Journal de Théorie des Nombres de Bordeaux 12 (2000), 597–660

Invariants of a quadratic form attached to a tame covering of schemes

par Philippe CASSOU-NOGUÈS, Boas EREZ et Martin J. TAYLOR

À Jacques Martinet

Résumé. Nous étendons des résultats de Serre, Esnault-Kahn- Viehweg et Kahn, et nous montrons une relation entre des invariants dans la cohomologie étale modulo 2, qui sont obtenus à partir d’un revêtement modérément ramifié de schémas à ramification impaire. Le premier type d’invariant est construit à l’aide d’une forme quadratique naturelle définie par le revêtement. Dans le cas d’un revêtement de schémas de Dedekind cette forme est donnée par la racine carrée de la codifférente avec la forme trace. Dans le cas d’un revêtement de surfaces de Riemann la forme provient de l’existence d’une caractéristique théta canonique. Le deuxième type d’invariant est défini à l’aide de la représentation du groupe fondamental modéré, qui est attachée au revêtement. Notre formule est valable sans restriction sur la dimension. Pour les revêtements non-ramifiés la formule est due aux auteurs précités.

Les deux contributions essentielles de notre travail sont de montrer (1) comment ramener la démonstration de la formule au cas non-ramifié en toute dimension et (2) comment maîtriser les difficultés provenant de la présence de points singuliers dans le lieu de ramification du revêtement, en utilisant ce que nous appelons “normalisation le long d’un diviseur”. Notre approche toute entière est basée sur une analyse fine de la structure locale des revêtements modérément ramifiés.

Nous présentons aussi un survol des notions de la théorie des formes quadratiques sur les schémas et les techniques simpliciales de base nécessaires pour la compréhension de notre travail.

Abstract. We build on preceeding work of Serre, Esnault-Kahn- Viehweg and Kahn to establish a relation between invariants, in modulo 2 étale cohomology, attached to a tamely ramified covering of schemes with odd ramification indices. The first type of

Manuscrit reçu le 31 octobre 2000.

invariant is constructed using a natural quadratic form obtained from the covering. In the case of an extension of Dedekind domains, mains, this form is the square root of the inverse different equipped with the trace form. In the case of a covering of Riemann surfaces, it arises from a theta characteristic. The second type of invariant is constructed using the representation of the tame fundamental group, which corresponds to the covering. Our formula is valid in arbitrary dimension. For unramified coverings the result was proved by the above authors.

The two main contributions of our work consist in (1) showing how to eliminate ramification to reduce to the unramified case, in such a way that the reduction is possible in arbitrary dimension, and; (2) getting around the difficulties, caused by the presence of crossings in the ramification divisor, by introducing what we call “normalisation along a divisor”. Our approach relies on a detailed analysis of the local structure of tame coverings.

We include a review of the relevant material from the theory of quadratic forms on schemes and of the basic simplicial techniques needed for our purposes.

Contents

Introduction 599 1. Framework and notation 604 1.a. Notation and conventions 604 1.b. Tame coverings with odd ramification 605 1.c. Quadratic forms on schemes 607 1.d. Classifications 611 1.e. Cohomological invariants I: Hasse-Witt 614 1.f. Cohomological invariants II: Galois theoretic 617 1.g. The main lemma: comparing Chern and Hasse-Witt invariants 619 1.h. The étale case 620 2. Construction of the étale cover T/Z 623 2.a. Local structure of the covering ~X/Y 625 2.b. Local structure of the coverings X/Y and Z/Y 626 2.c. Local structure of the covering T/Z; integral closure 627 2.d. Proof that T/Z is étale 629 3. Normalisation along a branch divisor 629 3.a. Localisation at primes of height one 630 3.b. Partial normalisation; definition of N^{(h)} and T^{(h)} 632 3.c. Local structure of T^{(h)} 637 3.d. The inverse different and the interpolating forms Λ^{(h)} 642 3.e. Local structure of the modules Λ^{(h)} 644 4. Proofs of the main theorems 646 4.a. Proof of Theorem 0.1 646 4.b. Proof of Theorem 0.2 647

4.c. Determinantal calculation 648 5. Appendix. Simplicial techniques 652 5.a. Simplicial objects 652 5.b. The Amitsur complex 653 5.c. The homotopy category of simplicial sheaves 655 5.d. Torsors and homotopy 655 References 657

Introduction

The theory of bilinear and quadratic forms over schemes has experienced a surge of activity in recent years. Even so, it still seems that little is known in general (see however the very recent work of Balmer [Ba1], [Ba2]). As an indication that this is the state of affairs, we note that–to the best of our knowledge–Knebusch’s paper of the seventies [Kne] remains the only available source on the elements of the theory. Of course, since that time a lot of progress has been made on the theory of forms on rings, see e.g. [Knu], and some results and definitions on forms over rings are sufficiently functorial to work over schemes; but, for instance, the theory of bilinear forms over the rational integers, has not yet been related to the recent work in arithmetical algebraic geometry. (For the benefit of the reader we have collected most of the sources on the theory which are known to us in the bibliography–the article [Pa] contains a nice survey.) One explanation for this might be that there is not, as yet, a real need to develop a general theory, because few concrete examples and problems have been considered.

One of our aims here is to study a very special form, which arises from the consideration of coverings of connected, regular, proper Z[^1_2 ]-schemes. Namely, let π : X → Y be a covering of such schemes, which is obtained as a sub-covering of a quotient π̃ : ~X → Y = ~X/G, where G is a finite group acting on the connected, projective, regular Z[^1_2 ]-scheme ~X. That is, we let X = ~X/H for H a subgroup of G. Then, under suitable assumptions, among which is the requirement that the ramification be tame along a divisor b with normal crossings and that the ramification indices be odd, we are assured of the existence of a locally free sheaf D^{−1/2}_{X/Y} over X, whose square is the inverse different of X/Y (see Sect. 3.d). When viewed over Y and equipped with the trace form this sheaf, defines a non-degenerate symmetric bilinear form on Y , which we denote E = (π_∗(D^{−1/2}_{X/Y} ), T r_{X/Y} ) , and which we shall call the square root of the inverse different (see the Example before Sect. 1.c.1).Note that for unramified coverings D^{−1/2}_{X/Y} = O_X . In algebraic number theory this form has been studied by two of us in [E-T] (see also [E1]). The aim there was to compare this form with the natural form on the group algebra, which is a sum of squares. For coverings of Riemann surfaces it has been studied by Serre in [S2]. In [S1], Serre had previously given a formula for the Hasse-Witt invariant of the trace form for étale algebras over fields of characteristic different from 2 (no ramification and dim 0). The formula in [S2] is an analogue of that formula in the ramified case of dimension 1 (and characteristic 0). Esnault, Kahn and Viehweg then provided a result valid for all tamely ramified coverings of Dedekind schemes with odd ramification, which generalizes both of Serre’s results (see [E-K-V] and [K]). In a different direction Lee and Weintraub have generalized Serre’s formula to ramified coverings of higher dimensional manifolds, with smooth ramification locus, see [L-W]. It was puzzling for us to see that in higher dimension their formula looked just like Serre’s and did not involve more terms. We wondered whether this was due to the smoothness assumption on the ramification locus. It turns out that the crossing points of the ramification locus do play a major role in our work, but they do not contribute to the final result.

We will keep to the algebraic set-up and provide a generalisation to higher dimensions of the work of Esnault-Kahn-Viehweg. We give an expression for invariants attached to the form E. Our strategy consists in reducing to the case of an étale cover. This case has been treated in full generality in [E-K-V] and [K]. (The proof in this case consists of a sophisticated cocycle computation generalizing that made by Serre to deal with the trace form of étale algebras, see Sect. 1.h.) The invariants we consider are generalized Stiefel-Whitney classes. They live in the étale cohomology groups modulo 2 of Y and are obtained by pulling back universal Hasse-Witt classes using a classifying map corresponding to E (as in [J1] and [J2], see Sects. 1.d and 1.e). Following Snaith and Jardine, we shall call the i-th Hasse-Witt invariant of E the class w_i(E) in H^i(Y_{et}, Z/2Z) attached to the form E in this way. Putting all these classes together we obtain the total Hasse-Witt invariant of E

w_t(π_∗(D^{−1/2}_{X/Y} ), T r_{X/Y} ) = w_t(E) = 1 + w_1(E)t + w_2(E)t^2 + · · · ,

which is a class in the (abelian) group G^∗(Y_{et}, Z/2Z) of invertible elements in H^∗(Y_{et}, Z/2Z). To determine this class we shall construct an étale covering π_Z : T → Z of Y -schemes, and a sequence of locally free sheaves G^{(h)} on Z, as follows. Let G_2 denote a 2-Sylow subgroup of G and put Z = ~X/G_2, then T will be the normalization of the fiber product T^′ = Z ×_Y X. So we have the diagram. T −→ T^′ = Z ×_Y X → X π_Z ↘ ↓ ↓ π Z^ϕ→ Y Our first task will be to show that with these definitions π_Z is indeed étale and that T is regular. We do this by using an explicit description of the local structure of the cover ~X/Y (see Sect. 2). The natural thing to try then is to compare the pull-back of E along ϕ with the form F = (π_{Z ∗}(O_T ), T r_{T /Z} ). Note that by our choice of Z the pull-back map induced by ϕ in cohomology is injective. The two forms ϕ^∗(E) and F coincide on the generic fiber of Z and we wish to compare their total Hasse-Witt invariants. For this, following [E-K-V], we try to show that the orthogonal sum H := ϕ^∗(E)⊥F , equipped with the difference of forms, contains an isotropic sub-bundle I, whose rank is half of the rank of H. With the terminology introduced in Sect. 1.c.1, we try to show that H is metabolic with lagrangian I. Note that hyperbolic forms are an example of metabolic forms and the reason for trying to show that H is metabolic is that, as with hyperbolic forms, it is expected that the quadratic/Hasse-Witt invariants of H should then be determined by the linear/Chern invariants of the maximal isotropic sub-bundle I. In fact this expectation is justified (see the Main Lemma 1.15). In dimension 1, which is the situation considered in [E-K-V], the intersection ϕ^∗(E) ∩ F gives the required sub-bundle I. In our general situation, problems appear due to the fact that the branch locus b of the covering ~X/Y is not smooth. We show that the form ϕ^∗(E)⊥F is metabolic (in a generalized sense), but to exhibit a maximal isotropic sub-bundle explicitly we are led to introduce a sequence of forms Λ^{(h)} which interpolate ϕ^∗(E) and F . For this we decompose the normalization map T → T^′ into a sequence of Z-morphisms

T = T^{(m)} → T^{(m−1)} → · · · → T^{(0)} = T^′ ,

numbered by the m components of the branch locus b of the covering ~X/Y and which are obtained by “normalisation along a component of b” (see Sect. 3). The form Λ^{(h)} is the square root of the inverse different for the cover T^{(h)}/Z and Λ^{(0)} = ϕ^∗(E), while Λ^{(m)} = F . For 0 ≤ h ≤ m − 1 we have short exact sequences of locally free O_Z -modules

0 → I^{(h)} → Λ^{(h)} ⊕ Λ^{(h+1)} → G^{(h)} → 0 ,

where the map on the right is the difference map (see Prop. 3.12). This shows that the sum (Λ^{(h)}, T r)⊥(Λ^{(h+1)}, −T r) is metabolic.

We need to introduce one last notation before stating our first main result. For every h define an element of H^∗(Z_{et}, Z/2Z) by

d_t(G^{(h)}) = n∑ i=0 (1 + (−1)t)^{n−i}c_i(G^{(h)})t^{2i} ,

where c_i(G^{(h)}) = c_i(I^{(h)}) denotes the i-th Chern class of G^{(h)} and n denotes the rank of G^{(h)} (see the Main Lemma 1.15).

Theorem 0.1. Under the above assumptions the following equality holds in H^∗(Z_{et}, Z/2Z) wt(ϕ^∗(π∗(D^{−1/2}_{X/Y} ), T r_{X/Y} )) = wt(πZ_∗(OT ), (−1)^mT r_{T /Z} )^{(−1)m} ∏ 0≤h≤m−1 dt(G^{(h)})^{(−1)h}_.

Remark. It should be noted that if we work with another divisor on Y which differs from b by the addition of a number of irreducible non-ramified divisors, then of course the number m of divisors will change and so the parity of the first term in the right hand side may change; however, it can be checked that the product of the two terms on the right remains constant (see the remark at the end of Sect. 4.a).

The proof of Thm. 0.1 is given in Sect. 4.a. The invariants of the form (π_{Z ∗}(O_T ), T r_{T /Z} ) arising from the étale covering T/Z, have been related to other Stiefel-Whitney type invariants attached to the covering in [S1], [E-K-V] and [K]. These are what we call the Galois theoretic classes w_i(π), which can be defined using Grothendieck’s equivariant cohomology theory. Then, with some further work, in low degree Thm. 0.1 can be reformulated to give a simple expression for the difference between the second Hasse- Witt and Galois theoretic invariants. For this let us introduce an element ρ(X/Y ) in H^2(Y_{et}, Z/2Z) which only depends on the ramification data of the covering X/Y . We shall denote by the same symbol (the class of) a line bundle and its image in H^2(Y_{et}, Z/2Z) under the composition

H^1(Y_{et}, G_m) = Pic(Y ) → Pic_2(Y ) → H^2(Y_{et}, Z/2Z) ,

where the second map is the coboundary induced by the Kummer sequence (note that under our assumptions we may identify μ_2 with Z/2Z). We define ρ(X/Y ) as a divisor class. Let ξ_h denote the generic point of the irreducible component b_h of the branch locus b and consider the divisor

Γ := ∑ h,ξ^′_h→ξ_h ( e(ξ^′_h)^2 − 1 8 ){ξ^′_h} ,

where the sum runs over the points ξ^′_h on X of codimension 1 above the ξ_h and where e(ξ^′_h) denotes the (odd) ramification index of ξ^′_h. The divisor ρ(X/Y ) on Y is defined as the direct image

ρ(X/Y ) := π_∗(Γ) = O_Y ∑ h ( ∑ ξ^′_h→ξ_h ( e(ξ^′_h)^2 − 1 8 )f(ξ^′_h)) · b_h , (0.1)

where f(ξ^′_h) denotes the residue class extension degree. Our second main result can then be formulated as follows.

Theorem 0.2.

a) Let d_{X/Y} denote the function field discriminant viewed as an element in H^1(Y_{et}, Z/2Z), then

w_1(π_∗(D^{−1/2}_{X/Y} ), T r_{X/Y} ) = (d_{X/Y} ) = w_1(π) .

b) The following equality holds in H^2(Y_{et}, Z/2Z):

w_2(π_∗(D^{−1/2}_{X/Y} ), T r_{X/Y} ) = w_2(π) + (2) ∪ (d_{X/Y} ) + ρ(X/Y ) .

The main effort in proving this theorem, given the preceding work, goes into a determinantal computation, which again uses in an essential way the local description of the tame cover X/Y . More precisely in Thm. 4.2 we show that in H^2(Z_{et}, Z/2Z): ∑ 1≤h≤m ( c_1(Λ^{(h)}) + c_1(G^{(h−1)}) ) = ϕ^∗(ρ(X/Y )) . The origin of the coefficient (e^2 − 1)/8 is in the combinatorial Lemma 4.3. We do not have a conceptual definition of the ramification term ρ(X/Y ).

A word about invariants of forms over schemes might help clarify the significance of our results. Not all invariants of forms over a field extend to invariants of forms over schemes, except in degree 2 and smaller. Global obstructions appear. So for instance the Arason invariant, in degree 3, does not extend to schemes, see [E-K-L-V]. The Hasse-Witt invariants we study exist in arbitrary degree, but one should keep in mind that they are not independent one of the other. So for instance, as might be expected from the analogies with algebraic topology, if w_1(E) and w_2(E) are both zero, then w_3(E) is zero as well. The formulæ in Thm. 0.2 can be viewed as expressing the difference between the “topological” Hasse-Witt invariant and the “discrete” Galois theoretic invariant (see [J1], p. 84, [J3] Sect. 3 or [J4] Intro.). They should also be viewed as “twisting formulae” following Fröhlich’s work [F]. Yet another interpretation is given by Kahn in terms of equivariant cohomology (see [K]).

The invariants in degree smaller than 2 have been refined to give invariants in K-theory (see [G1], [O-P-S], [Sz], [G2] and [B-O]; the last two also deal with invariants in higher degree). These invariants are related to the invariants in étale cohomology via Chern class maps; we do not know if our formula can be lifted to K-theory.

The paper is structured as follows. In Sect.1 we fix notation and recall the necessary definitions and background material used in the rest of the paper. We offer a rather detailed review of the basic material on forms over schemes and their invariants as the literature on the subject is rather scarce and/or quite technical. In Sect. 1.h we state and sketch a proof of the result of [E-K-V] which we use in the proof of Thm. 0.2. Sect. 2, contains the material on tame covers on which our contribution is based. There we describe the normalization T locally (see Prop. 2.6). Next, we analyze the normalisation procedure and decompose it into steps, which we call “normalisation along a divisor” (see Sect. 3). Sect. 4 contains the proofs of Thm. 0.1 and Thm. 0.2. The first will follow easily from the preceding work. As explained above, to obtain Thm. 0.2, we have to make more explicit the right hand side in the equality of Thm. 0.1 as well as bring in the Galois theoretic invariants. We have collected in an Appendix, some material on homotopical algebra which we could not find presented in compact form anywhere in the literature.

To conclude this Introduction let us mention another related line of research which consists in studying forms on cohomology of (complexes of) sheaves. This has been pursued by Saito in [Sa] and Chinburg-Pappas- Taylor in [C-P-T1]. Saito’s work also has as its starting point [S1], whereas [C-P-T1] deals with forms coming from Arakelov metrics. This work sheds new light on the role that the trace form plays in Galois module theory. We would also like to indicate that in the future we hope to relate the material in this paper to the programme developed in [CEPT2] and other papers of that consortium of authors (see [E2] and [C-P-T2] for a general overview of that programme). Other developments arising from Serre’s original formula for étale algebras can be found in [Mo] and the references therein.

We would like to acknowledge initial discussions with G. Pappas and T. Chinburg and to express our gratitude to Q. Liu for his help and advice. The second author would also like to thank P. Balmer, J.F. Jardine, B. Kahn, M-A. Knus and M. Ojanguren for helpful remarks concerning their work and the literature on the subject.

1. Framework and notation

1.a. Notation and conventions.

Induced algebras. In our local description of the structure of tame coverings we will need the following construction. Let A be a ring and let B be an Aalgebra equipped with an action of the finite group H, which preserves the algebra structure. For a group G and a subgroup H of G let Map_H (G, B) denote the B-algebra of all maps f from G to B such that for all g in

G and all h in H, f(gh) = f(g)^h. The group G acts on this algebra by f^g(g^′) = f(gg^′).

Normalisation. For a ring A which injects into its total ring of fractions F r(A) we write ~A for its integral closure. We will also use a tilde superscript to denote certain objects related to the cover of schemes ~X/Y . This should not cause any confusion.

Coefficients. We will work with mod 2 étale cohomology of schemes on which 2 is invertible, so we will always identify μ_2 with Z/2Z.

1.b. Tame coverings with odd ramification.

In what follows all schemes will be defined over Spec(Z[^1_2 ]). Let ~X be a connected, projective, regular scheme which is either defined over the spectrum Spec(F_p) of the prime field of characteristic p ≠ 2 or is flat over Spec(Z[^1_2 ]).

Tameness. Assume ~X is equipped with a tame action of G, in the sense of Grothendieck-Murre. In particular the quotient π̃ : ~X → Y = ~X/G exists and is a G-torsor outside a divisor b with normal crossings (see [Gr-M], [CEPT1], [C-E] Appendix and [CEPT2] 1.2 and Appendix).

Once and for all fix a subgroup H of G, and let λ : ~X → X := ~X/H denote the quotient map. Let π : X → Y be the induced map, so that π̃ = π ∘ λ. These maps are all finite.

Regularity and flatness. If π̃ is flat, then Y is regular (see [EGAIV] IV 6.5.2). Conversely a morphism between equidimensional regular schemes of the same dimension is flat (see [Ka-M], Notes to Ch. 4 or use [EGAIV] IV 6.1.5). We will assume that Y and X are regular, or equivalently that π̃ and λ are flat. Note that being quotients of a normal scheme by a finite group Y and X are certainly normal, however it is only under the above regularity assumptions that we will be able to give a precise description of the local structure of the quotient maps (see Lemma 2.3). It follows from these assumptions that π is flat as well.

Different; branch and ramification loci. The different D_{~X/Y} is the annihilator of Ω^1_{~X/Y} (see [Mi] Rem. I.3.7). The reduced closed subscheme of ~X defined by the different is the ramification locus of π̃, which we denote by

~B = B( ~X/Y ). Then b = b( ~X/Y ) is the reduced sub-scheme of Y defined by the image of ~B under π̃. There are decompositions b( ~X/Y ) = ∐ 1≤h≤m b_h and B( ~X/Y ) = ∐ h,k ~B_{h,k} ,

where the b_h are the irreducible components of b and where for any fixed integer h between 1 and m, the ~B_{h,k} are the irreducible components of ~B such that π̃( ~B_{h,k}) = b_h.

The tameness assumption on the ramification implies that the ramification locus B( ~X/Y ) on ~X is a divisor with normal crossings. For each irreducible component b_h of b, let ξ_h denote the generic point of b_h, and let ξ^{′′}_h denote a generic point of the branch locus on ~X above ξ_h. Put ξ^′_h = λ(ξ^{′′}_h ). Let e(ξ^′_h) (resp. f(ξ^′_h)) denote the ramification index (resp. residue class extension degree) of ξ^′_h over ξ_h.

Parity. We assume that the inertia group of each closed point of ~X has odd order, so every point has odd inertia and in particular the integers e(ξ^′_h) are odd.

The base change. Choose a 2-Sylow subgroup G_2 of G and consider the quotient Z := ~X/G_2. We will show in Sect. 2, that by the parity assumption ~X is étale over Z, so Z is regular and flat over Y . We give a local description of Z/Y analogous to that of X/Y , without using the regularity of Z in (2.4). As mentioned in the Introduction our main effort will go into the construction of Z-schemes which will allow us to reduce our computation of the invariants to the case of an étale cover.

Memotechniques. For future reference and to help the reader with bookkeeping, we anticipate some of the notation to come. Components of the branch locus b will be numbered by h (from 1 to m). We fix points y in Y and ~x in ~X over y. The n components of b which are in the image of a component of the ramification divisor through ~x will be numbered by ℓ (see (2.2); of course there might be none of these). Let I(~x) denote the inertia group of ~x for the covering ~X/Y , this is a group which is the direct product of n cyclic groups indexed by the components of b through y. Let e_ℓ denote the order of the ℓ-th component. In describing the local structure of our coverings we will consider the spectrum S = Spec(A_y) of a ring containing a regular sequence of parameters a_1, . . . , a_n, providing a sufficiently small étale neighbourhood of y in Y (see Lemma 2.3). Then, we will construct coverings S ←− X_S ←− ~X_S corresponding to inclusions of algebras A_y −→ ∏ i A_y[t_{i,1}, . . . , t_{i,n}]^{diag}−→ ∏ i ∏ j(i) A_y[t_1, . . . , t_n] ,

where t_{i,ℓ} = t^{eℓ/ei,ℓ}_ℓ for a certain divisor e_{i,ℓ} of e_ℓ and where t^{eℓ}_ℓ = a_ℓ (see also the diagram just before Sect. 2.a). The index i arises from the double coset decomposition of G with respect to H and I(~x). Analogously, the index j(i) arises from a coset decomposition g_iI(~x)g^{−1}_i ∩ H\H (see (2.b)). Fixing i and going to the fields of fractions we obtain a sequence of abelian Galois extensions of the field K_y = F r(A_y). Namely let M_{~x} = F r( ∏ j(i) A_y[t_1, . . . , t_n]) , L_{i,x} = F r(A_y[t_{i,1}, . . . , t_{i,n}]) and H_i = I(~x)/I(~x, i), then we have the diagram of fields

K_y = F r(A_y) = M^{I(~x)}_{~x} � H_i L_{i,x} = M^{I(~x,i)}_{~x} � M~x .

There is an analogous description of S ← Z_S and quite naturally, in the local description of the normalisation T of T^′ = Z ×_Y X, we will consider algebras indexed by pairs (j, i) (see Prop. 2.6). Moreover the algebras appearing in the local descriptions will be decomposed according to the characters of the group H_i, which will be indexed by a set A(i), whose elements will be α’s (see Lemma 2.5).

1.c. Quadratic forms on schemes.

Quadratic forms on schemes are defined by generalizing the familiar definitions given for such forms over fields or rings (see e.g. [Kne] and [Knu] Chapt. VIII). The only definition which is not straightforward is that of a metabolic form (see below Sect. 1.c.1). However, for the definition of the invariants, it is also good to have an algebraic description of the set of isometry classes of forms of given rank over a scheme Y . We will recall the description in terms of non-abelian first cohomology sets, and the description in terms of homotopy classes of maps from Y to a certain classifying space. For completeness, we briefly go over the basic material on forms over schemes. As usual, since 2 is invertible over Y , then the theory of symmetric bilinear forms is equivalent to that of quadratic forms. Here we will concentrate on the former.

Let Y be a scheme. A vector bundle E on Y is a locally free O_Y -module of finite rank. The dual of a vector bundle E is the vector bundle E^∨ such that, for any open subscheme Z of Y E^∨(Z) = Hom_{OZ} (E|_Z , O_Z ) . There is a natural evaluation pairing < , > between E and E^∨ and one can identify E with the double dual E^{∨∨} by κ : E ∼= E^{∨∨} , such that < α, κ(u) >=< u, α >. A symmetric bilinear form on X is a vector bundle E on Y equipped with a map of sheaves B : E ×_Y E → O_Y , which on sections over an open subscheme restricts to a symmetric bilinear form. This defines an adjoint map

φ = φ_B : E → E^∨ ,

which because of the symmetry assumption equals its transpose: φ = φ^t : E^κ→ E^{∨∨ φ∨}→ E^∨ . We shall say that (E, B) is non-degenerate (or unimodular) if the adjoint φ is an isomorphism. (Note that some authors call non-degenerate forms spaces.) One can show that a form on a locally free module of rank n over a ring R in which 2 is invertible is non-degenerate if and only if locally in the étale topology it is isomorphic to { x_1y_1 + · · · + x_my_m if n = 2m is even x_1y_1 + · · · + x_my_m + az^2 , a ∈ R^× if n = 2m + 1 is odd ,

see [Sw] Cor. 1.2, [Knu] IV (2.2.1), IV (3.2.1) or [M-R] 1.11.5 (In [M-H] I (3.4) it is shown how to diagonalize a non-degenerate form over a local ring in which 2 is invertible.) Morphisms among forms, orthogonal sums and tensor products are defined as expected.

Example 1.1. Let π : X → Y be an oddly, tamely ramified cover as in Sect. 1.b. We obtain a non-degenerate symmetric bilinear form on Y by letting D^{−1/2}_{X/Y} := O_X ∑ h,ξ^′_h→ξ_h ( e(ξ^′_h) − 1 2 ){ξ^′_h}

E := π_∗(D^{−1/2}_{X/Y} ) , and by considering the bilinear form B : E ×_Y E → O_Y given by B(x, y) = trace_{X/Y} (x·y) (see [EGAIV] IV 18.2.1). Note that twice the divisor defining E is isomorphic to the (relative) canonical divisor of X/Y and that if π is étale, then D^{−1/2}_{X/Y} = O_X .

There is a further useful way to view a form over a scheme. For E a vector bundle over Y , let P(E) → Y denote the associated projective scheme. Then, giving a symmetric bilinear form on E is equivalent to giving a section of the invertible sheaf O(2)_{P(E)} over P(E) (a section of S_2(E)) (see [Sw] Lemma 2.1 and [Del]).

1.c.1. Metabolic forms. The notion of a metabolic form was introduced by Knebusch for his definition of the Witt group of a scheme in [Kne]. Hyperbolic forms are metabolic and the greater generality of the latter notion is the right one in the global situation of non-affine schemes (see below). More recently in [Ba1], [Ba2] Balmer has extended the notion of a metabolic form in the context of triangulated categories with duality and he has shown its usefulness. In fact the interpolation procedure which we will set-up in Sect. 3 shows that even in our very special situation it is quite natural to consider forms as self-dual complexes (see the remark after Prop. 3.12).

Let E be a vector bundle over Y . A sub-O_Y -module V of E is a subbundle of E if it is locally a direct summand, i.e. for any y in Y , there is an open Z containing y such that V |_Z has a direct summand in E|_Z . If a V is a sub-bundle of E, then V and the quotient E/V are both vector bundles. Let now (E, B) be a form. For a sub-module i : V ⊂ E one defines an orthogonal complement, which is the sub-O_Y -module V^⊥, whose sections over the open Z consist of those sections of E which are orthogonal to all sections of V over any open subset of Z. Alternatively:

V^⊥ = ker(E^{φB}→ E^{∨ i∨}→ V^∨) .

If furthermore V is a sub-bundle of E, then i^∨ is an epimorphism, and if (E, B) is non-degenerate, then φ_B is an isomorphism (by definition). So under these assumptions we have an isomorphism α : E/V^⊥ ∼= V^∨ , E/V^⊥ is locally free and V^⊥ is also a sub-bundle. There also is an isomorphism β : V^⊥ ∼= (E/V )^∨ .

(The form (E/V )^∨ can be identified with the sub-O_Y -module of E whose sections over Z ⊂ Y are the linear forms λ : E|_Z → O_Z which vanish on V , so V^⊥ = φ^{−1}_B ((E/V )^∨).) The maps α and β correspond to bilinear maps which are perfect dualities, obtained by “restriction” from B: V ×_Y E/V^⊥ → O_Y V^⊥ ×_Y E/V → O_Y . A further duality is V^{⊥⊥} ×_Y E/V^⊥ → O_Y , which gives V = V^{⊥⊥}. We have the following commutative diagrams E → E/V^⊥ → 0 φ_B ↓ ↓ α E^∨ → V^∨ → 0 , and 0 → V^⊥ → E β ↓ ↓ φ_B 0 → (E/V )^∨ → E^∨ . A sub-bundle V of a non-degenerate bilinear form (E, B) is a totally isotropic sub-bundle (also called a sub-lagrangian) if V ⊂ V^⊥. If V is a sublagrangian of (E, B), then V^⊥/V is a sub-bundle of E/V and the form on V^⊥/V obtained by reducing B modulo V is non-degenerate. A sub-bundle V of a non-degenerate form (E, B) is called a lagrangian if it is such that V = V^⊥. The form (E, B) is called metabolic if it contains a lagrangian. If V is a lagrangian in (E, B), then rank(E) = 2 · rank(V ) and V is in a sense a maximal totally isotropic sub-bundle. Using the above, we see that V is a lagrangian in E if and only if one has a commutative diagram 0 → V → E → V^∨ → 0 id ↓ ↓ φ_B ↓ id 0 → V ∼= V^{∨∨} → E^∨ → V^∨ → 0 . That is a metabolic form is given by a symmetric/self-dual short exact sequence (see [Kne] Chapt. 3).

Example 1.2. A special case of the notion of a metabolic form is that of a so-called split metabolic form, which corresponds to the case of a split exact sequence. Let (U, C) be a form with adjoint φ. The split metabolic space associated with (U, C) is the form M(U, C), which has as underlying bundle U ⊕ U^∨ and form B the form with adjoint ( φ id id 0 ) . The form H(U) := M(U, 0) is called hyperbolic. For a form (E, B), the form (E⊥E, B⊥ − B) is metabolic. It is shown in [Kne] Prop. 3.1 and 3.2, that M(U, 2C) ∼= H(U), and that M(U, C)⊥M(U, −C) ∼= H(U)⊥M(U, −C) . Since 2 is invertible, a split metabolic form is isomorphic to a hyperbolic form: just consider the equality ( id −^1_2 φ 0 id ) ( φ id id 0 ) ( id 0 −^1_2 φ id ) = ( 0 id id 0 ) . Moreover, for an affine scheme Y , one shows that any metabolic space is split metabolic (loc. cit. Cor. 3.1) and that for any non-degenerate form (E, B) over Y , there is a splitting analogous to the classical Witt decomposition. Namely (E, B) is isometric to the orthogonal sum of a form which does not contain any sub-lagrangian (i.e. is anisotropic) and a form which is split metabolic (loc. cit. Prop. 3.3). (One should be aware that such a decomposition does not determine either summand. One obtains a better analogue of the Witt decomposition by working inside the Grothendieck-Witt ring of Y [Kne] Thm. 4.3.) Over a complex elliptic curve there exist infinitely many non-isometric metabolic forms which are not split metabolic (see [Knu] VIII (1.1.1)).

Example 1.3. In our set-up, metabolic forms will be useful in comparing two forms over an irreducible scheme Z which are isometric when restricted to the generic fiber of Z. Namely if (E, B_E ) and (F, B_F ) are defined over Z and agree on the generic fiber E|_{ηZ} = F |_{ηZ} , then under suitable assumptions (E⊥F, B_E ⊥ − B_F ) is metabolic (see e.g. Prop. 3.12). A natural approach is to consider the sub-sheaf G of E|_{ηZ} = F |_{ηZ} defined as G :=< e − f|e ∈ E , f ∈ F > , and the exact sequence 0 → E ∩ F → E⊥F → G → 0 , where the maps are obtained by restricting to E⊥F the maps defined at the level of the generic fibers given by the diagonal map and the map sending (x, y) to (x − y)/2. Then, if G is locally free, it follows that E ∩ F is a sub-bundle of E⊥F , which is a lagrangian and E⊥F/E ∩ F ≃ (E ∩ F )^∨ ≃ G . The point is that G might not be locally free in general; on the other hand G is certainly locally free in the case of Dedekind schemes, which is the case which was considered in [E-K-V].

1.d. Classifications.

As with forms over fields, non-degenerate, symmetric, bilinear forms of a given rank n over a scheme Y can be considered as torsors under an orthogonal group and hence are classified by the non-abelian cohomology set H^1(Y, O(n)) .

Jardine shows in [J1] how to identify this set with the set of morphisms

[Y, BO(n)]

from Y to the “classifying space” BO(n) inside the homotopy category of (étale) simplicial sheaves on Y . This leads to one approach to the invariants of forms on schemes which is very close to the approach to characteristic classes following Borel (see [St] App. 10 and Rem. 1.d.2 below). We think it is worthwhile to go over Jardine’s description in some detail. The powerful techniques and ideas he exploits are seldom presented in a form suitable to the non-specialists. Going over this material also allows us to see how simplicial schemes arise quite naturally in our set-up (see the Appendix).

1.d.1. Cohomology sets. We start by giving precise references for the classification in terms of first cohomology sets. The orthogonal group of a given form is a group scheme. It is, however, most easily defined in terms of its associated functor of points. Let R be a ring in which 2 is invertible. Models over R are R-algebras. The functor we are interested in is a functor from models to sets which satisfies some special properties, making it a sheaf for the (Grothendieck) (fppf)-topology. Let (M, B_M ), (N, B_N ) be two quadratic forms over R. Let Isom(B_M , B_N ) denote the functor from models over R to sets, which sends an extension R^′ of R to the set of isometries between the forms B_M and B_N extended to R^′. If B_M = B_N , this defines a sheaf O(B_M ) := Isom(B_M , B_M ) , which is the orthogonal group (functor) of (M, B_M ) ([D-G] III, Sect. 5, n.2). This sheaf is representable by an affine scheme, but this property does not make the discussion any easier. Let us fix a quadratic form (M, B_M ) over R. We say that the quadratic form (N, B_N ) is a twisted form of (M, B_M ) if there is a (fppf)-covering R-algebra R^′ such that (N, B_N ) becomes isomorphic to (M, B_M ) over R^′. Recall that a torsor X under a (sheaf of) group(s) G over a sheaf Y (e.g. a scheme) is a sheaf X covering Y , which is equipped with an action of G such that X × G ∼= X ×_Y X under the map given on sets of sections by (x, g) → (x, xg). (We are essentially saying that the action of G on X is simply transitive.) In loc. cit. one finds a proof that the map

(N, B_N ) → Isom(B_M , B_N ) ,

is a bijection between the set of isometry classes of twisted forms of (M, B_M ) and the set ~H^1(R, O(B_M )) of isomorphism classes of torsors under O(B_M ) over R. This is a pointed set, pointed by the class of the trivial torsor. All goes through for a scheme Y in place of the ring R and in our set-up the torsors X are schemes.

Example 1.4. In view of what we have recalled about non-degenerate forms, we see that non-degenerate forms of rank n, over a scheme Y over which 2 is invertible are classified by ~H^1(Y, O(n)).

Example 1.5. One can give a cohomological description of metabolic forms over a ring R (see [K-O2] and [Knu] IV (2.4.2)). If O(2n, n) denotes the group functor which sends an extension R^′/R to the group of isometries of the hyperbolic space H(R^{′n}) = R^{′n}⊥R^{′n∨} which stabilize R^{′n∨}, then metabolic spaces (with a distinguished lagrangian) are classified by ~H1(R, O(2n, n)). By the Theorem of Torsor Descent recalled below, one can “compute” the cohomology set ~H^1 in terms of a set (of orbits) of cocycles, and more precisely as the cohomology of a cosimplicial group, called the Amitsur complex. In fact one first identifies the set ~H^1(Y, O(B_M )) with the direct limit of sets of torsors which are trivialized over a given covering Y^′ → Y (i.e. a sheaf epimorphism). More generally for any (sheaf of) group(s) G one has ~H^1(Y, G) = lim_→ ~H^1(Y^′/Y, G) ,

where the limit is taken over the coverings Y^′/Y . The sets on the right are defined by ~H^1(Y^′/Y, G) := ker( ~H^1(Y, G) → ~H^1(Y^′, G)) .

(Here ker consists of elements in the inverse image of the distinguished point.) We recall the definition of the Amitsur complex and of the first cohomology set H^1(Y^′/Y, G) in the Appendix, see (5.4). The Theorem of Torsor Descent is the following statement (see [D-G] III, Sect. 4, n. 6.5).

Theorem 1.6. Let Y^′ → Y be a sheaf epimorphism, and let G be a sheaf of groups. There is a canonical bijection H^1(Y^′/Y, G) ↔ ~H^1(Y^′/Y, G) . 1.d.2. Morphisms in the homotopy category. Let now [Y, BG] denote the set of morphisms between the simplicial sheaves Y and BG in the homotopy category (see Appendix 5.c for definitions). The next result is due to Jardine [J1] Cor. 1.4. We sketch a proof of this in Appendix 5.d.

Proposition 1.7. For any sheaf of groups G on Y , there is a bijection H^1(Y, G) ↔ [Y, BG] . Remark 1.8. The proposition is an algebraic/combinatorial version of a result which is quite typical in geometry, where principal G-bundles on a space Y are classified by maps into a classifying space BG, so that the bundles are obtained by pull-back from a universal bundle EG on BG (see [St] Sect. 19). For certain groups G, one has a very explicit description of the space BG. For instance the classifying space for the real orthogonal group O(n, R) is given by the Grassmann manifold G_n (see [M-S] 5.6).

In the first two sections of [Mac-Mo] Chapt. VII, the reader will find how to identify principal G-bundles over a space Y with G-torsors over Y , in the case of a discrete group G. For the simplicial version of this see [Cu] Sect. 6. A version of the proposition for simplicial sets can be found in [Go-Ja] Thm. 3.9.

1.e. Cohomological invariants I: Hasse-Witt.

Let (E, B) denote a non-degenerate form over a scheme Y on which 2 is invertible. We recall the definition of the Hasse-Witt invariants w_i(E) attached to (E, B) in H^i(Y_{et}, Z/2Z), following Jardine’s work and [E-K-V]. We begin by defining the invariants in low degree. Then, we give two definitions of the higher degree Hasse-Witt invariants: the first is by pulling back universal classes, the second is via the decomposition of the cohomology of the complement of the quadric defined by B inside the projective bundle associated to E.

1.e.1. Low degree. To a form (E, B) of rank 1 over Y , there corresponds a class

w_1(E) = w_1(E, B) := [(E, B)] in H^1(Y_{et}, O(1)) = H^1(Y_{et}, Z/2Z) .

Let det(−) denote the top exterior power operation. Then the first Hasse- Witt invariant of a form (E, B) of arbitrary rank, is

w_1(E) := w_1(det(E), det(B)) ,

where the right hand term is the Hasse-Witt invariant of the rank one form (det(E), det(B)) as defined above. Thus, under the map induced in cohomology by the map Z/2Z = μ_2 → G_m, the first Hasse-Witt invariant is sent to the first Chern class c_1(E):

H^1(Y_{et}, Z/2Z) −→ Pic(Y ) = H^1(Y_{et}, G_m)

w_1(E) −→ c_1(E) = [det(E)] ,

(see [Knu] III.4.2). Below we shall view c_1 as taking values in H^2(Y_{et}, Z/2Z), via the coboundary map coming from the Kummer sequence.

In degree 2 one Let π : X → Y can define an invariant by a construction, which generalizes that of the Clifford algebra. Namely, to a form (E, B) over Y , one associates a sheaf C(E) of algebras over Y , called the Clifford algebra of (E, B) (see [K-O1], [Knu] IV (2.2.3); in odd rank one only considers the even part of the full Clifford algebra). The algebra C(E) is an Azumaya algebra, that is an O_Y -algebra which locally in the étale topology is isomorphic to the O_Y -algebra End_{OY} (W ) of endomorphisms of some O_Y -bundle W . The class of this algebra in the Brauer group of Y is 2-torsion and is called the Clifford invariant of (E, B)

C(E) := [C(E)] in_2H^1(Y_{et}, PGL(2^{n′} )) ⊂_2Br(Y ) , where n^′ = n/2, if the rank n of E is even, and n^′ = (n−1)/2, if the rank is odd. The Clifford invariant can be viewed in_2H^2(Y_{et}, G_m) (see e.g. [Mi] Chapt. 4, Thm. 2.5). The invariant we will be interested in is a lift of this invariant under the map

2H^2(Y_{et}, Z/2Z) →_2H^2(Y_{et}, G_m) .

In [F], Fröhlich has shown how to construct an extension

α_B : 1 → Z/2Z → ~O(B) → O(B) → 1 ,

which, in the case B is the standard form, gives rise to a map

Δ_α : H^1(Y_{et}, O(n)) → H^2(Y_{et}, Z/2Z) .

The second Hasse-Witt invariant of (E, B) is

w_2(E) = w_2(E, B) := Δ_α([(E, B)]) ,

see also [E-K-V] Sect. 1.9, and [J2] Appendix. (Note that the Pinor extension constructed in [A-B-S] gives w_2 +w^2_1.) Further approaches to invariants in degree 2 are given in [Pat] and [Pa-S].

1.e.2. Universal classes. To obtain invariants in higher degree one has to work harder. The approach outlined here is that of Jardine [J1]. It relies on his computation of the cohomology algebra of the classifying simplicial scheme BO(n) (over the big étale site of Spec(Z[^1_2 ]). The computation shows that this algebra is a polynomial algebra over a finite number of elements. These elements are the universal Hasse-Witt invariants. We will use these universal invariants to give one definition of the Hasse-Witt invariants of forms, but also, in Sect. 1.f below, to define invariants of orthogonal representations. As before let Y be a scheme over Spec(Z[^1_2 ]).

Theorem 1.9. The cohomology ring H^∗(BO(n)_{et}, Z/2Z) is a polynomial algebra over the algebra H^∗(Spec(Z[^1_2 ])_{et}, Z/2Z), with n distinguished generators HW_i, where for 1 ≤ i ≤ n, deg(HW_i) = i.

This allows one to define the Hasse-Witt invariants of a form (E, B) over Y as follows. Recall from Prop. 1.7 that if (E, B) has rank n, then it corresponds to an element [E] in the set [Y, BO(n)] of homotopy classes of maps from Y to BO(n). One sets

w_i(E) = w_i(E, B) := [E]^∗(HW_i) .

It can be shown that in low degree these classes agree with those defined in the previous paragraph (see [E-K-V] Sect. 1.9 and Sect. 1.h below).

1.e.3. Projective bundles. A further, equivalent, way of defining higher degree invariants proceeds along the lines indicated by Grothendieck’s definition of Chern classes in [Gr]. Following Delzant, Laborde has shown how to use this approach to define invariants in étale cohomology for quadratic forms over schemes (see [Dz] [La]). His work has been detailed in [E-K-V] and proceeds as follows.

Given a non-degenerate form (E, B) over Y of rank n, one considers the complement U of the quadric associated to B in the projective bundle p : P(E) → Y . By identifying the form with a section s : O_Y → S_2(E) (as in the end of Sect. 1.c), one obtains a non-degenerate form on the invertible sheaf O(1) := O_{P(E)}(1)|_U . This form defines a class η in H^1(U_{et}, Z/2Z). The following result is Claim 5.2 in [E-K-V].

Theorem 1.10. Let p^′ denote the restriction to U of the bundle map p. For any integer i ≥ 0, one has the decomposition

H^i(U_{et}, Z/2Z) = ⨁ 0≤j≤inf(i,n−1) p^{′∗}(H^{i−j} (Y_{et}, Z/2Z))η^j . Corollary 1.11. There exist unique elements w_1(E), w_2(E), . . . , w_n(E) in H^∗(Y_{et}, Z/2Z) such that

η^n = ∑ 0≤j≤n−1 p^{′∗}(w_{n−j} (E))η^j . The equivalence of this definition of the Hasse-Witt invariants w_i(E) with the previous one is shown in [E-K-V] Prop. 1.4.

1.e.4. Axiomatic approach. We give a list of properties characterizing the Hasse-Witt invariants w_i(E) = w_i(E, B) in H^i(Y_{et}, Z/2Z). (HW0) Normalization. w_0(E) = 1, w_1(E) = [(det(E), det(B_E ))] and w_i(E) = 0 for i ≥ rank(E) + 1.

(HW1) Functoriality. For any morphism f : Z → Y ,

f^∗(w_i(E)) = w_i(f^∗(E)) .

(HW2) Whitney formula. Let w_t(E) = ∑ i w_i(E)t^i be viewed as a formal power series. Then for non-degenerate forms (E, B_E ) and (F, B_F ) one has the identity w_t(E⊥F ) = w_t(E) · w_t(F ) . Remark 1.12. The topological Stiefel-Whitney classes satisfy a list of properties analogous to the ones above (see [M-S] Chapt. 4). The two kinds of invariants can be related as follows (see [Ca]). Let Y be a compact, connected, locally connected topological space and write R(Y ) for the ring of continuous real valued functions on Y . One can compare the Hasse-Witt invariants and the topological Stiefel-Whitney classes in the context of the correspondence between bundles over Y and modules over the ring R(Y ). There is a homomorphism

H^i(Spec(R(Y ))_{et}, Z/2Z) → H^i(Y, Z/2Z) .

A non-degenerate form (E, B) over R(Y ) determines an orthogonal bundle E over Y . This defines a homomorphism from the Grothendieck-Witt group L(R(Y )) to the Grothendieck group KO(Y ) of orthogonal bundles over Y . Let G^∗(−, Z/2Z) denote the group of invertible elements in the cohomology ring H^∗(−, Z/2Z). Then, as shown in [Ca] Thm. 5.18, the Hasse-Witt invariants w_i and the topological Stiefel-Whitney classes sw_i give rise to a commutative diagram L(R(Y )) → KO(Y ) w_t ↓ ↓ sw_t G^∗(Spec(R(Y )), Z/2Z) → G^∗(Y, Z/2Z)

1.f. Cohomological invariants II: Galois theoretic. Let π : X → Y be a tamely and oddly ramified cover of degree n as in Sect. 1.b, and assume Y is connected. The classes w_i(π) we are going to define in this section will depend on the natural representation of the tame fundamental group of Y defined by π. In fact we will only need the class w_2, but since it does not cost more effort we give the general definition.

The cover π is determined by a homomorphism e_π from the tame-odd fundamental group π_1(Y )^{t,o} into the symmetric group S_n. For étale covers this is well known: in this case π_1(Y )^{t,o} equals the fundamental group of Y and the homomorphism is described in–say–[Mu] Remark at the end of Sect. 12. For general tame covers see [Gr-M] 2.4.4. In principle we should indicate the dependence of π_1(Y )^{t,o} upon the choice of a base point and the fixed branch locus, but we do not need to be so precise.

Let K denote the algebraic closure of the residue field of some point on Y . By embedding S_n into the orthogonal group O(n)(K) by permutation matrices we obtain an orthogonal representation of the discrete group π_1(Y )^{t,o}, which we denote by ρ_π. We want to use this representation to pull back universal classes to the cohomology of π_1(Y )^{t,o}. Consider the composition c of the map

H^i((BO(n)/Y )_{et}, Z/2Z) → H^i((BO(n)/K)_{et}, Z/2Z)

induced by the change of sites given by Spec(K) → Y and of the map

H^i((BO(n)/K)_{et}, Z/2Z)^{ϵ∗}→ H^i(BO(n)(K), Z/2Z) ,

which is induced by a map ϵ on simplicial sheaves defined as follows. View the simplicial scheme BO(n) as the simplicial sheaf it represents and let

Γ^∗BO(n)(K) denote the constant simplicial sheaf attached to the simplicial set BO(n)(K) of global sections of the simplicial sheaf BO(n). Here Γ^∗ is adjoint to the global section functor and ϵ is the counit of the adjunction: a map from Γ^∗BO(n)(K) to BO(n). To obtain ϵ^∗ one has to use the isomorphisms

H^i(BO(n)(K), Z/2Z) ∼= [Γ^∗BO(n)(K), K(Z/2Z, i)] and H^i((BO(n)/K)_{et}, Z/2Z) ∼= [BO(n), K(Z/2Z, i)] , where K(Z/2Z, i) is the Eilenberg-MacLane presheaf of simplicial abelian groups, and then precompose with ϵ (see [J3] Sect. 3 and Appendix 5.c). Next, from the orthogonal representation ρ_π we have the map

ρ^∗_π : H^∗(BO(n)(K), Z/2Z) −→ H^∗(π_1(Y )^{t,o}, Z/2Z) ,

which is obtained by identifying the first group with the cohomology of the discrete group O(n)(K). Thus, using Thm 1.9, we let

w_i(ρ_π) := ρ^∗_π(c(HW_i)) in H^i(π_1(Y )^{t,o}, Z/2Z) .

Note that by a result of Friedlander and Parshall in [F-P] one has an isomorphism

H^i(BO(n)/K, Z/2Z) ∼= H^i(BO(n)/C, Z/2Z)

and this last group can be identified with the i-th singular cohomology group with modulo 2 coefficients of the group O(n)(C) (this is a simplicial version of the classical comparison theorem between étale and singular cohomology for algebraic varieties over C, see e.g. [Mi] Thm. 3.12). Hence the algebra H^∗(BO(n)/K, Z/2Z) is generated by Stiefel-Whitney classes SW_i over Z/2Z. The image under the first map in the composition above sends HW_i to SW_i.

We now want to push the element w_i(ρ_π) forward to H^i(Y_{et}, Z/2Z). This is achieved by the analysis of the spectral sequences converging to the equivariant cohomology H^∗(Y_{et}, π_1(Y )^{t,o}; Z/2Z) (see [E-K-V] Sect. 3.1). Because we are working with oddly ramified coverings, we obtain the canonical map can : H^i(π_1(Y )^{t,o}, Z/2Z) −→ H^i(Y_{et}, Z/2Z) .

We let w_i(π) := can(w_i(ρ_π)) .

Note that there is also a canonical map

can : H^i(π_1(Y ), −) −→ H^i(Y_{et}, −) ,

compatible with the above map, whose origin is explained for instance in [K] Proof of Prop. 6.1 (see also [Gil] Lemma 1.16; in [Go-Ja] III Rem. 1.3 a map from a space X to the classifying space of its fundamental group is constructed). We shall use a version of this map for the non-abelian H^1 in Sect. 1.h.

Remark 1.13. In low degree the Galois theoretic invariants we have defined have interpretations in terms of the properties of the map π. So w_1(π) is (also) the function field discriminant, and w_2(π) can be interpreted as giving an obstruction to an embedding problem (see [J2]).

1.g. The main lemma: comparing Chern and Hasse-Witt invariants.

Here we state and sketch a proof of a result from [E-K-V] which is one of the main tools in calculating the Hasse-Witt invariants. The result can be viewed as answering the natural question of determining whether these invariants vanish on metabolic forms. As we have recalled above, such forms are the right generalization of hyperbolic forms to the setting of forms over (global) schemes and so one would expect their properties to be determined by the (linear) properties of the lagrangians they contain. It turns out that the invariants do not vanish, that is they do not define invariants on the Witt group. However, they are indeed determined by the Chern classes of a lagrangian. Note that the Clifford invariant of a metabolic form is trivial, as can be seen by using the cohomological description of the second example in Sect. 1.d.1 (see [K-O2] and [Knu] IV (2.4)).

As a preparation for the general statement we observe the following. Let R be a ring in which 2 is a unit. Then, the second Hasse-Witt invariant of a hyperbolic form H(I) over an invertible R-module I equals the image, under the coboundary map induced by the Kummer sequence, of the class of I in the Picard group: that is the first Chern class (see [O] Thm. 19).

For a bundle V of rank n over Y let c_i(V ) denote the i-th Chern class of V in H^{2i}(Y_{et}, Z/2Z) (see [Gr]). The following equality holds

c_i(V ) = c_i(V^∨) .

Define an element of H^∗(Y_{et}, Z/2Z) by

d_t(V ) = n∑ i=0 (1 + (−1)t)^{n−i}c_i(V )t^{2i} .

Lemma 1.14. Let (E, B) be a metabolic form with lagrangian V . Then

w_t(E) = d_t(V ) .

In particular

1 + w_1(E)t + w_2(E)t^2 = 1 + n(−1)t + ( c_1(V ) + ( n 2 ) (−1) ∪ (−1) ) t^2 .

This is Prop. 5.5 in [E-K-V]. We shall use the result in the following form (see loc. cit. Thm. 6.2, Cor. 6.3).

Corollary 1.15. Let Y be an irreducible scheme with generic point η. Let (E, B_E ) and (F, B_F ) be non-degenerate forms which are isometric when restricted to η.

a) w_1(E) = w_1(F ) and c_1(E) = c_1(F ).

b) As in the example at the end of Sect. 1.c.1 consider the exact sequence 0 → E ∩ F → E⊥F → G → 0 . Assume that G (and E ∩ F ) is locally free, and that (E⊥F, B_E ⊥ − B_F ) is metabolic with lagrangian E ∩ F = G^∨. Then w_t(E, B_E ) · w_t(F, −B_F ) = d_t(G) . c) w_2(E) + w_2(F ) = c_1(G) + c_1(E). In particular this sum belongs to the image of the Picard group modulo 2 in H^2(Y_{et}, Z/2Z).

d) w_t(E, B_E ) · w_t(F, B_F ) · w_t(E, −B_E )^2 = ∑ i(1 + (−1)t)^{n−i}c_i(G⊥E)t^{2i} . Part (a) is proved independently (see Sect. 4.b). Part (b) follows directly from the lemma and (d) follows from the lemma applied to the form (E⊥F ⊥E⊥E, B_E ⊥B_F ⊥ − B_E ⊥ − B_E) . One proves (c) along the lines of [E-K-V] p. 185 and one uses that w_1(E, −q) = n · (−1) + w_1(E, q).

We will apply the Main Lemma to the metabolic forms of Prop. 3.12.

1.h. The étale case.

As mentioned in the introduction, the case of étale covers has been considered in full generality in [E-K-V] Thm. 2.3. The result is the following.

Theorem 1.16. Let π : T → Z be an étale cover, with Z connected over SpecZ[^1_2 ]. Consider the non-degenerate form (E, B_E ) = (π_∗(O_T ), T r_{T /Z} ) over Z. Then a) w_1(E) = w_1(π) and this also equals the function field discriminant (d_{T /Z} ) b) w_2(E) = w_2(π) + (2) ∪ (d_{T /Z} ) .

Kahn has extended this result to the higher degree Hasse-Witt invariants in [K] Thm. 6.1. The formulation of this more general result requires the definition of another set of classes attached to π, and so we do not go into this. (Note that the Conjecture 2.4 of [E-K-V] turns out to be slightly false as stated.)

Since this theorem is one of the main ingredients in the proof of our Thm. 0.2, we summarize the main steps for a proof. The strategy for (b) consists in computing the difference of the classes w_2(E) and w_2(π). The computation is made possible by the fact that these classes are the image of the same element under two coboundary maps which correspond to locally isomorphic short exact sequences. More precisely:

a) Let S_n denote the symmetric group on n letters. Up to isomorphism, the degree n cover π : T → Z corresponds to an element [e] in H^1(π_1(Z), S_n) and hence under the canonical map of Sect. 1.f, to a class, again denoted [e] in the first étale cohomology set H^1(Z_{et}, S_n) (see e.g. [Mi] Chap. I, Thm. 5.3).

b) There are two embeddings/sheaf homomorphisms of S_n into orthogonal groups:

O(n)

S_n � � � �

� � � �

O(n)(K)

where O(n) is the orthogonal group of rank n and O(n)(K) is the group of points of O(n) with values in a geometric point Spec(K) of Z (whose choice is irrelevant).

c) Corresponding to these embeddings, [e] defines classes in the cohomology of the orthogonal groups:

[ρ^′_π ] ∈ H^1(π_1(Z), O(n))^{can} � [E] ∈ H^1(Zet, O(n))

[e] ∈ H^1(π_1(Z), S_n)

� � � �

� � � � �^{can} �_{[e] ∈ H}1_{(Zet, Sn)} � � � �

� � � � [ρ_π ] ∈ H^1(π_1(Z), O(n)(K))^{can} � [π] ∈ H^1(Z_{et}, O(n)(K))

One checks that [E] is the class corresponding to (E, B_E ) by the classification recalled in Sect. 1.d.1 (see [S1] 1.4 or [W] Sect. 6). Because the signature of a permutation equals the determinant of the corresponding permutation matrix one deduces that w_1(E) = det[E]. Also w_1(π) = det[π].

d) There are two exact sequences of étale sheaves:

(α) 0 → Z/2Z → ~O(n) → O(n) → 0 and (β) 0 → Z/2Z → ~O(n)(K) → O(n)(K) → 0 , where the second is the K-points of the first (see [F] Appendix 1, [E-K-V] Sect. 1.9 and [J2] Appendix). By pulling back along the embedding of S_n into the orthogonal groups we get central extensions:

(α_S ) 0 → Z/2Z → ~S_n^′ → S_n → 0 and (β_S ) 0 → Z/2Z → ~S_n → S_n → 0 .

Note that in the first of these ~S_n^′ is not a constant group (see [E-K-V] Lemma 2.11). However these two extensions are locally isomorphic (see [E-K-V] Lemma 2.10).

e) The above four exact sequences give rise to coboundary maps Δ which fit into the following diagram:

H^1(Z_{et}, O(n)) Δα � � � � H^1(Z_{et}, S_n)

� � � �

� � � � ΔαS � ΔβS � H^2(Zet, Z/2Z)

H^1(Z_{et}, O(n)(K)) Δβ � � � � f) Consider the diagram

H^1(Z_{et}, O(n)) Δα � � � �^{H2((BO(n)/Z)et , Z/2Z) ∋ HW2} [E]∗ � � � � c � H^2(Z_{et}, Z/2Z)

H^1(Z_{et}, O(n)(K)) Δβ � � � � H^2(BO(n)(K), Z/2Z) [π]∗ � � � � where the map c was defined in Sect. 1.f. The class of HW_2 corresponds to the sequence α and that of c(HW_2) to β. So from [Gir] VIII 6.2.10 (ii), we deduce that

Δ_α([E]) = [E]^∗(HW_2) =: w_2(E)

and that Δ_β([π]) = [π]^∗(c(HW_2)) =: w_2(π) .

Here we use the fact that HW_2 corresponds to the extension α and that c(HW_2) corresponds to β. So w_2(E) − w_2(π) = Δ_{αS} ([e]) − Δ_{βS} ([e]) .

g) Now Δ_{αS} − Δ_{βS} = Δ_{αS −βS} , and the central extensions α_S and β_S are locally isomorphic, so the difference of their classes in the equivariant cohomology group H^2_Z (S_n, Z/2Z) is locally split and hence defines a unique element (f) in H^1(Z_{et}, Z/2Z) such that

Δ_{αS −βS} (−) = (f) ∪ det(−) ,

see [E-K-V] Prop. 2.8.

h) One computes that (f) = (2), so the theorem follows by using again the fact that (d_{T /Z} ) = det([e]).

Remark 1.17. We give some indications to show how little is known about invariants of étale algebras over a field F of characteristic 2 (for more details see [W] and [Deg]). Essentially one only knows how to deal with the first invariant of such an algebra. An étale algebra E over a field F corresponds to a class [e] in H^1(G_F , S_n), where G_F = Gal(F_s/F ) denotes the absolute Galois group of F and n denotes the degree of E over F . In characteristic different from 2 the image of [e] in H^1(G_F , Z/2Z) ≃ F^∗/F^{∗2} given by the signature homomorphism equals the discriminant d(E/F ). Moreover in characteristic different from 2, the discriminant can either be defined as the discriminant of the bilinear trace form on E or, in case E is defined by a polynomial f, in terms of the roots of f. In characteristic 2 one has H^1(G_F , Z/2Z) ≃ F/P(F ), where P(x) = x^2 + x. The image of [e] in this group can be identified with an additive discriminant d^+(E/F ), which in the case of an algebra defined by a polynomial has first been considered by Berlekamp (see loc. cit., [Be] and [Ber-M]). In characteristic 2 one does not consider the bilinear trace form, given by the first coefficient in the characteristic polynomial, but rather naturally the second trace form, which is the quadratic form defined by the second coefficient. This leads to the definition of another invariant with values in F/P(F ), namely the Arf invariant Arf(E/F ) of this quadratic form. It turns out that this invariant differs from the additive discriminant (by a small amount): indeed, d^+(E/F ) − Arf(E/F ) equals 0 in case the degree E over F is congruent to 0, 1, 2 or 7 modulo 8 and equals 1 if not (see loc. cit.).

2. Construction of the étale cover T/Z

Let π : X → Y denote a tamely and oddly ramified cover of projective, regular schemes over Spec(Z[^1_2 ]), which as in Sect. 1.b is obtained as a quotient cover from a cover π̃ : ~X → Y corresponding to a group action ( ~X, G), with ~X regular and connected and X = ~X/H for some subgroup H of G. Let G_2 denote a 2-Sylow subgroup of G and let Z := ~X/G_2.

Lemma 2.1. a) The morphism ψ : ~X → Z is étale. In particular Z is regular.

b) The base change ϕ : Z → Y is flat.

Proof. For (a) we have to show that ~X/Z is unramified and flat. Let us begin by showing that Z is normal. This follows from the fact that ~X is normal together with the fact that for any open U of Z we have that

O_Z (U) = O_{~X} (ψ^{−1}(U))^{G2} .

(2.1)

By the parity assumption on the ramification, ψ is unramified and because Z is normal, to show that ψ is flat, it is sufficient to show that for any ~x in ~X and z = ψ(~x) the morphism O_{Z,z} → O_{~X,~x} is an injection (see [Mi] Chapt. I, Thm. 3-20). But this is clear, since for any (affine) open U of Z containing z we have the inclusion O_Z (U) → O_{~X} (ψ^{−1}(U)) (see (2.1)).

Part (b) follows along the same lines used in Sect. 1.b.

Put T^′ := Z ×_Y X and let T be the normalisation of T^′. Our aim is to show the following.

Theorem 2.2.

a) The pull-back map ϕ^∗ : H^∗(Y_{et}, Z/2Z) → H^∗(Z_{et}, Z/2Z) is an injection.

b) The natural map π_Z : T → Z is étale. c) The scheme T is regular.

Proof. Part (a) is a consequence of the fact that the degree of the cover Z/Y is odd and the fact that the composition ϕ_∗ ∘ ϕ^∗ is multiplication by the degree [SGA4] IX 5.1.4. Part (c) follows from (b) and Lemma 2.1 (a). The proof of (b) will occupy the rest of this section.

Our strategy consists in exhibiting for any closed point z of Z an étale neighbourhood U of z, such that T_U := T ×_Z U → U is étale. This will do, because T_U coincides with the normalisation of T^′_U := T^′ ×_Z U. Our choice of U allows us to exhibit T_U as an étale Kummer cover of U in the sense of [Gr-M]. In fact U will be defined as Z ×_Y S, where S is a neighbourhood of the image y of z in Y . The result will then follow from a study of the local structure of the tame cover ~X/Y . The key result is Prop. 2.6 below. The picture is the following. ~X_S

� � � � � � � �

� � � � � � � � � �

~X

λ

�

1

T_U �

� � � � � � �

� � � � � � � � � � � �^{T ′}S � � � � � � � �^{XS}

πS

� � � � � � � � � � qX � � � � � � � � T norm. �

πZ

� � � � � � � � � � � �^{T ′ ϕX} �

π0

�

= X

π

�

H

U = Z_S^{ϕS} � qZ � � � � � � �^S

q, étale � � � � � � � � Z_ϕ � Y G2 G

2.a. Local structure of the covering ~X/Y .

Let us introduce some notation. Consider a point ~x in ~X. We need to describe the inertia group I(~x) at ~x for the cover ~X/Y . Because of the tameness and regularity assumptions, I(~x) is the product of the inertia groups of the components of the ramification locus, which pass through ~x. Namely, recall from Sect. 1.b the decompositions b( ~X/Y ) = ∐ 1≤h≤m b_h and B( ~X/Y ) = ∐ h,k ~B_{h,k} , where the b_h are the irreducible components of b and where for any fixed integer h between 1 and m, the ~B_{h,k} are the irreducible components of ~B such that π̃( ~B_{h,k}) = b_h. For any h let I_h denote the inertia group of a generic point of ~B_{h,k}. This only depends on h up to conjugacy, because the action of G conjugates the inertia groups. Write e_h for the order of I_h. Let J(~x) := {ℓ | 1 ≤ ℓ ≤ m, ∃k : ~x ∈ ~B_{ℓ,k}} (2.2) = {1, 2, . . . , n} , (after reordering if necessary). Because ~X/Y is tame, the group I_ℓ is cyclic and we shall often identify I_ℓ with Z/e_ℓZ. Then I(~x) ∼= ∏ ℓ∈J(~x) I_ℓ ∼= ∏ ℓ∈J(~x) Z/e_ℓZ . From the results in the appendices of [CEPT2] and [C-E] we deduce our first auxiliary result for which it is crucial that the schemes ~X and Y be regular. Note that the result is stated there for X flat over Z, but the proof goes through mutatis mutandis for X defined over a finite field F_p. Recall the notation Map_H (G, B) from Sect. 1.a.

Lemma 2.3. Let y be a closed point of Y and let ~x be a closed point such that π(~x) = y. There exists an affine étale neighbourhood of y S = Spec(A_y) , where A_y is an algebra containing a sequence a_1, a_2, . . . , a_n of regular parameters, such that ~X ×_Y S ∼= Spec(O_{~X} (S)) is an isomorphism of schemes with a G-action, where O_{~X} (S) := Map_{I(~x)}(G, B_{~x}) and B_{~x} := A_y[t_1, . . . , t_n] = A_y[T_1, . . . , T_n]/(T^{e1}_1 − a_1, . . . , T^{en}_n − a_n) , with each e_ℓ prime to the residue characteristic of y and t_ℓ = T_ℓ, so that t^{eℓ}_ℓ = a_ℓ. The e_ℓ are the orders of inertia and the a_ℓ are local equations for the b_ℓ. Moreover the algebra A_y is a domain and it contains enough roots of unity of order prime to the residue characteristic of y. The inertia group I(~x) acts on B_{~x} through its action on the cotangent space. More precisely, if the group I_ℓ acts on the cotangent space of the ℓ-th component by the character χ_ℓ, then I_ℓ acts on t_ℓ by χ_ℓ.

2.b. Local structure of the coverings X/Y and Z/Y . For a Y -scheme V let us write V_S for V ×_Y S. Since by definition X = ~X/H, we deduce from the result of the previous section that

X_S = Spec ( Map_{I(~x)}(H\G, B_{~x}) ) . A similar result holds for Z_S with G_2 in place of H, since Z = ~X/G_2. We now want to obtain an alternative description of X_S and Z_S (see (2.4) and (2.4) below). To this end let {g_i}_{1≤i≤r} denote a system of representatives of H\G/I(~x). For g an element of G, let g denote the class of g in H\G. The group I(~x) acts from the right on H\G, and the g_i form a system of representatives for the orbits in H\G under this action. Let H^{gi} := g^{−1}_i Hg_i. The stabilizer of g_i is I(~x, i) := I(~x) ∩ H^{gi} and the map Map_{I(~x)}(H\G, B_{~x}) −→ ∏ 1≤i≤r B^{I(~x,i)}_{~x} ,

which sends f to (f(g_i))_i is an algebra isomorphism. For fixed i, let {h^{(i)}_{j(i)}} denote a system of representatives of (g_iI(~x)g^{−1}_i ) ∩ H\H, where 1 ≤ j(i) ≤ s(i). Then, the h^{(i)}_{j(i)}g_i for 1 ≤ i ≤ r and 1 ≤ j(i) ≤ s(i) form a system of representatives of G/I(~x). The map Map_{I(~x)}(G, B_{~x}) −→ ∏ 1≤i≤r ∏ 1≤j(i)≤s(i) B_{~x} ,

which sends f to (f(h^{(i)}_{j(i)}g_i))_{i,j(i)} is an algebra isomorphism. These two isomorphisms fit into the commutative diagram Map_{I(~x)}(H\G, B_{~x})^∼−→ ∏ 1≤i≤r B I(~x,i) ~x (1) ↓ ↓ (2) Map_{I(~x)}(G, B_{~x})^∼−→ ∏ 1≤i≤r (∏ 1≤j(i)≤s(i) B~x )

The vertical map (1) sends the map f to the map g → f(Hg). The vertical map (2) is given by the diagonal embedding of B^{I(~x,i)}_{~x} into ∏ 1≤j(i)≤s(i) B~x. Again from the results in the appendix of [CEPT2], we deduce the second auxiliary result. For this result it is vital that X is regular.

Lemma 2.4. For any (i, ℓ), with 1 ≤ i ≤ r and 1 ≤ ℓ ≤ n, there exists a divisor e_{i,ℓ} of e_ℓ such that I(~x, i) = ∏ ℓ∈J(~x) Ze_{i,ℓ}/Ze_ℓ . So for any i we can write B_{x,i} := B^{I(~x,i)}_{~x} = A_y[t_{i,1}, . . . , t_{i,n}] , where t_{i,ℓ} := t^{eℓ/ei,ℓ}_ℓ . Finally

X_S = Spec(O_X (S)) with O_X (S) = ∏ 1≤i≤r B_{x,i} . (2.4)

We obtain an analogous description of Z_S by considering a system of representatives {γ_j }_{1≤j≤s} for G_2\G/I(~x). However, since I(~x) has odd order we see that for any j, the intersection I(~x) ∩ G^{γj}_2 is reduced to the identity. So we do not need the previous lemma and the analogue of (2.4) is more simply

Z_S = Spec(O_Z (S)) with O_Z (S) = ∏ 1≤j≤s B_{j,x} , (2.4)

which is a product of s copies of B_{j,x} = B_{~x}.

Remark. The two notations B_{x,i} and B_{j,x} are used in order to emphasize that the first appears in the decomposition of O_X (S) and the second in that of O_Z (S), and that, as in our big diagram above, “X is on the right” and “Z is on the left.”

2.c. Local structure of the covering T/Z; integral closure. From the isomorphism of Y -schemes (Z ×_Y X) ×_Y S ∼= Z_S ×_S X_S and using (2.4) and (2.4) we obtain

T^′_S = Spec(O_T ′ (S)) with O_T ′ (S) = ∏ 1≤i≤r,1≤j≤s B_{j,x} ⊗_{Ay} B_{x,i} . Let F r(R) denote the field of fractions of a domain R. In particular write K_y = F r(A_y).

We now determine an explicit description of the integral closure C_{j,x,i} of B_{j,x} ⊗_{Ay} B_{x,i} inside F r(B_{j,x}) ⊗_{Ky} F r(B_{x,i}). Note that the latter is a product of fields. Indeed it follows from Lemma 2.3 that F r(B_{~x})/K_y is separable, since by tameness the polynomials T^{eℓ}_ℓ − a_ℓ are separable (e_ℓ is prime to the residue characteristic). For i as above, let H_i = H_i(x) := I(~x)/I(~x, i) .

The group H_i is the Galois group of the extension F r(B_{x,i})/K_y. From Lemma 2.4 we deduce a group isomorphism δ : H_i ∼= ∏ ℓ∈J(~x) Z/e_{i,ℓ}Z . Let ^H_i denote the group of characters of H_i and let A(i) be the set of sequences α = (α_{i,ℓ}) such that for every ℓ in J(~x), we have 0 ≤ α_{i,ℓ} < e_{i,ℓ}. Define a character χ_ℓ : Z/e_{i,ℓ}Z → A_y by the requirement that for all u in Z/e_{i,ℓ}Z χ_ℓ(u) := t^{δ−1(u)}_{i,ℓ} /t_{i,ℓ} . The next result is clear.

Lemma 2.5. Every character χ in ^H_i can be written uniquely in the form χ = ∏ ℓ∈J(~x) χ^{αi,ℓ}_ℓ , with 0 ≤ α_{i,ℓ} < e_{i,ℓ}. This establishes a bijection between ^H_i and A(i). Proposition 2.6. The integral closure C_{j,x,i} of B_{j,x} ⊗_{Ay} B_{x,i} inside the product of fields F r(B_{j,x}) ⊗_{Ky} F r(B_{x,i}) admits the following description as a B_{j,x}-algebra: C_{j,x,i} = B_{j,x}[{t^{−1}_{i,ℓ} ⊗ t_{i,ℓ} : ℓ ∈ J(~x)}] . Proof. Let us consider the morphism of F r(B_{~x})-algebras ι : F r(B_{j,x}) ⊗_{Ky} F r(B_{x,i}) −→ Map(H_i, F r(B_{j,x})) , which sends a ⊗ b to the map h → ab^h. This is an isomorphism. To see this, it is sufficient to show that it is an injection, because the dimension of the range and the source over F r(B_{j,x}) both equal the order of H_i. The injectivity is a standard result (see e.g. [F1] p. 132).

Let us now pass to the integral level. We know that B_{j,x} = B_{~x} and hence Map(H_i, B_{j,x}) are integrally closed, because ~X is regular and ~X_S / ~X is étale, so that ~X_S is also regular (hence normal). So ι restricts to an injection C_{j,x,i} → Map(H_i, B_{j,x}). For all i and ℓ, we have that (t^{−1}_{i,ℓ} ⊗ t_{i,ℓ})^{ei,ℓ} = 1, so we obtain one inclusion for the proposition: B_{j,x}[{t^{−1}_{i,ℓ} ⊗ t_{i,ℓ} : ℓ ∈ J(~x)}] ⊂ C_{j,x,i} . It will thus be sufficient to show that ι ( B_{j,x}[{t^{−1}_{i,ℓ} ⊗ t_{i,ℓ}} : ℓ ∈ J(~x)}] ) = Map(H_i, B_{j,x}) . (2.6)

We first show that the characters χ form a basis of Map(H_i, B_{j,x}). We know that Map(H_i, B_{j,x}) is a free B_{j,x}[H_i]-module of rank one, with a basis given by the map d such that d(g) = δ_{g,1} (Kronecker delta). Since

B_{j,x} contains the e_{i,ℓ}-st roots of unity and since the order of H_i is prime to residue characteristic of x, it is known that the idempotents e_χ, for χ in ^H_i form a basis of B_{j,x}[H_i] over B_{j,x}. So the set of (d|χ) = ∑ g∈H_i χ(g)d g^{−1} for χ in ^H_i, is a basis of Map(H_i, B_{j,x}) over B_{j,x}. Now, (d|χ) = χ, so the characters χ in ^H_i indeed form a basis of Map(H_i, B_{j,x}). Hence to prove (2.6), it suffices to show that for ℓ in J(~x), the character χ_ℓ belongs to ι ( B_{j,x}[{t^{−1}_{i,ℓ} ⊗ t_{i,ℓ}} : ℓ ∈ J(~x)}] ) . This is clear, since by definition, we have ι(t^{−1}_{i,ℓ} ⊗ t_{i,ℓ}) = χ_ℓ . This concludes the proof of the proposition.

Remark 2.7. Prop. 2.6 also shows that for every (i, j) the algebra C_{j,x,i} (obtained by normalisation) is a B_{j,x}-algebra and a free B_{j,x}-module of finite type with a basis given by the set of θ_i(α), for α = (α_{i,ℓ}) sequence in A(i), defined by

θ_i(α) = ∏ ℓ∈J(~x) t^{−αi,ℓ}_{i,ℓ} ⊗ t^{αi,ℓ}_{i,ℓ} = ∏ ℓ∈J(~x) (t^{−1}_{i,ℓ} ⊗ t_{i,ℓ})^{αi,ℓ} . We shall write C_{j,x,i} = ⨁ α∈A(i) Bj,xθi(α). This will be generalised below,

see Prop. 3.6.

2.d. Proof that T/Z is étale.

We now come back to the proof Thm.2.2 (b). Let t be a closed point of T , such that π_Z (t) = z, with z lying over y. Let S be defined as in Lemma 2.3. Put U = Z_S = Z ×_Y S. Then U is an étale neighbourhood of z and T_U = T_S is an étale neighbourhood of t. We have shown that

U = Spec( ∏ 1≤j≤s B_{j,x}) and T_U = Spec( ∏ 1≤i≤r,1≤j≤s C_{j,x,i}) . Prop. 2.6 shows that C_{j,x,i} is a polynomial algebra over B_{j,x} and that the variables raised to a power prime to the residue characteristic are units in the ground ring, hence T_U → U = Z_S is étale, and this concludes the proof of the theorem. (Note that indeed (t^{−1}_{i,ℓ} ⊗ t_{i,ℓ})^{ei,ℓ} = 1.)

3. Normalisation along a branch divisor

Recall the notation introduced in Sect. 1 and the diagram used in the proof of Thm. 2.2. The aim of this section is to first construct a sequence of schemes T^{(h)} over T^′ indexed by the m components of the branch locus of π : X → Y , such that T^{(0)} = T^′ and such that T^{(m)} = T , the normalisation of T^{(0)} (see the definition after Prop. 3.3). Then we define forms (Λ^{(h)}, T r) over Z, where Λ^{(h)} := (π_h)_∗(D^{−1/2}_{T (h)/Z} ) is equipped with the trace form (see

Lemma 3.8). These forms all agree on the generic fiber of Z and are such that Λ^{(m)} = (π_Z )_∗(O_T ) and Λ^{(0)} = ϕ^∗(π_∗(D^{−1/2}_{X/Y} )) .

Moreover for 0 ≤ h ≤ m − 1 there are short exact sequences of locally free O_Z -modules

0 → I^{(h)} → Λ^{(h)} ⊕ Λ^{(h+1)} → G^{(h)} → 0 ,

(3.0)

and as we will see in Prop. 3.12 the form

(Λ^{(h)}, (−1)^hT r) ⊕ (Λ^{(h+1)}, (−1)^{h+1}T r)

is metabolic, with lagrangian I^{(h)}. The point is that the maps in the sequence (3.0) are explicitly given. This will allow us in the next section to apply the Main Lemma (Cor. 1.15) and complete the proof of Thm. 0.1. One could try to obtain a sequence analogous to (3.0) for Λ^{(0)} ⊕ Λ^{(m)}, however the resulting “kernel sheaf” would not be locally free in general. To deduce the properties of the forms (Λ^{(h)}, T r) we analyze the structure of the schemes T^{(h)} over an étale neighbourhood, generalizing the results of the previous section (see Sects. 3.c and 3.d).

One can view the normalisation T as the “normalisation along (the inverse image of) b_1 ∐ . . . ∐ b_m” (see below). For 1 ≤ h ≤ m we will define T^{(h)} to be the normalisation along b_1 ∐ . . . ∐ b_h. More precisely T^{(h)} will be defined as Spec(N^{(h)}) for a certain coherent O_Y -algebra N^{(h)} obtained by partial normalisation, namely by “gluing” algebras N^{(h)}(U), for U open in Y , which are the intersection of O_Y (U)-algebras indexed by points ξ of codimension 1 in U. (In particular, this interpolation procedure depends on the choice of an order on the branches of b, but the final result is independent of this choice.) We will have the following diagram of schemes and morphisms

T^{(m)} �

π_m=π_Z � � � � � � � � � T^{(m−1)} � π_{m−1}

� � � � � � � � . . . � T (0) = T ′

π_0 �

�

θ � � � � � � � � ϕ_X � X π � Z_ϕ � Y

3.a. Localisation at primes of height one.

The aim of this section is to formulate a slight generalisation of a well known result of commutative algebra, which motivates the definition of the schemes T^{(h)} (see Lemma 3.2). As before, for a ring A we let F r(A) denote the total ring of fractions of A.

We begin with the following elementary observation.

Lemma 3.1. Let R be an integral domain and let f : R → A be a ring homomorphism. Suppose that f is flat and that A is finite over R and reduced. Then we can view R as contained in A and F r(A) ∼= A ⊗_R F r(R).

Proof. We show that there is a ring homomorphism g : F r(A) → A ⊗_R F r(R) given by sending x/a to x ⊗ (1/a), which is an isomorphism. Note that f is injective. Indeed, if r is a non-zero element of R, then the map on R given by multiplication by r is injective on R, hence, because of flatness, the map on A given by multiplication by f(r) is injective too. It also follows that every non-zero element of R is regular in A, that is it is not a zero-divisor. We write R ⊂ A. Let a be a regular element of A. Since A is finite over R it is integral over it and so there exist r_0, r_1, . . . , r_{n−1} in R such that a^n + r_{n−1}a^{n−1} + · · · + r_1a + r_0 = 0 .

Because a is regular we can assume that r_0 ≠ 0 and we see that a is invertible in A ⊗_R F r(R), indeed a · ( a^{n−1} ⊗ 1 r_0 + a^{n−2} ⊗ r_{n−1} r_0

+ · · · + 1 ⊗ r_1 r_0 ) = −1 . So the map g is well defined and is clearly an isomorphism.

Next we note a generalization of the well-known fact that a normal noetherian ring equals the intersections of its localizations at the primes of height one.

Lemma 3.2. Let R be a noetherian, normal ring which is a subring of a ring A. We assume that A is a finite, flat R-module. Then A = ⋂ p, ht(p)=1 A_p , where p runs over the prime ideals in R, which are of height 1.

Proof. We show that there is an exact sequence 0 → F r(A)/A → ⨁ p,ht(p)=1 F r(A)/A_p . Let q be a prime ideal of R and let B be an R-algebra. We write B_q for the ring S^{−1}B obtained by localising B with respect to the multiplicative set S = R \ q. So B_q = B ⊗_R R_q. Since, by assumption, A is flat over R we have, as above, that every non-zero element r of R does not divide zero in A. In particular the canonical map A → F r(A) induces an injection of A_q into F r(A) and the intersection is to be viewed in F r(A). The fact that R = ⋂ p, ht(p)=1 Rp, can be interpreted as giving the exactness of the

sequence 0 → F r(R)/R → ⨁ p,ht(p)=1 F r(R)/R_p . By the flatness of A over R we deduce the exactness of the sequence 0 → (F r(R)/R) ⊗_R A → ⨁ p,ht(p)=1 (F r(R)/R_p) ⊗_R A . Again by flatness we can consider A = R ⊗_R A and A_p = R_p ⊗_R A as subrings of F r(R) ⊗_R A, which by Lemma 3.1 we can identify with F r(A). So the last exact sequence can be rewritten as 0 → F r(A)/A → ⨁ p,ht(p)=1 F r(A)/A_p , which concludes the proof.

3.b. Partial normalisation; definition of N^{(h)} and T^{(h)}. Let U be an open affine in Y , we want to define a ring N^{(h)}(U) by partial normalisation of the ring O_T ′ (θ^{−1}(U)), where θ := ϕ∘π_0 (see diagram before Sect. 3.a). For ease of notation let us write W := θ^{−1}(U). The scheme W is affine and open in T^′, and O_T ′ (W ) is a finite and flat O_Y (U)-algebra. Let K_Y (U) denote the ring of fractions of O_Y (U). By Lemma 3.1 we can write

O_Y (U) ⊂ O_T ′ (W ) and F r(O_T ′ (W )) = O_T ′ (W ) ⊗_{OY (U)} K_Y (U) . Note that W = π^{−1}(U) ×_Y ϕ^{−1}(U) and O_T ′ (W ) = O_X (π^{−1}(U)) ⊗_{OY (U)} O_Z (ϕ^{−1}(U)) , and, with the obvious notation,

O_T ′ (W ) ⊗_{OY (U)} K_Y (U) = K_X (π^{−1}(U)) ⊗_{KY (U)} K_Z (ϕ^{−1}(U)) , the tensor product of the fraction fields. The extensions K_X /K_Y and K_Z /K_Y are finite and separable, thus the tensor product is a separable K_Y -algebra, and hence semi-simple. So we see that O_T ′ (W ) is contained in the reduced ring F r(O_T ′ (W )) and T^′ is reduced.

Notation. For a subring B of F r(O_T ′ (W )) we write ~B for its integral closure.

We are going to define a finite sub-algebra of ~O_T ′ (W ). Let us apply Lemma 3.1 to O_Y (U) → ~O_T ′ (W ). We obtain O_Y (U) ⊂ O_T ′ (W ) ⊂ ~O_T ′ (W ) and clearly F r(O_T ′ (W )) = F r( ~O_T ′ (W )).

Let now S denote a subring of F r(O_T ′ (W )) which contains O_Y (U) and which is such that every non-zero element of O_Y (U) is regular in S. For any codimension one point ξ of U we put S_ξ = S_p, where p = p_ξ is the ideal of height one in O_Y (U) corresponding to ξ. Recall that we denote by ξ_h the generic point of the component b_h of the branch locus b(X/Y ). Fix an integer h with 1 ≤ h ≤ m. For any codimension one point ξ of U let

S^{(h)}_U (ξ) = ~ O_T ′ (W )_ξ if ξ ∈ {ξ_1, . . . , ξ_h} O_T ′ (W )_ξ if not .

(3.2)

So for any ξ we have the inclusions

O_T ′ (W ) ⊂ S^{(h)}_U (ξ) ⊂ F r(O_T ′ (W )) .

Definition. N^{(h)}(U) := ⋂ ξ∈U, codim(ξ)=1 S (h) U (ξ). Remark. (a) It follows from Lemma 3.2 that N^{(h)}(U) is a finite subalgebra of ~

O_T ′ (W ) and for all ξ in U we have ( ~O_T ′ (W ))_ξ = ~(O_T ′ (W )_ξ). (More generally for any prime q of R we know that R\q consists of non-zero divisors of ~A, so normalisation and localisation commute, namely ~(A_q) = ( ~A)_q.)

(b) Since for any h the divisor b_h is the closure of ξ_h, we see that ξ_h belongs to U if and only if U meets b_h.

(c) If ξ is in U but differs from all of the ξ_h, then O_T ′ (W )_ξ = ~O_T ′ (W )_ξ and so for h = m we get

N^{(m)}(U) := ⋂ ξ∈U, codim(ξ)=1 ~ O_T ′ (W )_ξ = ~ O_T ′ (W ) , where the second equality follows from Lemma 3.2.

The next proposition summarizes some further basic properties of N^{(h)}(U), which allow us to define the coherent O_Y -algebra N^{(h)} used to construct T^{(h)}.

Proposition 3.3. Let U be an affine open in Y and let h be any integer with 1 ≤ h ≤ m.

a) Let ξ be a point of codimension one in U, then

N^{(h)}(U)_ξ = S^{(h)}_U (ξ) .

b) Let D(f) be a standard open subset of the affine open subset U in Y .

Then N^{(h)}(D(f)) = N^{(h)}(U)_f .

c) The assignment U → N^{(h)}(U) defines a coherent O_Y -algebra N^{(h)} such that for any affine open subset of Y the restriction of N^{(h)} to U is isomorphic to the quasi-coherent module associated to N^{(h)}(U).

Definition. For 1 ≤ h ≤ m, let T^{(h)} := Spec(N^{(h)}) be the affine Y - scheme which is defined by the coherent O_Y -algebra N^{(h)} of the previous proposition (see [EGAI], I.9.1.4) or [Ha] II, Ex. 5.17).

Part (a) shows that we can rewrite the definition of the sub-O_Y (U)-algebra N^{(h)}(U) in ~

O_T ′ (W ) as

N^{(h)}(U) = ⋂ ξ∈U, codim(ξ)=1 N^{(h)}(U)_ξ .

(3.3)

Compare with Lemma 3.2.

Proof. (a) Let R = O_Y (U) and let A = O_T ′ (W ). Let p^′ = p_ξ be the prime of height one in R corresponding to ξ and, if ξ_h lies in U, let p_h denote the prime corresponding to ξ_h. We shall also put S^{(h)}(p^′) = S^{(h)}_U (ξ). From the sequence of inclusions A ⊂ S^{(h)}(p^′) ⊂ ~A_p′ we deduce that A ⊂ N^{(h)}(U) ⊂ ~A. Also, if p is a prime of height one in R which is different from all of the p_h, then A ⊂ N^{(h)}(U) ⊂ A_p. So we deduce the desired equality in this case:

N^{(h)}(U)_p′ = A_p′ = S^{(h)}(p^′) .

Suppose now that p^′ = p_h for some h, say h = 1 after reordering if necessary. Since N^{(h)}(U) ⊂ S^{(h)}(p_1) we deduce N^{(h)}(U)_{p1} ⊂ ~A_{p1} . To show the reverse inclusion we start by checking ( ⋂ p S^{(h)}(p) ) p_1 = ⋂ p S^{(h)}(p)_{p1} .

The left hand side is clearly contained in the right hand side. The other inclusion can easily be checked for finite intersections. Let x be an element of the right hand side. Since x is in F r(A), we can write x = a/s with a in A and s in R \ {0}. If s is not in p_1, then x belongs to the left hand side. If s belongs to p_1, let q_2, . . . , q_n be the primes of height one different from p_1 which contain s. (They are finite in number because R is noetherian.) Thus x lies in ⋂ p /∈{p_1,q_2,... ,q_n} S (h)(p). Now, x also lies in ⋂ p∈{p_1,q_2,... ,q_n} S (h)(p)_{p1} and because we are intersecting over a finite set we

see that x belongs to (⋂ p∈{p_1,q_2,... ,q_n} S (h)(p) ) p_1

. Write x = b/t with t in

R \p_1 and b in ⋂ p∈{p_1,q_2,... ,q_n} S (h)(p). Then x = tx/t with tx in ⋂ p S^{(h)}(p).

It remains to verify the inclusion ~A_{p1} ⊂ S^{(h)}(p)_{p1} . This is clear for p one of the p_i, because then ~A ⊂ ~A_p = S^{(h)}(p). So let us suppose p is not any of the p_i. What has to be checked is ~A_{p1} ⊂ (A_p)_{p1} . Let g be an element of ~A_{p1} , say g = ~a/s_1 with ~a in ~A and s_1 in R \ p_1. By Lemma 3.1 we can write ~a = a/t, with t in R \ {0} and so g = a/(s_1t). If t does not belong to p, then g is in (A_p)_{p1} . Analogously, if t does not belong to p_1, then g is in A_{p1} ⊂ (A_p)_{p1} . So assume t lies in p ∩ p_1, then s_1t does too and we are presented with two cases:

Case 1: V (p) ∩ V (p_1) ≠ ∅.

Let M be a maximal ideal containing both p and p_1. Since Y is regular R_M is a regular local ring and hence a factorial ring. The ideals p and p_1 are of height one in R_M and so they are principal. Let r and r_1 denote generators of p and p_1 respectively. The fact that p and p_1 are distinct implies that r /∈ p_1 and r_1 /∈ p. The factorization of s_1t in R_M is s_1t = r^nr^{n1}_1 u/v, with u in R \ p ∪ p_1 and v not in M. From this we obtain the equality vst_1 = ur^nr^{n1}_1 , which holds in R. So we can write g as g = a s_1t = va vs_1t = va ur^nr^{n1}_1 = 1 ur^n ( va r^{n1}_1 ) . Now, va/r^{n1}_1 belongs to A_p and so we see that g lies in (A_p)_{p1} .

Case 2: V (p) ∩ V (p_1) = ∅.

Let r_1 be a uniformizing parameter for the discrete valuation ring R_{p1} . Here R = p + p_1 and also R = p + p^2_1. So we can find r^′_1 in R such that r^′_1 ≡ r_1 mod p^2_1 and r^′_1 ≡ 1 mod p , so r^′_1 is a generator of p_1R_{p1} not belonging to p. In R_{p1} we write s_1t = (r^′_1)^{n1} u/v with u and v not in p_1 and we deduce that vs_1t = (r^′_1)^{n1} u with (r^′_1)^{n1} not in p and u not in p_1. Then g = a s_1t = va vs_1t = 1 u ( va (r^′_1)^{n1} ) and we again conclude that g lies in (A_p)_{p1} .

We now proceed to prove part (b) of the proposition. We begin with a lemma.

Lemma 3.4. N^{(h)}(U)_f = ⋂ ξ S^{(h)}_U (ξ)_f .

Proof. We prove that the right hand side is contained in the left. The other inclusion is clear. Let x be an element of ⋂ ξ S^{(h)}_U (ξ)_f . Since x is in F r(A) we can write x = a/s with s in R \ {0}. Let {q_1, . . . , q_n} be the primes of height one in R which contain s. By definition x lies in S^{(h)}_U (p) if p is not one of the q_i. Since for all 1 ≤ i ≤ n, x belongs to S^{(h)}_U (q_i)_f , for all i we can find n_i such that f^{ni} x is in S_U (q_i). Thus there is an ℓ ≥ 1 such that f^ℓx belongs to ⋂ p S^{(h)}_U (p) = N^{(h)}(U) and we deduce that x is in N^{(h)}(U)_f .

Let P_f (resp. P_U ) denote the set of primes of height one in O_Y (D(f)) (resp. O_Y (U)). On the one hand, the previous lemma implies that N^{(h)}(U)_f = ⋂ p∈P_U S^{(h)}_U (p)_f .

On the other hand, it follows from the definition that N^{(h)}(D(f)) = ⋂ p∈P_f S^{(h)}_{D(f)}(p) .

Indeed, since θ is affine we have that W = θ^{−1}(U) → U is induced by the inclusion O_Y (U) ⊂ O_T ′ (W ), hence θ^{−1}(D(f)) = D_W (f). It thus follows that for any p in P_f S^{(h)}_{D(f)}(p) = S^{(h)}_U (p)_f .

To conclude the proof of part (b) of the proposition it suffices to show that if p is in P_U \ P_f , then S^{(h)}_U (p)_f = F r(O_T ′ (W )) .

Let A = O_T ′ (W ). And write x in F r(A) as x = a/s with a in A and s in R \ {0}. If s is not in p, then x belongs to S^{(h)}_U (p) and thus to S^{(h)}_U (p)_f . If s lies in p, then we work inside the discrete valuation ring R_p. Since s and f both are both in p, there exist integers n and k such that s^n and f^k have the same valuation in R_p. So in R_p we can write s^n = f^k u v , with u and v in R \ p. We rewrite x = (as^{n−1}v)/s^nv as (as^{n−1}v)/f^ku to get x in S^{(h)}_U (p)_f . This concludes the proof of part (b) of the proposition.

Let us prove part (c) of the proposition. Write F^{(h)}_U for the coherent sheaf on U associated to the O_Y (U)-module N^{(h)}(U). Note that F^{(h)}_U (D(f)) = F^{(h)}_U (U)_f = N^{(h)}(U)_f , so part (b) implies that F^{(h)}_U (D(f)) = N^{(h)}(D(f)) .

Lemma 3.5. Let U and V be open affine subsets of Y , with V ⊂ U, then F^{(h)}_U |_V = F^{(h)}_V .

Proof. To show this identity of sheaves on V it is sufficient to show they have the same sections over the elements in a basis B for the topology of V . We choose for B the set of principal open sets of U which are contained in V . Let D(f) be an element of B. From the previous displayed formula we deduce that F^{(h)}_U |_V (D(f)) = F^{(h)}_U (D(f)) = N^{(h)}(D(f)) .

Note that D(f) = D(f|_V ). Since D(f|_V ) is a principal open subset of the affine V , we also deduce that

F^{(h)}_V (D(f)) = F^{(h)}_V (D(f|_V )) = N^{(h)}(D(f)) .

This implies that F^{(h)}_U |_V and F^{(h)}_V coincide on B.

We now glue the sheaves F^{(h)}_U together into a sheaf N^{(h)}. Let U and V be open affine subsets of Y . The intersection U ∩ V is again affine, because Y is proper (and hence separated) and so the previous lemma implies

F^{(h)}_U |_{U∩V} = F^{(h)}_V |_{U∩V} = F^{(h)}_{U∩V} .

This is sufficient to show the existence of N^{(h)} having the properties announced in the proposition.

3.c. Local structure of T^{(h)}.

Let q_Z : U = Z_S → Z denote the étale neighbourhood constructed in Sect. 2 using a sufficiently small étale neighbourhood q : S = Spec(A_y) → Y of y = ϕ(z). The aim of this section is to describe the structure of T^{(h)} ×_Y S and relate it to the partial normalisation of T^′_S (see Prop. 3.6).

Write U for the image of q. Let us assume that y belongs to the intersection of the divisors b_1, . . . , b_n, with 1 ≤ n ≤ m and that U does not intersect the remaining divisors of the branch locus. We have that on U the divisors b_1, . . . , b_n are defined by sections a_1, . . . , a_n, which means that, if ξ_ℓ denotes the generic point of b_ℓ, then for any point ξ of codimension one in U

v_ξ(a_ℓ) = { 0 if ξ ≠ ξ_ℓ 1 if ξ = ξ_ℓ .

Note that by the construction of A_y, the sequence a_1, . . . , a_n is part of a regular system of parameters at y, in particular n ≤ dim Y . In what follows we shall denote by the same letter points of codimension one and their associated primes.

For 1 ≤ ℓ ≤ n consider the divisor q^∗(b_ℓ) of S. It can be written

q^∗(b_ℓ) = ∑ η∈S^{(1)} v_η(a_ℓ){η} , where η runs over the set S^{(1)} of codimension one points of S. We have that q(η) = ξ_i if and only if a_i belongs to η, so q^∗(b_ℓ) can also be written

q^∗(b_ℓ) = ∑ q(η)=ξ_ℓ {η} . Recall that for ~x in ~X above y, in (2.2) we have defined J = J(~x) to be the set (of indices) of irreducible components of the branch locus b covered by a component of the ramification divisor, that go through ~x. We again identify J with the set {1, . . . , n}. For any h, let us partition J into J^′_h = J^′_h(~x) = {ℓ ∈ J : 1 ≤ ℓ ≤ h} (3.5) and J^{′′}_h = J^{′′}_h (~x) = {ℓ ∈ J : h + 1 ≤ ℓ ≤ m} . So for h ≥ n, the set J^{′′}_h is empty. Recall that C_{j,x,i} is the integral closure of B_{j,x} ⊗_{Ay} B_{x,i} inside F r(B_{j,x}) ⊗_{Ky} F r(B_{x,i}). This algebra appears in the next proposition as C^{(h)}_{j,x,i} for h = m. The proposition generalizes the remark after Prop. 2.6.

Proposition 3.6. For any integer h with 1 ≤ h ≤ m, we have: a) (T^′_S )^{(h)} = (T^{(h)})_S =: T^{(h)}_S b) T^{(h)}_S = Spec(O_T (h) (S)) , where O_T (h) (S) = ∏ 1≤i≤r,1≤j≤s C (h) j,x,i with C^{(h)}_{j,x,i} := ⨁ α∈A(i) B_{j,x}θ^{(h)}_i (α) and for α = (α_{i,ℓ})

θ^{(h)}_i (α) = ∏ ℓ∈J^′_h t^{−αi,ℓ}_{i,ℓ} ⊗ ∏ ℓ∈J t^{αi,ℓ}_{i,ℓ} .

Proof. Let us fix some notation. Let R := O_Y (U) , K := F r(R) , L := F r(A_y)

and let the total ring of fractions of O_T ′ (θ^{−1}(U)) be denoted by F . So F is also the total ring of fractions of N^{(h)}(U) and of the integral closure ~ O_T ′ (θ^{−1}(U)).

To prove part (a) we write the two sides of the first equality as intersections over the set S^{(1)} of codimension one points η of S. Consider the right hand side. By definition T^{(h)} = Spec(N^{(h)}), so T^{(h)} ⊗_Y S = Spec(q^∗(N^{(h)})) and because S is affine

T^{(h)} ⊗_Y S = Spec(q^∗(N^{(h)})(S)) = Spec(N^{(h)}(U) ⊗_R A_y) , see [EGAI] Cor. 9.1.9. Below we will show that

N^{(h)}(U) ⊗_R A_y = ⋂ η∈S^{(1)} (N^{(h)}(U) ⊗_R A_y)_η

(3.6)

(see after (3.6)). Now we consider the left hand term in Prop. 3.6 (a). The scheme (T^′_S )^{(h)} is the normalisation of the scheme T^′_S along the divisor q^∗(b_1) ∪ . . . ∪ q^∗(b_h). Also T^′_S = Spec(O_T ′ (θ^{−1}(U)) ⊗_R A_y). Let us denote by P_h the set of codimension one points η of S such that there is h^′ with 1 ≤ h^′ ≤ h and v_η(q^∗(b_h′ )) ≥ 1. Then (T^′_S )^{(h)} = Spec(N^{(h)}_S (S)) with N^{(h)}_S (S) = ⋂ η∈S^{(1)} N (h) S (S)(η) where

N^{(h)}_S (S)(η) =

(O_T ′ (θ^{−1}(U)) ⊗_R A_y)^∼_η if η ∈ P_h

(O_T ′ (θ^{−1}(U)) ⊗_R A_y)_η if η ∉ P_h Claim. We claim that since S is étale over U, taking the integral closure commutes with étale base change and localisation, namely (O_T ′ (θ^{−1}(U)) ⊗_R A_y)^∼_η = (O_T ′ (θ^{−1}(U))^∼ ⊗_R A_y)_η .

Indeed, O_T ′ (θ^{−1}(U))^∼ is finite over R, so B := O_T ′ (θ^{−1}(U))^∼ ⊗_R A_y is integral over A_y and hence

O_T ′ (θ^{−1}(U)) ⊗_R A_y ⊂ B ⊂ (O_T ′ (θ^{−1}(U)) ⊗_R A_y)^∼ .

We show that B is normal. Note that being the base change by an étale morphism Spec(B) is open in the regular scheme Spec(O_T ′ (θ^{−1}(U))^∼) and so is regular. This implies that B_p is normal for every p, which proves the claim.

Thus N^{(h)}_S (S) = ( ⋂ η∈P_h O_T ′ (θ^{−1}(U))^∼ ⊗_R A_{y,η} ) ∩ ( ⋂ η∉P_h O_T ′ (θ^{−1}(U)) ⊗_R A_{y,η} ) . From this and the definition of N^{(h)}(U) (see also (3.2)) we deduce that N^{(h)}_S (S) = N^{(h)}(U) ⊗_R A_y , which by (3.6) shows part (a) of the proposition.

We now look more closely at N^{(h)}(U) ⊗_R A_y. This will give us T^{(h)} ⊗_Y S and part (b) of the proposition. We have the inclusions R ⊂ O_T ′ (θ^{−1}(U)) ⊂ N^{(h)}(U) ⊂ ~O_T ′ (θ^{−1}(U)) .

Since A_y is flat over R we also have the inclusions

A_y = R ⊗_R A_y ⊂ O_T ′ (θ^{−1}(U)) ⊗_R A_y ⊂ N^{(h)}(U) ⊗_R A_y ⊂ ~ O_T ′ (θ^{−1}(U)) ⊗_R A_y .

The A_y-algebras so obtained are finite over A_y and every non zero element of A_y defines a regular element in them by flatness, so by Lemma 3.1 the total ring of fractions E of the last three algebras equals ~O_T ′ (θ^{−1}(U))⊗_R L.

We have that L = A_y ⊗_R K and we claim that this implies E = A_y ⊗_R F . For this we need to see that L/K is algebraic which can be seen as in [Mi]

I Prop. 3.19. Indeed, a non-zero element a of A_y is invertible in A_y ⊗_R K and A_y is a domain so that, as we saw above,

(O_T ′ (θ^{−1}(U)) ⊗_R A_y)^∼ = O_T ′ (θ^{−1}(U))^∼ ⊗_R A_y .

Let ξ run over the set U^{(1)} of codimension one points in U. From the inclusion F N^{(h)}(U) → ∏ ξ F N^{(h)}(U)_ξ

we obtain the inclusion F ⊗_R A_y N^{(h)}(U) ⊗_R A_y → ∏ ξ F ⊗_R A_y N^{(h)}(U)_ξ ⊗_R A_y , from which we deduce the equality

N^{(h)}(U) ⊗_R A_y = ⋂ ξ∈U^{(1)} N^{(h)}(U)_ξ ⊗_R A_y .

Claim. We claim that

N^{(h)}(U) ⊗_R A_y = ⋂ η∈S^{(1)} (N^{(h)}(U) ⊗_R A_y)_η .

Indeed

N^{(h)}(U)_ξ ⊗_R A_y = ~ O_T ′ (θ^{−1}(U)) ⊗_R A_{y,ξ} if ξ ∈ U ∩ {ξ_1, . . . , ξ_h} O_T ′ (θ^{−1}(U)) ⊗_R A_{y,ξ} if ξ ∉ U ∩ {ξ_1, . . . , ξ_h} In any case N^{(h)}(U)_ξ ⊗_R A_y is finite and flat over A_{y,ξ}, which is a domain and is normal. We deduce from Lemma 3.2, that

N^{(h)}(U)_ξ ⊗_R A_y = ⋂ η→ξ (N^{(h)}(U)_ξ ⊗_R A_y)_η ,

(3.6)

where η runs over the points in S^{(1)} such that q(η) = ξ. The claim follows from the fact that (N^{(h)}(U)_ξ ⊗_R A_y)_η = (N^{(h)}(U) ⊗_R A_y)_η. Note that we have also obtained equation (3.6).

So we have to consider the (N^{(h)}(U)_ξ ⊗_R A_y)_η. From the work in Sect. 2 and the definition of N^{(h)} we have

(N^{(h)}(U) ⊗_R A_y)_η = ∏_{1≤i≤r} 1≤j≤s (C_{j,x,i})_η if q(η) ∈ {ξ_1, . . . , ξ_h} ∏_{1≤i≤r} 1≤j≤s (B_{j,x} ⊗_{Ay} B_{x,i})_η if q(η) ∉ {ξ_1, . . . , ξ_h} and we are reduced to describing C^{(h)}_{j,x,i} := ⋂ η E^{(h)}_{j,x,i}(η), for a fixed pair (i, j) in the given range, where E^{(h)}_{j,x,i}(η) = (C_{j,x,i})_η if q(η) ∈ {ξ_1, . . . , ξ_h} (B_{j,x} ⊗_{Ay} B_{x,i})_η if q(η) ∉ {ξ_1, . . . , ξ_h} . We show C^{(h)}_{j,x,i} := ⋂ η∈S^{(1)} E^{(h)}_{j,x,i}(η) = ⨁ α∈A(i) B_{j,x}θ^{(h)}_i (α) . Note the equivalence of conditions on η: q(η) ∈ {ξ_1, . . . , ξ_h} ⇐⇒ ∃ ℓ ∈ J^′_h : a_ℓ ∈ η , and let Q_h denote the set of η which satisfy one of the conditions in the equivalence. Write B_{j,x,η} := (B_{j,x})_η .

Case 1: η ∈ Q_h. In this case, by Prop.2.6, E^{(h)}_{j,x,i}(η) = (C_{j,x,i})_η = B_{j,x,η}[{t^{−1}_{i,ℓ} ⊗ t_{i,ℓ} : ℓ ∈ J(~x)}] . However, if a_ℓ does not belong to η, then t^{−1}_{i,ℓ} ⊗ t_{i,ℓ} lies in B_{j,x,η}[1 ⊗ t_{i,ℓ}]. Indeed, then t^{ei,ℓ}_{i,ℓ} = a_ℓ is a unit in B_{j,x,η} and hence t^{−1}_{i,ℓ} = t^{ei,ℓ−1}_{i,ℓ} /a_ℓ belongs to B_{j,x,η}. Thus, since we are assuming that η is in Q_h, to show that ℓ does not belong to J^′_h, it suffices to show that a_ℓ does not belong to η. Hence in this case (C_{j,x,i})_η = B_{j,x,η}[{1 ⊗ t_{i,ℓ} : ℓ ∈ J^{′′}_h } ∪ {t^{−1}_{i,ℓ} ⊗ t_{i,ℓ} : ℓ ∈ J^′_h}] (3.6) = ⨁ α∈A(i) B_{j,x,η}θ^{(h)}_i (α) . Case 2: η ∉ Q_h. In this case E^{(h)}_{j,x,i}(η) = (B_{j,x} ⊗_{Ay} B_{x,i})_η = B_{j,x,η}[{1 ⊗ t_{i,ℓ} : ℓ ∈ J(~x)}] . We have thus shown that for every η of codimension one in S, E^{(h)}_{j,x,i}(η) is contained in the right hand side of equation (3.6). Taking the intersection over all η and applying Lemma 3.2 to deduce ⋂ η B_{j,x,η} = B_{j,x} we obtain C^{(h)}_{j,x,i} = ⋂ η E^{(h)}_{j,x,i}(η) ⊂ ⨁ α∈A(i) B_{j,x}θ^{(h)}_i (α) . To show the reverse inclusion let z be an element of the right hand side. Since for any η of codimension one B_{j,x} is contained in B_{j,x,η}, we see that z certainly belongs to B_{j,x,η}[{1 ⊗ t_{i,ℓ} : ℓ ∈ J^{′′}_h } ∪ {t^{−1}_{i,ℓ} ⊗ t_{i,ℓ} : ℓ ∈ J^′_h}] , and so it belongs to E^{(h)}_{j,x,i}(η) in case η lies in Q_h. If η does not lie in Q_h, then for ℓ in J^′_h we have B_{j,x,η}[1 ⊗ t_{i,ℓ}] = B_{j,x,η}[t^{−1}_{i,ℓ} ⊗ t_{i,ℓ}] and so again z belongs to E^{(h)}_{j,x,i}(η). This concludes the proof of the proposition.

3.d. The inverse different and the interpolating forms Λ^{(h)}. Consider the cartesian diagram of schemes

X^′ = Y^′ ×_Y X^ϕ ′ � π^′ � X π � Y^{′ ϕ} � Y and let D_{X/Y} be the different of X/Y , which we recall is the O_X -module defined as the annihilator of the module of relative differentials. Lemma 3.7. Suppose that π and ϕ are finite and flat, then ϕ^{′∗}(D_{X/Y} ) = D_X′_{/Y} ′ . Proof. We show that the sections of the two sheaves coincide over the basis for the topology of Y^′ given by the ϕ^{−1}(U), where U runs over the affine opens of Y . Let U be one such and put V = π^{−1}(U), V^′ = (π ∘ ϕ^′ )^{−1}(U), U^′ = ϕ^{−1}(U), A = O_Y (U), B = O_X (V ), A^′ = O_X′ (U^′ ), and B^′ = O_X′ (V^′ ). By definition D_{X/Y} (V ) = Ann_B (Ω^1_{B/A}). The module Ω^1_{B/A} is finite over B. Let {d_1, . . . , d_r} be a system of generators for it. Then x → (xd_1, . . . , xd_r) induces the injection B/D_{X/Y} (V ) → ∏ 1≤i≤r Bd_i . Since ϕ^′ is flat, B^′ is flat over B, so we have the injection B^′ /D_{X/Y} (V ) · B^′ → ∏ 1≤i≤r B^′ d_i , and hence D_{X/Y} (V ) · B^′ = Ann_B′ ( ∑ 1≤i≤r B ′ d_i). Now, B^′ = B ⊗_A A^′ and Ω^1_B′_{/A}′ = Ω^1_{B/A} ⊗_A′ B^′ . We deduce from this that ∑ 1≤i≤r B ′ d_i = Ω^1_B′_{/A}′ and hence that D_{X/Y} (V ) · B^′ = Ann_B′ (Ω^1_B′_{/A}′ ) = D_X′_{/Y} ′ (V^′ ) .

This concludes the proof of the lemma.

Using the fact that flat base change commutes with higher direct images (see e.g. [Ha] III 9.3), we deduce from the lemma that, in the previous notation, ϕ^∗(π_∗(D_{X/Y} )) = (π_0)_∗(D_T ′_{/Z} ) , and also that q^∗_{T (h)} (D_T (h)_{/Z} ) = D_T (h)_{S /ZS} .

Lemma 3.8. The square root of D_T (h)_{S /ZS} exists and so that of D_T (h)_{/Z} also exists.

Proof. This follows from the local description given in the previous section. Indeed, by Prop. 3.6 (b) we have that O_T (h) (S) = ∏ 1≤i≤r,1≤j≤s C (h) j,x,i with C^{(h)}_{j,x,i} = B_{j,x}[{1 ⊗ t_{i,ℓ} : ℓ ∈ J^{′′}_h } ∪ {t^{−1}_{i,ℓ} ⊗ t_{i,ℓ} : ℓ ∈ J^′_h}] . Since for any ℓ in J^′_h, t^{−1}_{i,ℓ} ⊗ t_{i,ℓ} is a unit in C^{(h)}_{j,x,i} we obtain that D_T (h)_{S /ZS} = ∏ i,j C^{(h)}_{j,x,i} · d^{(h)}_{j,i} (3.8)

with d^{(h)}_{j,i} = ∏ ℓ∈J^{′′}_h (1 ⊗ ti,ℓ) (e_{i,ℓ}−1) (see for instance [Mi] I Sect. 3 Ex. 3.9).

So the square roots exist because the e_{i,ℓ} are odd.

For future reference we also note the equality q^∗_Z ((π_0)_∗(D^{−1/2}_{T (h)/Z} )) = (π_{0,S})_∗(D^{−1/2}_{T (h)S /ZS} ) .

(3.8)

Definition 3.9. For any 1 ≤ h ≤ m we let Λ^{(h)} := (π_h)_∗(D^{−1/2}_{T (h)/Z} ) .

This is a locally free sheaf on Z, which gives rise to a form on Z when endowed with the trace form. In particular Λ^{(0)} = (π_0)_∗(D^{−1/2}_{T ′ /Z} ) = ϕ^∗(π_∗(D_{X/Y} )) and Λ^{(m)} = (π_Z )_∗(D^{−1/2}_{T (m)/Z} ) = (π_Z )_∗(O_T ) .

Lemma 3.10. For 1 ≤ h, h^′ ≤ m the forms (Λ^{(h)}, T r) and (Λ^{(h′)}, T r) agree on the generic fiber of Z.

In fact the forms are isomorphic outside the inverse image in Z of the branch locus b.

Remark. As noted in [S2] and [L-W], in case Y is a complex algebraic curve the existence of the square root of the inverse different amounts to the existence of a canonical choice of a theta characteristic on Y (or also to a canonical spin structure on Y ).

3.e. Local structure of the modules Λ^{(h)}.

Let q_Z : U = Z_S → Z denote the neighbourhood constructed in Sect. 2, using a neighbourhood S of y = ϕ(z), and write

Λ^{(h)}(S) := (q^∗_Z (Λ^{(h)}))(Z_S ) .

Recall that for ~x in ~X above y, and for any h we had defined in (3.5) a partition of the set J = J(~x) into the union of J^′_h = J^′_h(~x) and J^{′′}_h = J^{′′}_h (~x). Also recall the notation introduced for Lemma 2.5, where we had parametrised the characters of the group H_i in terms of sequences (α_{i,ℓ}). For α = (α_{i,ℓ}), write

∂^{(h)}_i (α) := ∏ ℓ∈J^′_h t^{−αi,ℓ}_{i,ℓ} ∏ ℓ∈J^{′′}_h t^{−ϵi,ℓ}_{i,ℓ} ⊗ ∏ ℓ∈J t^{αi,ℓ}_{i,ℓ} , where ϵ_{i,ℓ} = 0 or e_{i,ℓ} depending on whether α_{i,ℓ}, which by definition satisfies 0 ≤ α_{i,ℓ} < e_{i,ℓ}, is strictly smaller or strictly larger than e_{i,ℓ}/2. Put

D^{(h)}_{j,i} (α) := B_{j,x}∂^{(h)}_i (α) and D^{(h)}_{j,i} := ⨁ α∈A(i) D^{(h)}_{j,i} (α) .

Note that D^{(h)}_{j,i} (α) is a rank 1 module, so that the above should be viewed as a decomposition into eigenspaces according to the characters of H_i.

Lemma 3.11. Λ^{(h)}(S) = ∏ 1≤j≤s,1≤i≤r D^{(h)}_{j,i} . Proof. This follows from equation (3.8) and Prop. 3.6. Indeed by (3.8) we can write Λ^{(h)}(S) = ∏ i,j C^{(h)}_{j,x,i} · (d^{(h)}_{j,i} )^{−1/2} and by (3.6)(b) C^{(h)}_{j,x,i} := ⨁ α∈A(i) B_{j,x}θ^{(h)}_i (α) . Therefore we obtain a basis for the (j, i)-th component of Λ^{(h)}(S) by considering the products ∏ ℓ∈J^′_h t^{−αi,ℓ}_{i,ℓ} ⊗ ∏ ℓ∈J^′_h t^{αi,ℓ}_{i,ℓ} ∏ ℓ∈J^{′′}_h t^{αi,ℓ−(ei,ℓ−1)/2} i,ℓ with α running through A(i). We rewrite this and obtain the desired result after a permutation of the α’s. For ℓ in J^{′′}_h consider 1 ⊗ t^{αi,ℓ−(ei,ℓ−1)/2}_{i,ℓ} . When (e_{i,ℓ} − 1)/2 ≤ α_{i,ℓ} ≤ e_{i,ℓ}, we put α^′_{i,ℓ} := α_{i,ℓ} − (e_{i,ℓ} − 1)/2, so that α^′_{i,ℓ} lies between 0 and e_{i,ℓ}/2. When 0 ≤ α_{i,ℓ} < (e_{i,ℓ} − 1)/2, we put α^′_{i,ℓ} := α_{i,ℓ} + (e_{i,ℓ} + 1)/2, so that in this case α^′_{i,ℓ} lies between e_{i,ℓ}/2 and e_{i,ℓ} and we write 1 ⊗ t^{αi,ℓ−(ei,ℓ−1)/2} i,ℓ = (t^{−ei,ℓ}_{i,ℓ} ⊗ t^{ei,ℓ}_{i,ℓ} )(1 ⊗ t^{αi,ℓ−(ei,ℓ−1)/2} i,ℓ ) , which gives 1 ⊗ t^{αi,ℓ−(ei,ℓ−1)/2} i,ℓ = t^{−ei,ℓ}_{i,ℓ} ⊗ t^{α′i,ℓ}_{i,ℓ} . We are now in the position to prove that the Λ^{(h)} have the expected properties.

Proposition 3.12. a) For any 1 ≤ h ≤ m − 1, there are short exact sequences of locally free O_Z -modules

0 −→ I^{(h) diag}−→ Λ^{(h)} ⊕ Λ^{(h+1)} −→ G^{(h)} −→ 0 .

Here I^{(h)} is given by the intersection of Λ^{(h)} and Λ^{(h+1)} viewed inside the generic fiber, G^{(h)} is the O_Z -module generated by Λ^{(h)} and Λ^{(h+1)} and the map into G^{(h)} is the difference map.

b) For any 1 ≤ h ≤ m, the form (Λ^{(h)}, (−1)^hT r) ⊕ (Λ^{(h+1)}, (−1)^{h+1}T r) is metabolic with lagrangian I^{(h)} = G^{(h)∨}.

Proof. Part (b) is clear (see the example at the end of Sect. 1.c), so we only need to check that the modules are locally free. Because G^{(h−1)}(S) = Λ^{(h−1)}(S)+Λ^{(h)}(S) and I^{(h−1)}(S) = Λ^{(h−1)}(S)∩Λ^{(h)}(S), from the previous lemma we obtain the decompositions

G^{(h−1)}(S) = ∏ α∈A(i) ∏ 1≤j≤s,1≤i≤r G^{(h−1)} j,i (α) and I^{(h−1)}(S) = ∏ α∈A(i) ∏ 1≤j≤s,1≤i≤r I^{(h−1)} j,i (α) ,

where G^{(h−1)}_{j,i} (α) := D^{(h−1)}_{j,i} (α) + D^{(h)}_{j,i} (α) and I^{(h−1)}_{j,i} (α) := D^{(h−1)}_{j,i} (α) ∩ D^{(h)}_{j,i} (α).

Remark 3.13. Our aim is to compare the forms on Λ^{(0)} and on Λ^{(m)}. The fact that for each h the forms Λ^{(h)} ⊕ Λ^{(h+1)} are metabolic should be interpreted in the framework of forms in triangulated categories (here the derived category D^b(Z) of bounded complexes of locally free sheaves on Z). Then our construction should say that Λ^{(0)} ⊕ Λ^{(m)} is metabolic in this more general context. Note that, as shown in [Ba2] the usual Witt group of Z equals the Witt group of D^b(Z).

Proposition 3.14.

a) If h ∉ J(~x), then for all i and j and all α in A(i), I^{(h−1)} j,i (α) = G^{(h−1)}_{j,i} (α) = D^{(h−1)}_{j,i} (α) = D^{(h)}_{j,i} (α) . b) Denote by A_h(i) the set of sequences α in A(i) such that e_{i,h}/2 < α_{i,h}.

If h ∈ J(~x), then G^{(h−1)} j,i (α) = B_{j,x}δ^{(h−1)}_i (α) and I^{(h−1)}_{j,i} (α) = B_{j,x}γ^{(h−1)}_i (α) where δ^{(h−1)} i (α) = { ∂^{(h)}_i (α) α /∈ A_h(i) ∂^{(h−1)} i (α) α ∈ A_h(i) γ^{(h−1)} i (α) = { ∂^{(h−1)} i (α) α /∈ A_h(i) ∂^{(h)}_i (α) α ∈ A_h(i) c) The eigenspaces G^{(−)}_{j,i} (α) and D^{(−)}_{j,i} (α) are related as follows. For any couple (i, j) and any h in J

D^{(h)}_{j,i} (α) = G^{(h−1)} j,i (α) α /∈ A_h(i) G^{(h−1)} j,i (α)(t_{i,h}^{ei,h−αi,h} ⊗ 1) α ∈ A_h(i) The proposition follows from the equalities ∂^{(h−1)} i (α) = (t^{αi,h}_{i,h} ⊗ 1)∂^{(h)}_i (α) if 0 ≤ α_{i,h} < e_{i,h}/2 ∂^{(h)}_i (α) = (t^{ei,h−αi,h} i,h ⊗ 1)∂^{(h−1)}_i (α) if e_{i,h}/2 < α_{i,h} < e_{i,h} 4. Proofs of the main theorems 4.a. Proof of Theorem 0.1. We showed in Prop. 3.12 that the form (Λ^{(h)}, (−1)^hT r) ⊕ (Λ^{(h+1)}, (−1)^{h+1}T r) is metabolic with lagrangian G^{(h)∨}, so the Main Lemma (see Cor. 1.15 (b)) implies that for 0 ≤ h ≤ m − 1 in H^∗(Z_{et}, Z/2Z)

w_t(Λ^{(h)}, (−1)^hT r) · w_t(Λ^{(h+1)}, (−1)^{h+1}T r) = d_t(G^{(h)}) ,

(4.0) where, we recall, d_t(V ) = ∑_n i=0(1 + (−1)t)^{n−i}c_i(V )t^{2i} . This implies that w_t(Λ^{(0)}, T r) · w_t(Λ^{(m)}, (−1)^mT r)^{(−1)m+1} = ∏ 1≤h≤m d_t(G^{(h−1)})^{(−1)h−1} .

To obtain the claim of Thm. 0.1 from this we simply have to remember the equalities just prior to Lemma 3.10.

Remark. As noted after the statement of Thm. 0.1, if d = b_{m+1} denotes an irreducible divisor on Y not contained in the branch locus b and b^′ = b ∪ b_{m+1}, then for the statement of the theorem we might as well work with b^′ instead of b. This can be seen as follows, let F = Λ^{(m+1)} = (π_Z )_∗(O_T ), then the sequence of Prop. 3.12 corresponding to h = m is 0 → F → F ⊕ F → G^{(m)} = F → 0 and so by the Main Lemma 1.15

w_t((π_Z )_∗(O_T ), T r_{T /Z} )w_t((π_Z )_∗(O_T ), −T r_{T /Z} ) = d_t(G^{(m)}) = d_t(F ) . 4.b. Proof of Theorem 0.2.

We begin by reducing the theorem to the étale case by using the base change ϕ : Z → Y . For this we use (1) functoriality: for both kind of classes ϕ^∗w_i(−) = w_i(ϕ^∗(−)), and (2) the fact that, as we saw in Thm. 2.2 the pull-back map ϕ^∗ : H^∗(Y ) → H^∗(Z) is injective.

To see the equality of the first Hasse-Witt classes, recall from Sect. 1.e.1 that w_1(F, B_F ) = w_1(det(F ), det(B_F )), which shows that we have the equality w_1((π_Z )_∗(O_T ), T r) = w_1(ϕ^∗(π_∗(D^{−1/2}_{X/Y} )), T r) because the forms coincide on the generic fiber and thus have isomorphic determinants. Moreover these determinants equal the function field discriminant (d_{T /Z} ) = (d_T ′_{/Z} ), so the first part of Thm. 0.2 follows (see Sect. 1.h). The same reasoning also shows that w_1(Λ^{(0)}, T r) = w_1(Λ^{(h)}, T r) 0 ≤ h ≤ m

c_1(Λ^{(0)}) = c_1(Λ^{(h)}) 0 ≤ h ≤ m . We now consider the second invariants. From the Main Lemma 1.15 (c) we deduce that

w_2(Λ^{(h−1)}, T r) + w_2(Λ^{(h)}, T r) = c_1(Λ^{(h)}) + c_1(G^{(h−1)}) . Thus we obtain

w_2((π_Z )_∗(O_T ), T r) + w_2(ϕ^∗(π_∗(D^{−1/2}_{X/Y} )), T r) = m∑ h=1 c_1(Λ^{(h)}) + c_1(G^{(h−1)}) .

Remark 4.1. Note that when m is even the right hand side of the last expression equals det(G), where

det(G) = m∑ h=1 det(G^{(h)})^{(−1)h} .

By the result in the étale case, presented in Sect. 1.h, we see that w_2((π_Z )_∗(O_T ), T r) = w_2(π_Z ) + (2) ∪ (d_{T /Z} ) .

Thus by the result for w_1 and the functoriality of the Galois theoretic w_2, we are reduced to showing the next theorem.

Theorem 4.2. The following equality holds in H^2(Z_{et}, Z/2Z): ∑ 1≤h≤m ( c_1(Λ^{(h)}) + c_1(G^{(h−1)}) ) = ϕ^∗(ρ(X/Y )) , where ρ(X/Y ) has been defined in terms of ramification data in (0.1).

The proof is given in the next section and makes heavy use of the local calculations performed above. 4.c. Determinantal calculation.

For the proof of Thm. 4.2 we start by examining both sides of the desired equality. The right hand side is defined as a divisor of Z and we use the same notation for its class in Pic(Z), as well as for the image of this class in H^2(Z_{et}, Z/2Z). Now, from the very definition of Chern classes, we first observe that the left hand side can also be considered as the image in H^2(Z_{et}, Z/2Z) of an element of Pic(Z). Namely it is the image of the divisor defined by ∑ 1≤h≤m det(Λ (h)) + det(G^{(h−1)}). In fact, as in [E-K- V], p.176, for any h, the inclusion α_h : Λ^{(h)} −→ G^{(h−1)}, induces an exact sequence

0 −→ det(Λ^{(h)}) −→ det(G^{(h−1)}) −→ coker(det(α_h)) −→ 0

(4.2)

Hence there exists a divisor Δ^{(h)} in Div(Z) such that in Pic(Z)

− det(Λ^{(h)}) + det(G^{(h−1)}) = [Δ^{(h)}] ,

where we denote by [D] the class of the divisor D. We conclude that in Pic(Z) ⊗ F_2 ∑ 1≤h≤m det(Λ^{(h)}) + det(G^{(h−1)}) = ∑ 1≤h≤m [Δ^{(h)}] .

(4.2)

Therefore to show the theorem we are reduced to showing the following congruence in Div(Z)

Δ ≡ ϕ^∗(ρ(X/Y )) mod 2 ,

(4.2)

where we denote by Δ the divisor ∑ 1≤h≤m Δ (h).

To show (4.2) it suffices to work in Div(Z_S ), where as before S is a suitable étale neighbourhood of a point y in Y and where X_S and Z_S are as described in Sect. 2. For further notation refer to the diagram there. So we have to show in Div(Z_S )

q^∗_Z (Δ) ≡ q^∗_Z (ϕ^∗(ρ(X/Y ))) mod 2 .

(4.2)

We start by examining the right hand side of the congruence. By diagram commutativity we deduce that q^∗_Z (ϕ^∗(ρ(X/Y ))) = ϕ^∗_S (q^∗(ρ(X/Y ))). By definition ρ(X/Y ) = π_∗(Γ), where Γ is a divisor on X (see (0.1)). We then deduce that q^∗_Z (ϕ^∗(ρ(X/Y ))) = ϕ^∗_S (q^∗(π_∗(Γ))). By [EGAII] II 1.5.2, under our hypotheses we have that q^∗(π_∗(Γ)) = π_{S∗}(q^∗_X (Γ)). Since X_S and S are étale over X and Y respectively, the divisor q^∗_X (Γ) of X_S corresponds for X_S → S to what Γ is for X → Y . Let us denote this divisor by Γ_S . Hence we have proved that the right hand side of the congruence (4.2) is equal to ϕ_S^∗(π_{S∗}(Γ_S )), namely ϕ_S^∗(ρ(X_S /S)). We record this as

q^∗_Z (ϕ^∗(ρ(X/Y ))) = ϕ_S^∗(ρ(X_S /S)) .

(4.2)

We now describe ρ(X_S /S) . The points of codimension 1 which are ramified in X_S → S considered as points of codimension 1 of S are those above the generic points ξ_ℓ of the branch divisors b_ℓ, with ℓ in J(~x), which as usual we identify with the set {1, . . . , n}. We let {η_{k,ℓ}, 1 ≤ k ≤ r_l, 1 ≤ l ≤ n} be those primes. By definition we have ρ(X_S /S) = ∑ k,ℓ ( ∑ ν→η_{k,ℓ} (e_ν^2 − 1) 8 f(ν))η_{k,ℓ} . (4.2)

It now follows from the description of X_S given in (2.4), that for each ℓ such that 1 ≤ ℓ ≤ n and each ν → η_{k,ℓ}, the e_ν run through the set {e_{i,ℓ}, 1 ≤ i ≤ r}. So we have to determine, for each e_{i,ℓ}, how many ν have this ramification index and for each such ν, the index f(ν) (or at least its parity). From the decomposition of O_X (S) given in loc. cit. we observe that a prime of O_X (S) will be the product of a prime in one component and the whole ring in the others. This observation leads us to study what happens in each factor A_y[t_{i,1}, ..., t_{i,n}] of the decomposition. If follows from the definition of A_y[t_{i,1}, ..., t_{i,n}], that for each η_{k,ℓ}, the primes ν of this algebra above η_{k,ℓ} will have the same inertia index. We are thus led to the following claim.

Claim. For each pair (i, ℓ) with 1 ≤ i ≤ r and 1 ≤ ℓ ≤ n the sum

Σ(i, ℓ) := ∑ ν→ηk,ℓ eν =ei,ℓ f(ν)

is odd. More precisely Σ(i, ℓ) = e^′_{i,ℓ} := ∏ 1≤h≤n h≠ℓ e_{i,h} .

Note in passing, that the index f(ν) is odd as it is the residue class degree associated to the extension B_{~x}/B^{I(x,i)}_{~x} , which is of odd degree.

To prove the claim let us simplify notation a little and write A = A_y, so that S = Spec(A). Recall that X_S = Spec(B), where B = A[t_{1,1}, . . . , t_{1,n}] × · · · × A[t_{r,1}, . . . , t_{r,n}] . Let us treat the case n = 2, so that B equals A[T_{1,1}, T_{1,2}]/(T^{e1,1}_{1,1} −a_1, T^{e1,2}_{1,2} −a_2)×· · ·×A[T_{r,1}, T_{r,2}]/(T^{er,1}_{r,1} −a_1, T^{er,2}_{r,2} −a_2) . Let us consider Σ(i, ℓ) for ℓ = 1. Thus η_{k,1} is a prime of height one in A, which contains a_1 and which defines an element z in S. We are looking for the number of elements in the fiber X_{S,z} and for ν in this fiber, we want to determine f(ν). By definition X_{S,z} = Spec(B ⊗_A k(z)) and, since η_{k,1} contains a_1, we see that B ⊗_A k(z) equals k(z)[T_{1,1}, T_{1,2}]/(T^{e1,1}_{1,1} , T^{e1,2}_{1,2} − a_2) × · · · × k(z)[T_{r,1}, T_{r,2}]/(T^{er,1}_{r,1} , T^{er,2}_{r,2} − a_2) . A prime in this algebra is the product of a prime in one of the components with the other (full) components. Thus, for instance, the primes with ramification index e_{1,1} correspond to the primes in the first component, that is to the primes of k(z)[T_{1,1}, T_{1,2}] which contain (T^{e1,1}_{1,1} )+(T^{e1,2}_{1,2} −a_2). In turn these are determined by the primes in the algebra k(z)[T_{1,2}]/(T^{e1,2}_{1,2} − a_2), which we find by decomposing the polynomial P = T^{e1,2}_{1,2} − a_2 into irreducible factors. Now a_2 ≠ 0 in k(z), the index e_{1,2} is prime to the residue characteristic of k(z) (by tameness) and the field k(z) contains the e_{1,2}-th roots of unity, so it follows that P decomposes into a product of q_1 polynomials, which are irreducible over k(z) and of same degree f_1. This gives q_1 elements ν_{1,1}, . . . ν_{1,q1} in X_{S,z} with f_1 = f(ν_{1,1}) = . . . = f(ν_{1,q1} ). Hence the sum Σ(i, ℓ) equals f(ν_{1,1}) + · · · f(ν_{1,q1} ) = q_1f_1 = e_{1,2} , which is e^′_{1,1} in this special case. This completes the proof of the claim.

Thus finally we deduce from (4.2) and the claim ρ(X_S /S) ≡ ∑ k,ℓ ( ∑ 1≤i≤r e^2_{i,ℓ} − 1 8 )η_{k,ℓ} mod 2 ,

and therefore

ϕ_S^∗(ρ(X_S /S)) ≡ ϕ_S^∗( ∑ k,ℓ ( ∑ 1≤i≤r e^2_{i,ℓ} − 1 8 )η_{k,ℓ}) mod 2 .

(4.2)

We now consider the left hand side of the congruence (4.2). Using the fact that taking determinants commutes with base change, we obtain that q^∗_Z (Δ) = Δ(S) := ∑ 1≤h≤m Δ^{(h)}(S) ,

where the Δ^{(h)}(S) are obtained as in (4.2), via an exact sequence involving det(Λ^{(h)}(S)) and det(G^{(h−1)}(S)), (see Sect. 3.d). The following is clear. Lemma 4.3. Let e be an odd integer. Then ∑ e/2<α<e (e − α) = (e−1)/2 ∑ n=1 n = e^2 − 1 8 .

From Prop. 3.14 (c) we deduce that if h is not in J(x̃), then Δ^{(h)}(S) is trivial. If instead ℓ is in J(x̃), then using the lemma, Prop. 3.14 (c) and taking the discriminant and the product over the α, we obtain

det(G^{(ℓ−1)}_{j,i} ) = (t^− e2i,ℓ−1 8 i,ℓ )det(D^{(ℓ)}_{j,i} ) . Thus, for ℓ in J(x̃),

det(G^{(ℓ−1)}(S)) = ∏ 1≤j≤s ∏ 1≤i≤r (t^− e2i,ℓ−1 8 i,ℓ )det(Λ^{(ℓ)}(S)) .

(4.3)

and Δ^{(ℓ)}(S) is defined as a Cartier divisor of Z_S , by the function

β^{(ℓ)} = ∏ 1≤j≤s ∏ 1≤i≤r (t^− e2i,ℓ−1 8 i,ℓ ) . We then conclude that Δ(S) is defined by β = ∏ ℓ∈J(x̃) ∏ 1≤j≤s ∏ 1≤i≤r (t^− e2i,ℓ−1 8 i,ℓ ) . For any ℓ in J(x̃) we put N_ℓ = ∏ 1≤i≤r ei,ℓ and we write N = ∏ ℓ N_ℓ. Using the fact that for all i we have t_{i,ℓ}^{ei,ℓ} = a_ℓ, we then obtain for the N-th power β^N = ∏ ℓ∈J(x̃) a_ℓ^{s NN}ℓ ∑ 1≤i≤r −e ′ i,ℓ(^e 2 i,ℓ−1 8 ) .

Since the integers N, N_l, s and the e^′_{i,ℓ} are odd we obtain that β ≡ β^N ≡ ∏ l∈J(x̃) a ∑ 1≤i≤r ( e2i,ℓ−1 8 ) l mod 2 .

Therefore we conclude that

Δ(S) ≡ ϕ_S^∗( ∑ k,ℓ ( ∑ 1≤i≤r e^2_{i,ℓ} − 1 8 )η_{k,ℓ}) mod 2 .

Hence the result follows from this last equation together with (4.2), (4.2) and (4.2).

5. Appendix. Simplicial techniques

5.a. Simplicial objects.

We recall the definition of a simplicial object in a category C. Let Δ denote the category whose objects are the ordered sets [n] = {0, 1, 2, . . . , n}, whose morphisms are all non-decreasing monotone maps. This category can be shown to be equivalent to the category, denoted by the same letter, generated by the objects [n] and for 0 ≤ i ≤ n by the maps

∂^i_n : [n − 1] → [n] σ^i_n : [n + 1] → [n] ,

which are respectively the increasing injection which does not take the value i in [n], and the non-decreasing surjection which takes the value i twice in [n]. (To complete the identification one should also add a list of identities which describe the commutation rules satisfied by these maps, see [G-Z] II Lemma 2.2, [Mac] pp.172-173, [Mac-Mo] VIII 7, [Ma1] Sect. 2 or [Go-Ja] I (1.2).) The maps ∂^i_n are called (co)faces and the maps σ^i_n (co)degeneracies.

A simplicial (resp. cosimplicial) object in a category C is a functor X : Δ^{opp} → C (resp. Y : Δ → C). We write X_n = X([n]) and ∂^n_i = X(∂^i_n) for the faces and σ^n_i = X(σ^i_n) for the degeneracies on X. So a simplicial object in C is determined by the X_n and the identities satisfied by the faces and degeneracies. Simplicial objects in a category C form a category SC.

If C = Set is the category of sets, one speaks of a simplicial set. We let S = SSet. Starting with a simplicial set X one obtains (in a functorial way) a topological space |X|, called the realization of X. Conversely, given a topological space T one defines a simplicial set S(T ), called the singular set. This is the origin of simplicial techniques. In fact the realization functor is left adjoint to the singular functor (see e.g. [Go-Ja] I Prop. 2.2).

Example 5.1. Given a (small) category B one obtains a simplicial set N(B) called the nerve of the category, by letting N(B)_n = Hom(E_n, B) , where E_n is [n] viewed as a category, and Hom denotes the set of functors, see [Mac-Mo] VIII 7 or [Seg]. (Note that any ordered set (E, ≤) defines a category whose objects are the elements of the set and where there is a morphism from object x to object y precisely if x ≤ y in E.) The set N(B)_n can be identified with composable strings of n arrows in B. Faces are then given by suitable compositions and degeneracies by inserting identity arrows.

Example 5.2. As a particular case we consider that of a groupoid B, that is a category in which every morphism is invertible. The trivial groupoid T (U) on a set U is the category whose objects are the elements of U and the morphisms are given by U ×U. Composition is given by (x, y)∘(y, z) = (x, z). (This is equivalent to the category with one object and one arrow.) Then the nerve NT (U) = N(T (U)) is given by NT (U) : U ←→ ← U × U ←→ ←→ ← U × U × U · · · where we leave it to the reader to make the degeneracies and faces explicit.

Example 5.3. If we consider a group G as a category with one object e, then the nerve construction gives the classifying simplicial set of G, denoted BG. One can check that this is the simplicial set (with only one vertex) given by BG : e ←→ ← G ←→ ←→ ← G × G · · · Here the two maps G → e are the same, e → G is given by the inclusion of the identity, and the maps G × G → G are ∂_0 = pr_2 (second projection), ∂_1 = μ (multiplication), and ∂_2 = pr_1 (first projection). The realization |BG| of BG is an Eilenberg-MacLane space of the form K(G, 1), that is it has G as fundamental group and all other homotopy groups reduced to the identity.

Example 5.4. The nerve of the trivial groupoid on G gives the “universal bundle” : EG := NT (G) , which maps to BG.

Further examples of simplicial objects are given by actions of groups (X, G). A G-sheaf on a scheme X, can then be identified with a simplicial sheaf on the simplicial scheme associated to the action (X, G). 5.b. The Amitsur complex.

The Amitsur complex is a cosimplicial group defined as follows (see [D-G] III, Sect. 4 n. 6). Let Y be a scheme or more generally a sheaf and as before Thm. 1.6 let Y^′ be a covering of Y , that is a sheaf epimorphism. Let F be a contravariant functor on sheaves on Y , with values in a category C. Let K_{n−1} = (Y^′/Y )^n denote the n-fold fiber product over Y of Y^′ with itself, with coordinates numbered from 0 to n − 1. Consider the simplicial sheaf

· · · K_2 = (Y^′/Y )^3 →← →← → K_1 = (Y^′/Y )^2 →← → K_0 = Y^′ ,

where for 0 ≤ i ≤ n the face maps ∂^n_i : K_n → K_{n−1} are defined by omission of the i-th coordinate and the degeneracies σ^n_i : K_n → K_{n+1} are obtained by “duplication” of i-th coordinate. Next apply the contravariant functor F to this, to get the cosimplicial object in the target category C,

F (K_0) →← → F (K_1) →← →← → F (K_2) · · · , with induced maps: cofaces ∂^i_n = F (∂^n_i ) : F (K_{n−1}) → F (K_n) and codegeneracies σ^i_n = F (σ^n_i ) : F (K_{n+1}) → F (K_n). We will be interested in the case where F (−) = Mor_{Sh}(−, G) , which, for G a sheaf of groups, takes values in the category of groups, and we will then write C^n(Y^′/Y, G) = Mor_{Sh}((Y^′/Y )^{n+1}, G) . The resulting cosimplicial group is the Amitsur complex defined by Y^′/Y and G. Define further a subset H^0(Y^′/Y, G) of C^0 as the equalizer of the maps ∂^1 , ∂^0_1 : C^0 → C^1, that is

H^0(Y^′/Y, G) := {x ∈ C^0(Y^′/Y, G) | ∂^1 (x) = ∂^0_1 (x)} .

This is in fact a subgroup of C^0. The set of 1-cocycles is

Z^1(Y^′/Y, G) := {f ∈ C^1(Y^′/Y, G) | ∂^1_2 (f) = ∂^2 (f) · ∂^0_2 (f)} .

(5.4)

Now, x in C^0 acts on the right on f in C^1 by the rule

f · x = (∂^1 (x))^{−1} · f · ∂^0_1 (x) ,

and Z^1 is stable under this action (use the equalities between maps from C^0 to C^2 : ∂^2 ∂^1 = ∂^1_2 ∂^1 , ∂^0_2 ∂^1 = ∂^2 ∂^0_1 , and ∂^0_2 ∂^0_1 = ∂^1_2 ∂^0_1 ).

Consider the orbit space H^1(Y^′/Y, G) := Z^1(Y^′/Y, G)/C^0(Y^′/Y, G) . (5.4)

This is the cohomology set we need in Sect.1.d. It has as distinguished point the unit in C^1.

Remark 5.5. When the group G is abelian, then the Amitsur complex is a cosimplicial complex of abelian groups, and so its cohomology equals that of the associated normal complex with differential given by the alternating sum ∂^n = ∑ i(−1)^i∂_i (see [Ma1] Thm. 22.1, [Cu] Sect. 5). This is the complex considered in say [K-O1] Chapt. V or [Knu] II.2, where one can see how it gives rise to higher cohomology groups and how it is related to Galois and Čech cohomology. See also [Mi] Chapt. I Prop. 4.6.

5.c. The homotopy category of simplicial sheaves. As was seen in the main text homotopy classes of maps between simplicial objects can play a clarifying role in our subject. We just say a few words to introduce some relevant notations and refer to the work of Jardine–say– for more details. The starting point for what we are going to describe is the remarkable (and by now classical) fact that one can study spaces up to homotopy by using simplicial sets. Namely, by inverting certain morphisms called weak equivalences in the category S of simplicial sets, one obtains a category denoted Ho(S) equivalent to the category of CW -complexes with morphisms homotopy classes of maps. The equivalence is given by the realization and singular functors, see [Go-Ja] Thm. I.11.4. By abstracting what was necessary for the definition and study of the homotopy category Ho(S), Quillen arrived at the notion of a closed model category. Given a closed model category C one can define the homotopy category Ho(C) to be the category with same objects as C and with morphisms between X and Y given by the set [X, Y ] := π(W_X , W_Y ) of homotopy classes between certain objects W_X and W_Y , which are weakly equivalent to X and Y (cofibrant and fibrant..., see [Go-Ja] p. 75).

In [Br], Brown has considered a closed model structure on the category of sheaves of simplicial sets on topological spaces. Then Jardine has defined a homotopy category for any Grothendieck site in [J5]. It is this last work that lays the foundations in the right generality for our needs. For instance it is there that one finds the definition of cohomology of a (fibrant) simplicial sheaf X, with coefficients in an abelian sheaf F as H^i(X, F ) := [X, K(F, i)] , where K(F, i) is the simplicial abelian sheaf obtained by iterated application of the construction giving BF (see [J5] Sect. 2 and [J3] Sect. 3; the motivation for this again comes from topology, see e.g. [Go-Ja] III.2.19). Recall that this entered the definition of the Galois theoretic classes in Sect. 1.f. A further application of these ideas is given in the next section.

5.d. Torsors and homotopy.

Here we sketch a proof of Prop. 1.7, which states that for any sheaf of groups G on Y , there is a bijection H^1(Y, G) ↔ [Y, BG] , where the left hand side is defined in terms of the cohomology of the Amitsur complex. We follow Jardine [J1].

As a first step in obtaining the description of torsors under G, in terms of homotopy classes of maps into BG, we give an alternative interpretation of Amitsur 1-cocycles. So let

f : Y^′ ×_Y Y^′ → G

be an element of Z^1(Y^′/Y, G) (see (5.4)). Using f we want to define a map from the simplicial sheaf NT (Y^′/Y ) to the classifying sheaf (BG/Y ). Both of these simplicial objects are defined in the Appendix (5.a). That is, we want a simplicial map NT (Y^′/Y ) : Y^′ ←→ ← Y^′ ×_Y Y^′ ←→ ←→ ← Y^′ ×_Y Y^′ ×_Y Y^′ · · · (f_i) ↓ ↓ f ↓ ↓ (BG/Y ) : Y ←→ ← G ←→ ←→ ← G ×_Y G · · · By unwinding the definitions it can be seen that putting f_1 = f and

f_2(x, y, z) = (f_1(x, y), f_1(y, z))

makes the second square commutative, precisely because f is supposed to be a 1-cocycle. Proceeding in this way and after having checked that two cocycles defining the same element of H^1 give homotopic maps, one obtains a bijection H^1(Y^′/Y, G) ↔ π(NT (Y^′/Y ), BG) , where π(−, −) denotes homotopy classes of simplicial maps. It is the content of [J1] Prop. 1.1, that for a locally trivial fibration V → Y , the canonical map from V into the classifying space NT (V_0) of the fundamental groupoid induces a bijection π(NT (V_0), BG) ↔ π(V, BG) . This can be paraphrased by saying that the fundamental groupoid preserves weak equivalences and that a hypercover has the fundamental groupoid as Čech resolution. (Also BG is right adjoint to fundamental groupoid.) An important result of [J5], inspired by Brown’s [Br] Thm. 1.1 and Sect. 3 (5), shows that the set [Y, BG] is given by

[Y, BG] = lim_→ π(Z, BG) ,

where the limit is taken over simplicial homotopy classes represented by locally trivial fibrations Z → Y . This a generalized Verdier hypercovering theorem. Thus putting everything together we obtain the expected result.

Invariants of a quadratic form 657

References

[A-B-S] M.F. Atiyah, R. Bott, A. Shapiro, Clifford modules. Topology 3 (1964) suppl. 1, 3–38.

[Ba1] P. Balmer, Triangular Witt groups. Part I: the 12-term localization exact sequence. K-Theory 19 (2000), 311–363.

[Ba2] P. Balmer, Triangular Witt groups. Part II: from usual to derived. Preprint 1999. [B-O] J. Barge, M. Ojanguren, Sur le troisième invariant d’une forme quadratique. K-Theory 9 (1995), no. 3, 233–244.

[Be] E.R. Berlekamp, An analog of the discriminant over fields of characteristic two, J. of Algebra 38 (1976), 315–317.

[Ber-M] A.-M. Bergé, J. Martinet, Formes quadratiques et extensions en caractéristique 2, Séminaire de Théorie des Nombres de Bordeaux, Exposé 35, année 1982–1983.

[Br] K.S. Brown, Abstract homotopy theory and generalized sheaf cohomology. Trans. Amer. Math. Soc. 186 (1974), 419–458.

[Ca] C. Casanova, Invariants des formes quadratiques à valeurs dans la K-théorie et dans la cohomologie étale. Thèse de doctorat, Université de Lausanne, 1999.

[C-E] T. Chinburg, B. Erez, Equivariant Euler-Poincaré characteristics and tameness. Journées Arithmétiques, 1991. Astérisque 209 (1992), 13, 179–194.

[CEPT1] T. Chinburg, B. Erez, G. Pappas, M.J. Taylor, Tame actions of group schemes: integrals and slices. Duke Math. J. 82 (1996), no. 2, 269–308.

[CEPT2] T. Chinburg, B. Erez, G. Pappas, M.J. Taylor, ϵ-constants and the Galois structure of de Rham cohomology. Ann. of Math. (2)146 (1997), no. 2, 411–447.

[C-P-T1] T. Chinburg, G. Pappas, M.J. Taylor, ϵ-constants and equivariant Arakelov Euler characteristics. Preprint, 2000.

[C-P-T2] T. Chinburg, G. Pappas, M.J. Taylor, Discriminants and Arakelov Euler characteristics. Preprint, 2000.

[Cu] E.B. Curtis, Simplicial homotopy theory. Advances in Math. 6 (1971), 107–209. [Deg] J.-Y. Degos, Classes caractéristiques de représentations galoisiennes et invariants d’algèbres étales sur un corps de caractéristique 2, Thèse, Univ. Bordeaux 1, 2000.

[Del] P. Deligne, Quadriques. Exposé XII in Groupes de monodromie en géométrie algébrique. II. SGA 7 II. Dirigé par P. Deligne et N. Katz. Lecture Notes in Mathematics, 340. Springer-Verlag, Berlin-New York, 1973.

[Dz] A. Delzant, Définition des classes de Stiefel-Whitney d’un module quadratique sur un corps de caractéristique différente de 2. C. R. Acad. Sci. Paris 255 (1962), 1366–1368.

[D-G] M. Demazure, P. Gabriel, Groupes algébriques. Tome I: Géométrie algébrique, généralités, groupes commutatifs. Avec un appendice Corps de classes local par Michiel Hazewinkel. Masson et Cie, Editeur, Paris; North-Holland Publishing Co., Amsterdam, 1970.

[EGAI] A. Grothendieck, J. Dieudonné, Eléments de géométrie algébrique, I: Le langage des schemas, second edition, Grundleheren der Math. Wiss. 166, Springer, Berlin, 1971.

[EGAII] A. Grothendieck, J. Dieudonné, Eléments de géométrie algébrique, II: Etude globale élémentaire de quelques classes de morphismes , Inst. Hautes Etudes Sci. Publ. Math. 8 (1961).

[EGAIV] A. Grothendieck, J. Dieudonné, Eléments de géométrie algébrique, IV: Etude locale des schémas et des morphismes de schémas, Inst. Hautes Etudes Sci. Publ. Math. 20, 24, 28, 32 (1964–1967).

[E1] B. Erez, A survey of recent work on the square root of the inverse different. Journées Arithmétiques, 1989. Astérisque 198-200 (1991), 133–152 (1992).

[E2] B. Erez, Geometric trends in Galois module theory., 116–145, in Galois representations and arithmetic algebraic geometry, eds A.J. Scholl and R.L. Taylor, LMS Lecture Notes 254, Cambridge University Press, Cambridge, 1998.

[E-T] B. Erez, M.J. Taylor, Hermitian modules in Galois extensions of number fields and Adams operations. Ann. of Math. 135 (1992), no. 2, 271–296.

658 Ph. Cassou-Noguès, B. Erez, M.J. Taylor

[E-K-V] H. Esnault, B. Kahn, E. Viehweg, Coverings with odd ramification and Stiefel- Whitney classes. J. reine angew. Math. 441 (1993), 145–188.

[E-K-L-V] H. Esnault, B. Kahn, M. Levine, E. Viehweg, The Arason invariant and mod 2 algebraic cycles. J. Amer. Math. Soc. 11 (1998), no. 1, 73–118.

[F-P] E. Friedlander, B. Parshall, Etale cohomology of reductive groups, Lect. Notes in Math. 854 (1981), 127–140, Springer, Berlin.

[F1] A. Fröhlich, Galois module structure of algebraic integers. Ergebnisse der Math. und ihrer Grenzgebiete (3) 1. Springer-Verlag, Berlin-New York, 1983.

[F] A. Fröhlich, Orthogonal representations of Galois groups, Stiefel-Whitney classes and Hasse-Witt invariants. J. reine angew. Math. 360 (1985), 84–123.

[G-Z] P. Gabriel, M. Zisman, Calculus of fractions and homotopy theory. Erg. der Math. und ihrer Grenzgebiete, 35 Springer-Verlag New York, Inc., New York 1967 [G1] C.H. Giffen, Hasse-Witt invariants for (α, u)-reflexive forms and automorphisms. I. Algebraic K_2-valued Hasse-Witt invariants. J. Algebra 44 (1977), no. 2, 434–456.

[G2] C.H. Giffen, Hermitian forms and higher algebraic K-theory. Bull. Amer. Math. Soc. 83 (1977), no. 6, 1303–1305.

[Gil] H. Gillet, Riemann-Roch theorems for higher algebraic K-theory. Adv. in Math. 40 (1981), 203–289.

[Gir] J. Giraud, Cohomologie non abélienne. Grundlehren der Math. Wiss. 179, Springer, Berlin, 1971.

[Go-Ja] P.G. Goerss, J.F. Jardine, Simplicial homotopy theory. Progress in Mathematics, 174. Birkhäuser Verlag, Basel, 1999.

[Gr] A. Grothendieck, Classes de Chern et représentations linéaires des groupes discrets. Dix Exposés sur la Cohomologie des Schémas, pp. 215–305, North-Holland, Amsterdam; Masson, Paris, 1968.

[Gr-M] A. Grothendieck, J.P. Murre, The tame fundamental group of a formal neighbourhood of a divisor with normal crossings on a scheme. Lect. Notes in Math., 208. Springer-Verlag, Berlin-New York, 1971.

[Ha] R. Hartshorne, Algebraic geometry. Graduate Texts in Mathematics, 52. Springer- Verlag, New York-Heidelberg, 1977.

[J1] J.F. Jardine, Universal Hasse-Witt classes. Algebraic K-theory and algebraic number theory, 83–100, Contemp. Math., 83, Amer. Math. Soc., Providence, RI, 1989.

[J2] J.F. Jardine, Cohomological invariants associated to symmetric bilinear forms. Exposition. Math. 10 (1992), no. 2, 97–134.

[J3] J.F. Jardine, Homotopy and homotopical algebra, in Handbook of algebra, Vol. 1, 639–669, North-Holland, Amsterdam, 1996.

[J4] J.F. Jardine, Higher spinor classes. Mem. Amer. Math. Soc. 528 (1994). [J5] J.F. Jardine, Simplicial objects in a Grothendieck topos. Contemporary Math. 55 (I)(1986), 193–239.

[K] B. Kahn, Equivariant Stiefel-Whitney classes. J. Pure Appl. Algebra 97 (1994), no. 2, 163–188.

[Ka-M] N. Katz, B. Mazur, Arithmetic moduli of elliptic curves. Ann. of Math. Studies, Princeton Univ. Press, Princeton, 1985.

[Kne] M. Knebusch, Symmetric bilinear forms over algebraic varieties, Conference on Quadratic Forms—1976 , pp. 103–283 ed. G. Orzech. Queen’s Papers in Pure and Appl. Math., 46, Queen’s Univ., Kingston, Ont., 1977.

[Knu] M-A. Knus, Quadratic and Hermitian forms over rings. Grundlehren der Math. Wiss. 294, Springer-Verlag, Berlin, 1991.

[K-O1] M-A. Knus, M. Ojanguren, Théorie de la descente et algèbres d’Azumaya. Lecture Notes in Math., 389. Springer-Verlag, Berlin-New York, 1974.

[K-O2] M-A. Knus, M. Ojanguren, The Clifford algebra of a metabolic space. Arch. Math. 56 (1991), no. 5, 440–445.

[La] O. Laborde, Classes de Stiefel-Whitney en cohomologie étale. Colloque sur les Formes Quadratiques (Montpellier, 1975). Bull. Soc. Math. France Suppl. Mem. 48 (1976), 47–51.

Invariants of a quadratic form 659

[L-W] R. Lee, S. Weintraub, Invariants of branched covering from the work of Serre and Mumford. Forum Math. 8 (1996), no. 5, 535–568.

[Mac] S. MacLane, Categories for the working mathematician. Graduate Texts in Math., 5. Springer-Verlag, New York-Berlin, 1971.

[Mac-Mo] S. MacLane, I. Moerdijk, Sheaves in geometry and logic. A first introduction to topos theory. Corrected reprint of the 1992 edition. Universitext. Springer-Verlag, New York, 1994.

[Ma1] J.P. May, Simplicial objects in algebraic topology. Reprint of the 1967 original. Chicago Lectures in Mathematics. University of Chicago Press, Chicago, IL, 1992.

[M-R] A. Micali, P. Revoy, Modules quadratiques, Bull. Soc. Math. France, Mémoire 63 (1979), Soc. Math. de France, Paris.

[Mi] J.S. Milne, Etale cohomology. Princeton Mathematical Series, 33. Princeton University Press, Princeton, N.J., 1980.

[M-H] J.W. Milnor, D. Husemoller, Symmetric bilinear forms. Erg. der Math. und ihrer Grenzgebiete, 73. Springer-Verlag, New York-Heidelberg, 1973.

[M-S] J.W. Milnor, J.D. Stasheff, Characteristic classes. Annals of Mathematics Studies, 76. Princeton University Press, Princeton, N. J.; University of Tokyo Press, Tokyo, 1974.

[Mo] J. Morales, L’invariant de Hasse-Witt de la forme de Killing. Canad. J. Math. 50 (1998), no. 6, 1323–1336.

[Mu] D. Mumford, Abelian varieties. Tata Inst. of Fund. Res. Studies in Math., Oxford University Press, Oxford, 1970.

[O] M. Ojanguren, A splitting theorem for quadratic forms. Comment. Math. Helv. 57 (1982), no. 1, 145–157.

[O-P-S] M. Ojanguren, R. Parimala, R. Sridharan, Ketu and the second invariant of a quadratic space. K-Theory 7 (1993), no. 6, 501–515.

[Pa] R. Parimala, Study of quadratic forms—some connections with geometry. Proc. of the Int. Cong. of Mathematicians, Vol. 1, 2 (Zürich, 1994), 324–332, Birkhäuser, Basel, 1995.

[Pa-S] R. Parimala, V. Srinivas, Analogues of the Brauer group for algebras with involution. Duke Math. J. 66 (1992), no. 2, 207–237.

[Pat] R.R. Patterson, The Hasse invariant of a vector bundle. Trans. Amer. Math. Soc. 150 (1970), 425–443.

[Sa] T. Saito, Note on Stiefel-Whitney class of ℓ-adic cohomology. Preprint, University of Tokyo, 1998.

[SGA4] Théorie des topos et cohomologie étale des schémas. Séminaire de Géométrie Algébrique du Bois-Marie 1963–1964 (SGA 4). Dirigé par M. Artin, A. Grothendieck et J. L. Verdier. Avec la collaboration de P. Deligne et B. Saint-Donat. Lecture Notes in Math., 269, 270, 305. Springer-Verlag, Berlin-New York, 1972-73.

[Seg] G. Segal, Classifying spaces and spectral sequences. Inst. Hautes Etudes Sci. Publ. Math. 34 (1968), 105–112.

[S1] J.-P. Serre, L’invariant de Witt de la forme Tr(x^2). Comment. Math. Helv. 59 (1984), no. 4, 651–676.

[S2] J.-P. Serre, Revêtements à ramification impaire et thêta-caractéristiques. C. R. Acad. Sci. Paris Sér. I Math. 311 (1990), no. 9, 547–552.

[St] N. Steenrod, The Topology of Fibre Bundles. Princeton Mathematical Series, vol. 1. Princeton University Press, Princeton, N. J., 1951.

[Sw] R.G. Swan, K-theory of quadric hypersurfaces. Ann. of Math. (2) 122 (1985), no. 1, 113–153.

[Sz] M. Szyjewski, An invariant of quadratic forms over schemes. Doc. Math. 1 (1996), No. 19, 449–478 (electronic).

[W] W. Waterhouse, Discriminants of étale algebras and related structures, J. reine angew. Math. 379 (1987), 209–220.

660 Ph. Cassou-Noguès, B. Erez, M.J. Taylor

Philippe Cassou-Noguès, Boas Erez Institut de Mathématiques de Bordeaux Université Bordeaux 1 351, cours de la Libération 33405 Talence cedex France E-mail : {phcassou,erez}@math.u-bordeaux.fr

Martin J. Taylor Department of Mathematics U.M.I.S.T., P.O. Box 88 Manchester M60 1 QD United-Kingdom E-mail : Martin.Taylor@umist.ac.uk