix; * log x; 1
2P, [log X - log M(x) + 1 - xM~} (x)] ’

i P,xlog’x +2 X, pixilog x; — xP, (M3 (logx) +21log Mo(x)) .
11 =P 2[P,x(log X - 1) + Pyx - XP, log Mo(x)] ’
(3.24)

where logx = (log x1,log x3, ..., log x,,).
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Theorem 3.9. Let t,s, u,v € R such that t < u, s < v, then the following inequality is valid:

Mt,s S Mu,v- (325)

Proof. The proof is similar to the proof of Theorem 3.8. O

Let M;(x) be stated as above, define d; as

Mt
o) ££0,1,

M7} (x)

it Pixitpy (i)
:#:< M7 x/ t:O/ (3.26)

ic1 Pigy(xi) 1)

P,x + >, pixilog x; _q

( P,(1+logMp(x)) =~

The following improvement and reverse of Slater’s inequality are valid.

Theorem 3.10. Let x;, pi, di € R* (i=1,2,...,n), P, = 3, pi. Let F; be defined by

1 n
F = (Pt(dt) - P—ZPi(Pt(xi)- (3.27)
ni=1
Then
(i)
Fi > [H(s; )] SO [H(r;4)] 706, (3.28)
for—co<r<s<t<ooand-oco<t<r<s<oo.
(ii)
Fi < [H(s;0)] " O [H(r; )]0, (3.29)
for—co <r<t<s<oo.
where,

H(s:0) = pu(d) + o S piCxi ~ d)gl () = 5 i (). (3.30)

=1 nj-1
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Proof. (i) By setting d = d; in (3.7), I'; becomes F;, and for —co <7 <s <t < oo, setting d = d;
in (3.9), we get

t-r
<‘Ps(dt) + _sz(xz dt)‘Ps(xl) - _ZP1(Ps(xl >

P
(3.31)
t-s
(Pr(dt) + = sz(xz dt)(Pr(xz sz(/’r (xz (Ft)s—r,
Py i=1 Py i=1
that is,
t-r
(P )S r > <(Ps(dt) + = P sz(xz dt)(Ps(xl) - P sz‘/’s(xz >
i=1 i=1 t (332)
<‘Pr(dt) + —sz(xz dt)(Pr(xl Zpl(Pr Xi > .
Py P
From (3.32) we get (3.28), and similarly for —oo <t <r < s < o0 (3.9) becomes
(T < (T)* " (Ts) ™ (3.33)
by the same process we can get (3.28).
(ii) For —oo <7 <t < 5 < o0 (3.9) becomes
(T < (0T (3.34)
setting d = d; in (3.34), we get (3.29). O

Theorem 3.11. Let x;,p;,di € R* (i=1,2,...,n), P, = 2, pi.
Then for every m € N and for every sy € R,k € {1,2,3,...,m}, the matrices [H((sx +
s1)/2,51) 121, [H((sk +51)/2, (51 + 52) /2) 1)1, are positive semi-definite matrices. Particularly

det [H(Sk - S’,sl)]':l=1 >0, (3.35)
(2222 =

where H (s, t) is defined by (3.30).
Proof. By setting d = ds, and d = ds,+s,)/2 in Theorem 3.6(i), we get the required results. [

Remark 3.12. We note that H(t,t) = F;. So by setting m = 2 in (3.35), we have special case of
(3.28) fort =51, =5y, and r = (s1+53)/2if sy <spand fort =5y, r =y, and s = (s1+57)/2
if s, < s1. Similarly by setting m = 2 in (3.36), we have special case of (3.29) for r = 51, s =
Sy, t=(s1+s2)/2if sy <spandforr=s;, s=51, t =(s1+52)/2if 55 < 571.
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Let M;(x) be stated as above, define d, as
3 N\ 1 < /
di = (¢}) 1<p_zpi‘l’t(xi)> =M1(x), teR.
=]

The following improvement and reverse of inequality (1.6) are also valid.

Theorem 3.13. Let x,-,p,-,Et eRforalli=1,2,...,n, P, = 3", pi. Let G; be defined by

n

Gt = ot <E> + Pini (xi —d_t><p§(xi) - Plipiq’t(xi)-

nji=1 nj-1

Then

Gi > [K(s; )] K (r; )] 06,

for—o<r<s<t<ooand-oco<t<r<s<oo.

(i)
Gt < [K(s5; )] DK (r;1)] 067,

for—co<r<t<s<oo,

where

K(s;t) = @5 (@) + Plin(xi - 3t>90’s(xi) - Plipi%(xi)-

=1 =1

13

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

Proof. (i) By setting d = dyin (3.9), we get (3.39) for —oco < r < 5 <t < o0, and similarly we can

get (3.39) for the case —o0 <t <7 <5 < 0.
(ii) For —oo <7 <t < 5 < 00 (3.9) becomes

(rs)t—r S (Fr)t—s (l—-t)s—r;

setting d = d; in (3.42), we get (3.40).

(3.42)
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Theorem 3.14. Let xi,pi,at eR" (i=1,2,...,n), Py =3, pi
Then for every m € N and for every s € R, k € {1,2,3,...,m}, the matrices [K((sx +
s1)/2,51) 1121, [K((sk +51)/2, (51 + 52) /2) 1)1, are positive semi-definite matrices. Particularly

det [K(Sk; S’,S1)]Zl:1 >0, (3.43)
det [k (% 2+ SL st ;Sz)]:lzl >0, (3.44)

where K (s, t) is defined by (3.41).
Proof. By setting d = d, and d = E(SHSZ) /2 in Theorem 3.6(i), we get the required results. [

Remark 3.15. We note that K(t,t) = G;. So by setting m = 2 in (3.43), we have special case of
(3.39) fort =51, s=s, r=(s1+5)/2if sy <spand fort =s1, r =sp,and s = (s1 + 53) /2 if
sy < s1. Similarly by setting m = 2 in (3.44), we have special case of (3.40) for r = s1, s = sp,
and t = (s1+83)/2if sy <spand forr =5y, s =sy,andt = (s1 +52)/2if s5 < s7.
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