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ABSTRACT. Let.4,(n) be the class of analytic and multivalent functiof{s) in the open unit
disk U. Furthermore, leSS,(n, a) and7,(n,«) be the subclasses of,(n) consisting of mul-
tivalent starlike functionsf(z) of ordera and multivalent convex functiong(z) of ordera,
respectively. Using the coefficient inequalities fr) to be inS, (n, o) and7,(n, ), new sub-
classesS; (n, ) and7,’(n, o) are introduced. Applying the Holder inequality, some interesting
properties of generalizations of convolutions (or Hadamard products) for fungtiensn the
classesS; (n, ) andZ,’(n, «) are considered.
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1. INTRODUCTION

Let.A4,(n) be the class of functions(z) of the form

f(z) =27+ Z apz®

k=p+n

which are analytic in the open unit difk= {z € C||z| < 1} for some natural numbeysand
n. LetS,(n, ) be the subclass o4, (n) consisting of functiong (=) which satisfy

Re (ZJ{(i';)) >a  (zel)

for somea (0 < o < p). Also let7,(n, ) be the subclass ofl,(n) consisting of functions
f(z) satisfyingzf'(2)/p € S,(n, a), that is,

Re (1 + z}f((z’?) >a  (z€U)
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for somen (0 < a < p). These classes}, (n), S,(n, o) and7,(n, «), were studied by Owa[3].
It is easy to derive the following lemmas, WhICh provide the sufficient conditions for functions
f(z) € A,(n) to be in the classeS,(n, a) and7,(n, ), respectively.

Lemma 1.1.If f(z) € A,(n) satisfies

(1.1) Y (k—a)a| £p—a
k=p+n
for somen (0 = a < p), thenf(z) € S,(n, a).

Lemma 1.2.If f(z) € A,(n) satisfies

(1.2) Z k(k — a)|ax| < plp — @)

_p—|-n
for somen (0 = a < p), thenf(z) € 7,(n, o).

Remark 1. We note that Silverman [4] has given Lemjma| 1.1 and Leinma 1.2 in the case of
1 andn = 1. Also, Srivastava, Owa and Chatterjea [5] have given the coefficient inequalities in
the case op = 1.

In view of Lemma 1.1 and Lem .2, we introduce the subdiiés, ) consisting of func-
tions f () which satisfy the coefficient inequality (1.1), and the subcBSs:, a) consisting of
functionsf(z) which satisfy the coefficient inequality (1.2).

2. CONVOLUTION PROPERTIES FOR THE CLASSES S (n, ) AND 7% (n, )

For functionsf;(z) € A,(n) given by

we define

and

me-s 3 () 6o
k=p+n \j=1

Then G,,(z) denotes the convolution of;(z) (j = 1,2,...,m). Therefore,H,,(z) is the
generalization of the convolutions. In the caseppf= 1, we haveG,,(z) = H,,(z). The
generalization of the convolution was considered by Choi, Kim and Owa [1].

In the present paper, we discuss an application of the Holder inequalify,for) to be in
the classes;(n, a) and7(n, a).

For f;(z) € A,(n), the Holder inequality is given by

1
0 o
> (Hw) SR
k=p+n j=1 \k=p+n

wherep; > 1and} 7", -~ = 1.

Recently, lehlwakl Owa and Srivastava [2] have given some results of Holder-type inequal-
ities for a subclass of uniformly starlike functions.
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Theorem 2.1.1f f;(2) € S;(n, o) foreachj = 1,2,... ,m, thenH,,(z) € S;(n, 3) with
k— " (p— )P
B= inf {p— — ( p) Hjil(pm a;) e
I1 Q)P

kZptn j:l(k — ;)P — Hj:l (p—
wherep; = -, ¢; > 1and> ", - = 1.
Proof. For f;(z) € S;(n, a;), Lemmg 1.1 gives us that

i(k_ )|ak|<1 G=12....m).

k=p+n p=

= (k—oq Y
{Ej ( - ?)\ak,jr} <1
hpin \P T

with ¢; > Land) 7", é = 1. Applying the Hélder inequality, we have:

S {() )

. p - ij
k=p+n \j=1
Note that we have to find the larggssuch that

which implies

_% (?2) (ﬁm,ij) <1,
N —ip;n (p B) (HWMIPJ) < ki;ﬂ {]1:—11 (l; )J |ak,j|qu}.

Therefore, we need to find the largessuch that

1
k—ﬁ) i . m</<;—aj)qj L
PR ar %7 S a 4‘1],
(p_ﬁ <]|:|1\ l >—J [(,—c;) I

which is equivalent to

m P pj—i.
H (k Oé]) K8 |ak’j‘Pj_q% g 1 (p] _ l z O) :

j=1 p—= a] QJ
we see that
= 1
[T lawst” % < -
. ” m k—a I
j=1 Hj:l (p—oaj) 4
This implies that
k=0 §ﬁ<k—aj)pj
p=F " g \p— o
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forall £ = p + n. Therefore 3 should be
(k=p) II; (p — o)™
H;n:1<k — )P — H;n:1(p — )P

This completes the proof of the theorem. O

B<p— (k=2 p+n).

Takingp; = 1 in Theorenj 2.1, we obtain
Corollary 2.2. If f;(2) € S;(n,a;) foreachj = 1,2,...,m, thenG,,(z) € S;(n, 3) with
n H;n:1 (p— o)
[i2i(p+n—ay) = ITLi(0 = o)
Proof. In view of Theorenj 2]1, we have
P P ey ) VAT I
kZp+n Hj:l(k — o) — Hj:l (p — )

Let F'(k; m) be the right hand side of the above inequality. Further, let us défjhem) by the
numerator ofF” (k; m). Whenm = 2,

G(k;2) = =(p—a1)(p— a2){(k — a1)(k — a2) = (p — 1) (p — )}
+(k=p)(p—a)(p — c){(k — ) + (k — )}
= (p—a)(p —as)(k —p)* > 0.
SinceF'(k; 2) is an increasing function df, we see that
(2.1) F(k;2) 2 F(p+m;2)

B=p-—

n(p —a1)(p — o)
p+n—a)(p+n—ay)—(p—a)(p—a)
Therefore, the corollary is true forn = 2. Let us suppose that,, .(z) € S;(n,3*) and
fm(2) € Si(n, an,), where

:p—(

n 1175 (0 — o)
I (p+n—a) -5 (0 —a;)
Then replacingy; by 5* anda; by o, from (2.1), we see that
n(p— )P —an)
(p+n—=0)p+n—an) —(p—05)p— o)
o P IT(p — o)
H;'nzl(p +n—aq;)— H;'nzl(p — )

Therefore, the corollary is true for the integer Using mathematical induction, we complete
the proof of the corollary. O

B*=p—

B=p-—

Takinga; = a/in Theorenj 2.1, we have:
Corollary 2.3. If f;(z) € S;(n,a)forall j =1,2,...,m,thenH,,(z) € S;(n, 3) with

n(p — a)®
(p+tn—a)—(p—a)

B=p—

Y
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where

||\/

P— 1 "1
s=> p21+ —, pjga, ¢; >1 and Zq—
J j=1

Proof. By means of Theorefn 4.1, we obtain that

~ (k-pp—a) N
B=p —a)—p—ar (k2p+n).

Let us definel’(k) by
(k—p)p—a)
(k—a)y = (p—a)
Then the numerator of’ (k) can be written as
(p—a)p(k—a){s(k—p)—(k—a)} +(p—a)

Sinces = 1+ =2, we easily see that the numerator Bf(k) is positive fork = p + n.
Therefore F'(k) is increasing fok = p + n. This gives the value of in the corollary O

F(k)=p-

(k= p+n).

We consider the example for Corollgry P.3.

Example 2.1. Let us definef;(z) by
p - n p -« n
fie) =2 e e (el =)
fo‘rheachj = 1,2,...,m, which is equivalent t¢f;(z) € S;(n,a). ThenH,(z) € S} (n,3)
wit

B=p_ np —a)°
(p+tn—a)—(p—a)
Because, for functions
p— p— :
22 \Z) = Zp + —ezp+” + —,E'Zp—m—'—j
2.2) fi(z) p+n—a p+n+j—a’

foreachj =1,2,...,m, we have

= k-« p+n—a« p+n+j—a
> — el = ————lellapinl + —————I¢; [ap1nl

= e[+ gl =1
from Lemmg 1.1 which implieg;(2) € S;(n, o;). From [2.2), we see that
H,(z) =2+ (]%e)s 2Pt
ThereforeH,,,(z) € S;(n, 3).
We also derive other results abdjt and7".
Theorem 2.4.1f f;(z) € S;(n, ;) foreachj = 1,2,...,m, thenH,,(z) € T (n, 3) with

f= inf Sp— k(k —p) [T (p — ay)™
PTG oo FITEG o |

wherep; 2 .-, q; > land}7", - = 1.
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Proof. Using the same method as the proof in Thedrem 2.1, we have to find the largiesh
that

1

=) (ﬁ 'a'w"’”) = ﬁ (=) ot

J=1

which implies that
. k(k = p) [Tz (p — ay)™
pH;nzl(k — o) — kH;nzl(p — )P

forallk = p + n. O
Corollary 2.5. If f;(z) € S;(n,a;) foreachj =1,2,...,m, thenG,,(z) € 7 (n, 3) with
) n(p+n) [I2, (0 — o)

pIlLi(p+n—aj) —(p+n)[[/L,(p — o)
Theorem 2.6.1f f;(z) € 77(n, o) foreachj = 1,2,...,m, thenH,,(z) € 7*(n, 3) with

- k(k —p) T2 v (p — )P

pH7:1 kPi(k — og)Ps — k H;n:1 pPi(p—ay)P |

wherep; = .-, ¢; > land3>7", - 2 1.

RS

B=p

Proof. To prove the theorem, we have to find the largéstich that
KE=8) (15 w) - 1 (k(k—ozj))qu I
- 7 ar %7 S A ar ;|4
p@—ﬁ)@l‘“‘ _11 p(p — aj) a4
forallk = p+n. O
Corollary 2.7. If f;(z) € T,7(n, a;) foreachj = 1,2,...,m, thenG,,(z) € 77 (n, 3) with
np™ ! H;n:1 (p—ay)
(p+n)" L (p+n— o) —pm ' IL (P — o)
Theorem 2.8.1f f;(z) € 77 (n, o ) for eachj = 1,2,...,m, thenH,,(z) € S;(n, 3) with
. (k—p) [T P (p — )™
6 = inf p—= m } ] m ] ) )
k>ptn Hj:l kpi (kj — aj)PJ — Hj:l pPi (p — O[j)py

wherep; 2 .-, q; > land3>7", - = 1.

f=p-—

Proof. We note that, we need to find the larggsuch that

k=8 ({4 \ A (k:(k;—oz»))qu 1

- ar pj S —‘] ar ; 5

p_5<]1:11m| >_1:I ooy, ol
forallk = p+n. O
Corollary 2.9. If f;(z) € 7,7 (n, a;) foreachj = 1,2,...,m, thenG,,(z) € S;(n, 3) with

np™ [ 152, (p — )

P o It n— ) [T —ay)
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