Journal de Théorie des Nombres de Bordeaux 14 (2002), 497–516

Algebraic and ergodic properties of a new continued fraction algorithm with non-decreasing partial quotients

par Yusuf HARTONO, Cor KRAAIKAMP et Fritz SCHWEIGER

Résumé. On introduit la notion de développement en fractions continues de Engel. Nous étudions notamment les propriétés ergodiques de ce développement et le lien avec celui introduit par F. Ryde monotonen, nicht-abnehmenden Kettenbruch.

Abstract. In this paper the Engel continued fraction (ECF) expansion of any x ∈ (0, 1) is introduced. Basic and ergodic properties of this expansion are studied. Also the relation between the ECF and F. Ryde’s monotonen, nicht-abnehmenden Kettenbruch (MNK) is studied.

1. Introduction

Over the last 15 years the ergodic properties of several continued fraction expansions have been studied for which the underlying dynamical system is ergodic, but for which no finite invariant measure equivalent to Lebesgue measure exists. Examples of such continued fraction expansions are the ‘backward’ continued fraction (see [AF]), the ‘continued fraction with even partial quotients’ (see [S3]) and the Farey-shift (see [Leh]). All these (and other) continued fraction expansions are ergodic, and have a σ-finite, infinite invariant measure. Since these continued fractions are closely related to the regular continued fraction (RCF) expansion, their ergodic properties follow from those of the RCF by using standard techniques in ergodic theory (see [DK]).

In this paper we introduce a new continued fraction expansion, which we call—for reasons which will become apparent shortly—the Engel continued fraction (ECF) expansion. We will show that this ECF has an underlying dynamical system which is ergodic, but that no finite invariant measure equivalent to Lebesgue measure exists for the ECF.

As the name suggests, the ECF is a generalization of the classical Engel

Manuscrit reçu le 27 septembre 2001.

Series expansion, which is generated by the map S : [0, 1) → [0, 1), given by S(x) := (⌊ 1 x ⌋ + 1 ) ( x − 1 ⌊^1_x ⌋ + 1 ) , x ≠ 0; S(0) := 0,

where ⌊ξ⌋ is the largest integer not exceeding ξ, see also Figure 1.

Figure 1. Engel Series map S

Using S, one can find a (unique) series expansion of every x ∈ (0, 1), given by x = 1 q_1 + 1 q_1q_2 + · · · + 1 q_1q_1 · · · q_n + · · · , where q_n = q_n(x) = ⌊1/S^{n−1}(x)⌋ + 1, n ≥ 1. In fact it was W. Sierpiński [Si] in 1911 who first studied these series expansions.

The metric properties of the Engel Series expansion have been studied in a series of papers by É. Borel [B], P. Lévy [L], P. Erdös, A. Rényi and P. Szüsz [ERS] and Rényi [R]. In [ERS] it is shown that the random variables X_1 = log q_1, X_n = log(q_n/q_{n−1}) are ‘almost independent’ and ‘almost identically distributed’. From this first the central limit theorem is derived for log q_n, then the strong law of large numbers and finally the law of the iterated logarithm are obtained. The second result has been announced earlier without proof by E. Borel [B]. The first and third results are due to P. Lévy [L]. In [R], Rényi finds new (and more elegant) proofs to these and other results. Later F. Schweiger [S1] showed that S is ergodic, and M. Thaler [T] found a whole family of σ-finite, infinite measures for S. Further information on the Engel Series (and the related Sylvester Series) can be found in the books by J. Galambos [G] and Schweiger [S3].

Clearly one can generalize the Engel Series expansion by changing the time-zero partition, or by ‘flipping’ the map S on each partition element (thus obtaining an alternating Engel Series expansion, see also [K2K]).

Let (r_n)_{n≥1} be a monotonically decreasing sequence of numbers in (0, 1), with r_1 = 1, r_n > 0 for n ≥ 1 and lim_{n→∞} r_n = 0. Furthermore, let ℓ_n = r_{n+1}, n ≥ 1, and let the time-zero partition P be given by P := {[ℓ_n, r_n); n ∈ N} . Then S_E (x) := r_n r_n − ℓ_n (x − ℓ_n), x ≠ 0; S_E (0) := 0,

where n ∈ N is such that x ∈ [ℓ_n, r_n) generalizes the ‘Engel-map’ S. With some effort the ideas from the above mentioned papers can be carried over to this generalization, also see W. Vervaat’s thesis [V].

In this paper we study a different variation of the Engel Series expansion. Let the Engel continued fraction (ECF) map T_E : [0, 1) → [0, 1) be given by T_E (x) := 1 ⌊^1_x ⌋ ( 1 x − ⌊ 1 x ⌋) , x ≠ 0; T_E (0) := 0, (1) see also Figure 2. Notice that

T_E(x) = 1 a_1(x) T (x), 0 ≤ x < 1, where T : [0, 1] → [0, 1) is the regular continued fraction map, given by

T (x) := 1 x − ⌊ 1 x ⌋ , 0 < x < 1; T (0) := 0,

and a_1(x) = ⌊1/x⌋. For any x ∈ (0, 1), the ECF-map ‘generates’ (in a way

Figure 2. The ECF-map T_E and the RCF-map T similar to the way the RCF-map T ‘generates’ the RCF-expansion of x) a new continued fraction expansion of x of the form 1 b_1 + b_1

b_2 + b_2

b_3 + ... + b_{n−1} b_n +

.. .

, b_n ∈ N, b_n ≤ b_{n+1}. (2)

In this paper we will study in Section 3 the ergodic properties of this new continued fraction expansion, the so-called Engel continued fraction (ECF) expansion. However, since the ECF is new, we will first show in the next section that the ECF ‘behaves’ in many ways like any other (semi-regular) continued fraction. In the last section we will study the relation between the ECF, and a continued fraction expansion introduced by F. Ryde [Ry1] in 1951, the so-called monotonen, nicht-abnehmenden Kettenbruch (MNK). We will show that the ECF and a minor modification of Ryde’s MNK are metrically isomorphic, and due to this many properties of the ECF—such as ergodicity, the existence of σ-finite, infinite measures—can be carried over to the MNK. Conversely, the fact that not every quadratic irrational x has an ultimately periodic MNK-expansion can be carried over to the ECF via our isomorphism.

2. Basic properties

In this section we will study the basic properties of the ECF. In many ways it resembles the RCF, but there are also some open questions which suggest that there are fundamental differences.

Let x ∈ (0, 1), and define

b_1 = b_1(x) := ⌊1/x⌋

b_n = b_n(x) := b_1(T^{n−1}_E (x)), n ≥ 2, T^{n−1}_E (x) ≠ 0. (3) From definition (1) of T_E it follows that x = 1 b_1 + b_1T_E(x) = · · · = 1 b_1 + b_1

b_2 + b_2

b_3 +

. .. + b_{n−1} b_n + b_nT^n_E (x)

,

where T^0_E (x) = x and T^n_E (x) = T_E(T^{n−1}_E (x)) for n ≥ 1, and one has—similar to the Engel Series case—that 1 ≤ b_1 ≤ b_2 ≤ · · · ≤ b_n ≤ · · · . (4)

As usual the convergents are obtained via finite truncation; 1 b_1 + b_1

b_2 + ... + b_{n−1} b_n

= C_n, n ≥ 1. (5)

The finite continued fraction in the left-hand side of (5) is denoted by [[ 0; b_1, · · · , b_n]].

It is clear that the left-hand side of (5) is a rational number, so that we have the following result.

Theorem 2.1. Let x ∈ (0, 1), then x has a finite ECF-expansion (i.e., T^n_E (x) = 0 for some n ≥ 1) if and only if x ∈ Q.

Proof. The necessary condition is obvious since x in (5) is a rational number. For the sufficient condition, let x = P/Q with P, Q ∈ N and 0 < P < Q. Then

T_E (x) = Q P − ⌊Q P ⌋ ⌊Q P ⌋ = Q − b_1P b_1P ,

where b_1 = ⌊Q/P ⌋. It is clear that 0 ≤ Q − b_1P < P and 1 ≤ b_1P ≤ Q because Q = b_1P + r with 0 ≤ r < P by the Euclidean algorithm. Now let

T^n_E(x) =

P^{(n)} Q^{(n)} , n = 0, 1, 2, . . . then

0 ≤ · · · < P^{(n+1)} < P^{(n)} < · · · < P^{(0)}.

Since P^{(N)} ∈ N ∪ {0} there exists an n ≥ 1 such that T^n_E (x) = 0. Notice that one has to apply T_E to x at most P times to get T^n_E (x) = 0. □ The proof of the following theorem is omitted, since it is quite straightforward. For a proof the interested reader is referred to Section 1 in [K], where a similar result has been obtained for a general class of continued fractions.

Proposition 2.1. Let the sequences (P_n)_{n≥0} and (Q_n)_{n≥0} recursively be defined by

P_0 = 0, P_1 = 1, P_n = b_nP_{n−1} + b_{n−1}P_{n−2} for n ≥ 2,

Q_0 = 1, Q_1 = b_1, Q_n = b_nQ_{n−1} + b_{n−1}Q_{n−2} for n ≥ 2. (6)

Then (P_n)_{n≥0} and (Q_n)_{n≥0} are both increasing sequences. Furthermore, one has for n ≥ 1 that C_n = P_n Q_n , n ≥ 1, and P_nQ_{n−1} − P_{n−1}Q_n = (−1)^{n−1} n−1∏ j=1 b_j. (7) For the RCF-expansion it is known that even-numbered convergents are strictly increasing and odd-numbered strictly decreasing and that every even-numbered convergent is less than every odd-numbered one. The same result also holds for ECF convergents as stated in the following proposition. Proposition 2.2. Let C_n = P_n/Q_n be the n-th ECF-convergent of x ∈ [0, 1) \ Q. Then 0 = C_0 < C_2 < · · · < C_3 < C_1 ≤ 1.

Moreover, C_{2j} < C_{2k+1} for any nonnegative j and k. Proof. It follows from Proposition 2.1, using (6), that

P_nQ_{n−2} − P_{n−2}Q_n = b_n(−1)^{n−2} n−2∏ j=1 b_j. Dividing both sides by Q_nQ_{n−2} gives

C_n − C_{n−2} = (−1)^{n−2}b_n ∏_{n−2} j=1 b_j Q_nQ_{n−2} . Since b_j ≥ 1 for all j (and so are the Q_j’s), C_n − C_{n−2} > 0 if n is even. Hence, C_{2m−2} < C_{2m} for m ≥ 1. Similarly, C_{2m+1} < C_{2m−1}. Now upon division on both sides of (7) by Q_nQ_{n−1} one obtains C_n − C_{n−1} = (−1)^{n−1}( ∏_{n−1} j=1 b_j)/Q_nQ_{n−1} which gives C_{n−1} < C_n if n is odd, that is, C_{2m} < C_{2m+1}. Thus for any nonnegative j and k C_{2j} < C_{2j+2k} < C_{2j+2k+1} < C_{2k+1}, as desired. □ In the next proposition, we will see that the sequence of ECF-convergents converges to the number from which it is generated.

Proposition 2.3. For x ∈ [0, 1), let (P_n/Q_n)_{n≥1} be the sequence of ECFconvergents of x. Then lim_{n→∞} P_n/Q_n = x.

Proof. In case x is rational, the result is clear; see Theorem 2.1. Now suppose that x is irrational. By induction one has that x = P_n + b_nT^n_E(x)P_{n−1} Q_n + b_nT^n_E(x)Q_{n−1} , n ≥ 1. (8)

In fact, if x is rational the special case T^n_E (x) = 0 gives x = P_n/Q_n. From (7) and (8) it follows that x − P_{n−1} Q_{n−1} = (−1)^{n−1} ∏_{n−1} j=1 b_j Q_{n−1}(Q_n + b_nT^n_E (x)Q_{n−1}) , n ≥ 2, (9) which trivially yields that | | x − P^n Q_n | | ≤ ∏_n j=1 b_j Q_nQ_{n+1} , n ≥ 1. (10)

Letting ϕ_n = ∏_n j=1 b_j and using (6), one can see that ϕ^2_n is one of the terms in Q_nQ_{n+1} so that the right-most side of (10) goes to zero as n → ∞. This completes the proof. □ Notice that (9) yields that C_{2n} < x < C_{2n+1}, for n ≥ 1, where C_n = P_n/Q_n. We now will show that the ECF-expansion is unique.

Proposition 2.4. Let (b_n)_{n≥1} be a sequence of positive integers satisfying (4), and let the sequences (P_n)_{n≥0} and (Q_n)_{n≥0} be given by (6). Then the limit lim_{n→∞} P_n Q_n exists. Say this limit equals x, then x ∈ (0, 1). Furthermore, b_n = b_n(x) for n ≥ 1. Proof. Let C_n = P_n/Q_n. From the proof of Proposition 2.2 it follows that (C_{2k}) is an increasing sequence that is bounded from above; therefore, lim_{k→∞} C_{2k} exists. Similarly, (C_{2k+1}) is a decreasing sequence that is bounded from below, and so lim_{k→∞} C_{2k+1} also exists. It remains to show that these two limits are equal. To this end, note that, in the proof of Proposition 2.2, C_{2k+1} − C_{2k} → 0 as k → ∞ (by the same argument as in the proof of Proposition 2.3) so that lim_{k→∞} C_{2k+1} = lim_{k→∞} C_{2k}. Let x = lim_{k→∞} C_{2k}; then lim_{k→∞} C_k exists and equals x. This completes the first part of the proof.

Since 0 < C_2 < x < C_1 ≤ 1, the second statement that x ∈ (0, 1) follows trivially.

For the third part, recall that by definition of C_n we have for n ≥ 2

C_n = [[ 0; b_1, · · · , b_n]] = 1 b_1 + b_1[[ 0; b_2, · · · , b_n]] . (11)

Setting for n ≥ 2 C̃_n = [[ 0; b_2, · · · , b_n]] ,

it follows from the first part of the proof that there exists a number x̃ ∈ (0, 1) such that lim_{n→∞} C̃_n = x̃. By letting n → ∞ in (11) we find that x = 1 b_1 + b_1x̃ , from which 1 x − b^1 b_1

= x̃ ∈ (0, 1) .

(12)

Since b_1(x) is the unique positive integer for which^1_x − b_1(x) ∈ [0, 1), it follows that b_1(x) is also the unique positive integer for which

T_E (x) = 1 x − b^1(x) b_1(x) ∈ [0, 1). But then it follows from (12) that b_1(x) = b_1, and moreover we see that T_E (x) = x̃. Repeating the above argument, now applied to T_E(x), yields that b_2(x) = b_2. By induction one finds that b_n(x) = b_n for n ∈ N. □ Let x ∈ [0, 1) \ Q. We denote the (infinite) ECF-expansion (2) of x by

x = [[ 0; b_1, b_2, · · · , b_n, · · · ]] .

For the RCF-expansion one has the theorem of Lagrange, which states that x is a quadratic irrational (i.e., x ∈ R \Q and is a root of ax^2 +bx+c = 0, a, b, c ∈ Z) if and only if x has a RCF-expansion which is ultimately (that is, from some moment on) periodic. For the ECF the situation is more complicated. Suppose x ∈ [0, 1) has a periodic ECF-expansion, say x = [[0; b_1, . . . , b_p, b_{p+1}, . . . , b_{p+ℓ}]], where the bar indicates the period. Clearly one has that x is a quadratic irrational, and from (4) it follows that the period-length ℓ is always equal to 1.

Due to this, purely periodic expansions can easily be characterized; for n ∈ N one has

τ_n := −n + √ n^2 + 4n 2n = [[ 0; n̄]] .

(13)

One could wonder whether every quadratic irrational x has an eventually periodic ECF-expansion. In [Ry2], Ryde showed that a quadratic irrational x has an eventually periodic MNK-expansion if and only if a certain set of conditions are satisfied. In Section 4 we will see that the ECF-map T_E and a modified version of the MNK-map are isomorphic, and due to this we will obtain that not every quadratic irrational x has an eventually periodic ECF-expansion.

An important question is the relation between the convergents of the RCF and those of the ECF. Let x ∈ [0, 1) \ Q, with RCF-expansion x = [ 0; a_1, a_2, . . . ], with RCF-convergents (p_n/q_n)_{n≥1} and ECF-convergents (P_n/Q_n)_{n≥1}. Moreover, define the mediant convergents of x by ap_n + p_{n−1} aq_n + q_{n−1} , for 1 ≤ a ≤ a_{n+1} − 1 , then the question arises whether infinitely many RCF-convergents and/or mediants are among the ECF-convergents, and conversely.

Example. Let x = 37 + 5 √ 15 142 = 0.396936 . . . , then x = [ 0; 2, 1, 1, 12, 2, 5, 19, 5, 2 ] = [[ 0; 2, 3, 3, 5, ¯6 ]]

and^{P1}_{Q1} =^1_2 =^{p1}_{q1} ,^{P2}_{Q2} =^3_8 (a mediant),^{P3}_{Q3} =^2_5 =^{p3}_{q3} ,^{P4}_{Q4} =^{23}_{28} (a mediant),

P_5 Q_5 is neither a RCF-convergent nor a mediant,

P_6 Q_6 = 181 456 (a mediant),

P_7 Q_7 = 622 1567 (a mediant),

P_8 Q_8 = 285 718 =^{p6}_{q6} , etc. Among the first 15 ECFconvergents^{P5}_{Q5} =^{79}_{199} and^{P11}_{Q11} =^{38554}_{97129} are neither RCF-convergents nor mediants.

A related question is the value of the first point in a ‘Hurwitz spectrum’ for the ECF. Let x ∈ [0, 1)\Q, again with RCF-convergents (p_n/q_n)_{n≥0} and ECF-convergents (P_n/Q_n)_{n≥0}, where we moreover assume that (P_n, Q_n) = 1 for n ≥ 0. Setting for n ≥ 0

θ_n = θ_n(x) := q_n|q_nx − p_n| and Θ_n = Θ_n(x) := Q_n|Q_nx − P_n| ,

one has the classical results that

θ_n < 1 and min(θ_{n−1}, θ_n, θ_{n+1}) < 1/ √ a^2_{n+1} + 4 for n ≥ 1,

which trivially implies that θ_n < 1 √ 5 infinitely often for all x ∈ [0, 1) \ Q.

If infinitely many RCF-convergents of x are also ECF-convergents of x, then one has that

Θ_n < C infinitely often,

(14)

with C = 1. Consider the number x having a purely periodic expansion with b_n = 2. Then x =^1_2 (−1+ √ 3). The difference equation A_n = 2A_{n−1} + 2A_{n−2} controls the growth of Θ_n(x) = Q_n|Q_nx − P_n|. Its eigenvalues are 1 − √ 3 and 1 + √ 3, and therefore we see that Θ_n(x) = Q_n|Q_nx − P_n| is asymptotically equal to 2^n. Furthermore from (9) one can see that ∏_n j=1 b_j b_{n+1}+2 ≤ Θ_n(x) = Q_n|Q_nx − P_n| ≤ ∏_n j=1 b_j b_{n+1} , which shows that such a constant C

cannot exist for all x.

3. Ergodic properties

In this section we will show that T_E has no finite invariant measure, equivalent to the Lebesgue measure λ, but that T_E has infinitely many σ-finite, infinite invariant measures. Furthermore it is shown that T_E is ergodic with respect to λ.

Let B(n) := [ 1 n + 1 , 1 n ) for n ∈ N , (15)

and define for n ∈ N, b_1, . . . , b_n ∈ N with b_1 ≤ . . . ≤ b_n the cylinder sets (or: fundamental intervals) B(b_1, . . . , b_n) by B(b_1, . . . , b_n) = { x ∈ [0, 1); T^{i−1}_E x ∈ B(b_i), i = 1, . . . , n } . Then it is clear that, see also Figure 2,

T^{−1}_E B(n) = n⋃ k=1 ( n k(n + 1) , n + 1 k(n + 2) ] . (16)

Now let μ be a finite T_E-invariant measure, that is, μ(T^{−1}_E A) = μ(A) for any Borel set A ∈ [0, 1).

Since μ is a measure, we have that μ([1/2, τ_1]) = μ([1/2, 3/5)) + μ([3/5, τ_1]), where τ_n ∈ B(n) denotes the invariant point under T_E , see also (13). On the other hand, μ([1/2, τ_1]) = μ(T^{−1}_E [1/2, τ_1]) = μ([τ_1, 2/3]) = μ(T^{−1}_E [τ_1, 2/3]) = μ([3/5, τ_1]) because μ is T_E -invariant. Hence, since we assumed that μ is a finite measure, μ([1/2, 3/5)) = 0.

Furthermore, we also have μ((2/3, 1)) = μ(T^{−1}_E (2/3, 1)) = μ((1/2, 3/5)) = 0.

Similar arguments yield that μ([3/5, τ_1]) = μ([8/13, τ_1]), and therefore μ((5/8, 2/3]) = μ(T^{−1}_E (5/8, 2/3]) = μ([3/5, 8/13)) = 0 so that we have μ([1/2, 8/13]) = 0 and μ([5/8, 1]) = 0.

Continue this iteration to see that B(1) must have its mass μ(B(1)) concentrated at τ_1. Next, it follows from (16) that T^{−1}_E B(2) = (1/3, 3/8] ∪ (2/3, 3/4]. But μ(2/3, 3/4] = 0 so that μ(T^{−1}_E B(2)) = μ((1/3, 3/8]) and following the same arguments as above gives that B(2) has its mass μ(B(2)) concentrated at τ_2.

Applied to other values of n, induction yields that on (0, 1) the measure μ has mass μ(B(n)) concentrated at τ_n for n ≥ 1. Consequently, we have proved the following result.

Theorem 3.1. There does not exist a non-atomic finite T_E-invariant measure.

Next, we will prove ergodicity of T_E with respect to Lebesgue measure. Theorem 3.2. T_E is ergodic with respect to Lebesgue measure λ. Proof. Let T^{−1}_E A = A be an invariant Borel set. Define d(b) := b ∫ 1_b 0 c_A(y)dy, where c_A denotes the indicator function of A. Then we calculate

d(b) − d(b + 1) = b ∫ 1_b 0 c_A(y)dy − (b + 1) ∫ 1_{b+1} 0 c_A(y)dy = b ∫ 1_b 1 b+1 c_A(y)dy − ∫ 1_{b+1} 0 c_A(y)dy

= 1 b + 1

(b(b + 1) ∫ 1_b 1 b+1 c_A(y)dy − (b + 1) ∫ 1_{b+1} 0 c_A(y)dy). We put

δ(b_1, . . . , b_n) := λ(A ∩ B(b_1, . . . , b_n)) λ(B(b_1, . . . , b_n)) = λ(T^{−n}A ∩ B(b_1, . . . , b_n)) λ(B(b_1, . . . , b_n)) = ∫^1_{bn} 0 ω(b_1, . . . , b_n; y)c_A(y)dy ∫^1_{bn} 0 ω(b_1, . . . , b_n; y)dy .

Note that T^n_E B(b_1, . . . , b_n) = [0, 1b_n ), and that it follows from (8) and (7) that ω(b_1, . . . , b_n; y) = ∏_n i=1 b_i (Q_n + Q_{n−1}b_ny)^2

, with 0 ≤ y ≤ 1 b_n . From this it follows that λ(B(b_1, . . . , b_n)) = ∏_{n−1} j=1 b_j Q_n(Q_n + Q_{n−1}) . (17)

Moreover we find that

δ(b) = b(b + 1) ∫ 1_b 1 b+1 c_A(y)dy , (18) and that ∏_n i=1 b_i 4Q^2_n ≤ ω(b_1, . . . , b_n; y) ≤ ∏_n i=1 b_i Q^2_n , which shows that (A) d(b^n)4 ≤ δ(b_1, . . . , b_n) ≤ 4d(b_n).

For n = 1 we have a more precise estimate. Since ω(b; y) = 1 b(1 + y)^2 for 0 ≤ y ≤^1_b , we get b (b + 1)^2 ≤ ω(b; y) ≤ 1 b , for 0 ≤ y ≤ 1 b . Together with (18) this yields that

(B) b(b + 1) d(b) ≤ δ(b) ≤ (b + 1)b d(b).

Furthermore we have that (C) d(b) − d(b + 1) = δ(b) − d(b + 1) b + 1 .

Note that for Engel’s series δ(b) = d(b) which fact makes the proof easier.

Together with (B) we get the estimate d(b + 1) ≤ b^2 + b + 1 b^2 + b d(b). Setting ∏_∞ b=1 b^2+b+1 b^2+b =: γ we get

(D) d(c) ≤ γd(b) for all c ≥ b.

The Martingale Convergence Theorem shows that

lim_{n→∞} δ(b_1(x), . . . , b_n(x)) = c_A(x) almost everywhere,

see also Theorem 9.3.3 in [S3]. If c_A(x) = 1 a.e. there is nothing to show. Let us therefore assume that λ(A) < 1. Suppose that there is some z ∈ A^c such that lim_{n→∞} δ(b_1(z), . . . , b_n(z)) = 0. Then for n sufficiently large δ(b_1(z), . . . , b_n(z)) ≤^ε_{16γ} for any given ε > 0, and by (A) for b = b_n(z) we find d(b) ≤^ε_{4γ} . Applying (D) this yields that d(c) ≤^ε_4 for all c ≥ b.

Since the set F_N = {x : b_j(x) ≤ N, j ≥ 1} is countable (since every x ∈ F_N ends in a periodic ECF-expansion with digit b ≤ N), it follows that F_N has measure 0 and we clearly have lim_{n→∞} b_n = ∞ a.e. Therefore by (A) we see that δ(b_1(x), . . . , b_n(x)) ≤ ε for almost all points x. Assuming that ε < 1 this shows that c_A(x) = 0 almost everywhere, i.e., λ(A) = 0. □ For the Engel’s series Rényi [R] showed that for almost all x the sequence of digits is monotonically increasing from some moment n_0(x) on. For the ECF a similar result holds.

Theorem 3.3. For almost all x ∈ [0, 1) the sequence of digits (b_n(x))^∞_{n=1} is strictly increasing for some n ≥ n_0(x).

Proof. Setting y :=^{Qn−1}_{Qn} , it follows from (17) and (6) that λ(B(b_1, . . . , b_n, b_{n+1})) λ(B(b_1, . . . , b_n)) = b_n(1 + y) (b_{n+1} + b_ny)(b_{n+1} + 1 + b_ny) , (19)

and that 0 ≤ y ≤^1_{bn} .

If we put b_n = b_{n+1} we immediately get

λ({x : b_n(x) = b_{n+1}(x)}) ≤ ∑ b_1≤···≤b_n λ(B(b_1, . . . , b_n)) b_n + 1 , n ≥ 1.

Lemma 3.1. ∑ b_1≤···≤b_n λ(B(b_1, . . . , b_n)) b_n + 1 ≤ (^{313324} )^n .

Proof (of the lemma, see also [S3], p. 68-69). It follows from (19) that ∑ b_1≤···≤b_{n+1} λ(B(b_1, . . . , b_{n+1})) b_{n+1} + 1

equals ∑ b_1≤···≤b_n λ(B(b_1, . . . , b_n)) b_n + 1 ∑ b_n≤b_{n+1} (b_n + 1)b_n(1 + y) (b_{n+1} + 1)(b_{n+1} + b_ny)(b_{n+1} + 1 + b_ny) . Therefore we have to estimate the sum ∞∑ b=a (a + 1)a(1 + y) (b + 1)(b + ay)(b + 1 + ay) . For b = a the first term gives^1_{a+1+ay} ≤^1_{a+1} , while for b ≥ a + 1 we use 0 ≤ y ≤^1_a to obtain the estimate (a + 1)a(1 + y) (b + 1)(b + ay)(b + 1 + ay) ≤ (a + 1)^2 b(b + 1)^2 , and it follows that ∞∑ b=a (a + 1)a(1 + y) (b + 1)(b + ay)(b + 1 + ay) ≤ 1 a + 1 + ∞∑ b=a+1 (a + 1)^2 b(b + 1)^2 ≤ 1 a + 1

+ (a + 1)^2 ( 1 (a + 1)(a + 2)^2 + 1 (a + 2)(a + 3)^2 + ∫_∞ a+2 dz z(z + 1)^2 ) . Using ∫_∞ a+2 dz z(z + 1)^2

= log a + 3 a + 2 − 1 a + 3 ≤ 1 (a + 2)(a + 3) − 1 2(a + 2)^2 + 1 3(a + 2)^3 , we eventually get ∞∑ b=a (a + 1)a(1 + y) (b + 1)(b + ay)(b + 1 + ay) ≤ 1 a + 1

+ (a + 1)^2 ( 1 (a + 1)(a + 2)^2 + 1 (a + 2)(a + 3)^2 + 1 (a + 2)(a + 3) − 1 2(a + 2)^2 + 1 3(a + 2)^3 ) . This expression has its maximum for a = 1 which gives the value^{313}_{324} .

The claim on the maximal value can be seen as follows. The sum of the four terms 1 a + 1 + a + 1 (a + 2)^2 + (a + 1)^2 (a + 2)(a + 3)^2 + (a + 1)^2 3(a + 2)^3 decreases to 0 as a → ∞ and becomes smaller than^1_2 for a ≥ 3. On the other hand the remaining term

(a + 1)^2 ( 1 (a + 2)(a + 3) − 1 2(a + 2)^2 ) = (a + 1)^3 2(a + 2)^2(a + 3) is increasing and is bounded by^1_2 . Therefore numerical calculations suffice for n = 1, 2, 3. This proves the Lemma.

Now the Borel-Cantelli lemma yields that the set of all points x for which b_n(x) = b_{n+1}(x) for infinitely many values of n has measure 0. □ Now we give two constructions of σ-finite, infinite invariant measures for T_E . The first construction follows to some extent Thaler’s construction from [T] of σ-finite, infinite invariant measures for the Engel’s series map S. First, let B(n) be as in (15). Define A(n, k) = {x; b_j = n, 1 ≤ j ≤ k, b_{k+1} > n} . Obviously one has that A(n, k) ∩ A(m, ℓ) = ∅ for (n, k) ≠ (m, ℓ) and that, apart from a set of Lebesgue measure zero B(n) = ∞⋃ k=1 A(n, k). We now choose a monotonically increasing sequence of positive real numbers (a_n)^∞_{n=1}, satisfying a_n > n n − 1 n−1∑ j=1 a_j j , n ≥ 2. For any non-purely periodic x ∈ B = ⋃_∞ n=1 B(n), there exist positive integers n and ℓ such that x ∈ A(n, ℓ). For any non-eventually periodic x ∈ B \ Q we inductively define a sequence (α_k(x))^∞_{k=1} by α_1(x) = a_n if x ∈ A(n, ℓ) for some ℓ ≥ 1, and α_{k+1}(x) = n (T_E (x) + 1)^2 α_k(T_E (x)) − n n−1∑ j=1 a_j j , k ≥ 1. For x ∈ [0, 1) \ Q given one has, since α_1(x) = a_n ≤ α_1(T_E (x))

α_2(x) − α_1(x) ≥ (n(T_E (x) + 1)^2 − 1)a_n − n n−1∑ j=1 a_j j > n ( n (T_E(x) + 1)^2 − 1 n − 1 − 1 )_{n−1} ∑ j=1 a_j j > 0, and for k ≥ 2 one has

α_{k+1}(x) − α_k(x) = n(T_E (x) + 1)^2 (α_k (T_E (x)) − α_{k−1} (T_E (x))) . So by induction it follows that the sequence (α_k(x))^∞_{k=1} is a positive monotonically non-decreasing sequence for each x ∈ [0, 1). We will show that h(x) := α_k(x) for x ∈ A(n, k) and h(x) := 0 for x ∉ ∪^∞_{n=1}B(n), is a density of a measure equivalent to Lebesgue measure, that is, it satisfies Kuzmin’s equation, see also Chapter 13 in [S3]. First note that for x ∈ B(n) Kuzmin’s equation reduces to h(x) = n∑ j=1 h(V_j (x)) j(x + 1)^2 , where V_j is the local inverse of T_E on B(j), i.e.,

V_j (x) = 1 j(1 + x) . Note also that V_n(x) ∈ A(n, k + 1) and V_j (x) ∈ A(j, 1), 1 ≤ j ≤ n − 1, when x ∈ A(n, k). Therefore, h(x) = α_k(x), h(V_n(x)) = α_{k+1}(V_n(x)) and h(V_j (x)) = α_1(V_j (x)) = a_j, 1 ≤ j ≤ n − 1. We now see that n∑ j=1 h(V_j (x)) j(x + 1)^2 = α_{k+1}(V_n(x)) n(x + 1)^2 + n−1∑ j=1 a_j j(x + 1)^2

= α_k(x) = h(x).

As in Thaler’s case for the Engel Series expansion, this construction yields infinitely many different σ-finite, infinite invariant measures which are not multiples of one-another.

For the second construction, let w^s_t (x) = | | | dV^s_t (x) dx | | |. Note that w^1t (x) = 1 t(1 + x)^2

. Furthermore, let G > 1 be the golden mean, defined by G^2 =

G + 1, g =^1_G and

g_0(x) := | | 1 (x − g)(x + G) | | , 0 ≤ x < 1, x ≠ g. Here f^0(x) = x, f^1(x) = f(x), f^{s+1}(x) = f^s(f(x)). Note that g_0 is a solution of the functional equation f(x) = f(V_1(x))w^1 (x).

Setting for t = 2, 3, . . .

g_{t−1}(x) := ∞∑ s=0 g_{t−2}(V^s_t (x))w^s_t (x), 0 ≤ x < 1/t, then h(x) := g_{t−1}(x) on B(t) is an invariant density. To see this note that Kuzmin’s equation reads h(x) = k∑ s=1 h(V_s(x))w^1_s (x)

on B(k). Then for x ∈ B(k) we have g_{k−1}(x) on the left hand, while expanding the right hand side gives g_{k−1}(x) = h(V_1(x))w^1 (x) + h(V_2(x))w^1_2 (x) + · · · + h(V_k(x))w^1_k(x) = g_0(V_1(x))w^1 (x) + g_1(V_2(x))w^1_2 (x) + · · · + g_{k−1}(V_k(x))w^1_k(x)

= g_0(x) + ∞∑ s=1 g_0(V^s_2 (x))w^s_2(x) + · · · + ∞∑ s=1 g_{k−2}(V^s_k (x))w^s_t (x) = g_{k−1}(x). In the calculation we used that w^{s+1}_t (x) = w^s_t (V_t(x))w^1_t (x).

We end this section with a theorem on the renormalization of the ECFmap T_E. See also Hubert and Lacroix [HL] for a recent survey of the ideas behind the renormalization of algorithms.

Setting z_n(x) = b_n(x)T^n_E x, then clearly 0 ≤ z_n(x) ≤ 1. We have the following theorem. Theorem 3.4. Let γ =^{313}_{324} , then λ({x : z_n(x) < t}) = t(1 + O(γ^n)) .

Proof. We introduce for t ∈ [0, 1] the map S(b_1, . . . , b_n)(t) := V (b_1, . . . , b_n)( t b_n ). Applying the chain-rule we find, see also (8)

S^′(b_1, . . . , b_n)(t) = (−1)^n ∏_{n−1} j=1 b_j (Q_n + Q_{n−1}t)^2 .

Then λ({x : z_n(x) < t}) = ∫_t 0 ρ_n(s)ds, where

ρ_n(s) = (−1)^n ∑ b_1≤···≤b_n S^′(b_1, . . . , b_n)(s) = ∑ b_1≤···≤b_n ∏_{n−1} j=1 b_j (Q_n + Q_{n−1}s)^2 . On the other hand we have, see also (17) 1 = ∑ b_1≤···≤b_n λ(B(b_1, . . . , b_n)) = ∑ b_1≤···≤b_n ∏_{n−1} j=1 b_j Q_n(Q_n + Q_{n−1}) . Therefore |ρ_n(s) − 1| ≤ ∑ b_1≤···≤b_n ∏_{n−1} j=1 b_j Q_n(Q_n + Q_{n−1}) | |Q^nQ^{n−1} − 2sQ^nQ^{n−1} − s^2Q^{2n−1} (Q_n + Q_{n−1}s)^2 | |

≤ 4 ∑ b_1≤···≤b_n λ(B(b_1, . . . , b_n)) b_n , which yields that

ρ_n(s) = 1 + O(γ^n) and ∫_t 0 ρ_n(s)ds = t + tO(γ^n). □ Remark. Following the ideas in Schweiger [S2] it should be easy to prove that the sequence (z_n(x)) is uniformly distributed for almost all points x.

4. On Ryde’s continued fraction with non-decreasing digits In 1951, Ryde [Ry1] showed that every x ∈ (0, 1) can be written as a monotonen, nicht-abnehmenden Kettenbruch (MNK) of the form c_1

sc_1 + c_2

c_2 + c_3

c_3 +

. .. + c_n c_n +

.. .

, c_n ∈ N, c_n ≤ c_{n+1}, s = ⌊ 1 x ⌋ , (20)

which is finite if and only if x is rational.

Underlying this expansion is the map S_R : (0, 1) → (0, 1), defined by

S_R(x) :=

⌊ 1 1 x − ⌊^1_x ⌋ ⌋

x − ⌊ 1 x ⌊ 1 1 x − ⌊^1_x ⌋ ⌋⌋ , x ∈ (0, 1).

However, and this was already observed by Ryde, one has that S_R ( (0, 1 2 ) ) = ( 1 2 , 1 ) = S_R ( ( 1 2 , 1) ) (mod 0),

and therefore we might as well restrict our attention to the interval (^1_2 , 1), and just consider the map T_R : (^1_2 , 1) → (^1_2 , 1), given by

T_R(x) = S_R(x) = k x − k, for x ∈ R(k) := ( k k + 1 , k + 1 k + 2 ) , k ∈ N, see also [S3], p. 26. Now every x ∈ (^1_2 , 1) has a unique NMK of the form (20) (with s = 1), which we abbreviate by x = < 0; c_1, c_2, · · · , c_n, · · · > . The following theorem establishes the relation between the ECF and the MNK. We omitted the proof, since it follows by direct verification.

Theorem 4.1. Let the bijection ϕ : (0, 1) → (^1_2 , 1) be defined by

ϕ(x) := 1 1 + x

, for x ∈ (0, 1).

Then T_R(ϕ(x)) = ϕ(T_E (x)) , for x ∈ (0, 1).

(21) Furthermore, for b_1 ≤ b_2 ≤ · · · ≤ b_n ≤ · · ·

ϕ([[ 0; b_1, b_2, · · · , b_n, · · · ]]) = < 0; b_1, b_2, · · · , b_n, · · · > , and if we define for n ≥ 1 the cylinders of T_R by R(c_1, · · · , c_n) := {x ∈ ( 1 2 , 1); T^{i−1}_R (x) ∈ R(c_i), i = 1, . . . , n} , (22)

then ϕ(B(b_1, · · · , b_n)) = R(b_1, · · · , b_n) . Due to Theorem 4.1 we can ‘carry-over’ the whole ‘metrical structure’ of the ECF to the MNK. To be more precise, letting B be the collection of Borel sets of (^1_2 , 1), and setting ν(A) := ρ(ϕ^{−1}(A)) , A ∈ B, (23) where ρ is a σ-finite, infinite T_E -invariant measure on (0, 1) with density h (with h from Section 3), then we have the following corollary.

Corollary 4.1. The map T_R is ergodic with respect to Lebesgue measure λ, but no finite T_R-invariant measure exist equivalent to λ. Each of the measures ν from (23) is a σ-finite, infinite T_R-invariant measure on (^1_2 , 1).

Proof. We only give a proof of the first statement. Suppose that there exists a Borel set A ⊂ (^1_2 , 1) for which 0 < λ(A) < λ(^1_2 , 1) =^1_2 , such that T^{−1}_R (A) = A. From the fact that ϕ : (0, 1) → (^1_2 , 1) is a bijection, and due to (21) one has that ϕ^{−1}(A) is a T_E -invariant set, and hence λ(ϕ^{−1}(A)) ∈ {0, 1}, which is impossible. □ To conclude this paper, let us return to the question of periodicity of the ECF-expansion of a quadratic irrational x. Due to (22) we have that the ECF-expansion of x ∈ (0, 1) is (ultimately) periodic if and only if the NMK-expansion of ξ = ϕ(x) ∈ (^1_2 , 1) is (ultimately) periodic. The main result of Ryde’s second 1951 paper [Ry2] now states that a quadratic irrational ξ ∈ (0, 1) has an (ultimately) periodic NMK-expansion if and only if a (rather large) set of constraints—too large to be mentioned here; the statement of his theorem covers almost 2 pages!—has been satisfied. Due to Theorem 4.1 these constraints can trivially be translated into a set of constraints for the ECF.

As a consequence there exist (infinitely many) quadratic irrationals x for which the ECF-expansion is not ultimately periodic. We end this paper with an example.

Example. Let x =^1_5 (−1 + 2 √ 5) = 0.6944271 . . . . Then the RCFexpansion of x is x = [ 0; 1, 2, 3, 1, 2, 44, 2, 1, 3, 2, 1, 1, 10, 1 ]. Using MAPLE we obtained the first 22 partial quotients of the ECF-expansion of x:

x = [[ 0; 1, 2, 7, 20, 28, 30, 187, 541, 711, 989, 2280, 7630, 8683, 13941, 26110, 32685, 199856, 866227, 5897902, 8834278, 24269774, 96660239, . . . ]] .

Acknowledgements We would like to thank the referee for several helpful comments and suggestions.

References

[AF] R. L. Adler, L. Flatto, The backward continued fraction map and geodesic flow. Ergodic Theory Dynam. Systems 4 (1984), no. 4, 487–492. MR 86h:58116 [B] E. Borel, Sur les développements unitaires normaux. C. R. Acad. Sci. Paris 225, (1947), 51. MR 9,292c [DK] K. Dajani, C. Kraaikamp, The Mother of All Continued Fractions. Coll. Math. 84/85 (2000), 109–123.

[ERS] P. Erdös, A. Rényi, P. Szüsz, On Engel’s and Sylvester’s series. Ann. Univ. Sci. Budapest. Etvs. Sect. Math. 1 (1958), 7–32. MR 21#1288 [G] J. Galambos, Representations of real numbers by infinite series. Lecture Notes in Mathematics 502, Springer-Verlag, Berlin-New York, 1976. MR 58#27873 [HL] P. Hubert, Y. Lacroix, Renormalization of algorithms in the probabilistic sense. New trends in probability and statistics, Vol. 4 (Palanga, 1996), 401–412, VSP, Utrecht, 1997. MR 2000c:11131 [K] C. Kraaikamp, A new class of continued fraction expansions. Acta Arith. 57 (1991), 1–39. MR 92a:11090

516 Yusuf Hartono, Cor Kraaikamp, Fritz Schweiger

[K2K] S. Kalpazidou, A. Knopfmacher, J. Knopfmacher, Lüroth-type alternating series representations for real numbers. Acta Arith. 55 (1990), 311–322. MR 91i:11011 [Leh] J. Lehner, Semiregular continued fractions whose partial denominators are 1 or 2. Contemp. Math. 169 (1994), 407–410. MR 95e:11011 [L] P. Lévy, Remarques sur un théorème de M. Émile Borel. C. R. Acad. Sci. Paris 225 (1947), 918–919. MR 9,292d [R] A. Rényi, A new approach to the theory of Engel’s series. Ann. Univ. Sci. Budapest.

Etvs Sect. Math. 5 (1962), 25–32. MR 27#126 [Ry1] F. Ryde, Eine neue Art monotoner Kettenbruchentwicklungen. Ark. Mat. 1 (1951), 319– 339. MR 13,115c [Ry2] F. Ryde, Sur les fractions continues monotones nondécroissantes périodiques. Ark. Mat.

1 (1951), 409–420. MR 13,115d [Si] W. Sierpiński, Sur quelques algorithmes pour développer les nombres réels en séries. In:

Oeuvres choisies Tome I, Warszawa 1974, 236–254. MR 54#2405 [S1] F. Schweiger, Ergodische Theorie der Engelschen und Sylvesterschen Reihen. Czechoslovak Math. J. 20 (95) 1970, 243–245. MR 41#3712; Czechoslovak Math. J. 21 (96) 1971, 165. MR 43#2190 [S2] F. Schweiger, Metrische Ergebnisse über den Kotangensalgorithmus. Acta Arith. 26 (1975), 217–222. MR 51#10269 [S3] F. Schweiger, Ergodic theory of fibred systems and metric number theory. Oxford Science Publications, The Clarendon Press, Oxford University Press, New York, 1995. MR 97h:11083 [T] M. Thaler, σ-endliche invariante Masse für die Engelschen Reihen. Anz. Österreich.

Akad. Wiss. Math.-Natur. Kl. 116 (1979), no. 2, 46–48. MR 80j:28028 [V] W. Vervaat, Success epochs in Bernoulli trials (with applications in number theory).

Mathematical Centre Tracts 42, Mathematisch Centrum, Amsterdam, 1972. MR 48#7331

Yusuf Hartono, Cor Kraaikamp Delft University of Technology and Thomas Stieltjes Institute for Mathematics ITS (CROSS) Mekelweg 4 2628 CD Delft the Netherlands E-mail : y.hartono@its.tudelft.nl,c.kraaikamp@its.tudelft.nl

Fritz Schweiger Department of Mathematics, Universität Salzburg Hellbrunnerstr 34 A 5020 Salzburg Austria E-mail : fritz.schweiger@mh.sbg.ac.at