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ABSTRACT. We show that some Hardy-type inequalities on the circle can be proved to be true
on the real line. Namely, we discuss the idea of getting Hardy inequalities on the real line by the
use of corresponding inequalities on the circle. In the last section, we prove the truth of a certain
open problem under some restrictions.
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1. INTRODUCTION

When McGehee, Pigno and Smith [4] proved the Littlewood conjecture, many questions
regarding the best possible generalization of Hardy’s inequality were asked. The longstanding
guestion is: Does there exist a constant 0 such that
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forall f € L'(T)? The truth of this inequality is an open problem. Many attempts were made
to answer this question and many partial results were obtained. We refer the reader to [2], [3],
[6] and [7] for some partial results.

Almost all articles in the literature treat Hardy-type inequalities on the circle and a very few
articles treat them on the real line.

In [8] it was proved that a constant> 0 exists such that for all
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Although this is not the first proved Hardy inequality on the real line, its proof is the first proof
which uses the construction of a bounded functiorRomhose Fourier coefficients have some
desired decay properties.

We have two main goals in this article. The firstis to prove Hardy inequalities on the real line
using well known inequalities on the circle and the second is to prove a real Hardy inequality
on the real line which is related to the open problem|(1.1).

Proving a Hardy inequality usually involves quite a difficult construction and this is because
of the way we prove such inequalities. Again we refer the reader tol[2],.[4],[16], [7]and [8]
for more information on how and why we construct bounded functions with desired Fourier
coefficients.

2. SETUP

Let L' denote the space of all integrable functions (equivalent classes) defingd Bor
f € L', we define the Fourier transform ¢fto be

= [ s

If f € L! then the inversion formula fof holds:

fla) = 5= [ Frereseac

If f € L? then the Fourier transform gfis defined to be thé?— limit:

f(&) = lim f() “da,

n—oo

In this casef € L2 and
f(z) = lim 2—/ f(&)eede, in the L? sense
n—oo L7
The Plancheral theorem then says:
1.
1£fll2 = Ellfllz.

Lemma 2.1. For f,g € L? we have

|t = 5- [ feateiae

We refer the reader to any standard book in analysis for more on these concepts, see for
example([5].

Observe that iff € L' is such thaf is compactly supported, thehe L? and hencef € L2.

Now, givenf € L'(R), define

(2.1) pn(t) =21 > fn(t+27j),  wherefy(z) = Nf(Nx).

j=—o00

Then we have
A AL .
22)  enel'Menm=f(5) and lm fenlm = Il

For a discussion of this idea we refer the readerito [1, p. 160-162].
Thus, the equations ifi (2.1) ar[d (2.2) enable us to move from a function integrable on the
line to a function integrable on the circle. This idea will be used efficiently in the next section
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to prove some Hardy-type inequalities on the real line using only a corresponding inequality on
the circle.

3. FROM THE CIRCLE To THE LINE

In this section we discuss how one can use a Hardy inequality on the circle to obtain an
inequality on the real line.

Recall that Hardy’s inequality on the circle states that a congtant 0 exists such that for
all f € L(T) with f(n) = 0,n < 0 we have

LARINYCTIN

n

As a matter of notation, le/'! (R) be defined by
H'R) = {f € I'®): f(§) =0, v¢ <0}.

In the following theorem we use the above stated Hardy’s inequality to get the well known
Hardy inequality on the line. We should remark that proving such an inequality (on the line) is
a difficult task, but transforming the problem from the circle to the line greatly simplifies the
proof.

Theorem 3.1. There exists an absolute const&nt> 0 such that

I VOl < oy,
0 §

forall f € H'(R).
Proof. Let f € H'(R) be arbitrary and let, foN € N, ¢ (as in [2.1) and (2]2)) be such that:
oy € LY(T),  lim loylleym = Ifllne  and @y(n) = f(n/N).

Clearlypn(n) = 0, ¥n < 0, hence Hardy’s inequality applies and we have
S YO g,
n=1

However, this implies that
N A~
1 [f(n/N)|
——t < :
; N N S lonllzr(r)
We take the limit asvV — oo to get

(3.1) / @ < C|f].

Thus, we have showf (3.1) for any function/ift (R). Now we proceed to prove the inequality
stated in the theorem. That is, we would like to replace the upper limit of the above integral by
oo. For this, letM € N be arbitrary and put(z) = f(x/M). Then

s = M| fllx  and  h(&) = MF(ME).
Now apply (3.1) o to obtain

i) LIfae)|
/0 =l <ci = / e < o,
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PutM¢ =t to get

.
(3.2) / V(g—mdeCHle.

Now, letting M tend tooo, we obtain the result. O

In fact, the idea of this proof can be used to prove many Hardy inequalities on the real line!
It is proved that, see for examplé [3], for all functiofis L!(T) we have

n=1 n=1

Using an argument similar to that of Theorgm| 3.1 we can prove:

Theorem 3.2. There exists a constant > 0 such that for all functiong’ € L*(R) we have

0o | £ 2 0o | £ \|2
0 0

£

This modifies the result proved inl[8].

4. ANOTHER HARDY INEQUALITY

In this section we provg (1.1) on the real line under a certain condition on the signs of the
Fourier coefficients.

We should remark here that the method used to prove this inequality is standard and all recent
articles use this idea; we need a bounded function whose Fourier coefficients obey some desired
decay conditions.

One last remark before proceeding, although the given proof is for a real Hardy inequality,
we can imitate the given steps to prove a similar inequality on the circle.

Forj > 1 put

1 (¥

fi(z) = Z/4 ed¢, xR

j—1

Then we have our first lemma:

Lemma 4.1. Let f; be as above, then

R AT << W,
fi(§) = .
0, otherwise.
Proof. Let
R
9;(&) = .
0, otherwise,

theng,; € L?. Thereforeg; is the Fourier transform of some functién € L? and

1 1T
te) = 5= [ a(€eis
= f(z).
However,h; = g;, which impliesf; = g, as claimed. O

Observe that the above proof implies thfaie L? and
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Lemma 4.2. For f; as above, we have

V6
1750 = -
Proof. Sincef; € L? we have
1 .
1ill = ==l

1 2n /‘” it :
V2 \
Vb
To4d/2

Lemma 4.3. For f; as above and fol/ € N, let

Fy(r) =

j=1

fi(w) = fi(x)

Y

then|| Fy || < C whereC' is some absolute constant (independentQf

Proof. Observe first that

o -] = 2| [ ey

| J i
2 |cos(4'x) — cos(47 1)
T x
2 |2sin?(47712/2) [~1 + 16 cos?(4/~'x) cos? (47~ x /2)]
T x
< @sin2(4j_1x/2)
s |

Note thatF, is an even function, so it suffices to consider only the aase0.
Now, fix x > 0 and observe that

1 sin?(4/12/2) 1 sin?(4/~1x/2)
=60 - e el S e
— 47 x + Z 43 x ’
4-1<x 4=I>z
where, by convention, the second sum is zer if < x for all j > 1.
Now
Isin?(47'2/2) 1 & 1
I S S -
— 47 T o Z 437
4791<z Jj=kaz

wherek, is the smallest positive integer such that < x for all j > k,.
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Consequently

Z 1 sin®(4/~'z/2) 141

— 47 x — 1 34k
4-1<x
< 14 4
——r = —.
—x3 3

Onthe other hand, §_,,. , ; L M is not zero, we get

Z 1 sin®(4 2 /2) o8 Gin 2(4971g/2)
— 47 x o< J x
4=Ii>x Jj=1
logy(1/x) 2
< L (14]-1:[)
4 Tz \ 2
7j=1
log, (1/)
1 )
= —2x 47
64 ,
7j=1
1 4loss(l/z) _ 4
e
64 3
1
< —.
— 192

Thus, we have

O

Now let X be the setof alf € L! such that the sign of(¢) is constant in the blockt/ !, 47).
Then we have our main result:

Theorem 4.4. There is an absolute constait > 0 such that

@.1) / ’f(g)’d£<K||f|| +K/ O 4

forall f € X.

Proof. Let f € X be such thaf is compactly supported, lgt be as above and lét/ € N be

such that the support gfis contained ifi— 1, M]. Denote the sign of in the block(47~1, 47)
by o; and put

= i% (fj(l") —W> ~

Then||F|l«» < C, whereC' is the constant of Lemn@.& Moreovér(¢) = 20, Wherej
is the unique index such thate [47-1,49] U [—47, —47-1] if —4M < ¢ < 4M andF(€) = 0
otherwise.
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Moreover, sincef is of compact support, we hayec L2. Now we apply a standard duality

argument:
Cllflh = ‘ / f (o) Fl)dz

1 PR
— - | | FOF©)e| (see Lemmazn
1 ] 49
Z% ; 4]’71 __’/ f dg‘
1 [e's) 43 R
“ 5 2, SOF F(-6)de].
That is,
@2) - Fiede| < Clfl+ | [ iR
43—1
1 o] 49
* 5 |2 ), SOF F(-€)de|.
However, wherf € (4971,47) U (—47,4771), we haveF(g) = 2n5,, whereo; is the sign off

in (47,47-1). Thus, whert € (47~ 47) we havef () F(¢) = |f( )|. Moreover
[ FeFea <i [ |peo]as

<1Ifllh (/ ds)é (/ |F(€)|2dé>§

< V2 1l Fl2
= V2| fl[ V27| Fl2
<2Vl fll x 2 (Il
j=1
= 46| f1h,
where we have used the facts
M
F(a) =Y o5 (fi(@) = fi(@)) and | fll = Vora—/2
j=1
Consequently[ (4]2) becomes
o] 49 A 00 49 P B
@y > [ Mo+ Y [ e
j=1 43-1 =1 43-1
However, whert € [4°~1 4/] we have
1 < ! and 1 > 1
4i = ¢ VT
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Therefore,[(4.3) boils down to

I ’f(g V< i +K/ Nge

whereK = 4(C + 2v/6) and whereC is the constant of Lemn@.s.

This completes the proof fof € X with the property tha]f Is compactly supported. Now
for generalf € X, consider the convolutiofi x K, whereK, is the Fejer Kernel of ordex. A
standard limiting process yields the result. 0J

Remark:

(1) We note that the above proof can be adopted to prove that: There is an absolute constant
C" > 0 such that for any functiorf € L!(T) whose Fourier coefficients have the same
sign on the block4’~1 47') we have

Mg

1

n

(2) Observe that the condition thathas the same sign on the blogk—!,47) is flexible.
This is because functions itf are in fact equivalent classes. Therefore, evghabeys
our condition but for a set of measure zero, then we may modify our choice by changing
the values off so that the nevy satisfies our condition.
We should remark that this process does not effect the proof above.
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