Journal de Théorie des Nombres de Bordeaux 8 (1996), 429–442

On the mean values of Dedekind Sums

par Wenpeng ZHANG

Résumé. On étudie dans ce papier le comportement asymtotique de valeurs moyennes de sommes de Dedekind. On donne en particulier une formule asymptotique améliorant un résultat antérieur.

Abstract. In this paper we study the asymptotic behavior of the mean value of Dedekind sums, and give a sharper asymptotic formula.

1. Introduction

For a positive integer k and an arbitrary integer h, the Dedekind sum S(h, k) is defined by S(h, k) = k∑ a=1 (( a k )) (( ah k ))

where

((x)) = { x − [x] − 1 2 if x is not an integer;

0 if x is an integer.

The various properties of S(h, k) were investigated by many authors. Perhaps the most famous property of Dedekind sums is the reciprocity formula (see [3], [5], [6]): (1) S(h, k) + S(k, h) = h^2 + k^2 + 1 12hk − 1 4 for all (h, k) = 1, h > 0, k > 0. A three term version of (1) was discovered by Rademacher [7]. Walum [8] has shown that for prime p ≥ 3, (2) ∑ χ mod p χ(−1)=−1 |L(1, χ)|^4 = π^4(p − 1) p^2 p∑ h=1 |S(h, p)|^2

Mots-clés : Dedekind sums; Dirichlet L-functions; Mean value; Asymptotic formula. Manuscrit reçu le 9 mai 1996

and (3) ∑ χ mod p χ(−1)=−1 |L(1, χ)|^2 = π^2(p − 1)^2(p − 2) 12p^2

Recently, J.B. Conrey et al. [4] studied the mean value distribution of S(h, k), and proved that

(4) k∑_′ h=1 |S(h, k)|^{2m} = f_m(k) ( k 12 )_{2m} + O (( k^{95} + k^{2m−1+ 1}m^{+1} ) log^3 k ) ,

where ∑_′ h denotes the summation over all h such that (k, h) = 1, and

∞∑ n=1 f_m(n) n^s = 2 ζ^2(2m) ζ(4m) · ζ(s + 4m − 1) ζ^2(s + 2m) ζ(s).

In the spirit of [4] and [8], we use the estimates for character sum and the properties of Dirichlet’s L-functions to give a sharper asymptotic formula for (4), where m = 1 and k = p^n, a power of a prime. That is, we shall prove the following two theorems.

Theorem 1. Let p be a prime and n be a positive integer. Then for k = p^n, we have the asymptotic formula k∑_′ h=1 |S(h, k)|^2 = 5 144 k^2

(p^2 − 1)^2 p(p^3 − 1) + O ( k exp ( 3 ln k ln ln k )) ,

where the constant implied by the O-symbol does notdepend on any parameter, and exp(y) = e^y .

Theorem 2. Let n be an integer ≥ 1, p be a prime, and k = p^n. Then we have_k ∑_′ h=1 S(h, k) h = π^2 72 k ( 1 − 1 p^2 ) + O (√ k ) .

Corollary. Let p be a prime. Then we have the asymptotic formulas 1) p∑ h=1 |S(h, p)|^2 = 5 144 p^2 + O ( p exp ( 3 ln p ln ln p )) . 2) p∑ h=1 S(h, p) h = π^2 72 p + O ( √ p) . 2. Some Lemmas

To prove the theorems, we need the following lemmas.

Lemma 1. Let q be an integer ≥ 3, and let χ be any Dirichlet character modulo q with χ(−1) = −1. Then we have L(1, χ) = π 2q q∑ r=1 χ(r) cot πr q where L(s, χ) denotes Dirichlet L-function corresponding to χ modulo q.

Proof. Let N ≥ 3 be an integer. Then we have ∑ 1≤n≤Nq χ(n) n = q∑ a=1 N−1∑ ℓ=0 χ(ℓq + a) ℓq + a = 1 q q∑ a=1 χ(a) N−1∑ ℓ=0 1 ℓ + a/q . (5) Note that since χ(−1) = −1, we also have ∑ 1≤n≤Nq χ(n) n = 1 q q∑ a=1 χ(q − a) N−1∑ ℓ=0 1 ℓ + 1 − a/q = −1 q q∑ a=1 χ(a) N∑ ℓ=1 1 ℓ − a/q . (6) Thus from (5) and (6) we get 2 ∑ 1≤n≤Nq χ(n) n = 1 q q∑ a=1 χ(a) (_{N−1} ∑ ℓ=0 1 ℓ + a/q − N∑ ℓ=1 1 ℓ − a/q )

= 1 q q∑ a=1 χ(a) ( 1 a/q + N−1∑ ℓ=1 ( 1 ℓ + a/q − 1 ℓ − a/q ) − 1 N − a/q )

= 1 q q∑ a=1 χ(a) ( 1 a/q + N−1∑ ℓ=1 ( 1 ℓ + a/q − 1 ℓ − a/q )) + O ( 1 N − 1 ) .

Taking N → ∞ in the above, and noting that lim_{n→∞} ∑ 1≤n≤Nq χ(n) n = L(1, χ)

and a q + ∞∑ ℓ=1 ( 1 ℓ + a/q − 1 ℓ + a/q ) = π cot πa q , the lemma follows.

Lemma 2. Let k be an integer ≥ 3 and (h, k) = 1. Then S(h, k) = 1 π^2k ∑ d|k d^2 ϕ(d) ∑ χ mod d χ(−1)=−1 χ(h) |L(1, χ)|^2 ,

where ϕ(k) is the Euler function.

Proof. Note that k∑ a=1 χ(a) cot πa k = 0 if χ(−1) = 1. For (c, k) = 1, from

Lemma 1 and the orthogonality of characters modulo k we have the identity ∑ χ mod k χ(−1)=−1 χ(c)L(1, χ) = ∑ χ mod k χ(−1)=−1 χ(c) ( π 2k k∑ b=1 χ(b) cot πb k )

= ∑ χ mod k χ(c) ( π 2k k∑ b=1 χ(b) cot πb k ) = πϕ(k) 2k cot πc k .

Hence

(7) cot πc k = 2k πϕ(k) ∑ χ mod k χ(−1)=−1 χ(c)L(1, χ)

From [2] we know that

(8) (( uh k )) = − 1 2k k−1∑ a=1 sin 2πahu k cot πa k .

Thus

(9) (( uh k )) = − 1 2k k∑ a=1 sin 2πahu k cot πa k

= − 1 2k ∑ d|k k/d∑ a=1 2k/d πϕ(k/d) ∑ χ mod k/d χ(−1)=−1 χ(a)L(1, χ) e (_{ahu} k/d ) − e (_{−ahu} k/d ) 2i

= i 2π ∑ d|k 1 dϕ(k/d) ∑ χ mod k/d χ(−1)=−1 L(1, χ) k/d∑ a=1 χ(a) ( e ( ahu k/d ) − e ( −ahu k/d ))

= i 2π ∑ d|k 1 dϕ(k/d) ∑ χ mod k/d χ(−1)=−1 χ(h)L(1, χ) k/d∑ a=1 χ(a) ( e ( au k/d ) − e ( −au k/d ))

= i π ∑ d|k 1 dϕ(k/d) ∑ χ mod k/d χ(−1)=−1 χ(h)L(1, χ) k/d∑ a=1 χ(a)e ( au k/d ) ,

where e(y) = e^{2πiy} , i^2 = −1, (h, k) = 1. Similarly, we also have

(10) ((u k )) = i π ∑ d|k 1 dϕ(k/d) ∑ χ mod k/d χ(−1)=−1 L(1, χ) k/d∑ a=1 χ(a)e ( au k/d ) .

Note that from the definitions of S(h, k), and from (9) and (10) we get

S(h, k) = k∑ c=1 (( c k )) (( ch k ))

= −1 π^2 ∑ u|k ∑ v|k 1 uϕ(k/u) 1 vϕ(k/v) × ∑ χ1 mod k/u χ1(−1)=−1 ∑ χ2 mod k/v χ2(−1)=−1 χ_1(h)L(1, χ_1)L(1, χ_2)

× k∑ c=1 k/u∑ a=1 χ_1(a)e ( ac k/u ) k/v∑ b=1 χ_2(b)e ( bc k/v )

= k π^2 ∑ d|k 1 d^2ϕ(k/d) ∑ χ mod k/d χ(−1)=−1 χ(h) |L(1, χ)|^2

= 1 π^2k ∑ d|k d^2 ϕ(d) ∑ χ mod d χ(−1)=−1 χ(h) |L(1, χ)|^2 ,

where we have used the identities k/u∑ a=1 k/v∑ b=1 χ_1(a)χ_2(b) k∑ c=1 e ( (au + bv)c k )

= k k/u∑ a=1 χ_1(a)χ_2(k/u − a), if u = v; 0, if u ≠ v. = { −kϕ(k/u), if χ_1 = χ_2 and u = v; 0, if χ_1 ≠ χ_2 or u ≠ v.

This completes the proof of Lemma 2.

Lemma 3. Let q be an integer ≥ 3. Then we have the asymptotic formula ∑ χ mod q χ(−1)=−1 |L(1, χ)|^4 =

5π^4 144 ϕ(q) ∏ p|q (p^2 − 1)^3 p^4(p^2 + 1) + O ( ϕ(q) q exp ( 3 ln q ln ln q )) .

Proof. For any parameter N ≥ q, applying Abel’s identity we have

L^2(1, χ) = ∞∑ n=1 χ(n)d(n) n = ∑ 1≤n≤N χ(n)d(n) n + ∫_∞ N A(y, χ) y^2 dy, (11)

where d(n) is the divisor function. We have A(y, χ) = ∑ N<n≤y χ(n)d(n). Note that the identities

A(y, χ) = 2 ∑ n≤ √ y χ(n) ∑ m≤y/n χ(m) − 2 ∑ n≤ √ N χ(n) ∑ m≤N/n χ(m)−

− ∑ n≤ √ y χ(n) 2 + ∑ n≤ √ N χ(n) 2 .

Applying the Cauchy inequality and estimates for character sums we have

∑ χ mod q χ(−1)=−1 |A(y, χ)|^2 ≪ √ y ∑ n≤ √ y ∑ χ mod q χ(−1)=−1

| | | ∑ m≤y/n χ(m) | | | 2 +

+ √ N ∑ n≤ √ N ∑ χ mod q χ(−1)=−1

| | | ∑ m≤N/n χ(m) | | | 2 +

+ y ∑ χ mod q χ(−1)=−1

| | | ∑ n≤ √ y χ(n) | | | 2 + N ∑ χ mod q χ(−1)=−1

| | | ∑ n≤ √ N χ(n) | | | 2

≪ yϕ^2(q). (12)

Thus from (12) we get

∑ χ mod q χ(−1)=−1

| | ∫_∞ N A(y, χ) y^2 dy | |^2

= ∫_∞ N ∫_∞ N 1 y^2z^2 ∑ χ mod q χ(−1)=−1 |A(y, χ)| · |A(z, χ)| dydz

≪ ∫_∞ N 1 y^2 ∑ χ mod q χ(−1)=−1 |A(y, χ)|^2 1 2 dy 2

≪ (∫_∞ N 1 y^{3/2} ϕ(q)dy )_2 ≪ ϕ^2(q) N . (13)

Note that for (ab, q) = 1, from the orthogonality relation for character sums modulo q we have

∑ χ mod q χ(−1)=−1 χ(a)χ)b) = 1 2 ϕ(q), if a ≡ b(q); −^1_2 ϕ(q), if a ≡ −b(q); 0, otherwise.

Hence

(14) ∑ χ mod q χ(−1)=−1

| | | | ∑ 1≤n≤N χ(n)d(n) n | | | | 2 =

= 1 2 ϕ(q) ∑ 1≤a,b≤N (ab,q)=1 a≡b(q)

d(a)d(b) ab − 1 2 ϕ(q) ∑ 1≤a,b≤N (ab,q)=1 a≡−b(q)

d(a)d(b) ab

= 1 2 ϕ(q) ∑ 1≤a≤N (a,q)=1 d^2(a) a^2 + O ϕ(q) N∑ b=1 [N/q]∑ ℓ=1 d(b)d(ℓq + b) (ℓq + b)b +

+ O ( ϕ(q) q−1∑ a=1 d(a)d(q − a) a(q − a) ) +

+ O ϕ(q) ∑ 1≤a≤N ∑ (1+a/q)≤ℓ≤N/q d(a)d(ℓq − a) a(ℓq − a) = 1 2 ϕ(q) ∞∑ n=1 (n,q)=1 d^2(n) n^2 + O ( ϕ(q) q exp ( ln N ln ln N ))

= 1 2 ϕ(q) ζ^4(2) ζ(4) ∏ p|q (p^2 − 1)^3 p^4(p^2 + 1) + O ( ϕ(q) q exp ( ln N ln ln N ))

= 5 144 π^4ϕ(q) ∏ p|q (p^2 − 1)^3 p^4(p^2 + 1) + O ( ϕ(q) q exp ( ln N ln ln N )) ,

where we have used the estimate d(n) ≪ exp

(_{(1+ϵ) ln 2 ln n}

ln ln n ) , and ζ(s) is the Riemann zeta-function.

(15) ∑ χ mod q χ(−1)=−1 ∑ 1≤n≤N χ(n)d(n) n (∫_∞ N A(y, χ) y^2 dy )

≪ (ln N)^2 ∫_∞ N 1 y^2 ∑ χ mod q χ(−1)=−1 |A(y, χ)| dy ≪ ϕ 3 2 (q)(ln N)^2N^{− 12} .

Taking the parameter N = q^3, from (11), (13), (14) and (15) we obtain ∑ χ mod q χ(−1)=−1 |L(1, χ)|^4 = 5 144 π^4ϕ(q) ∏ p|q (p^2 − 1)^3 p^4(p^2 + 1) + O ( ϕ(q) q exp ( 3 ln q ln ln q )) .

This proves lemma 3.

3. Proof of the theorems

In this section, we shall complete the proof of the theorems. First we prove theorem 1. For k = p^n, applying Lemma 2 and Lemma 3 we have k∑_′ h=1 |S(h, k)|^2 = 1 π^4k^2 k∑_′ h=1

| | | | ∑ d|k d^2 ϕ(d) ∑ χ mod d χ(−1)=−1 χ(h)|L(1, χ)|^2 | | | |

2

= 1 π^4k^2 ∑ u|k ∑ v|k u^2 ϕ(u) v^2 ϕ(v) × ∑ χ1 mod u χ1(−1)=−1 ∑ χ2 mod v χ2(−1)=−1 |L(1, χ_1)|^2|L(1, χ_2)|^2 k∑ h=1 χ_1(h)χ_2(h)

= ϕ(k) π^4k^2 2 ∑ u|k ∑ v|u u^2 ϕ(u) v^2 ϕ(v) ∑ χ mod v χ(−1)=−1 |L(1, χ)|^4

− ∑ u|k u^4 ϕ^2(u) ∑ χ mod u χ(−1)=−1 |L(1, χ)|^4

= ϕ(k) π^4k^2 ∑ u|k ∑ v|u u^2 ϕ(u) v^2 ϕ(v) [ 10 144 π^4ϕ(v)

(p^2 − 1)^3 p^4(p^2 + 1) + O ( ϕ(v) v exp ( 3 ln v ln ln v ))]

− ϕ(k) π^4k^2 ∑ u|k u^4 ϕ^2(u) [ 5 144 π^4ϕ(u)

(p^2 − 1)^3 p^4(p^2 + 1) + O ( ϕ(u) u exp ( 3 ln u ln ln u ))]

= 5 144 ϕ(k) k^2

(p^2 − 1)^3 p^4(p^2 + 1) 2 ∑ u|k ∑ v|u u^2v^2 ϕ(u) − ∑ u|k u^4 ϕ(u) + O ( kexp ( 3 ln k ln ln k ))

= 5 144 k^2

(p^2 − 1)^2 p(p^3 − 1) + O ( kexp ( 3 ln k ln ln k )) . This completes the proof of Theorem 1.

Proof of Theorem 2. For real y ≥ k = p^n, let U(y, χ) = ∑ k<n≤y χ(n). Note that k∑_′ h=1 S(h, k) h = 1 π^2k ∑ d|k d^2 ϕ(d) ∑ χ mod d χ(−1)=−1

(_k ∑ h=1 χ(h) h ) |L(1, χ)|^2

= 1 π^2k ∑ d|k d^2 ϕ(d) ∑ χ mod d χ(−1)=−1

( L^2(1, χ)L(1, χ) − |L(1, χ)|^2 ∫_∞ k U(y, χ) y^2 dy ) . (16)

Using the method of proving Lemma 3 we get (17) ∑ χ mod q χ(−1)=−1 L^2(1, χ)L(1, χ) = π^4 72 ϕ(q) ∏ p|q ( 1 − 1 p^2

)_2 + O ( exp ( 3 ln q ln ln q )) .

Note that the estimate ∑ χ mod q χ(−1)=−1 |U(y, χ)|^2 ≪ ϕ^2(q)

holds. Now, using the Cauchy inequality and Lemma 3 we get

(18) ∑ χ mod d χ(−1)=−1 |L(1, χ)|^2 ∫_∞ k U(y, χ) y^2 dy ≪ ϕ^{32} (d) k .

From (16), (17) and (18) we obtain k∑_′ h=1 S(h, k) h = 1 π^2k ∑ d|k d^2 ϕ(d) [ π^4 72 ϕ(d) ( 1 − 1 p^2

)_2 + O ( ϕ^32 (d) d )]

= π^2 72 k ( 1 − 1 p^2 ) + O (√ ϕ(k) ) .

Remark. In [9] and [10], we proved a generalized version of (3). i.e.

Theorem A. Let q be an integer ≥ 3. Then we have ∑ χ mod q χ(−1)=−1 |L(1, χ)|^2 = π^2 12 ϕ^2(q) q^2 q ∏ p|q ( 1 + 1 p ) − 3 ,

where the summation is over all odd Dirichlet characters modulo q.

Theorem B. Let q be a square-full number ( i.e. q ≥ 4 and a prime p|q implies p^2|q ). Then we have ∑_∗ χ mod q χ(−1)=−1 |L(1, χ)|^2 = π^2 12 ϕ^3(q) q^2 ∏ p|q ( 1 + 1 p ) ,

where the summation is over all odd primitive Dirichlet characters modulo q. Using Lemma 2 we can give a simple proof of Theorem A and Theorem B.

In fact, note that for k ≥ 2, from the definition of S(h, k) we have

S(1, k) = k−1∑ a=1 ( a k − 1 2 )_2 = (k − 1)(k − 2) 12k From this identity, Lemma 2 with h = 1 and the Möbius inversion formula we get

q^2 ϕ(q) ∑ χ mod q χ(−1)=−1 |L(1, χ)|^2 = π^2 ∑ d|q μ(d) q d S ( 1, q d )

= π^2 ∑ d|q μ(d) (_q d − 1 ) (_q d − 2 ) 12 = π^2 12 ∑ d|q μ(d) ( q^2 d^2 − 3 q d + 2 )

= π^2 12 q^2 ∑ d|q μ(d) d^2 − 3q ∑ d|q μ(d) d + 2 ∑ d|q μ(d)

= π^2 12 ϕ(q) q ∏ p|q ( 1 + 1 p ) − 3 .

This proves Theorem A.

If q be a square-full number, then using the Möbius inversion formula and Theorem A we get

∑_∗ χ mod q χ(−1)=−1 |L(1, χ)|^2 = ∑ d|q μ(d) ∑ χ mod q/d χ(−1)=−1 |L(1, χ)|^2

= ∑ d|q μ(d) π^2 12 ϕ^2(q/d) (q/d)^2 q d ∏ p|q/d ( 1 + 1 p ) − 3

= π^2 12 ϕ^3(q) q^2 ∏ p|q ( 1 + 1 p ) .

This completes the proof of Theorem B.

Acknowledgements

The author expresses his gratitude to the referee for his helpful and detailed comments.

References

1. Tom M. Apostol, Introduction to Analytic Number Theory, Springer-Verlag, New York, 1976.

2. , Modular Functions and Dirichlet Series in Number Theory, Springer-Verlag, New York, 1976.

3. L. Carlitz, The reciprocity theorem for Dedekind sums, Pacific J. Math. 3 (1953), 523-527.

4. J. B. Conrey, Eric Fransen, Robert Klein and Clayton Scott, Mean values of Dedekind sums, J. Number Theory 56 (1996), 214-226.

5. L. J. Mordell, The reciprocity formula for Dedekind sums, Amer. J. Math. 73 (1951), 593-598.

6. H. Rademacher, On the transformation of log η(τ), J. Indian Math. Soc. 19 (1955), 25-30.

7. H. Rademacher and E. Grosswald, Dedekind Sums, The Carus Mathematical Monographs, Math. Assoc. Amer., Washington D.C., 1972.

8. H. Walum, An exact formula for an average of L-series, Illinois J. Math. 26 (1982), 1-3.

9. Zhang Wenpeng, Lecture Notes in Contemporary Mathematics, Science Press, Beijing, China, 1989.

10. Zhang Wenpeng, A note on a class mean square values of L-functions, Journal of Northwest University 20 (1990), 9-12.

11. D. E. Knuth, Notes on generalized Dedekind sums, Acta Arith. 33 (1977), 297-325.

Wenpeng Zhang Department of Mathematics Northwest University Xi’an, Shaanxi P. R. China.