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Direct and converse results are shown which are not possible for polynomials.
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1 INTRODUCTION

Given a matrix of distinct nodes X = {x;};_, C [0, + 00), consider the
Balazs—Shepard operator relative to the matrix X defined by

S 1) = Sy = BB osa )

for f€ C([0, +00)).

We recall that for s an even integer, S, is a positive rational operator
of interpolatory type, of interest in approximation theory and in many
applications (see, e.g., [1,2,4-7,9-12]).

* Corresponding author. E-mail: szabados@math-inst.hu. Research of this author sup-
ported by Hungarian National Foundation for Scientific Research, Grant No. T017425.
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242 B. DELLA VECCHIA et al.

Recently the authors in [7] investigated the approximation behaviour
of the operator (1), when f'is a continuous and bounded function on
the semiaxis and they proved direct and converse results.

In this paper we want to investigate the more general weighted case
when the function fmay be unbounded on the semiaxis.

In [11] Mastroianni and Szabados studied the weighted convergence
of S, operator with exponential-type weights in a similar situation (the
real line) and they obtained only direct results for particular meshes.

Here first we show that, unlike for polynomials, for Shepard operators
the weighted convergence with exponential weights is not guaranteed in
general (Proposition 2.1). Therefore here we consider weights of rational
type, i.e., functions having an algebraic growth rate at +o00. For such
functions we give weighted uniform approximation estimates by the
operators S,, involving a weighted modulus of smoothness related to the
distribution mesh (Theorems 2.1 and 2.2). We also give converse results
(Theorem 2.2). Our results are based on new weighted Markov—
Bernstein inequalities for S,, (Lemmas 3.2 and 3.3). We also show that
our results are sharp in some sense (see remarks to Theorems 2.1 and 2.2
and Proposition 3.1). Finally we remark that similar results are not
possible for polynomials.

2 MAIN RESULTS

Letting

wx)=(1+x7" B>0 (2)
we consider functions f continuous on [0,4-oc) such that

wx)|f(x)] 10, x— +oo. 3)

Then we construct the Balazs—Shepard operator S, given in (1) on the
nodes

kY
= m ,
Here we want to study the weighted uniform convergence of S,(f)

to f, with weight w given by (2), i.e., the convergence behaviour of
w(x)| f(x) — Su( £, x)|, for x > 0.

Xk k=0,...,n, y>1. (4)
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First we remark that it is not restrictive to consider weights of type (2)
for weighted approximation by S, based on the nodes (4), since for
exponential-type weights the convergence is not guaranteed in general.

Indeed, putting ||wf|| = sup, > w(x)| f(x)|, we have

PROPOSITION 2.1 Let S, be the operator given by (1). If w(x)=
exp(—x), f(x) = exp(v/x) and x = k/+/n, k =0,...,n, then

limsup [|wS,(f)|| = +oo. ()
n—-+00

We also remark that we can get weighted convergence of S, with
exponential weights, provided that we modify slightly the mesh like in
[11], but in such case the study of direct and converse results is rather
complicated (cf. [11]).

In the following C denotes a positive constant which may assume
different values in different formulas. Moreover if v and p are two
quantities depending on some parameters, we write v ~ p if [v/u| * ' < C,
with C independent of the parameters.

Let

W (£i1),, = sup [wAf]| (6)
0<h<t
be the weighted modulus of smoothness of f'with step function
$(x)=x""1, 4 >1 (7

(cf. [8]). Then we can give the following weighted uniform error estimate.

THEOREM 2.1 Let S, be the operator defined by (1) and (4). If f satisfies
(3), then for s > (By +4)/(y+ 1)

/2
T T T .. dt]. ®

Remarks From Theorem 2.1 we deduce the weighted uniform con-
vergence of the Shepard operator based on the nodes given by (4), if

s> By +H/(y+1).
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From (8) it follows that our error estimates are strongly influenced
by the mesh distribution (see the presence of the function ¢ and the
exponent « on the right-hand side of (8)).

Concerning the sharpness of Theorem 2.1, we remark that the
appearance of the integral on the right-hand side of (8) is necessary.
Indeed let fy(x)=1+x and w(x)=(1+x)"'"", 0<e<1. Then
Theorem 2.1 gives

1 n'y/2+1/2
W[ fo — Sa(So)Ill < C 7;—14‘"7/27/2“—/2

1 1 C
C{V—ﬁ-f-;g/i} SW (9)

IA

Now we show that
up w(x x)— S :x)| > —

i.e., (9) is sharp. In fact if x = 21", then

w(2n?)| fo(2n77%) = Su(fo; 2077%)|
—s+1

Ciefy Simo (272 = (RV/m0))

ko 2172 — (Y [m1/2))™

-8

> Cnero202 Sheo (20 = (k1/01%)) > 2.

- Ym0 (22 — (kv /m1/2)) ™
Moreover if we assume something more on the integral on the right-

hand side of (8), then we can state a direct and converse result.
Indeed, putting

= (1+2n"7?)

K1), =, Jnf_ {Iw(7= Bl + tlwo |}, (10)
iwh ¢l <+o0

the weighted K-functional of f'with step function ¢, we have

THEOREM 2.2 Let

s> (By+4)/(y+1). (1)
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If f satisfies (3) and
* 1Al -1
——dt=0w"'(x)), Vx>0, 12
| 5 =007 (12
then

L= .0l < € (1 %)~ % (f; %) (13)

Moreover if

s2((B+1)+3)/(y+1) (14)

and
AL o yeron-1 o
/0 L5i=00/901(), ¥x>0, 0<a<l,  (19)
then
IWlf = Su( NIl = O(n™*7) & w?(fi1), = O(t%). (16)

Remarks First we remark that the above results are not possible for
polynomials.

Note that from Theorem 2.1, if (12) holds true, the first term dominates
on the right-hand side of (8), i.e., we have (13).

Furthermore from (13) it follows that, if f satisfies (12) and
w(x)| f(x)| = u(x)v(x), where u(x) is a good function on [0, +o00) (for
example u € C3[0, + 00)) and v(x) < Cx'/", x<a, a>0, then the error
is not greater that Cn~ /2. We remark that such result is not possible
for polynomials.

Moreover (13) cannot be improved because of (16).

In a sense, the equivalence relation (16) characterizes the class of
functions satisfying (15) and having a given behaviour near 0 and on
[0, + 0o) by the order of approximation by the operator S,,.

Finally from the proof of (13) we can also get the following pointwise
weighted error estimate for x € [xg, x,,]:

W)/ () - Sn(fx)|<cw( ¢\(/>;))
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3 PROOF OF THE MAIN RESULTS

Proof of Proposition 2.1 Assume n=m(m+ 1), with m a positive
integer and let x = 1. Then denote by x;, 0 < j<n, a closest knot to x.
Consequently

- x| = i‘f\/_’ c (mjﬁl)'mz%, (17)
with C > 0 an absolute constant.
Since
< 1 n+1
kz:au A TR
we deduce

SIS D) = kool = (k/V/A)|*exp(v/&] V)
(1)|Sn(f; l)l —exp( ) Zk_()ll _ (k/\/_)l_s
S exp(=1) exp(n'/*) |1 — (j/v/m)|
= (yn=1) n+1

Hence by (17) it follows that

exp(n/4) 1
(vVn—1)° (vVn)'n’

which is unbounded for n — +o00, that is we have the assertion.

wDIS(AD] > C

The following lemma will be useful in the sequel. It establishes the
boundedness of Shepard operator in the weighted norm.

LemmMmA 3.1 If

52 (By+2)/(y+1), (18)

then for every function f defined on [0, + c0) we have

3,0l < Clufl s (3| < (19)

with C a positive constant independent of f and n.
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Note that Lemma 3.1 does not need the Assumption (3).

Proof Because of the interpolatory property of S, at xz, k=0,...,n,
we may assume x # xi, k=0, ..., n. We distinguish two cases.

Case 1 x2>x,
Then w(x) < w(xy), for every k=0, ..., n, therefore

n s ” e B
O e IS I PR L

< ) EE =B <.

Case 2 x9<x<Xp
Let x;=j 72,0 < j< n, denote the closest knot to x.
Then

Z 1 nS'Y/z ns'Y/2
|x - xkl |x_xj|s G+ 1) =7 jobs

Therefore from (20)

% — x| W) !
W) [Sa( £ 0)] < [ () sz = 2k k)

k= X — x|
joU pp2 nop2 (2 k)P

< C“wf” ns’y/2 ( 7/2 +j7)ﬂ k=0 Ij'Y —k’)‘ls nﬁ'Y/2

(-Ds i (n? + kv)

cls ”( PP £ = RGP0 kD)

Now we distinguish four cases.
Casea 0<k<2j.
Then

jor & (2 + k)" Z = 0(1)
(/247 45 17 = RGP0 DFwEEE I —k] =2
k#
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Caseb j<+/nand?2j<k<2n

Then
]‘(’7—1)5 2v/n (n'y/2 +k7)ﬂ
(n/2 + j7)P =i k[ (jsO-D 4 ks0-D)
2vn i(y—1)s
1 (-1
(-1)s N\ J

S C‘] Z ks S c js’y—l

k=2j
C
Sjs_l = 0(1).

Casec j< /mand2/n<k<n.
Then

T j(’Y—l)S i (n‘y/2 + k'y)ﬂ
T (27 G k=) GPOD + ROD)

Jo g~ 1 (-Bni2-s/2 N~ __L
<C oo = n > KB
k=2/n k=2/n
Now, if s > 3, then
(s—B)yy/2—-s/2 1 _ o 1-s/2 _
T< Cn =1 =0().

On the other hand, if s < 3, it follows that

T < Cnls=BN/2=s/2 zn: KBy
k=2y7n
< Cnls=PN2=s/2p(B=sn+1 — Cpfr/2=1/2+1-5/2 — (1)

b

if (18) holds true.
Cased j>+/nand2j<k<n.
Then
U ]'(’Y—l)s n (n'y/2 + k'y)ﬂ
T (2 40 5 (k=) (F0D + kD)
j(v—l)s n Vol

n
1
< CX— - < Cj(’v—l)s—vﬂ E : -
j8 =, (k —j)’ks0-D pa J(s=B)y




WEIGHTED UNIFORM APPROXIMATION ON THE SEMIAXIS 249

Now, if s > 3, then

(r-1)s—yB __" n n__
U< G o S O S s = O

On the other hand, if s < 3, it follows that

< p-Ds/2=p2_ "
n(S—ﬂ)’Y - nls=8)y

— Cp=/2=s/2+78/2+1 _ o),

U< gjo1s—8

if (18) holds true. So finally we get

wSa (NIl < Cliwfll,

that is the assertion.

We remark that condition (18) in Lemma 3.1 is sharp in some sense.
Indeed we have the following:

PROPOSITION 3.1 Let xz, k=0,...,n, be the knots given by (4). If

s<(By+2)/(y+1), then
wSy, (&) ” = +00. (21)

Proof Letn=m(m+ 1)and put x= 1. Then, if x;denotes a closest knot
to 1, then, from (17) it follows that

lim sup
n—-+00

_iP = P m s 17

|l - le - n/2 - n‘7/2
m2m/2-1 mY-1 C
7 Ty & @)

Now, recalling that a” — 7> C(a— b)a” ~ ', if a> b and v > 1, from (22)
we get

s/2
s/2
Z Il _ xkl Z In,y/z k,yls + Cn

1
sor C"W; Vi~
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1
+Cn™?
P
<Cn’l? + Cn/? — < Ccn*2.
kZ;é; lvVn—kf’ (x/_)(7 s
Therefore
1 o
- > ___.
k=0 |l = x| ™ T ms/2 (23)
Thus
_ k=oll/(1 = xi'w Z w22 4 k)P
Dk=o |l = xkl ns/ 2 (2 — k) b/
kP
> Cn18/2-5/2-B7/2
= VAR
/2—5/2—B7/2
= E k(S-ﬂh
=n/2
> Cp?/2-5/2-B2 " _ oy Br/2+1-s/2-sv/2
- ns—Byy
which is unbounded, if s < (8y + 2)/(y + 1).
31 Proofof Theorem 21
Obviously we assume x # xz, k=0, ...,n. We recall that [7]
lx—x] < C%x) (24)
k '
-l 2 Co L, 2 23)

-1
n
[Z |x — xk|_s] <|x-=x, (26)
=1

with x;, 0 < j <n, a closest knot to x and ¢(x) given by (7).
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We distinguish two cases.

Case 1 x¢<x< X, Then from (1)

WOLF(x) — Sulfox)| < w(ar) =X = X 71700 = f ()l

Zk—o Ix — xe| ™
sy Shea e =5l le(0) — g/ V)
k—0 Ix — x|

with g(6) =£(6") and x=6".
Hence if g'w is bounded on [0, n], with w(6) = w(87) = w(x), letting
|| ll{a, 1 be the usual supremum norm on [a, b], we get

o b — x| fEV () de
EZ:O |x — xk|—s

w(x) Yo X — x|
ZZ:O | — x|

k/n .
/ w(t) dt
0

Hence it remains to estimate

w(x)Lf (x) = Su(f; %)] <lIg'Plljp,w(x)

<CIf Wiy x,)

x 27)

w(x) S ¥ — x|

EZ:O Ix — x|

I
/ w1 di|.
[

Ifk/\/n < 6, then w(t) > w(0), for all 7 € [0, k/+/n], therefore

) e b = 31| l0)” dtl < st = 50— k/vA)
Zk_o Ix — x| Ek:o Ix — xi|™

and working as usual (see, e.g., [4—7,12]) by (24)—(26)

W(x) Ekax |x - xkl_s

Do 1X = x|

‘ < (28)

0o
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If 0 < k/+/n, then

W) S, 12— 2l |V (1) e
> ko 1X = x|
W(X) o 1% — x4l W)~ (k//n — 6)

Do X = x| .

<

Now, proceeding case for case as in Lemma 3.1, we get from (11)

Ve o

W(X) ZkaX Ix - xkl—s

— <—. 29
A <w @
Therefore from (27)—(29), if x € [x¢, X,
Cllf"owl
WIS (x) = Sp(fix)] < el (30)
Hence for every A such that wh'¢ is bounded on [x, x,,], we obtain
WL = Sal M) < MWL = Alll iy ) + 1WA = Su(B)]ll iy )
+ ||WSn(f— h)”[xo,x,,]' (31)
By (30)
CIIH oWl 11y x,
Wik = Su(A)]ll ixg, %) < Tx"x (32)
On the other hand, if x € [x, x,,], from Lemma 3.1 we get
WSa(f = W)y ) < CIWLS = Alll gy - (33)

Hence from (31)-(33)

h, X0:Xn
WL = Sn(NMixo,s) < CIWLS = Allljxy + € —'—'—”wqb\)l—f =
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and taking the infimum on A

mw>mmmmsw%ﬁﬁhwch@§gwoa

where K?(f,1/ \/ﬁ)w,[xo,x,,] is the weighted K-functional of f relative to
the interval [x, x,,]. Since [8]

K*(fi1), ~ w?(fi1),,,

from (34) we deduce

wv—&ummmsaf@ga.

Case 2 x> xp,.
From the monotonicity of the limit (3), it follows that

w(X)|f () = Salf; %)| < W) |Ax)| + wx)1Sa (£ %)|
< w?)|f (")) + W(X){ >+ }

Xk >x/2 xx<x/2
L Jx = a1 )
ZZ=0 |x — x|
= w(n?)|f (%) + ) + o (35)
Now by (3) and Lemma 3.1

sy 1% = i " wlxi) | f (i) |/ w ()]

D k=0 X = x|

w({) l f(:_c) \w(x) L2 1% = x| /w(x)]
2 2

D k=0 X — 2]
/2 /2 x — xp| " wig) !
w(n2 ) f<n2 ) w(x) zxk>x/2| k' ( %)
n’7/2
< -

EZ:O |x - xk|—s
n'Y/z
f (—-2—) '

21 _<_ w(x)

IA

IA

(36)
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On the other hand, since

n

n
X — x| > =, (37)
2 e
we have
&<wu——zjmm|
X <x/2
<= wxE:anlww‘
X <x/2
with Ag = x; — x¢_1 > Cxi2/7/\/n by (25).
Hence

W(x) ) |/ (xe) | Ak

xi- Ty
xp<x/2 k 1
n/?
<O [T,
\/nnb/2 -1/
c ™ £ @)
S EER D) de. (38)

From the monotonicity of (3) we get

i

nBI2E1]2 (1) dt wb2+172 f /4 o(1)

: /mewvml

DL RO ()

C n/2 n/2
Zﬁwmﬁwﬁf>f67ﬁ
n2)2 1
X —dz
/m/2/4 w(t)o(t)

)]
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From (35), (36), (38) and the last inequality we obtain

/2
WO ) = Sa(fi)l < nvﬂ/f+1/2/ |f8| dt

and hence the assertion.

The following lemmas are useful to prove Theorem 2.2. In particular
they are interesting in themselves because they establish some weighted
Markov—Bernstein type inequalities for the Shepard operator (Lemmas
3.2 and 3.3) (cf. [7] and [4]) for analogous results for the operator S, in
the unweighted case).

LeMMA 3.2 Let (18) hold true. Then

IwpS, (NIl < CV/allwfl,
with ¢ given by (7) and C independent of f and n.
Proof Since S, (f;xx) =0,k =0,...,n,weassume x # xz, k=0,...,n.
We distinguish two cases.

Case 1 x<Xx,,.
Working as in [4] we get

W), 9] <Cu(yo() |3 BB Tl g~

% (Tt b — xe™) 2 P
Ek;éj e — x| ™| A0 | Sy 1 — 7
(Ek—o x — x| )
+ x — ! 'f(xl)lzZPC el
(X0 1% — % ™) %7
|x = x|~ If(xi)slzzlx X l-s—
(Zk-o |x — xk| k#j
3 | — k| LS Gere) | | = al
kA (Xm0 X = x| ™)
+3 e A IiC —zle_s
i (k=0 Ix = x| ™)
:=Ay + Ay + A3 + As + As + As,

=

where again x;, 0 < j < n, denotes a closest knot to x.
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Since w(x) ~ w(x;), easily we deduce from (24)—(26)

A3 < Clwf o) x =% D e — x|~

k#f

() Sl
< Ml ZmS o >|k = < Clwf| VA

and

Vi ity X —
G(x) Dmo ¥ — 3k

As < CH(x)|wf |l
< Clwflivn.
By Lemma 3.1 and (24)—(26), if (18) holds true

kg 1 = Xk 7w k) e Dy X — x|

4 < Co(x)|lwf||lw(x) S k= xS X — x|

< Clwfllva,

Dz X — x| W ()

A1 < Cwx)$)Inf | =5

< Clwflivn,

and

Sy X = 2w (k) \/m
Yo X=X o(x)

4s < Cw(x)p(x)[|wf
< Clwflivn.

Moreover working as in Lemma 3.1

As < w1l Y Ix = x| wln) ™ Jx — x !

k#j
Sy 1% = el W) ™! -
< W16 =R S
s/2 s—1
< Clwf o) 3 ¢(x)

e |k —jI'¢*(x) (v/m)*!
< ClwflIvn.
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Case2 x> Xp.
Now w(x) <w(xy), k=0,...,n, hence w(x)|f(xx)| < |wf]| and work-
ing as in [7] we get

w(x)(x)|S, (£ x)| < Cllwf||Vn.
LEMMA 3.3  Let (14) hold true. If f satisfies (3), then

/2
Iwasi ()l < C{IIW¢f’|I b [ dz}

with ¢ given by (7) and C independent of f and n.
Remark Note that if (15) holds true, then Lemma 3.3 gives

IwaSy (NI < Iwas"ll+n-/2}.

Proof We assume x # xz, k=0, ...,n. Since

S (/%) = 3 AL ) )] = 3 A4() /xxkf'(t)dt

k=0 k=0
with
|x — xi|™*
Ak X)) =55 >
O = S
it follows

w(x)$(x)|S,(f; x)| < Z |4 (%) |w(x)(x)

[ s fiwart.

Now we distinguish three cases.

Case 1 x;<x<Xp.
Then w(t) > w(x), Vt € [x, x] and

/ (t)¢(t) ‘

. md[‘

5= 3 ) ()| 44()]

X <X

<Y A=) l6(x)

X <X

(39)
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Now since (see, €.g., [4] or [7])

$(x)

x,,¢<) ‘Sc'x_x"'

from (39) we obtain

Z1 < C Y Ayl x - il

X <x

Then working as in [4,7] we get

Do)l x—xd < €
X <X
and consequently
Y1 <C.

Case 2 xp.> Xx.
Then w(f) > w(xy), therefore

T2:= ) |4 (%) Iw(x)e(x)

Xg>X

<3 4= ( )¢(

Xp>X

J —ml
ol

and by (40)
< Z |45 (x) W( ) |x Xk
X >X

Now since w(x) ~ w(x;), with x; the closest knot to x, then

w(x) D 1A wlxk) ™ x = xil

- -1 -
Ek;éj | — x| w(xx) Zk# |x — xg|™*

(ol — x|’

< Cw(x)

—s+1 -1 —s—1
Zk;&j |x — x| ™" w(X) Zk;ej |x — x|~

—s\2
(ZZ:O |x — x| S)
-1 _ _
w(o) ™ |x = x| e e — x|

(o lx — xil~)°

(40)

(41)
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W)~ e — xS b — !
(S b — xi ™)’
n Zk;éj W(xk)_1 Ix — xk|_s+1
(Co bx— xel ™)’
Sy Wk) ™ e — el 0 —

—5\2
(ZZ:O | — Xl S)
:=By 4+ By, + By + By + Bs + Bg.

e — x|

By Lemma 3.1, B; <C, Bs<C and since w(x;) ~w(x) then B;<C.
Moreover

By < Clx—x™ ) Jx — x|
ki
< oo™ W™ .
T e ) k= T

On the other hand by Lemma 3.1, if (14) holds true,

—st1 -1 —s+1 —s—1
Sk 1 = Xl T W0a) T Sy I — e T = x|
—s+1 —5\2
2k 1% — X " (k=0 I — x| ™)

s+1

Bs < w(x)

Jx — x|

< CZk;ﬁj |x:xk| —
(Zk=o | — x| )

and working as in [4,7]
Bs < C.

Finally by Lemma 3.1, working as in [4,7]

Zk;éj x — xk|—s+lw(xk)~1 Ek#j |x — xk|"s+l Ix — xkl‘s“

B; < w(x) = -
i I = el (k=0 I — x| ™)

<C.
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Case3 x>x,
Here

w(x)p(x) ]S, (f: x)|
< Ot | 2 E =3V G S b = 5
(ZZ=0 |x - xkl s)
S 1% = el 5L o) | e I = x|
(o b — x| ™)™

I — a7 ()| L

+ Ix — xl
(g I — x| ™) ;
1 — x| 7| f (3n) Zk;én |x — xk|‘s_]

(Cn o bx—xi ™)

- S % = 51 ()l X!

(Ek —o X — x|” )
Zk;én I — x| If(xk)llx Xn| ™
(Ek—o |2 — xx|” )

= Ey+ E; + E3+ Eq+ Es + Eg.

Now

E < w(x)¢>(x){ Z + Z } (lx_xkl_k]/W(xk))w(_xk)|f(xk)|

n S
Xe>x[2  xe<x/2 Zk=0 |x - xkl
=¥ + .

Since |x — xi| > C¢(x)/+/n, k # n, by the monotonicity of the limit (3)
and Lemma 3.1 it follows that

% < Cw(x)w(x) ‘f (;) z(jg ﬁzxk>§z|::) |—x incl;;ri(sxk)—1
n/2
cen ()

/)
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Ontheotherhand, by (37), workin g asintheproofof Theorem 2.1, Case2

% < On(R)8(0 T 7 17 Gan

xk<x/2

C
sm 2 If(xk)IA—

nﬁ”Y/Zn\/_ Z |f(x k)ld’( )\/_

k<x/2
c ")
<), w0

Moreover

£ < WO)PX) it 1X — x| ()
°= Dokeo X — x|

and we can work as in the estimate of E;.
On the other hand, since w(x) < w(x,,), then

= a7 S X = il

(g I — ™)’

E3 < w(n"?)| f(n?)]

and working as in [7]
Ey < Cy/nw(n??)| f(n).

Moreover
B < (00 {zwz S mpcnsa 1= 2l L () St b — el ™
2 <
(Ek—o | — x| s)
=Y 43"

Now by Lemma 3.1

5w

o lx — xkl_s_

Ek—o |x — x|

- -1
Zxk>x/2 | — x|~ w(xk)

wix py
S AN P
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W2\ | 2\ | Vi Y = el
< C¢(x)w( 5 ) f( 3 ) e NIEETE
< Cy/n w(nm) (n—?—) )
On the other hand
" W(x (ls(x)x‘v Zk_o Ix — xk|—S—
b)) C———7
= Z/z o) | S
YN
nﬂ7/2nx<zx/2 A0l 5y A
nﬂ'r/2\/"x;;/2 | fxi) | A,

and working as in the estimate of ¥,, we get

n/2
oM

o nﬂv/w"/ 0

Moreover, working as in the proof of Lemma 3.2

n—1

Ey < w(n)|f (0 $(x)lx — xal* Y e — xi] !
k=0
< Cvw(n?) £(n7")].

Finally

n—1
Es < w(x)p(x)lx — %[ D e — xa] 1S ()|
k=0

= w(x)(x)|x — x4|* {Z Z }Ix xie| | f (x|

X<x/2  xx>x/[2

and working as above

B < c{ Jiw (””/ 2) f("—z/—z)

1R
+W/0 ¢(t) dt}.
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Now from the monotonicity of the limit (3),

1™ 1) L@l 0],
nﬂ7/2/ 0 diz nﬂ7/2‘/nv/2/4 W(’)¢(f)

WP 1
= B2 wizja w(t)o(1)

oD

we get the assertion.

3.2 Proofof Theorem2.2

From Theorem 2.1, under the Assumptions (11) and (12), it follows that

wlf = Sa(NIll < C{w“” (ﬁ %)*‘l"f}
< Cu? (f; %)WN CcKk? <f§ :/l—ﬁ)w
that is (13).

Moreover if (15) holds true and w?( f; 1),, < Ct®, then

Wl f = Sa(N]Il < Cn=*/2,

On the other hand from the definition of K?(f),, we obtain for
h e C([0,4+00)), ||wh'¢|| < +00 and A satisfying (3) and (15)

1 1 .
K"’(f; W)w < Il = SO+ = Iwosic)]
< IS = SNl + Jiﬁ{ wSL(f — B + IwSL)}-

Now, by using Lemma 3.2 and the remark to Lemma 3.3, if (14) and (15)
hold true, we get

1
K¢(f; 'ﬁ)w < [wlf = SN

\/_ w ! —a/2
f{n = Al + fanshu} Sk
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Since it is easy to see that

ot (Il el } < cro(f 7).

lwh $l|<+oc0
h satisfying (3) and (15)

we deduce

1 vk C.
K"’(f, %)f Il - Skl + € fK'ﬁ(f w?)f“’ﬁk 2
Now if |w[ f— S,()]|| = 0(n~*?),0 < a < 1, then

() s che(ed).

and from a well-known lemma by Berens and Lorentz (see, e.g., [3] or
Lemma 9.34, p. 699 in [10]), (16) follows.
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