Journal de Théorie des Nombres de Bordeaux 14 (2002), 187–204

Kummer congruences for expressions involving generalized Bernoulli polynomials

par Glenn J. FOX

Résumé. Nous illustrons le fait qu’une expression particulière, impliquant les polynômes de Bernoulli généralisés, satisfait un système de congruences si et seulement si une expression semblable, impliquant les nombres de Bernoulli généralisés, satisfait les mêmes relations de congruence. Parmi ces relations se trouvent les congruences de Kummer ainsi que des généralisations fournies par Gunaratne.

Abstract. We illustrate how a particular expression, involving the generalized Bernoulli polynomials, satisfies systems of congruence relations if and only if a similar expression, involving the generalized Bernoulli numbers, satisfies the same congruence relations. These congruence relations include the Kummer congruences, and recent extensions of the Kummer congruences provided by Gunaratne.

1. Introduction

Let χ be a primitive Dirichlet character having conductor f_χ. The generalized Bernoulli polynomials associated with χ, B_{n,χ}(t), are defined by the generating function f_χ∑

a=1 χ(a)xe^{(a+t)x} e^{fχx} − 1 = ∞∑ n=0 B_{n,χ}(t) x^n n! . (1) The corresponding generalized Bernoulli numbers can then be defined by B_{n,χ} = B_{n,χ}(0). If we let Z[χ] denote the ring generated over Z by all of the values χ(a), a ∈ Z, then it can be shown that f_χB_{n,χ} must be in Z[χ] for each n ≥ 0, whenever χ ≠ 1. Thus, as elements of Q[χ], each such B_{n,χ} can be described as having a denominator that is a divisor of f_χ. The case χ = 1 is best considered in terms of the classical Bernoulli polynomials.

Manuscrit reçu le 21 mai 2001.

The generating function for the classical Bernoulli polynomials, B_n(t), is given by xe^{tx} e^x − 1 = ∞∑ n=0 B_n(t) x^n n! , (2) and from the classical Bernoulli polynomials we obtain the classical Bernoulli numbers, B_n = B_n(0). The Bernoulli numbers, B_n, are rational numbers, and, by the von Staudt-Clausen theorem, whenever B_n ≠ 0, they satisfy

B_n + ∑ p prime (p−1)|n 1 p ∈ Z.

Therefore, whenever B_n ≠ 0, the denominator of B_n consists of the product of those primes p such that (p − 1) | n.

The classical Bernoulli polynomials are related to the generalized Bernoulli polynomials in that, for χ = 1, we have B_{n,1}(t) = (−1)^nB_n(−t) for all n, so also B_{n,1} = (−1)^nB_n. Therefore, from the above discussion, we have a description of the possible contents of the denominators of the classical and the generalized Bernoulli numbers.

By considering congruences on the classical and the generalized Bernoulli numbers, we gain information about their numerators. One of the more notable examples of this is Kummer’s congruence for the classical Bernoulli numbers, which states that

p^{−1}Δ_c 1 n B_n ∈ Z_p,

where c ∈ Z is positive, with c ≡ 0 (mod p − 1), and n ∈ Z is positive, even, and n ≢ 0 (mod p − 1) (see [11], p. 61). Note that we are using Δ_c to denote the forward difference operator, Δ_cx_n = x_{n+c} − x_n. More generally, it can be shown that p^{−k}Δ^k_c 1 n B_n ∈ Z_p,

where k ∈ Z is positive, and c and n are as above, but with n > k.

The application of Kummer’s congruence to the generalized Bernoulli numbers was first treated by Carlitz in [1], with the result that p^{−k}Δ^k_c 1 n B_{n,χ} ∈ Z_p[χ], for positive c ∈ Z, with c ≡ 0 (mod p − 1), n, k ∈ Z with n > k ≥ 1, and χ such that f_χ ≠ p^μ, where μ ∈ Z, μ ≥ 0. From [5] (see also [10]), we see that, if the operator Δ^k_c is applied to the quantity β_{n,χ} = − 1 n ( 1 − χ_n(p)p^{n−1} ) B_{n,χn} , then the congruence will still hold if the restriction n > k is dropped, requiring only that n ≥ 1. In addition to this, the divisibility requirements on c can be removed, yielding a congruence of the form q^{−k}Δ^k_c β_{n,χ} ∈ Z_p[χ], for c, n, k ∈ Z, each positive, and χ such that f_χ ≠ p^μ, μ ∈ Z, μ ≥ 0. Here, we are using χ_n to represent the primitive Dirichlet character χω^{−n}, with ω the Teichmüller character, and we are taking q = 4 if p = 2, and q = p otherwise. The values β_{n,χ} arise in connection with the p-adic L-function L_p(s; χ) of Kubota and Leopoldt [8], in that they yield the values of this function at the nonpositive integers, L_p(1 − n; χ) = β_{n,χ}. With respect to this expression, the restriction c ≡ 0 (mod p − 1), as in the previous versions of Kummer’s congruence, causes each of χ_n = χ_{n+c} = · · · = χ_{n+kc}, when p ≥ 3. Thus, the expression Δ^k_c β_{n,χ} involves generalized Bernoulli numbers associated with only one Dirichlet character, χ_n.

As an extension of the Kummer congruences, Gunaratne (see [6], [7]) has shown that if p ≥ 5, c, n, k ∈ Z are positive, and χ = ω^h, where h ∈ Z and h ≢ 0 (mod p − 1), then p^{−k}Δ^k_c β_{n,χ} ∈ Z_p, with a value modulo pZ_p that is independent of n, and

p^{−k}Δ^k_c β_{n,χ} ≡ p^{−k′} Δ^{k′}_c β_{n,χ} (mod pZ_p)

for positive k^′ ∈ Z with k ≡ k^′ (mod p − 1). Additionally, by means of the binomial coefficient operator ( p^{−1}Δ_c r ) x_n = 1 r! r−1∏ j=0 ( p^{−1}Δ_c − j ) x_n,

where r ∈ Z is positive, for these χ, the β_{n,χ} satisfy (_p−1_{Δc} r ) β_{n,χ} ∈ Z_p, also with a value, modulo pZ_p, that is independent of n. Young [12] has extended these congruences to show that whenever c ≡ 0 (mod ϕ(p^N )), for N a positive integer, we must have (_p−N_{Δc} r ) β_{n,χ} ∈ Z_p[χ] for all primes p and for all nontrivial primitive characters χ, with (f_χ, p) = 1.

Extending work in [4], we derive a collection of congruences concerning the generalized Bernoulli polynomials. These congruences are similar to the results of Gunaratne, but they are without any restriction on either χ or p. Given χ a primitive Dirichlet character and p a prime, we consider congruences for the polynomials that satisfy the generating function pf_χ∑

a=1 (a,p)=1 χ(a)xe^{(a+pt)x} e^{pfχx} − 1 = ∞∑ n=0 ( B_{n,χ}(pt) − χ(p)p^{n−1}B_{n,χ}(t) ) x^n n! ,

which follows from (1). For positive n ∈ Z, denote β_{n,χ}(t) = − 1 n ( B_{n,χn} (qt) − χ_n(p)p^{n−1}B_{n,χn} ( p^{−1}qt )) , so that β_{n,χ}(0) = β_{n,χ}. The β_{n,χ}(t) make up the set of values taken on by a particular two-variable p-adic L-function, L_p(s, t; χ), found in [4], as the variable s ranges over the nonpositive integers: L_p(1 − n, t; χ) = β_{n,χ}(t). Since β_{n,χ}(t) is a polynomial for each n, it follows that Δ^k_c β_{n,χ}(t) → Δ^k_c β_{n,χ}(0) as t → 0, in the p-adic metric. Therefore, given some positive α ∈ Z, there must exist a region R ⊂ C_p, containing 0, such that for any t ∈ R we have |Δ^k_c β_{n,χ}(t)−Δ^k_c β_{n,χ}(0)|_p ≤ |p|^α_p . Thus, for certain values of t, we can expect Δ^k_c β_{n,χ}(t) to have the same magnitude, p-adically, as that of Δ^k_c β_{n,χ}(0). Our main result relates congruences on values of the β_{n,χ}(t) in the following manner:

Theorem 1. Let n, c, k, r ∈ Z, with n, c positive and k, r nonnegative, and let F_0 ∈ Z be the smallest positive multiple of each of pq^{−1}f_{χn} , pq^{−1}f_{χn+c} , . . . , pq^{−1}f_{χn+kc} . Furthermore, let t ∈ C_p, with |t|_p ≤ 1, and τ ∈ Z_p such that |τ|_p ≤ |F_0|_p. Then (a) the quantity c^{−k}q^{−k}Δ^k_c (β_{n,χ}(t + τ) − β_{n,χ}(t)) ∈ Z_p[χ, t]; (b) if n^′ ∈ Z such that n^′ > n, then c^{−k}q^{−k}Δ^k_c (β_{n,χ}(t + τ) − β_{n,χ}(t)) ≡ c^{−k}q^{−k}Δ^k_c ( β_n′_{,χ}(t + τ) − β_n′_{,χ}(t) ) (mod (n^′ − n)qZ_p[χ, t]);

(c) if k is positive, and if c^′ ∈ Z is positive with c^′ ≠ c, then c^{−k}q^{−k}Δ^k_c (β_{n,χ}(t + τ) − β_{n,χ}(t)) ≡ c^{′−k}q^{−k}Δ^k_c′ (β_{n,χ}(t + τ) − β_{n,χ}(t)) (mod (c − 1, c^′ − 1)kpZ_p[χ, t]); (d) if k^′ ∈ Z such that k^′ ≥ k and k^′ ≡ k (mod ϕ(p^N )), for some positive N ∈ Z, and if t ∈ Z_p, then c^{−k}q^{−k}Δ^k_c (β_{n,χ}(t + τ) − β_{n,χ}(t)) ≡ c^{−k′} q^{−k′} Δ^{k′}_c (β_{n,χ}(t + τ) − β_{n,χ}(t)) (mod (p^k, p^N )Z_p[χ]);

(e) if t ∈ Z_p, then (_c−k_q−k_Δk_c r ) (β_{n,χ}(t + τ) − β_{n,χ}(t)) ∈ Z_p[χ]; (f) if n^′ ∈ Z such that n^′ > n, and if t ∈ Z_p, then ( c^{−k}q^{−k}Δ^k_c r ) (β_{n,χ}(t + τ) − β_{n,χ}(t)) ≡ ( c^{−k}q^{−k}Δ^k_c r ) ( β_n′_{,χ}(t + τ) − β_n′_{,χ}(t) ) (mod (n^′ − n)qZ_p[χ]).

Most of these congruences are extensions of the work of Guneratne. The independence of c^{−k}q^{−k}Δ^k_c (β_{n,χ}(t + τ) − β_{n,χ}(t)), with repect to the value of n, when considered modulo qZ_p[χ, t], is implied by (b). Similarly, (f) implies that the quantity (_c−k_q−k_Δk_c r ) (β_{n,χ}(t+τ)−β_{n,χ}(t)) is independent of n when considered modulo qZ_p[χ]. On the other hand, (c) implies that we have independence with respect to the value of c when c^{−k}q^{−k}Δ^k_c (β_{n,χ}(t + τ)−β_{n,χ}(t)) is considered modulo kpZ_p[χ, t]. There are no results involving independence with respect to c in any of the earlier works [6], [7], [12], or [13], so that this appears to be a new direction of investigation with respect to Kummer’s congruence when applied to the generalized Bernoulli polynomials and numbers.

Both (e) and (f) in the above can be generalized quite nicely. As we have seen, the binomial coefficient operator (_c−k_q−k_Δk_c r ) yields a polynomial in c^{−k}q^{−k}Δ^k_c , having coefficients in Q. Thus, to generalize (e), one may wish to consider what other polynomials in c^{−k}q^{−k}Δ^k_c , when applied to β_{n,χ}(t + τ) − β_{n,χ}(t), yield values in Z_p[χ]. The following result, which can be found in [9], enables such a generalization:

Theorem 2. A polynomial f(x) ∈ Q_p[x] of degree N maps Z_p into Z_p if and only if it can be written in the form f(x) = N∑ r=0 b_r ( x r ) , where b_0, b_1, . . . , b_N ∈ Z_p.

Assuming the hypotheses of Theorem 1, along with the additional restriction that t ∈ Z_p, since (_c−k_q−k_Δk_c r ) (β_{n,χ}(t + τ) − β_{n,χ}(t)) ∈ Z_p[χ] for each nonnegative r ∈ Z, any sum of the form N∑ r=0 b_r ( c^{−k}q^{−k}Δ^k_c r ) (β_{n,χ}(t + τ) − β_{n,χ}(t)) , where b_0, b_1, . . . , b_N ∈ Z_p, must also be in Z_p[χ]. Thus, Theorem 2 implies that every polynomial f(x) ∈ Q_p[x] that maps Z_p into Z_p yields an operator f(c^{−k}q^{−k}Δ^k_c ) such that f ( c^{−k}q^{−k}Δ^k_c ) (β_{n,χ}(t + τ) − β_{n,χ}(t)) ∈ Z_p[χ]. It then follows, by (f), that f ( c^{−k}q^{−k}Δ^k_c ) (β_{n,χ}(t + τ) − β_{n,χ}(t))

≡ f ( c^{−k}q^{−k}Δ^k_c ) ( β_n′_{,χ}(t + τ) − β_n′_{,χ}(t) ) (mod (n^′ − n)qZ_p[χ])

whenever n^′ ∈ Z with n^′ > n.

Letting t = 0 in Theorem 1 yields congruences on β_{n,χ}(τ) − β_{n,χ}(0), and, thus, provides equivalences between congruences on β_{n,χ}(τ), involving generalized Bernoulli polynomials, and congruences on β_{n,χ}(0), involving generalized Bernoulli numbers. Furthermore, if n is even and χ(−1) = −1, or if n is odd and χ(−1) = 1, χ ≠ 1, then B_{n,χ} = 0, with the only exception for the case χ = 1 being when n = 1, for which we have B_{1,1} = 1/2. Thus, given χ, we can always find n and c such that Δ^k_c β_{n,χ}(0) = 0, implying that each of the above congruences hold for the corresponding Δ^k_c β_{n,χ}(τ), provided we have the appropriate restrictions on τ.

A polynomial structure for the classical Bernoulli polynomials, similar to that of β_{n,χ}(t), is incorporated in a result of Eie and Ong. In [3], they apply Kummer’s congruence to show that, for p ≥ 5, if n, c ∈ Z are each positive with n ≢ 0 (mod ϕ(p)) and c ≡ 0 (mod ϕ(p)), then

c^{−1}p^{−1}Δ_c 1 n ( B_n(pτ − j) − p^{n−1}B_n(τ) ) ∈ Z_p, where τ ≥ 0 is an element of Q having denominator relatively prime to p, and j ∈ Z with both 0 ≤ j ≤ p − 1 and j ≤ pτ. This has been extended to applications of Δ^k_c , with k ≥ 1, by Young. Furthermore, Young shows that similar congruences hold for the generalized Bernoulli polynomials associated with certain primitive Dirichlet characters [13]. We continue our work by showing how the congruences of Eie and Ong with 1 ≤ j ≤ p − 1 relate to the same congruences with j = 0.

Finally, we consider the expression β_{n,χ} ( q^{−1}pt ) = − 1 n ( B_{n,χn} (pt) − χ_n(p)p^{n−1}B_{n,χn} (t) ) , where t ∈ C_p, |t|_p ≤ 1, and discuss the strength of the congruences that can be obtained with regard to it.

2. Preliminaries

One of the more well-known properties of the generalized Bernoulli polynomials is that, for positive m ∈ Z, B_{n,χ} (t + mf_χ) − B_{n,χ}(t) = n mf_χ∑

a=1 χ(a)(t + a)^{n−1} (3) for all n ≥ 0. This can be derived from (1). Similarly, for the classical Bernoulli polynomials, (2) implies that, whenever m ∈ Z is positive,

B_n(t + m) − B_n(t) = n m∑ a=1 (t + a − 1)^{n−1} (4) for all n ≥ 0. These properties are key to the derivation of our congruences, as we will see.

Let p be a fixed prime. We will use Z_p to represent the set of p-adic integers, and Q_p the set of p-adic rationals. Let C_p denote the completion of the algebraic closure of Q_p under the p-adic absolute value | · |_p, normalized so that |p|_p = p^{−1}. Note that, for each t ∈ C_p, there exists some α ∈ Q such that |t|_p = |p|^α_p . Fix an embedding of the algebraic closure of Q into C_p. Each value of a Dirichlet character χ is either 0 or a root of unity. Thus, we may consider the values of χ as lying in C_p.

Denote q = 4 if p = 2 and q = p if p ≥ 3. Let ω represent the Dirichlet character having conductor f_ω = q, and whose values ω(a) ∈ Z_p satisfy ω(a)^{ϕ(q)} = 1 and ω(a) ≡ a (mod qZ_p) for (a, p) = 1, with ω(a) = 0 otherwise. For an arbitrary character χ, we then define the character χ_n = χω^{−n}, where n ∈ Z, in the sense of the product of characters.

Let ⟨a⟩ = ω^{−1}(a)a whenever (a, p) = 1. We then have ⟨a⟩ ≡ 1 (mod qZ_p) for these values of a. For our purposes we extend this notation by defining ⟨a+qt⟩ = ω^{−1}(a)(a+qt) for all a ∈ Z, with (a, p) = 1, and t ∈ C_p such that |t|_p ≤ 1. Thus, ⟨a + qt⟩ = ⟨a⟩ + qω^{−1}(a)t, so that ⟨a + qt⟩ ≡ 1 (mod qZ_p[t]).

We now use these quantities to express the difference β_{n,χ}(t+F )−β_{n,χ}(t), for F ∈ Z a positive multiple of pq^{−1}f_{χn} , in a manner that will enable the proof of the main result.

Lemma 3. Let t ∈ C_p, |t|_p ≤ 1, and let n ∈ Z be positive. Then, for F ∈ Z a positive multiple of pq^{−1}f_{χn} ,

β_{n,χ}(t + F ) − β_{n,χ}(t) = − qF∑ a=1 (a,p)=1 χ_1(a)⟨a + qt⟩^{n−1}.

Proof. By definition, β_{n,χ}(t + F ) − β_{n,χ}(t) = − 1 n ( B_{n,χn} (q(t + F )) − χ_n(p)p^{n−1}B_{n,χn} ( p^{−1}q(t + F ) ))

+ 1 n ( B_{n,χn} (qt) − χ_n(p)p^{n−1}B_{n,χn} ( p^{−1}qt ))

= − 1 n (B_{n,χn} (q(t + F )) − B_{n,χn} (qt)) + 1 n χ_n(p)p^{n−1} ( B_{n,χn} ( p^{−1}q(t + F ) ) − B_{n,χn} ( p^{−1}qt )) .

Thus, by (3), we can write β_{n,χ}(t + F ) − β_{n,χ}(t) = − qF∑ a=1 χ_n(a)(a + qt)^{n−1} + χ_n(p)p^{n−1} p^{−1}qF∑

a=1 χ_n(a)(a + p^{−1}qt)^{n−1}

= − qF∑ a=1 χ_n(a)(a + qt)^{n−1} + qF∑ a=1 p|a χ_n(a)(a + qt)^{n−1}.

Since χ_n(a) = χ_1(a)ω^{−(n−1)}(a) and ω^{−1}(a)(a + qt) = ⟨a + qt⟩, whenever (a, p) = 1, the result follows. □

Lemma 4. Let i and m be integers such that 2 ≤ i ≤ m. Then (_m i ) qp^{i−2} ≡ 0 (mod m(m − 1)pZ_p).

Proof. For 2 ≤ i ≤ m, ( m i ) = m(m − 1) i(i − 1) ( m − 2 i − 2 ) . Since (i, i − 1) = 1, the lemma will follow if we show that qp^{i−2}/i ≡ 0 (mod pZ_p) and qp^{i−2}/(i − 1) ≡ 0 (mod pZ_p), whenever i ≥ 2.

If p = 2, then the power of p that divides any j ∈ Z, 1 ≤ j ≤ i, is at most i/2. Thus, the power of p that divides qp^{i−2}/j is at least i − i/2 = i/2. For i ≥ 2, this implies that the power of p that divides qp^{i−2}/j is at least 1. Therefore, qp^{i−2}/j ≡ 0 (mod pZ_p).

If p > 2, then the power of p that divides j ∈ Z, 1 ≤ j ≤ i, is at most i/3, so the power of p that divides qp^{i−2}/j is at least i − 1 − i/3 = 2i/3 − 1. For i ≥ 2, the power of p that divides qp^{i−2}/j is then at least 1/3, and, thus, at least 1. Therefore, qp^{i−2}/j ≡ 0 (mod pZ_p).

Therefore, for any prime p, the quantity qp^{i−2}/j ≡ 0 (mod pZ_p) whenever j ∈ Z with 1 ≤ j ≤ i, implying the result. □

In the following lemma, we derive congruence properties of the quantity ⟨a + qt⟩^m that will be utilized to prove the main result.

Lemma 5. Let a, m ∈ Z, with (a, p) = 1 and m ≥ 2, and let t ∈ C_p such that |t|_p ≤ 1. Then ⟨a + qt⟩^m − 1 ≡ m ( ⟨a⟩ − 1 + qω^{−1}(a)t ) (mod m(m − 1)pqZ_p[t]).

Proof. Recall that ⟨a + qt⟩ = ⟨a⟩ + qω^{−1}(a)t. Since ⟨a⟩ ∈ Z_p and ⟨a⟩ ≡ 1 (mod qZ_p), there must be some b(a) ∈ Z_p such that ⟨a⟩ = 1+qb(a).

Thus, ⟨a + qt⟩^m = ( 1 + q ( b(a) + ω^{−1}(a)t ))_m

= m∑ i=0 ( m i ) q^i ( b(a) + ω^{−1}(a)t )_i . Lemma 4 then implies that ⟨a + qt⟩^m ≡ 1 + mq ( b(a) + ω^{−1}(a)t ) (mod m(m − 1)pqZ_p[t]).

The result follows since qb(a) = ⟨a⟩ − 1. □

As a weaker form of this lemma, we have the congruence ⟨a + qt⟩^m ≡ 1 (mod mqZ_p[t]), with the same restrictions on a and t as in the lemma, but for all positive m ∈ Z. For each r ∈ Z, r ≥ 0, the quantity (_x r ) is defined in like manner as the binomial coefficients, denoting (_x 0 ) = 1 and ( x r ) = 1 r! x(x − 1) · · · (x − (r − 1)) for r > 0. Note that each such quantity is a polynomial in x, and has the expansion ( x r ) = 1 r! r∑ m=0 s(r, m)x^m, (5) where the values s(r, m) are Stirling numbers of the first kind, defined by the generating function ∞∑ r=0 s(r, m) t^r r! = 1 m! (log(1 + t))^m .

The s(r, m) are integers, where r, m ∈ Z, r ≥ 0, m ≥ 0, satisfying s(r, m) = 0 whenever 0 ≤ r < m, and s(r, r) = 1 for all r ≥ 0. For additional information on Stirling numbers of the first kind, we refer the reader to [2], pp. 214–217.

3. Congruences for generalized Bernoulli polynomials From Lemma 3 we have an indication that the divisibility properties of β_{n,χ}(t + τ) − β_{n,χ}(t) must be similar to the divisibility properties of ⟨a + qt⟩^n, whenever a ∈ Z with (a, p) = 1. We will now consider how we can utilize this to derive a collection of congruences concerning the generalized Bernoulli polynomials. Recall that Δ_c denotes the forward difference operator, Δ_cx_n = x_{n+c} − x_n. Repeated application of this operator can be expressed in the form

Δ^k_c x_n = k∑ m=0 ( k m ) (−1)^{k−m}x_{n+mc}, for some positive k ∈ Z.

We can now prove our main result:

Proof of Theorem 1. The set of positive integers in F_0Z is dense in F_0Z_p. Thus, for τ ∈ F_0Z_p, there exists a sequence {τ_i}^∞_{i=1} in F_0Z, with τ_i > 0 for each i, such that τ_i → τ. This implies that any f(x) ∈ C_p[x] must satisfy f(τ_i) → f(τ), and, thus, any congruence satisfied by each f(τ_i) must also be satisfied by f(τ). Since each of Δ^k_c (β_{n,χ}(t + x) − β_{n,χ}(t)) and (_c−k_q−k_Δk_c r ) (β_{n,χ}(t + x) − β_{n,χ}(t)) are in C_p[x] for t in C_p, any of the stated congruences that hold for all positive τ ∈ F_0Z must also hold for arbitrary τ ∈ F_0Z_p.

(a) Since Δ_c is a linear operator, Lemma 3 implies that

Δ^k_c (β_{n,χ}(t + F ) − β_{n,χ}(t)) = − qF∑ a=1 (a,p)=1 χ_1(a)⟨a + qt⟩^{−1}Δ^k_c ⟨a + qt⟩^n,

where F is a positive multiple of F_0. Note that

Δ^k_c ⟨a + qt⟩^n = k∑ m=0 ( k m ) (−1)^{k−m}⟨a + qt⟩^{n+mc} (6) = ⟨a + qt⟩^n (⟨a + qt⟩^c − 1)^k , so that,

(7) Δ^k_c (β_{n,χ}(t + F ) − β_{n,χ}(t)) = − qF∑ a=1 (a,p)=1 χ_1(a)⟨a + qt⟩^{n−1}

× (⟨a + qt⟩^c − 1)^k . By Lemma 5, (⟨a + qt⟩^c − 1)^k ≡ 0 (mod c^kq^kZ_p[t]), implying the result.

(b) Let F be a positive multiple of F_0. By (7) we can write

Δ^k_c (β_{n,χ}(t + F ) − β_{n,χ}(t)) − Δ^k_c ( β_n′_{,χ}(t + F ) − β_n′_{,χ}(t) )

= qF∑ a=1 (a,p)=1 χ_1(a) (⟨a + qt⟩^c − 1)^k ⟨a + qt⟩^{n−1} ( ⟨a + qt⟩^{n′−n} − 1 ) .

Lemma 5 implies that

(⟨a + qt⟩^c − 1)^k(⟨a + qt⟩^{n′−n} − 1) ≡ 0 (mod (n^′ − n)c^kq^{k+1}Z_p[t]),

and the result follows.

(c) By utilizing (7), we obtain c^{−k}q^{−k}Δ^k_c (β_{n,χ}(t + τ) − β_{n,χ}(t)) − c^{′−k}q^{−k}Δ^k_c′ (β_{n,χ}(t + τ) − β_{n,χ}(t)) = − qF∑ a=1 (a,p)=1 χ_1(a)⟨a + qt⟩^{n−1} ( c^{−k}q^{−k} (⟨a + qt⟩^c − 1)^k

− c^{′−k}q^{−k} ( ⟨a + qt⟩^{c′} − 1 )_k) , where F is a positive multiple of F_0.

For each a ∈ Z, with (a, p) = 1, Lemma 5 implies that ⟨a + qt⟩^c = 1 + cqu + c(c − 1)pqv, where u, v ∈ Z_p[t], each depending on a. In particular, u = q^{−1}(⟨a⟩ − 1) + ω^{−1}(a)t. Therefore,

(⟨a + qt⟩^c − 1)^k = c^kq^k(u + (c − 1)pv)^k.

Similarly, there exists v^′ ∈ Z_p[t] such that ( ⟨a + qt⟩^{c′} − 1 )_k = c^{′k}q^k(u + (c^′ − 1)pv^′)^k.

Now consider c^{−k}q^{−k} (⟨a + qt⟩^c − 1)^k − c^{′−k}q^{−k} ( ⟨a + qt⟩^{c′} − 1 )_k = (u + (c − 1)pv)^k − (u + (c^′ − 1)pv^′)^k.

This can be expanded to yield c^{−k}q^{−k} (⟨a + qt⟩^c − 1)^k − c^{′−k}q^{−k} ( ⟨a + qt⟩^{c′} − 1 )_k

= k∑ m=1 ( k m ) u^{k−m}p^m ( (c − 1)^mv^m − (c^′ − 1)^mv^{′m} ) . By Lemma 4, (_k m ) p^m ≡ 0 (mod kp) for each m ≥ 1. Also, for these same values of m, the quantity (c − 1)^mv^m − (c^′ − 1)^mv^{′m} is 0 modulo (c − 1, c^′ − 1)Z_p[t]. The result then follows.

(d) From (7) we can write c^{−k}q^{−k}Δ^k_c (β_{n,χ}(t + F ) − β_{n,χ}(t)) − c^{−k′} q^{−k′} Δ^{k′}_c (β_{n,χ}(t + F ) − β_{n,χ}(t)) = qF∑ a=1 (a,p)=1 χ_1(a)⟨a + qt⟩^{n−1} ( ⟨a + qt⟩^c − 1 cq )_k (( ⟨a + qt⟩^c − 1 cq )_k′_{−k} − 1 ) ,

where F is a positive multiple of F_0. Now, Lemma 5 implies that ⟨a+qt⟩^c − 1 ≡ 0 (mod cqZ_p). Thus, if a is such that ⟨a + qt⟩^c − 1 ≡ 0 (mod cpqZ_p), then ( ⟨a + qt⟩^c − 1 cq )_k ≡ 0 (mod p^kZ_p).

However, if a is such that ⟨a + qt⟩^c − 1 ≢ 0 (mod cpqZ_p), then ( ⟨a + qt⟩^c − 1 cq )_k′_{−k} − 1 ≡ 0 (mod p^N Z_p),

since k^′ − k ≡ 0 (mod ϕ(p^N )). Therefore, the result.

(e) We are once again working with a linear operator, so Lemma 3 implies that ( c^{−k}q^{−k}Δ^k_c r ) (β_{n,χ}(t + F ) − β_{n,χ}(t)) = − qF∑ a=1 (a,p)=1 χ_1(a)⟨a + qt⟩^{−1}

× ( c^{−k}q^{−k}Δ^k_c r ) ⟨a + qt⟩^n, where F is a positive multiple of F_0. Utilizing (5), and then (6), we can write ( c^{−k}q^{−k}Δ^k_c r ) ⟨a + qt⟩^n = 1 r! r∑ m=0 s(r, m)c^{−mk} q^{−mk}Δ^{mk}_c ⟨a + qt⟩^n

= 1 r! r∑ m=0 s(r, m)c^{−mk} q^{−mk}⟨a + qt⟩^n (⟨a + qt⟩^c − 1)^{mk} . This can then be rewritten as ( c^{−k}q^{−k}Δ^k_c r ) ⟨a + qt⟩^n = ⟨a + qt⟩^n ( c^{−k}q^{−k}(⟨a + qt⟩^c − 1)^k r ) .

Therefore, (8) ( c^{−k}q^{−k}Δ^k_c r ) ( β_{n,χ}(t + F ) − β_{n,χ}(t) )

= − qF∑ a=1 (a,p)=1 χ_1(a)⟨a + qt⟩^{n−1} ( c^{−k}q^{−k}(⟨a + qt⟩^c − 1)^k r ) .

From Lemma 5, c^{−k}q^{−k}(⟨a + qt⟩^c − 1)^k ∈ Z_p for each a ∈ Z with (a, p) = 1, implying the result.

(f) Whenever F is a positive multiple of F_0, (8) implies that ( c^{−k}q^{−k}Δ^k_c r ) (β_{n,χ}(t + F ) − β_{n,χ}(t)) − ( c^{−k}q^{−k}Δ^k_c r ) ( β_n′_{,χ}(t + F ) − β_n′_{,χ}(t) )

= qF∑ a=1 (a,p)=1 χ_1(a)⟨a + qt⟩^{n−1} ( ⟨a + qt⟩^{n′−n} − 1 ) (c−kq−k(⟨a + qt⟩c − 1)k r ) .

The quantity ⟨a + qt⟩^{n′−n} − 1 must be 0 modulo (n^′ − n)qZ_p, by Lemma 5, so the result follows. □

Note that both (e) and (f) require that t ∈ Z_p. This is because the quantity c^{−k}q^{−k}(⟨a + qt⟩^c − 1)^k ∈ Z_p if this is true, and, hence, ( c^{−k}q^{−k}(⟨a + qt⟩^c − 1)^k r ) ∈ Z_p for all integers r ≥ 0, whereas, this will not hold for all values of r for certain t ∈ C_p. However, if r < p, then (p, r!) = 1, so that ( c^{−k}q^{−k}(⟨a + qt⟩^c − 1)^k r ) ∈ Z_p[t]

for any t ∈ C_p with |t|_p ≤ 1. Thus, we can still obtain congruences that correspond to those of (e) and (f) for such values of t whenever r < p.

4. The classical Bernoulli polynomials and the congruences of Eie and Ong

We will now show how the congruences that we derived for the generalized Bernoulli polynomials can be utilized to derive congruences for the classical Bernoulli polynomials. For each positive n ∈ Z, denote

β_n(t) = − 1 n ( B_n(qt) − p^{n−1}B_n ( p^{−1}qt )) . Note that this structure involves only the classical Bernoulli polynomials. Consider how to relate β_{n,χ}(t) with β_n(t). Given n ∈ Z, we need χ = ω^n in order for χ_n = 1. Thus, β_{n,ω}n (t) = − 1 n ( B_{n,1}(qt) − p^{n−1}B_{n,1} ( p^{−1}qt ))

= − (−1)^n n ( B_n(−qt) − p^{n−1}B_n ( −p^{−1}qt )) . Since B_n(−t) = (−1)^nB_n(t) + (−1)^nnt^{n−1} for all n ≥ 0, the above expression simplifies to β_{n,ω}n (t) = − 1 n ( B_n(qt) − p^{n−1}B_n ( p^{−1}qt )) = β_n(t), so that, from Lemma 3,

β_n(t + F ) − β_n(t) = − qF∑ a=1 (a,p)=1 ω^{n−1}(a)⟨a + qt⟩^{n−1} = − qF∑ a=1 (a,p)=1 (a + qt)^{n−1},

where F ∈ Z is positive. For positive c ∈ Z such that ϕ(q) | c, we must have ω^{n+c} = ω^n, so that

Δ^k_c β_{n,ω}n (t) = Δ^k_c β_n(t),

which is a quantity expressed solely in terms of the classical Bernoulli polynomials. Therefore, some of the congruences of Theorem 1, involving β_{n,χ}(t) with χ = ω^n, will also hold for β_n(t), provided ϕ(q) | c. In fact, since our character ω^n does not vary with c or k, each of (a), (c), (d), and (e) of Theorem 1 will hold for congruences on β_n(t + τ) − β_n(t), with the same restrictions on c, k, n, t, and τ, except also with ϕ(q) | c. Note that our value F_0 = 1. However, in the cases (b) and (f), the corresponding characters, ω^n and ω^{n′} , are not the same unless n^′ ≡ n (mod ϕ(q)). Thus, under the hypotheses of each of (b) and (f), and the resulting generalization of (f), along with the restriction ϕ(q) | c, the resulting congruences of these cases can be obtained for the difference β_n(t + τ) − β_n(t) provided we include the additional restriction that n^′ ≡ n (mod ϕ(q)).

Now let t ∈ C_p, |t|_p ≤ 1, and let j ∈ Z with 1 ≤ j ≤ p − 1. Eie and Ong obtained congruences on an expression of the form

β^{(j)}_n (t) = − 1 n ( B_n(qt − j) − p^{n−1}B_n ( p^{−1}qt )) .

We will see how congruences on β^{(j)}_n (t) relate to congruences on β_n(t). By utilizing (4), we can write B_n(qt − j) = B_n(qt) − n j∑ a=1 (qt − a)^{n−1}. Since 1 ≤ j ≤ p − 1, we must also have (a, p) = 1 for 1 ≤ a ≤ j, so that

β^{(j)}_n (t) = β_n(t) + j∑ a=1 ω^{n−1}(−a)⟨a − qt⟩^{n−1}. The congruences on the difference β_n(t + τ) − β_n(t) were derived because of certain congruence properties that are satisfied by ω^n(a)⟨a + qt⟩^n. This quantity is very similar to ω^n(−a)⟨a − qt⟩^n, so that the congruences that were obtained with regard to this difference should find parallels in congruences on β^{(j)}_n (t) − β_n(t), involving the expression of Eie and Ong, provided ϕ(q) | c. The following result, concerning the difference β^{(j)}_n (t) − β_n(t), can then be obtained:

Theorem 6. Let n, c, k, r ∈ Z, with n, c positive, c ≡ 0 (mod ϕ(q)), and k, r nonnegative. Furthermore, let t ∈ C_p, with |t|_p ≤ 1. Then for j ∈ Z, with 1 ≤ j ≤ p − 1, (a) the quantity c^{−k}q^{−k}Δ^k_c (β^{(j)}_n (t) − β_n(t)) ∈ Z_p[t]; (b) if n^′ ∈ Z such that n^′ > n and n^′ ≡ n (mod ϕ(q)), then c^{−k}q^{−k}Δ^k_c ( β^{(j)}_n (t) − β_n(t) )

≡ c^{−k}q^{−k}Δ^k_c ( β^{(j)}_{n′} (t) − β_n′ (t) ) (mod (n^′ − n)qZ_p[t]);

(c) if k is positive, and if c^′ ∈ Z is positive with c^′ ≠ c and c^′ ≡ 0 (mod ϕ(q)), then c^{−k}q^{−k}Δ^k_c ( β^{(j)}_n (t) − β_n(t) )

≡ c^{′−k}q^{−k}Δ^k_c′ ( β^{(j)}_n (t) − β_n(t) ) (mod (c − 1, c^′ − 1)kpZ_p[t]);

(d) if k^′ ∈ Z such that k^′ ≥ k and k^′ ≡ k (mod ϕ(p^N )), for some positive N ∈ Z, and if t ∈ Z_p, then c^{−k}q^{−k}Δ^k_c ( β^{(j)}_n (t) − β_n(t) )

≡ c^{−k′} q^{−k′} Δ^{k′}_c ( β^{(j)}_n (t) − β_n(t) ) (mod (p^k, p^N )Z_p);

(e) if t ∈ Z_p, then (_c−k_q−k_Δk_c r ) (β^{(j)}_n (t) − β_n(t)) ∈ Z_p;

(f) if n^′ ∈ Z such that n^′ > n and n^′ ≡ n (mod ϕ(q)), and if t ∈ Z_p, then ( c^{−k}q^{−k}Δ^k_c r ) ( β^{(j)}_n (t) − β_n(t) )

≡ ( c^{−k}q^{−k}Δ^k_c r ) ( β^{(j)}_n′ (t) − β_n′ (t) ) (mod (n^′ − n)qZ_p).

Proof. We derive the identity

Δ^k_c ( β^{(j)}_n (t) − β_n(t) ) = j∑ a=1 ω^{n−1}(−a)⟨a − qt⟩^{n−1} (⟨a − qt⟩^c − 1)^k , for the application of the forward difference operator, and for the binomial coefficient operator ( c^{−k}q^{−k}Δ^k_c r ) ( β^{(j)}_n (t) − β_n(t) ) = j∑ a=1 ω^{n−1}(−a)⟨a − qt⟩^{n−1}

× ( c^{−k}q^{−k} (⟨a − qt⟩^c − 1)^k r ) . The congruences then follow from the analysis of these expressions by the same means used in the proof of Theorem 1.

Assuming the hypotheses of Theorem 6, along with the restriction that t ∈ Z_p, Theorem 2 can also be applied to the quantity β^{(j)}_n (t) − β_n(t) to yield generalizations of (e) and (f). If f(x) ∈ Q_p[x] maps Z_p into Z_p, then f(c^{−k}q^{−k}Δ^k_c ) is an operator for which f ( c^{−k}q^{−k}Δ^k_c ) ( β^{(j)}_n (t) − β_n(t) ) ∈ Z_p. Furthermore, f ( c^{−k}q^{−k}Δ^k_c ) ( β^{(j)}_n (t) − β_n(t) )

≡ f ( c^{−k}q^{−k}Δ^k_c ) ( β^{(j)}_{n′} (t) − β_n′ (t) ) (mod (n^′ − n)qZ_p),

where n^′ ∈ Z such that n^′ > n and n^′ ≡ n (mod ϕ(q)).

5. Additional congruences for the case p = 2

We now wish to consider congruences on the expression β_{n,χ} ( q^{−1}pt ) = − 1 n ( B_{n,χn} (pt) − χ_n(p)p^{n−1}B_{n,χn} (t) ) , taken over C_p, with t ∈ C_p, |t|_p ≤ 1. Note that, for primes p ≥ 3, this expression is the same as β_{n,χ}(t), which we have already considered. Thus, the only additional interest in congruences on this expression occurs when p = 2, the case for which we now restrict the remaining discussion.

In the case p = 2, we write the difference β_{n,χ} ( 2^{−1}t + F ) − β_{n,χ} ( 2^{−1}t ) = − 4F∑ a=1 (a,2)=1

χ_1(a) ( ⟨a⟩ + 2ω^{−1}(a)t )_{n−1} ,

where n ∈ Z is positive, F ∈ Z is a positive multiple of 2^{−1}f_{χn} , and t ∈ C_2 with |t|_2 ≤ 1. The quantity ⟨a⟩ + 2ω^{−1}(a)t does not have quite the same congruence properties as ⟨a + 4t⟩ = ⟨a⟩ + 4ω^{−1}(a)t, and our congruences on this expression do not, in general, attain the same strength as those on ⟨a + 4t⟩, as in Lemma 5. Instead, we have the following:

Lemma 7. Let a, m ∈ Z, with (a, 2) = 1 and m ≥ 2, and let t ∈ C_2 such that |t|_2 ≤ 1. Furthermore, let t_0 ∈ C_2, |t_0|_2 = 1, and α ∈ Q, α ≥ 0, such that t = 2^αt_0. Then ( ⟨a⟩ + 2ω^{−1}(a)t )_m − 1 ≡ m ( ⟨a⟩ − 1 + 2^{1+α}ω^{−1}(a)t_0 ) (mod m(m − 1)2^{1+2 min{1,α}}Z_2[t_0]).

The proof of this result can be obtained by the same means that we utilized to derive the proof of Lemma 5.

As a weaker form of this lemma, we have ( ⟨a⟩ + 2ω^{−1}(a)t )_m ≡ 1 (mod m2^{1+min{1,α}}Z_2[t_0]),

with the same restrictions on a and t, but for all positive m ∈ Z.

From Lemma 7 we can then derive congruences similar to those found in Theorem 1, having the same strength as those results if |t|_2 ≤ |2|_2, but weaker if otherwise. Results similar to those of Theorem 6 can also be derived. The methods given in the proof of Theorem 1 can be employed in these derivations, which we leave to the reader.

Acknowledgements

Finally, the author would like to express his gratitude to his graduate advisor, Professor Andrew Granville of the University of Georgia, Athens, for suggesting the consideration of this problem.

References

[1] L. Carlitz, Arithmetic properties of generalized Bernoulli numbers. J. Reine Angew. Math.

202 (1959), 174–182.

[2] L. Comtet, Advanced Combinatorics. The Art of Finite and Infinite Expansions, Revised and enlarged edition. D. Reidel Publishing Co., Dordrecht, 1974.

204 Glenn J. Fox

[3] M. Eie, Y. L. Ong, A generalization of Kummer’s congruences. Abh. Math. Sem. Univ. Hamburg 67 (1997), 149–157.

[4] G. J. Fox, A p-adic L-function of two variables. Enseign. Math. (2) 46 (2000), 225–278. [5] J. Fresnel, Nombres de Bernoulli et fonctions L p-adiques. Ann. Inst. Fourier 17 (1967), 281–333.

[6] H. S. Gunaratne, A new generalisation of the Kummer congruence. Computational algebra and number theory (Sydney, 1992), Math. Appl. 325, Kluwer Acad. Publ., Dordrecht, 1995, 255–265.

[7] H. S. Gunaratne, Periodicity of Kummer congruences, Number theory. (Halifax, NS, 1994), CMS Conf. Proc. 15, Amer. Math. Soc., Providence, RI, 1995, 209–214.

[8] T. Kubota, H.-W. Leopoldt, Eine p-adische Theorie der Zetawerte. I. Einführung der p-adischen Dirichletschen L-funktionen. J. Reine Angew. Math. 214/215 (1964), 328–339.

[9] W. Narkiewicz, Polynomial mappings. Lecture Notes in Mathematics, 1600, Springer- Verlag, Berlin, 1995.

[10] K. Shiratani, Kummer’s congruence for generalized Bernoulli numbers and its application.

Mem. Fac. Sci. Kyushu Univ. Ser. A 26 (1972), 119–138.

[11] L. C. Washington, Introduction to Cyclotomic Fields, Second edition. Graduate Texts in Mathematics 83, Springer-Verlag, New York, 1997.

[12] P. T. Young, Congruences for Bernoulli, Euler, and Stirling numbers. J. Number Theory 78 (1999), 204–227.

[13] P. T. Young, Kummer congruences for values of Bernoulli and Euler polynomials. Acta Arith. 99 (2001), 277–288.

Glenn J. Fox Department of Mathematics and Computer Science Emory University Atlanta, GA 30322, USA E-mail : fox@mathcs.emory.edu