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ABSTRACT. This paper is devoted to an inequality for divided differences in the multivariate
case which is similar to the inequality obtained by [J¢&€&, and M. Rodt Lipanovi, On

an inequality for divided differenceg\sian-European Journal of Mathematjééol. 1, No. 1
(2008), 113-120].
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1. INTRODUCTION

Recently, Péaric and Lipanow [3] have proved the following inequality for divided differ-
ences.

Theorem 1.1.Let f, g be twon — 1 times continuously differentiable functions on the interval
I C R andn times differentiable on the interidr of I, with the properties thag™ (z) > 0 on

I°, and that the functio% is bounded or°. Then forz;,y; € I (i =1,2,...,n) such that

r; >y foralli=1,2,....nand} ;"  (z; — y;) # 0, the following estimation holds true:

nf () < (21, @l f = [y1s -yl f < Supf (37)
zel® g(n)<x) [.’13'1,.--,$n]g— [yla--->yn]g zel° g(n)<x)
This theorem generalized the following result obtained by [2].
Corollary 1.2. Let f, g be two continuously differentiable functions fanb] and twice differ-
entiable on(a, b),with the properties thag” > 0 on (a, b), and that the functiorﬁ% is bounded

on(a,b). Then fora < ¢ < d < b, the following estimation holds:

fO)—f(d) _ flo)—f(a)
. f”(ZL‘) b—d o c—a f”(l‘)
inf 1" — g(b)—g(d) (c)—g(a) < sup " '
z€(ab) ¢ (l’) g b—fl — g C_Z ze(a,b) 9 (I’)
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2 AIMIN XU AND ZHONGDI CEN

It is worth noting that the technique of the proof for Theorgr in [3] is very natural
and useful. In this paper, using the technique and following the definition of mixed partial
divided difference proposed byl![1], we present a similar inequality for divided differences in
the multivariate case.

2. NOTATIONS AND DEFINITIONS

The following notations will be used in this paper.
We denote byR™ the m—dimensional Euclidean space. L.et R™ be a vector denoted by

(1, x9,...,2m). LetNy be the set of nonnegative integers. Then it is obviousijatC R™.
Denote bye’ € Ni* a unit vector whosgth component ig;;, where
_ )0 g#G
% _{ 1, j=i
Let0° = 1. Fora = (aq, g, ..., ) € NI', we definer® = 2252 - - 22, and then we

haver; = z¢. Definela] = 37, oy, ! = [[[%, ai!. Forz,y € R™, we denoter > y, if

T >y, =1,2,...,m.
a a1 a a2 a Qam
D% = — - e | ——
(o) (&) (an)

Further, let
be a mixed partial differential operator of ordet.

Forz® 2!, ... 2" € R™, we denote by
<$0,:171,...,m"> = {(1 _ZtJ) 20+t + o+t t; >0, th < 1}
7j=1 7=1

the convex hull ofz°, 2%, ..., 2" € R™. Then according to the Hermite-Genocchi formula
for univariate divided difference, the multivariate divided difference (or mixed partial divided
difference) of order. can be defined by the following formula.

Definition 2.1 ([1], see alsol[4,5]) Let o« € N* with |a| = n, andz®, z!,... 2" € R™. Then

the mixed partial divided difference of orderof f is defined by

(2%, 2t .. a"of = Def ((1 — th> 22+ttt —|—tnaz’”> dtdts . . . dt,,
Sn

j=1
where
gn — {(tl,tz,...,tn)m >0,j=1,2,...,m Y t; < 1}_
j=1
Itis easy to see that if we let = 1, then[z°, 2!, ..., 2", f is the ordinary divided difference

in the univariate case. By the definition of the mixed partial divided difference, we also conclude
that

(270, 27 %o f = [2°% 2t 2o f
if (09,01,...,0,)is a permutation of0, 1,...,n). Finally, we give another definition to end
this section.

Definition 2.2 ([4},5]). Let @« € N7* with |a| = n, andz?, z!,... 2" € R™. Then the Newton
fundamental functions are defined by
1, n =20,

wa(z, {2'}]5) = { > M@ —2 ), n>o.

el 4 fein=q

J. Inequal. Pure and Appl. Math10(4) (2009), Art. 103, 6 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

AN INEQUALITY FOR DIVIDED DIFFERENCES INHIGH DIMENSIONS 3

3. MAIN RESULT

We start this section with two lemmas. Using the definition of the mixed partial divided
difference off we have the following lemma.

Lemma 3.1(cf. [4,5]). Leta € NJ* with || = n. If f € C"((2°,2',...,2™)), then there
exists a point € (%, z', ... z") such that

(2%, 2, . 2o f = %D“f(@.

Also using the definition, we have the recurrence relations of the divided differences.
Lemma 3.2. For 5 € Nj* with |5| = n — 1, we have

m
[2' 22, 2 pf — 202t a2 pf = Z(a:” — a2 2. g S
i=1

Proof. By the chain rule for the derivative of the composite function, we have

0 “ "
o D%‘((l—;tj) x0+---+tn:p>
/

Thus,

/ ZDﬂJre f <(1 _ Zn:tj) :CO—F"'—'—tnﬁUn) (x” —xo)eidtn...dtl
S

" i=1

n—1
:/ Dﬁf <t1$1++ (1—Zt]) JZ”) dtl...dtn_l
Sn—1 j=1
n—1
— Dﬁf <(1 — t]> IEO + 4 tnll'nl) dtl ce dtnfl,
Sn—1 j=1

Z(x” — 22 2t e f = 2t 2?2 g f — 2% 2t 2 Y f
i=1

This completes the proof. O

which implies
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Let (z°,...,2", 4%, ...,y") be the convex hull of® 2!, ... 2" ¢° y' ... y*. Now, we
state our main theorem as follows.

Theorem 3.3.Let f,g € C'”“((mo,...,x”,‘yo,...,y )), @ € NI', and |a| = n. If for all
z € (2%..., 2"y ... y") we haveD*™g(z) > 0 (i = 1,2,...,m) and for all 27, ¢’
(=0,1,...,n) we haver’ > ¢/ and} "7 (337", (¢7 — /) £, then

0

0 .1 n _ 1 n
Lg[l‘o?x]-?""x:laf [y y?"'?y ]af§U7
[ZL’ , L ,...,l'n]ag— [y » Y 7-~7?/”]a9
where
Da+e
L = min inf f(z)’
1<i<m ze(20,...,2" y0,....y Da"'el (2)
Da+e
U = max sup Zf(z)
1<i<m 2€(0,...,z7 10, ym) Doate (2)
Proof. It is evident that
a+ei
L< inf D—f(z)
z€(zV,...,.z™ Y0, .., y") Da—l—elg(Z)
Dote’ pate
—f(z) < sup /(z) <U.

T DEG(2) T e, g0,y DOTG(2)
SinceD*t¢ g(z) > 0, 1 < i < m, then
(3.1) LD g(z) < D f(2) <UD g(2).
Let

T = (1—th> 20+ttt + - ta,

j=1
y= (1—th> Yty ety
j=1

Sincef,g € C"((z°, ..., 2", 40, ..., y™)), D¢ g(z) and D¢ f(z) are continuous on each
of the contours between the pointeindz. Then we can find three line integrals satisfying

L / ZDW 2)dz < / ZDQW' f(2)dz <U / ZDW 2)dz;.
=1

This implies that
(3.2) L[D%g(x) — D%g(y)] < D*f(z) — D*f(y) < U[Dg(z) — D%g(y)].

Integrating(3.2) with respect ta;, o, . . ., t,, over then-dimensional simplex,, as defined in
the previous section, we arrive at

L([wa%la cee ’xn]ag - [yoayla s 7yn]ozg)
S [.TO,SCl, s 7xn]af - [Z/anla s 7yn]af
<U([2% 2. .., 209 — W% 9., ¥"]ag)-
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Using Lemmag.I and3.2, we have

[$07$1,...,$n]ag— [y()’yl?.”’ - Z ’-"7yj)xja"'7xn]a+eig
7=0 =1
1 n m
— ate’ (¢
( _|_ — z:: D (617])7

o

whereg; ; € (2%, ... 2" y°, ..., y"). Sincer? > 7, Z;‘L:o Z:’;l(mj—yj)ei # 0andD*t g(z) >
0, we have

2%, 2. 2ag — [0 0.y ag > 0.
Thus,
0 ,.1 n 1,0 5,1 n
Lg[moﬂx17“'7m]0¢f [yoﬂy17"'7y:|af§U.
[I y L 7"'7xn]oég_ [y Y )"'7yn]ag
This completes the proof. O
Consideringy; (2) = 3" i v 4 einaper 227, = 1,2,...,m, we can obtain that

pi('Z) = woz-l-ei(z: {O}?:O)'
Further, let

1 m
p(z) = m ;pi(z)

By calculating, we have

m

:Z—l _jote’,
(a4 €)!

=1
This implies that, forl < i < m,

Dt p(z) = 1> 0,

and

(20, 2%, ... 2"ap = / D%p ((1 — th) ¥+ tt + - +tn$n> dtydty - - - dt,,
S

i

22 tt44 tnx”> dtydty - - - dt,,

Therefore, if we take(z) = p(z) in Theorenj 3.B, we have the following corollary.
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Corollary 3.4. Let f € C™*' ({2°,...,2",%° ...,4"), o € Ny, and|a| = n. If for all
w,y (7=0,1,...,n) we haver’ > ¢/ andy " (3", (27 — /) # 0, then

L' <[2%2' ... 2"af — W 0" .y af S U,

where
L' = ———— min inf D f(z v =)
(n + 1)' 1<i<m ze(a0,...,a" y0,....y"™) f( ) JZ:(; 22:1:( ! )
. . n.m ) i
U/ S sup Da+e f(Z) (l’] _ yj)e .
(n+ 1) 1<i<m 2€(a0,...,zm,y0,...,y") j=0 lzl

In fact, from the procedure of the proof of Theorgm| 3.3, it is not difficult to find that the
conditions of the corollary can be weakened. If we replece y’ andy " > " (27 —y7)*" #

0by >0 o> (27 — ¥)¢" > 0, the corollary holds true as well.
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