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1. Introduction

Abel et al. p] introduced the Meyer-Konig-Zeller Durrmeyer operators as

QD MFia) =Y maale) [ ba®fOd, 0<a <1
k=0 0

where

() = (”*Z - 1) (1= 2)

and L
bn,k(t) =N <TL—;€— ) tk(l — t)n_l.

Very recently H. Wang§], O. Dogru and V. GuptaZ], A. Altin, O. Dogru and
M.A. Ozarslan ¥] and T. Trif [3] studied the;-Meyer-Konig-Zeller operators. This
motivated us to introduce theanalogue of the Meyer-Konig-Zeller Durrmeyer op-
erators.

Before introducing the operators, we mention certain definitions basgdiotegers;
details can be found irlP] and [12].

For each non-negative integer the g-integer|[k] and theg-factorial [£]! are re-
spectively defined by

k] =

I

(1-¢"/1—-q), q#1
k, g=1

and
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For the integers,, k satisfyingn > k£ > 0, the g-binomial coefficients are defined

by

W
k1= [k]n — k]!
We use the following notations

n—1
(a+b)y =][(a+db) = (a+b)(a+qgb)--(a+q D)
7=0
and 1
(=1, (tgn=]]0—d1), ~TJa- .
j=0 7=0
Also it can be seen that (@)
a;q)
asq)n = 7——
(@) (aq™; q)s

The g—Beta function is defined as

1
B,(m,n) = /0 "1 - qt)Z’ldqt

for m,n € N and we have

[m — 1][n — 1]!
1.2 B =
It can be easily checked that
n—1 0
(1.3) H(l—qjm)z {n+2_1} zF =1.
j=0 k=0
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Now we introduce the-Meyer-Konig-Zeller Durrmeyer operator as follows

1
(1.4) M, (f;x) Zmnk,q / boig() f(qt)dgt, 0<z <1

(15) = mn,k,q<x>An,k,q(f)7
k=0
where0 < ¢ < 1 and
(L.6) Miog(2) = Paa(2) {” T 1} o
[n + k]' n— 1
(1.7) bykq(t) = Wi 11 t*(1 — qt);
Here »
P, 1(z) = H(l —¢'x)
j=0

Remarkl. It can be seen that fay — 1-, the g—Meyer-Konig-Zeller Durrmeyer
operator becomes the operator studiedirf¢r o = 1.
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2. Moments

Lemma 2.1. For ¢,4(t) = t*,s =0,1,2,..., we have

[n+ k]l[k + s]!
[k]'[k + s+ n]!

2.1) / b (B)9s (at)dgt =

Proof. By using theg—Beta function {.2), the above lemma can be proved easily.

]

Here, we introduce two lemmas proved 8}, [as follows:
Lemmaz2.2.Forr =0,1,2,...andn > r, we have

“[n+k-1 zk [l (1 —q" )
(2.2) Rl“@Z;{ k ][n+k—ﬂr2 n—1

wherejn — 1|*=[n—1][n —2]--- [n —r].
Lemma 2.3. The identity
1 1

2.3 < >0
(2.:3) n+k+r] — ¢tin+k—1) h=
holds.
Theorem 2.4.Forall z € [0,1], » € Nandq € (0,1), we have
(2.4) M, (ep;x) =1,

(1—q¢"'2)
(2.5) glepx) <z+ Jin —1]

1 +qn—2 .

(2.6) M, 4 (e1;7) > (1 - ([HT])) T +q 2<1 - (])$27
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2 n—1
(27) M, (eg;m) <2+ a ;—;]) u [nq_ 1]x)a;
(1+q (1—-¢""'2)(1 —q¢"*x)
q* [n —1)[n — 2]
Proof. We have to estimaté/,, , (es; x) for s = 0,1,2. The result can be easily
verified fors = 0. Using the above lemmas and equatiort), we obtain relations
(2.5 and @.6) as follows

“(n+k—-17 [k+1
M, 4(e1,) an—l(f)g { k } mx
i n+k—1 q[k‘]'f‘l k
<an_1($)§ [ Lk ] q2[n+k—1]$
—[n+k-1] ,
=xP, 1(x) Z { k ] o
k=0

. (1—¢*;
BT ES)
Also,
- [n+k-2]k+1n+E—-1] ,
Mn,q(el,x)—anl(x);{ E_1 } k] [n+k+1]x
X (n+k—1 n+k+1] -1 k41
anl(x)kzo{ Lk }( n+ k + 2] )a:
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> [0 (- )
ZR%ﬂméz:n+Z—1:(1_p£;;;ﬂ)xm4_pﬁgﬁx
ZRIM@§;7HiT4C(L_¢2§;§11?%D)ﬁﬂ_wni”x
:x_wffi+@”%1—®ﬁ31ﬂ@é;{n+z_l]ﬁ‘{niux
:(1_Q££%ﬁ)x+f”O—QW?

Similar calculations reveal the relation.{) as follows

Miq(e2:2) = ¢"Poa(2) ,i% [n le ) 1} [

k+1k+2
ntk+tn+k+2

n+k—1} Q3U€]2+(2CI+1)(]U€]+(Q‘|‘1)xk
n+k—1]n+k—2]

¢ = [K!n-1]!
Poi(@)2¢+ Do =[n+k—1 zk
g Z{ ¢ eve
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¢ = k n+k—1] ¢ [n —1]
(1+q¢) (A —q¢"'2)(1-¢" )
q* [n —1][n — 2]
_ 2, 1+ —¢"e) (A4 (¢ 2)(1 - ¢ ")
T [n—1] q* [n —1][n = 2]
N

Remark2. From Lemma2.3, it is observed that foy — 1~, we obtain

M, (ep;x) =1,

. (1—2x)
M, (e1;x) <z + (n=1)

M, (er;2) > (1 -

2
i)
4z(1 — x) 2(1 — z)?

M, (eg;z) < x° + n—1)  (-1)(n-2)

which are moments for a new generalization of the Meyer-Konig-Zeller operators
fora =1in[4].
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Corollary 2.5. The central moments af/,, , are

M, g (Yo; ) = 1,
M q (115 2) < %
o S50, Lo g

wherey;(z) = (t — z)" fori = 0,1, 2.

Proof. By the linearity of)M,, , and Theoren?.4, we directly get the first two central

moments. Using simple computations, the third moment can be easily verified as
follows

M’mq (¢27 JZ) = Mn,q (62; I’) + xQMn’q (60; l’) — ZIMn,q (61; [E)
A+gP(1—q0)  (1+q)(1-q )1 ¢ )
e P | T n—1)[n—2

(14+4¢"?) n—2 2
—l—(l—w)x—q (1—q)z
(I+¢?(1—¢"'2)  (A+q1-qg"'2)(1—-q¢" )

S -1 ¢ [n— 1]l — 2]
(1+ qn—Z) 2
+ QWx )
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Remark3. Forq — 1-, we get

dx 2(1 — z)?

Ma(Woi2) < S 4 - =

which is similar to the result ir4].
Theorem 2.6. The sequenc#/, ,, (f) converges tgf uniformly onC'0, 1] for each
f e Clo,1] iff g, — 1 asn — oc.

Proof. By the Korovkin theorem (sed]), M, . (f;z) converges tg uniformly on
0,1] asn — oo for f € C[0,1]iff M,,,, (t';2) — 2" fori = 1,2 uniformly on[0, 1]
asn — oQ.

From the definition ofM,, , and Theoren?.4, M, ., is a linear operator and

reproduces constant functions.
Moreover, asy, — 1, then[n|,, — oo, therefore by Theorer.4, we get

Mn7Qn (tz7 9:) - xi

fori=0,1,2.

Hence,M,, ,, (f) converges tgf uniformly onC'[0, 1].

Conversely, suppose thaf, , (f) converges tof uniformly onC/[0,1] andg,
does not tend to 1 as — oo. Then there exists a subsequetigg,) of (¢,) S.t.
In, — Qo (qo # 1) ask — oo. Thus

L 1—gy,

[n]an ]' - ann

— (1= qo).

Takingn = n, andq = ¢, in M,, ,(e2, z), we have

(1 —gn'x)(1 — qo)
QTLk

Mg, (e2;7) <z +

#+x
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which is a contradiction. Henaeg, — 1. This completes the proof. [

Remark4. Similar results are proved for the-Bernstein-Durrmeyer operator in
[17].
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3. Weighted Statistical Approximation Properties

In this section, we present the statistical approximation properties of the operator

M, , by using a Bohman-Korovkin type theore8j.[

Firstly, we recall the concepts of-statistical convergence, weight functions and
weighted spaces as considereddh [

Let A = (a;,);, be a non-negative regular summability matrix. A sequence
(z,), is said to beA-statistically convergent to a numbérif, for everye > 0,
lim > a;, =0. Itisdenoted byt, — lign z, = L. ForA := (, the Cesaro

I nizn—L|>e
matrix of order one is defined as

;o 1<n<j
Cjn += .
0 n>jy.

A-statistical convergence coincides with statistical convergence.
A weight function is a real continuous functignon R s.t. lim p(z) = oo,

|z|—o00
p(x) > 1forall z € R.

The weighted space of real-valued functigif@enoted a$3,(R)) is defined orR
with the property f(z)| < M¢p(x) for all z € R, wherel/; is a constant depending
on the functionf. We also consider the weighted subspatgéR) of B,(R) given
by

C,(R) :={f € B,(R) : f continuous orR} .
B,(R) andC,(R) are Banach spaces with the nadfj , where| f|| , := sup |J;Ew§‘
We next present a Bohman-Korovkin type theorefy {lheorem 3]) as follows

Theorem 3.1.Let A = (a;,);» b€ a non-negative regular summability matrix and
let (L,), be a sequence of positive linear operators flop(R) into B, (R), where
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p1 and p, satisfy

im 28 g
jal o0 pa ()
Then
sta —lim||L,f — f[|,, =0 forall feC,(R)
if and only if

sta—lim||L,F, — F[|,, =0, v=0,1,2,

whereF,(z) = 924 v =0,1,2.

We next consider a sequen@g),,, ¢, € (0, 1), such that

(3.1) st —limg, = 1.

Theorem 3.2. Let (g, ),, be a sequence satisfying.{). Then for allf € C,, (R,),

we have
st —lim || M q (f;-) = fll,, =0, a>0.

Proof. Itis clear that
(3.2) st — liin [ My,q, (€0 ) — €oll ,, = 0.

Based on equatior2(5), we have

| My q, (€1,7) — e1()] 1
: > <lleo || 57—
I+ gz[n — 1],
1
N [n - 1]qn.
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Sincest — lim g, = 1, we getst — lim [n+ = (0 and thus

n 1]¢Zn
(3.3) st — hin | My, (e15+) — el”po = 0.
By using ¢.7), we have
Mn ; - 1 1
| 7qn<82 x)Q 62(I)| SH €o ” ( + )
< 1 . 1
B P i P
Consequently,
(34) st — hran ||Kn,qn (62; ) - 62”,)0 = 0.

Finally, using 8.2), (3.3) and (3.4), the proof follows from Theorer.1 by choosing
A = (), the Cesaro matrix of order one apdz) = 1 + 22, po(x) = 1 + 2>,
reR,a>0. [
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4. Order of Approximation

We now recall the concept of modulus of continuity. The modulus of continuity of

f(z) € C[0,al, denoted byv(f, d), is defined by
(4.1) w(f,0)= " sup  [f(z) = f(y)l-

lz—y|<d;z,y€[0,q]
The modulus of continuity possesses the following properties Gge [
(4.2) w(f,A0) < (14 Nw(f,9)

and
w(f,nd) <nw(f,6), neN.

Theorem 4.1.Let(q,), be a sequence satisfying.{). Then

(43) ‘Mn,q(f; ZL’) - f| S 2w(f7 \/5n)
forall f € CJ0, 1], where
(4.4) Op = M, 4 ((qt — )% 93) )

Proof. By the linearity and monotonicity atZ, ,, we get

Mg(f:2) — | < Mug(1F(8) — F(2)];2)
=5 M g(@) / busa(]F(at) — F(0)]d,t.
Also

@5 s - s < (1495 oo
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By using ¢.5), we obtain
02
\Moy(fi2) — f| <Zmnkq / boea(t) (1+<‘1755_2”’>) o(f, 8)d,t

— (Mn,q (eo; ) + %Mn,q ((qt — =)% :c)) w(f,0)

q—Meyer-Konig-Zeller

and Durrmeyer Operators
M, ((qt — )% :1:) = ¢°M, , (ez;2) + 2> M, , (€0; ¥) — 2qx M, 4 (e1; ) Fl'oneySharma
) (1 + q)2 (1 B q”flx) vol. 10, iss. 4, art. 105, 2009
< (1—
< (I—gq)z”+ P—y T |
(L+q) (1—g¢""'0)(1 —q" ) e
e [n—1][n — 2] Contents
1+ q¢"?) _
22 ( _ 94" (1 — 3 44 44
+ 224 (—[n ) ¢ (1—qx 4 }
By (3.1) and the above equation, we get
P 17 of 21
(4.6) lim M,, ((qt — )% x) =0. age-ro
o0 n 1 Go Back
So, lettingd,, = M,,, (¢t — x)%* ) and takingd = /4,,, we finally obtain
Full Screen
’Mn,q( §I) - f| < 2W(fa \/571)
Close

]
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Theorem 4.2.For all f € Lipy () andzx € [0, 1], we have
(4.8) | Mg () = f < M8,
whered,, = M,, ,(¢; ).

Proof. Using inequality ¢.7) and Hélder’s inequality withh = 2, ¢ = 72, we get

q—Meyer-Konig-Zeller

’Mn,q(f; x) - f‘ S Mn,q(’f<t) — f(.l')’7 x) Durrmeyer Operators
< MMn7q(|t — ;p|a; ;p) Honey Sharma

vol. 10, iss. 4, art. 105, 2009
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Title Page
|Mn,q(f§ f) - f| < Mé;'{/Q. Contents
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Page 18 of 21
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Thus by using Lemma. 1, we get
‘An,k,q<f)‘ < An,k,q(‘f’)

- / brea (0)] (a)|dgt

S w(f, (] / n k:,q t (1 + ) d t g—Meyer-Konig-Zeller
0 Durrmeyer Operators
1 Honey Sharma
=w(f,q") L4 — ) Jo bnk,q(t)dgt — _/ kg () (qt)dgt vol. 10, iss. 4, art. 105, 2009
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