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1. Introduction

Recently, Pěcaríc and Lipanovíc [3] have proved the following inequality for divided
differences.

Theorem 1.1.Letf, g be twon−1 times continuously differentiable functions on the
interval I ⊆ R andn times differentiable on the interiorI◦ of I, with the properties
that g(n)(x) > 0 on I◦, and that the functionf

(n)(x)

g(n)(x)
is bounded onI◦. Then for

xi, yi ∈ I (i = 1, 2, . . . , n) such thatxi ≥ yi for all i = 1, 2, . . . , n and
∑n

i=1(xi −
yi) 6= 0, the following estimation holds true:

inf
x∈I◦

f (n)(x)

g(n)(x)
≤ [x1, . . . , xn]f − [y1, . . . , yn]f

[x1, . . . , xn]g − [y1, . . . , yn]g
≤ sup

x∈I◦

f (n)(x)

g(n)(x)
.

This theorem generalized the following result obtained by [2].

Corollary 1.2. Let f, g be two continuously differentiable functions on[a, b] and
twice differentiable on(a, b),with the properties thatg′′ > 0 on (a, b), and that the
function f ′′

g′′
is bounded on(a, b). Then fora < c ≤ d < b, the following estimation

holds:

inf
x∈(a,b)

f ′′(x)

g′′(x)
≤

f(b)−f(d)
b−d

− f(c)−f(a)
c−a

g(b)−g(d)
b−d

− g(c)−g(a)
c−a

≤ sup
x∈(a,b)

f ′′(x)

g′′(x)
.

It is worth noting that the technique of the proof for Theorem1.1 in [3] is very
natural and useful. In this paper, using the technique and following the definition of
mixed partial divided difference proposed by [1], we present a similar inequality for
divided differences in the multivariate case.
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2. Notations and Definitions

The following notations will be used in this paper.
We denote byRm them−dimensional Euclidean space. Letx ∈ Rm be a vector

denoted by(x1, x2, . . . , xm). Let N0 be the set of nonnegative integers. Then it is
obvious thatNm

0 ⊆ Rm. Denote byei ∈ Nm
0 a unit vector whosejth component is

δij, where

δij =

{
0, j 6= i;
1, j = i.

Let 00 = 1. For α = (α1, α2, . . . , αm) ∈ Nm
0 , we definexα = xα1

1 xα2
2 · · ·xαm

m ,
and then we havexi = xei

. Define|α| =
∑m

i=1 αi, α! =
∏m

i=1 αi!. Forx, y ∈ Rm,
we denotex ≥ y, if xi ≥ yi, i = 1, 2, . . . ,m.

Further, let

Dα =

(
∂

∂x1

)α1
(

∂

∂x2

)α2

· · ·
(

∂

∂xm

)αm

be a mixed partial differential operator of order|α|.
Forx0, x1, . . . , xn ∈ Rm, we denote by

〈
x0, x1, . . . , xn

〉
=

{(
1 −

n∑
j=1

tj

)
x0 + t1x

1 + · · · + tnx
n| tj ≥ 0,

n∑
j=1

tj ≤ 1

}

the convex hull ofx0, x1, . . . , xn ∈ Rm. Then according to the Hermite-Genocchi
formula for univariate divided difference, the multivariate divided difference (or
mixed partial divided difference) of ordern can be defined by the following formula.

http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au


Divided Differences

Aimin Xu and Zhongdi Cen

vol. 10, iss. 4, art. 103, 2009

Title Page

Contents

JJ II

J I

Page 5 of 13

Go Back

Full Screen

Close

Definition 2.1 ([1], see also [4, 5]). Letα ∈ Nm
0 with |α| = n, andx0, x1, . . . , xn ∈

Rm. Then the mixed partial divided difference of ordern of f is defined by

[x0, x1, . . . , xn]αf

=

∫
Sn

Dαf

((
1 −

n∑
j=1

tj

)
x0 + t1x

1 + · · · + tnx
n

)
dt1dt2 . . . dtn,

where

Sn =

{
(t1, t2, . . . , tn)| tj ≥ 0, j = 1, 2, . . . , n;

n∑
j=1

tj ≤ 1

}
.

It is easy to see that if we letm = 1, then[x0, x1, . . . , xn]αf is the ordinary di-
vided difference in the univariate case. By the definition of the mixed partial divided
difference, we also conclude that

[xσ0 , xσ1 , . . . , xσn ]αf = [x0, x1, . . . , xn]αf

if (σ0, σ1, . . . , σn) is a permutation of(0, 1, . . . , n). Finally, we give another defini-
tion to end this section.

Definition 2.2 ([4, 5]). Let α ∈ Nm
0 with |α| = n, andx0, x1, . . . , xn ∈ Rm. Then

the Newton fundamental functions are defined by

ωα(x, {xj}n−1
j=0 ) =

{
1, n = 0,∑
ei1+···+ein=α

∏n
j=1(x − xj−1)eij

, n > 0.
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3. Main Result

We start this section with two lemmas. Using the definition of the mixed partial
divided difference off we have the following lemma.

Lemma 3.1 (cf. [4, 5]). Letα ∈ Nm
0 with |α| = n. If f ∈ Cn(〈x0, x1, . . . , xn〉), then

there exists a pointξ ∈ 〈x0, x1, . . . , xn〉 such that

[x0, x1, . . . , xn]αf =
1

n!
Dαf(ξ).

Also using the definition, we have the recurrence relations of the divided differ-
ences.

Lemma 3.2. For β ∈ Nm
0 with |β| = n − 1, we have

[x1, x2, . . . , xn]βf − [x0, x1, . . . , xn−1]βf =
m∑

i=1

(xn − x0)ei

[x0, x1, . . . , xn]β+eif.

Proof. By the chain rule for the derivative of the composite function, we have

∂

∂tn
Dβf

((
1 −

n∑
j=1

tj

)
x0 + · · · + tnx

n

)

=
m∑

i=1

Dβ+ei

f

((
1 −

n∑
j=1

tj

)
x0 + · · · + tnx

n

)
(xn − x0)ei

.
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Hence,∫ 1−
∑n−1

j=1 tj

0

m∑
i=1

Dβ+ei

f

((
1 −

n∑
j=1

tj

)
x0 + · · · + tnx

n

)
(xn − x0)ei

dtn

= Dβf

(
t1x

1 + · · · +

(
1 −

n−1∑
j=1

tj

)
xn

)

−Dβf

((
1 −

n−1∑
j=1

tj

)
x0 + · · · + tn−1x

n−1

)
.

Thus,∫
Sn

m∑
i=1

Dβ+ei

f

((
1 −

n∑
j=1

tj

)
x0 + · · · + tnx

n

)
(xn − x0)ei

dtn . . . dt1

=

∫
Sn−1

Dβf

(
t1x

1 + · · · +

(
1 −

n−1∑
j=1

tj

)
xn

)
dt1 . . . dtn−1

−
∫

Sn−1

Dβf

((
1 −

n−1∑
j=1

tj

)
x0 + · · · + tn−1x

n−1

)
dt1 . . . dtn−1,

which implies

m∑
i=1

(xn − x0)ei

[x0, x1, . . . , xn]β+eif = [x1, x2, . . . , xn]βf − [x0, x1, . . . , xn−1]βf.

This completes the proof.
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Let 〈x0, . . . , xn, y0, . . . , yn〉 be the convex hull ofx0, x1, . . . , xn, y0, y1, . . . , yn.
Now, we state our main theorem as follows.

Theorem 3.3. Let f, g ∈ Cn+1(〈x0, . . . , xn, y0, . . . , yn〉), α ∈ Nm
0 , and|α| = n. If

for all z ∈ 〈x0, . . . , xn, y0, . . . , yn〉 we haveDα+ei
g(z) > 0 (i = 1, 2, . . . ,m) and

for all xj, yj (j = 0, 1, . . . , n) we havexj ≥ yj and
∑n

j=0

∑m
i=1(x

j − yj)ei 6= 0,
then

L ≤ [x0, x1, . . . , xn]αf − [y0, y1, . . . , yn]αf

[x0, x1, . . . , xn]αg − [y0, y1, . . . , yn]αg
≤ U,

where

L = min
1≤i≤m

inf
z∈〈x0,...,xn,y0,...,yn〉

Dα+ei
f(z)

Dα+eig(z)
,

U = max
1≤i≤m

sup
z∈〈x0,...,xn,y0,...,yn〉

Dα+ei
f(z)

Dα+eig(z)
.

Proof. It is evident that

L ≤ inf
z∈〈x0,...,xn,y0,...,yn〉

Dα+ei
f(z)

Dα+eig(z)

≤ Dα+ei
f(z)

Dα+eig(z)
≤ sup

z∈〈x0,...,xn,y0,...,yn〉

Dα+ei
f(z)

Dα+eig(z)
≤ U.

SinceDα+ei
g(z) > 0, 1 ≤ i ≤ m, then

(3.1) LDα+ei

g(z) ≤ Dα+ei

f(z) ≤ UDα+ei

g(z).
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Let

x̄ =

(
1 −

n∑
j=1

tj

)
x0 + t1x

1 + · · · + tnx
n,

ȳ =

(
1 −

n∑
j=1

tj

)
y0 + t1y

1 + · · · + tny
n.

Sincef, g ∈ Cn+1(〈x0, . . . , xn, y0, . . . , yn〉), Dα+ei
g(z) andDα+ei

f(z) are continu-
ous on each of the contours between the pointsȳ andx̄. Then we can find three line
integrals satisfying

L

∫ x̄

ȳ

m∑
i=1

Dα+ei

g(z)dzi ≤
∫ x̄

ȳ

m∑
i=1

Dα+ei

f(z)dzi

≤ U

∫ x̄

ȳ

m∑
i=1

Dα+ei

g(z)dzi.

This implies that

(3.2) L[Dαg(x̄) −Dαg(ȳ)] ≤ Dαf(x̄) −Dαf(ȳ) ≤ U [Dαg(x̄) −Dαg(ȳ)].

Integrating(3.2) with respect tot1, t2, . . . , tn over then-dimensional simplexSn as
defined in the previous section, we arrive at

L([x0, x1, . . . ,xn]αg − [y0, y1, . . . , yn]αg)

≤ [x0, x1, . . . , xn]αf − [y0, y1, . . . , yn]αf

≤ U([x0, x1, . . . , xn]αg − [y0, y1, . . . , yn]αg).
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Using Lemmas3.1 and3.2, we have

[x0, x1, . . . , xn]αg − [y0, y1, . . . , yn]αg

=
n∑

j=0

m∑
i=1

(xj − yj)ei

[y0, . . . , yj, xj, . . . , xn]α+eig

=
1

(n + 1)!

n∑
j=0

m∑
i=1

(xj − yj)ei

Dα+ei

g(ξi,j),

whereξi,j ∈ 〈x0, . . . , xn, y0, . . . , yn〉. Sincexj ≥ yj,
∑n

j=0

∑m
i=1(x

j − yj)ei 6= 0

andDα+ei
g(z) > 0, we have

[x0, x1, . . . , xn]αg − [y0, y1, . . . , yn]αg > 0.

Thus,

L ≤ [x0, x1, . . . , xn]αf − [y0, y1, . . . , yn]αf

[x0, x1, . . . , xn]αg − [y0, y1, . . . , yn]αg
≤ U.

This completes the proof.

Consideringpi(z) =
∑

ei0+ei1+···+ein=α+ei zα+ei
, i = 1, 2, . . . ,m, we can obtain

that
pi(z) = ωα+ei(z, {0}n

j=0).

Further, let

p(z) =
1

(n + 1)!

m∑
i=1

pi(z).

By calculating, we have

p(z) =
m∑

i=1

1

(α + ei)!
zα+ei

.
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This implies that, for1 ≤ i ≤ m,

Dα+ei

p(z) = 1 > 0,

and

Dαp(z) =
m∑

i=1

zei

.

Then

[x0, x1, . . . , xn]αp

=

∫
Sn

Dαp

((
1 −

n∑
j=1

tj

)
x0 + t1x

1 + · · · + tnx
n

)
dt1dt2 · · · dtn

=
m∑

i=1

∫
Sn

((
1 −

n∑
j=1

tj

)
x0 + t1x

1 + · · · + tnx
n

)ei

dt1dt2 · · · dtn

=
m∑

i=1

∫
Sn

((
1 −

n∑
j=1

tj

)
(x0)ei

+ t1(x
1)ei

+ · · · + tn(xn)ei

)
dt1dt2 · · · dtn

=
1

(n + 1)!

n∑
j=0

m∑
i=1

(xj)ei

.

Therefore, if we takeg(z) = p(z) in Theorem3.3, we have the following corol-
lary.

Corollary 3.4. Let f ∈ Cn+1 (〈x0, . . . , xn, y0, . . . , yn〉), α ∈ Nm
0 , and |α| = n. If

for all xj, yj (j = 0, 1, . . . , n) we havexj ≥ yj and
∑n

j=0

∑m
i=1(x

j − yj)ei 6= 0,
then

L′ ≤ [x0, x1, . . . , xn]αf − [y0, y1, . . . , yn]αf ≤ U ′,

http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au


Divided Differences

Aimin Xu and Zhongdi Cen

vol. 10, iss. 4, art. 103, 2009

Title Page

Contents

JJ II

J I

Page 12 of 13

Go Back

Full Screen

Close

where

L′ =
1

(n + 1)!
min

1≤i≤m
inf

z∈〈x0,...,xn,y0,...,yn〉
Dα+ei

f(z)
n∑

j=0

m∑
i=1

(xj − yj)ei

,

U ′ =
1

(n + 1)!
max

1≤i≤m
sup

z∈〈x0,...,xn,y0,...,yn〉
Dα+ei

f(z)
n∑

j=0

m∑
i=1

(xj − yj)ei

.

In fact, from the procedure of the proof of Theorem3.3, it is not difficult to find
that the conditions of the corollary can be weakened. If we replacexj ≥ yj and∑n

j=0

∑m
i=1(x

j − yj)ei 6= 0 by
∑n

j=0

∑m
i=1(x

j − yj)ei
> 0, the corollary holds true

as well.
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