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1. Introduction

Recently, Péaric and Lipanow [3] have proved the following inequality for divided
differences.

Theorem 1.1.Let f, g be twon—1 times continuously differentiable functions on the
interval I C R andn times differentiable on the interidi® of I, with the properties

that ¢ (z) > 0 on I°, and that the functior% is bounded orn/°. Then for
z,y; €1 (1=1,2,...,n)suchthaty; > y; foralli=1,2,....nand) "  (x; —
y;) # 0, the following estimation holds true:

nf f(n)($> [T, xalf = (Y1, Yl f f(n)(x)

11 < sup :
xel® g('@(&j) [le,. .. ,SL’n]g — [yl,. .. ,yn}g zelo g(n)(x)

This theorem generalized the following result obtaineddjy [

<

Corollary 1.2. Let f, g be two continuously differentiable functions @nb] and
twice differentiable or{a, b),with the properties thag” > 0 on (a,b), and that the
functionL. is bounded ofla, b). Then fora < ¢ < d < b, the following estimation
holds:

f)=f(d) _ fle)=f(a)
. //(3;) < o cw f”(af)
selo) () = SO _aate) = 2 g (a)

It is worth noting that the technique of the proof for Theorémin [3] is very
natural and useful. In this paper, using the technique and following the definition of
mixed partial divided difference proposed ky,[we present a similar inequality for
divided differences in the multivariate case.
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2. Notations and Definitions

The following notations will be used in this paper.
We denote byR™ the m—dimensional Euclidean space. Let R™ be a vector

denoted by(xy, 2o, ..., x,). LetNy be the set of nonnegative integers. Then it is
obvious thafN]* C R™. Denote bye’ € Ni* a unit vector whosgth component is
dij, Where
_ )0, g#FG
i _{ 1, j=i.
Let0® = 1. Fora = (aj,as,...,a,) € NI, we definer® = z{'zy? - - - x%m,

and then we have; = z¢'. Definela| = 37 oy, a! = [[", a;!. Forz,y € R™,
we denoter > y, if x; > y;, 1 =1,2,...,m.

Further, let
N O\ [/ 0\ g\

be a mixed partial differential operator of ordet.

Forz® 2!, ..., 2" € R™, we denote by
(a2, ) = {(1 — Zg) 2 bt e a8 20, ) < 1}
j=1 j=1
the convex hull oft?, z!,... 2" € R™. Then according to the Hermite-Genocchi

formula for univariate divided difference, the multivariate divided difference (or
mixed partial divided difference) of ordercan be defined by the following formula.
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Definition 2.1 ([1], see also4, 5]). Leta € NJ* with |a| = n, andz® 2!, ... 2" €
R™. Then the mixed partial divided difference of ordeof f is defined by

[xo,ml, o2 af

:/ Do f <<1 —th) 20 + tyat +---+tna:"> dtydts . . . dt,,

where
S" = {(tl,tz,...,tn)uj >0,j=1,2,...,n » t; < 1}.
j=1

It is easy to see that if we let = 1, then[z°, 2!, ... 2"],f is the ordinary di-
vided difference in the univariate case. By the definition of the mixed partial divided
difference, we also conclude that

[0, 270, 2% o f = [2% 2t 2o f

if (09,01,...,0,) is apermutation of0, 1, ...,n). Finally, we give another defini-
tion to end this section.

Definition 2.2 ([4, 5]). Leta € Ni* with || = n, andz®, z!,... 2" € R™. Then
the Newton fundamental functions are defined by

1, n =0,

wa(z, {27}]5) = { > I@—2)", >0

eil +‘..+ein:a
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3. Main Result

We start this section with two lemmas. Using the definition of the mixed partial
divided difference off we have the following lemma.

Lemma 3.1 (cf. 4, 5]). Leta € NJ* with |a| = n. If f € C"((«°,2',...,2")), then

there exists a poing € (z°, x!, ..., z") such that
1 Divided Differences
[q;o’ {L‘l, el g(;n]af = EDQf(g) Aimin Xu and Zhongdi Cen

vol. 10, iss. 4, art. 103, 2009

Also using the definition, we have the recurrence relations of the divided differ-
ences.
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=0ty ™ ; n ;
/ ZDﬁJref((l—th) x0+---+tn$"> (" — %)% dt,,
0 -

J=1

n—1
:Dﬂf <t1$1+"'+ (1_Zt]) xn)
j=1

n—1
- D°f ((1 - th) x0+---+tn_1x"—1> .
j=1

Thus,

/ Z Dﬂ+eif ((1 _ th) 204 tnx”> (" — xo)eidtn coodty
s =1

" i=1

n—1
_ Dﬁf<t1xl+"'+(1_th>xn>dt1'“dt”—l
Sn—1 ]:1

n—1
— / Dﬂf ((1 — Z t]) ZBO + -+ tn_lflTn_l) dtl cee dtn—la
Snfl .
j=1

which implies

This completes the proof.
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Let (z° ..., 2", 4°, ..., y") be the convex hull of® =t ... 2" 4% ', ... y".
Now, we state our main theorem as follows.

Theorem 3.3.Let f,g € C"*'((2%,...,2",¢° ..., y"), a € N, and|a| = n. If
forall z e («°,..., 27,9 ...,y") we haveD*"“g(z) > 0 (i = 1,2,...,m) and
forall 27,47 (j = 0,1,...,n) we haver’ > ¢/ and Y " (>77" (27 —¢/) # 0,

then 0 1 o ,,1
L S [.1'0,1)1,...,33 ]af_ [yoayla"'ay ]ozf S U,
[-T y L 7"'7'Tn]ag— [y Y 7"'>yn]ag
where
Da+ei
L = min inf —iﬂz),
1<i<m ze(20,...,z™ y0,...,.y™) Doate g(Z)
Da+ei
U = max sup —f(z)
1<i<m 2€(x0,...,z7 10, ym) Dote g(Z)
Proof. It is evident that
a+tel
< nf Do J(z)
z€(x0,... 37 30, y™) Date g(z)
DoHrei Donrei
DR Gy
Dote g(Z) z€(x0,...z" YO0, ... .y") Dote g(Z)
SinceDaJ“eig(z) >0, 1<i<m,then
(3.1) LD g(2) < D' f(2) <UD g(2).
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Let

T = <1—Zt]~> ¥+t 4t

j=1
= <1—th> YO byt e
Jj=1 Divided Differences
_ ; i ) imi d Zhongdi C
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Using Lemmas.1 and3.2, we have

[SUO,l'l, s 7$n]ag - [3/073/17 cee 7yn]ag

= Z Z(ZE] - yj)ei [yO’ s ayja xja s 7In]a+eig

=0 i=1
I oSS, el mated
BCESI > @ =) D (&),

where¢;; € («°,... 2", y°, ... y"). Sincea’ > ¢/, 370 (3", (27 — Y £ 0
andD>t¢'g(z) > 0, we have

[xo, z . 2" 0g — [yo, Yt ,Y"ag > 0.
Thus,
0 .1 n _ [0 o1 n
I < [xo,wl,..-,a: Jof [yo,yl,u-,y Jof <U
[l’ , L 7"'7'17”]0[9_ [y Y a"'vyn]ocg
This completes the proof. O

Consideringy; (2) = " vio e 4oteinases 221 1 = 1,2,...,m, we can obtain
that

pz(z) = wa+6i(z> {0}?:0)'
Further, let

1 m
p(z) = m ;1%(@-

By calculating, we have

- 1 i
p(z) = Z m;ﬂ“ :

=1
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This implies that, fol <1i < m,
D p(z) =1 >0,

and .
D%(z) = Z 2
i=1
Then Divided Differences
0 1 n Aimin Xu and Zhongdi Cen
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where

, 1

(n 4+ 1) 1<i<m 2e(@0,....am 90,....ym) I ); ;( v
. ) n.m ) i
U = —— max sup D¢ f(2) G
(n + 1)' 1<i<m z€(x0,... " yO0, ... .y") Jj= ’Zl

In fact, from the procedure of the proof of Theorén, it is not difficult to find
that the conditions of the corollary can be weakened. If we replace ¢’ and

> %:;’;1(:53' — ) £ 0by Y S (a7 — i) > 0, the corollary holds true
as well.
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