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Abstract: Let A, (n) be the class of analytic and multivalent functiofi&) in the open
unit diskU. Furthermore, leS,(n, o) and7,(n, ) be the subclasses gf,(n)
consisting of multivalent starlike function&z) of ordera and multivalent con-
vex functionsf(z) of orderc, respectively. Using the coefficient inequalities
for f(z) to be inS,(n, o) and7,(n, ), new subclasseS; (n, o) and7Z," (n, o)
are introduced. Applying the Holder inequality, some interesting properties of
generalizations of convolutions (or Hadamard products) for functfgngin the
classesS; (n, o) and7," (n, ) are considered.
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1. Introduction

Let.A,(n) be the class of functions(z) of the form

which are analytic in the open unit digk = {z € C||z| < 1} for some natural
numberg andn. LetS,(n, o) be the subclass o4, (n) consisting of functiong (z)

which satisfy
oY L B
Re(F) 7o eev

for somea (0 = o < p). Also let7,(n, ) be the subclass ofl,(n) consisting of
functionsf(z) satisfyingzf'(z)/p € S,(n, o), that s,

Re (1 + ZJ{(S)) >a  (z€U)

for somea (0 < o < p). These classes,(n), S,(n, o) and7Z,(n, ), were studied

by Owa ]. It is easy to derive the following lemmas, which provide the sufficient

conditions for functionsf(z) € A,(n) to be in the classeS,(n, «) and7Z,(n, o),
respectively.

Lemma 1.1.If f(z) € A,(n) satisfies

oo

(1.1) Y. (k—a)alsp-a

k=p+n

for somen (0 < a < p), thenf(z) € S,(n, a).
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Lemma 1.2.1f f(z) € A,(n) satisfies

(1.2) > k(k—a)lax] £ plp—a)

k=p+n
for somen (0 < a < p), thenf(z) € 7,(n, a).

Remarkl. We note that Silvermard] has given Lemmad..1and Lemmal.2in the
case ofp = 1 andn = 1. Also, Srivastava, Owa and Chatterj&h have given the
coefficient inequalities in the case pf= 1.

In view of Lemmal.1land Lemmal.2, we introduce the subclas (n, o) con-
sisting of functionsf(z) which satisfy the coefficient inequality. (1), and the sub-
class7(n, «) consisting of functionsf(z) which satisfy the coefficient inequality
(1.2).
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2. Convolution Properties for the ClassesS, (n, «) and 7,7 (n, «)

For functionsf;(z) € A,(n) given by

z) =zP + Z ax ;2" (j=1,2,...,m),
k=p+n

we define

and

m-2+ 3 ()4 oo
k=p+n \j=1

ThenG,,(z) denotes the convolution ¢f(z) (7 = 1,2,...,m). Therefore H,,(z)
is the generalization of the convolutions. In the casp,of 1, we haveG,,(z) =
H,.(z). The generalization of the convolution was considered by Choi, Kim and
Owa [1].

In the present paper, we discuss an application of the Holder inequalit,for)
to be in the classeS; (n, ) andZ(n, a).

For f;(z) € A,(n), the Holder inequality is given by

(i) f(5 )’

k=p+n

wherep; > 1and} 7", -~ = 1.

Recently, lehlwakl Owa and Srivasta\@ have given some results of Holder-
type inequalities for a subclass of uniformly starlike functions.
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Theorem 2.1.1f f;(2) € S;(n, o) foreachj = 1,2, ...
with

,m,thenf,,,(z) € S;(n, f)
, (k—p) TI; (0 — o)™
6= inf <p— =% y m v [’
k2p+n ijl(k - aj) T szl(p - a]) ’
wherep; 2 .-, q; > land 37", - = 1.
Proof. For f;(z) €

S;(n,a;), Lemmal.lgives us that

o0

k —
> ( O‘)ram <1 (G=12...,m)
k=p+n p—a

which implies

1
ool
|k’,J|} él
{—p+n P

with ¢; > 1 andz 1 2 1. Applying the Hdolder inequality, we have:

0 m k—a. qij N
5 (=) ot} =

k=p+n \j=1
Note that we have to find the largessuch that

$ (0 ) o

k=p+n
that is,
> k—ﬁ)(ﬁ | [ (k—a\u, 1
> (—= arg” ) = > ST1 |ar|% o
k=p+n (p - ﬁ j=1 k=p+n \j=1 pP—a
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Therefore, we need to find the largessuch that

() (oo ) <11

which is equivalent to

k-3 -\ Ty (k=)
(p ﬁ) (H‘ak’j‘ J>§H(p—zj>

Jj=1

forall k = p + n. Since

Tk a\P e a1
k a; j ‘Clk‘|pj_q1j él p_l;o 7
) J
; D= qj

7=1
we see that .
H a7 < 1 Pi—
e m k—a J
7=1 szl (p_aj> aj
This implies that
m P
k— 0 §H<k_a]) J
p—p - p—ay

J
for all kK = p + n. Therefore5 should be
(k—p) I[Zi(p — o)™
H;nzl(k — ;)P — H;n:1(p — ;)P

This completes the proof of the theorem.

B<p—

(k= p+n).
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Takingp; = 1 in Theorem?2.1, we obtain
Corollary 2.2. If fj(z) € S;(n,a;) for eachj = 1,2,...,m, thenG,,(z) €
Sy (n, 8) with
nH;nzl (p — )

H;nzl(f’ +n—a;) — H;nzl(p — ;)
Proof. In view of Theoren?.1, we have

B=p-—
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;nzl(k: - OZ]) - H;nzl(p — O[j) Vo iss. 4, ar

Let F(k;m) be the right hand side of the above inequality. Further, let us define

B < inf
k=p+n

Title P
G(k;m) by the numerator of”’(k; m). Whenm = 2, e
Contents
G(k;2) = =(p = ar)(p — ax){(k —a1)(k — a2) = (p — 1) (p — a2)}
+ (k= p)(p — ) (p — a2){(k — ) + (k — a2)} A
= (p—a1)(p — az)(k = p)* > 0. < >
SinceF'(k;2) is an increasing function df, we see that Page 8 of 14
(21)  F(k2) 2 F(p+n;2) GElEE
—p— n(p —a)(p—a2) Full Screen
(p+n—o)ptn—az)—(p—o)(p—a) -
Therefore, the corollary is true fen = 2. Let us suppose thét,, 1(z) € S, (n, 57) . _ »
andf,,(z) € S*(n, ay,), where journal of inequalities
P in pure and applied
n H;n:_ll (p — aj) mathematics

*
B =p— issn: 1443-575k
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Then replacingy; by 5* andas by «,,, from (2.1), we see that

n(p—8")(p — am)
(p+n—=p0)p+n—an) —(p—0)(p—an)
o n H;n:1 (p— )
PTG+ —ap) — ITm(p - ay)
Therefore, the corollary is true for the integer Using mathematical induction, we
complete the proof of the corollary. H

B=p-—

Takinga; = a in Theorem?.1, we have:

Corollary 2.3. If f;(z) € S;(n,a) forall j = 1,2,...,m, thenH,,(z) € S;(n,3)
with
n(p— o)

= T — =)

where

II\/

Z >1 a, pjzi, ¢; >1 and Z
e i =

Proof. By means of Theoreri. 1, we obtain that

»Ql,_;

__(k-pp-a) .
Let us define’(k) by
o (k=pp—a) .
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Then the numerator of’ (k) can be written as

(p—a)(k—a){s(k—p) = (k—a)} +(p—a)’.

Sinces > 1+2=%, we easily see that the numeratorrdf k) is positive fork = p-+n.
Therefore, F'(k) is increasing fork = p + n. This gives the value off in the
corollary. O

We consider the example for Corollarys.
Example2.1 Let us definef;(z) by

fi(z) =2+ _PTE pn + b P A

S |11
ety (e + sl £ 1)

for eachj = 1,2,...,m, which is equivalent tgf;(z) € S;(n,a). ThenH,,(z) €
Sy (n, B) with
o n(p — )’
P =y — (=)

Because, for functions

p— o p— o :
2.2 (2) =P+ ———— P ———————¢; P
(2.2) fi(z) ==z p—l—n—aez p—l—n+j—a€]2
foreachj =1,2,...,m, we have

= k-« p+n—a ptn+j—a
Z p— a|ak| = p_—a|€||ap+n| + T|€j||ap+n+j|

k=p+n
= el + e[ =1
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from Lemmal.lwhich impliesf;(z) € S;(n, a;). From @.2), we see that
Hm(z) = 2P + <i€) Zp+n.
p+n—a«
ThereforeH,,,(z) € S;(n, 3).
We also derive other results aba¥jt and7,".

Theorem 2.4.1f f;(2) € S;(n, o) foreachj = 1,2,...,m, thenH,,(z) € T (n, )
with

. k(k —p) [T;2,(p — ;)P

ﬁ = inf p— m ; m : )
k;ern pH]:l(k - aj)p] - k H]:l(p - aj)pj

wherep; = o-,q; > land3>7", - = 1.

Proof. Using the same method as the proof in Theoram we have to find the
largests such that

M) ma'pj <m(k_a]>ql]aqu
(p(p—ﬁ) (H"‘”' >:]Hl p—a, |aki|"

which implies that

_ k(k —p) H;nzl(p—aj)m
TG Ao

forallk = p+n. N

B<p
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Corollary 2.5. If fj(z) € S;(n,a;) for eachj = 1,2,...,m, thenG,,(z) €
7, (n, 3) with
B n(p+m) [T, (0 — o)

pllL (0 +n—a;) = (p+n) L (p - a))

Theorem 2.6.1f f;(z) € 7 (n,a;) for eachj = 1,2,...,m, then H,,(z) €
7 (n, 3) with

B=p

et [ HE=DITL =
k>pn P H;nzl kpi(k — o)Pi — k H;”Zl pPi(p — ayj)Pi )

wherep; = % q > 1 andz;”zlqij > 1.

Proof. To prove the theorem, we have to find the largéstich that

KE=8) (111w < T (’f(’f—@j))% 1=
p@—ﬁ)@!m“’>:11 p(p — a;) o5
forallk = p + n. ]

Corollary 2.7. If f;(z2) € T)(n,qa;) for eachj = 1,2,...,m, thenG,,(z) €
7, (n, 3) with

np" T T (P — ay)
(p+n) " L0+ n—a) —p" ' T4 (0 —ay)

B=p—
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Theorem 2.8.1f f;(z) € 7 (n,a;) for eachj = 1,2,...,m, then H,,(z) €
Sy (n, B) with

PR (k —p) [Tjz ™ (p — o)™
kzp-ﬁ-n H;nzl k;pj (k; — aj)pj — H;nzl pp]' (p — aj)p.j )

wherep; = o-,q; > land3>7", - = 1.
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