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A Refinement of Ball’s Theorem on Young
Measures

Norbert Hungerbiihler

ABSTRACT. For a sequence u; : Q@ C R™ — R™ generating the Young measure
vg,x € 2, Ball’s Theorem asserts that a tightness condition preventing mass
in the target from escaping to infinity implies that v, is a probability measure
and that f(u) — (vg, f) in L' provided the sequence is equiintegrable. Here
we show that Ball’s tightness condition is necessary for the conclusions to hold
and that in fact all three, the tightness condition, the assertion ||v|| = 1, and
the convergence conclusion, are equivalent. We give some simple applications
of this observation.
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1. Introduction

Young measures have in recent years become an increasingly indispensable tool in
the calculus of variations and in the theory of nonlinear partial differential equations
(see, e.g., [5] or [2]. For a list of references for general Young measure theory see,
e.g., [6]). In [1], Ball stated the following version of the fundamental theorem of
Young measures, tailored for applications in these fields:

Theorem 1. Let Q C R™ be Lebesgue measurable, let K C R™ be closed, and let
u;: @ — R™, j € N, be a sequence of Lebesgue measurable functions satisfying
u; — K in measure as j — o0, i.e., given any open neighbourhood U of K in R™

Jlingo|{x €N:uj(x) ¢ U =0.

Then there exists a subsequence uy of u; and a family (vy), © € Q, of positive
measures on R™, depending measurably on x, such that

(i) ||VI||M = f]Rm, de S 1 for a.e. E Q,
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(ii) sptv, C K for a.e. x € Q, and
(i) f(ur) = (e, f) = Jgm F(N)dvg(X) in L°(Q) for each continuous function
[+ R™ — R satisfying lim|y o f(A) = 0.
Suppose further that {uy} satisfies the boundedness condition

(1) VR > 0: lim sup|{z € QN Bg: |ux(z)| > L}| =0,
L—00 keN

where B = Br(0). Then

(2) lvallm =1 for a.e. x € Q

(i.e., vy 18 a probability measure), and the following condition holds:

that {f(ux)} is sequentially weakly relatively compact in L'(A) we have
fug) = (e, f) in L'(A).
Improved versions of this theorem can be found, e.g., in [4]. The aim of this note

is to prove that (1) is necessary for (2) and (3) to hold, and that in fact (1), (2)
and (3) are equivalent. We will give some simple consequences of this fact.

Theorem 2. Let Q, u; and v, be as in Theorem 1. Then (1), (2) and (3) are
equivalent.

For any measurable A C Q and any continuous function f: R™ — R such
o |

REMARKS: (a) It was proved in [1] that (1) is equivalent to the following condition:
Given any R > 0 there exists a continuous nondecreasing function gg: [0,00) — R,
with lim; .« gr(t) = 0o, such that

sup/ gr(|ug(z)|)dz < co.
keNJQNBRr
(b) In [1] it is also shown, that under hypothesis (1) for any measurable A C Q

Floue) = (va, f(w,)) in L'(A)
for every Carathéodory function f: AxR™ — R such that {f(-,ug)} is sequentially
weakly relative compact in L'(A4). Hence, this fact is also equivalent to (1), (2)
and (3).
(c) Ball also shows in [1], that if u; generates the Young measure v,, then for
W€ LY Co(R™)

k—o0

tim [ (o un@)ds = [ @ 0@

Here, Co(R™) denotes the Banach space of continuous functions f: R™ — R satis-
fying lim|y| o f(A) — 0 equipped with the L>*-norm.

2. Proof of Theorem 2

First we prove (2) = (1). We assume by contradiction that (2) holds and that
there exists R > 0 and € > 0 with the following property: There exists a sequence
L; — oo and integers k; such that [{z € QN Br: |ug, ()| > L;}| > € for all i € N.
For p > 0 consider the function

1 ift<p
a,(t) =<0 ift>p+1
p+1—t ifp<t<p+1
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Then ¢,: R™ — R,z — a,(|z]), is in Co(R™). Hence, applying the first part of
Theorem 1, we have that

(4) lim anp(uk)XBRdarzfg/m ©p(N)dve(N)xBrde.

k—o0

Notice that k; — oo for ¢ — oo since the functions u; are finite for a.e. z € Q.
Hence, uyg, is a subsequence of u; and for ¢ large enough, we find

|QQBR| —e2> /Q(pﬂ<uki)XBRd‘r‘

Thus, (4) implies

(5) |smBR|—EEA/m@p(A)duw(A>XBRdx.

On the other hand, by the monotone convergence theorem, we conclude that the
right hand side of (5) converges for p — oo to

/ / dve (N xpade = / Ivellpxznde = |9 Byl
Q m Q

by (2) and this contradicts (5).

Second we prove that (3) = (2). Let R > 0 be fixed and let f denote the
function constant 1 on R™. Then f(u;) is sequentially weakly relative compact on
Q2N Bg and (3) implies

(6) |QQBR\=/QQB flup)xppdr —

—>/ FN)dvy(N)xBrdz :/ Ve || mde.
QNBgr JR™ QNBgr

Since ||vz||am < 1 by (i) in Theorem 1, we conclude that ||v;||m = 1 for a.e. z €
QN Bg. Since R was arbitrary, the claim follows.

3. Applications

The following propositions are certainly known to the experts in the field, but
we want to show that the sharp version of Ball’s theorem which we now have at
our disposal, considerably simplifies the proofs.

Proposition 1. If |Q| < co and v, is the Young measure generated by the (whole)
sequence u; then

Uj — U N Measure <= Uy = Oy(y) for a.e. x € Q.

A precursor of this proposition can be found, e.g., in [3] (see also [4]).

Proof. Let us first assume that u; — u in measure, i.e., Ve > 0 we have

(7) lim [{|u; —u| > €}| = 0.
j—o0
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For ¢ € C°(R™) and ¢ € L'(Q),

o(uj) (u))dz| <

/| ) —ptandal + | [ C(olug) —plwde| =1+ 11

By choosing ¢ appropriately, we can make I] as small as we want, since we observe
that IT < ¢||Dg||re|[¢||z:. For I we then have

1< 2Y|gll~ / Clda
|u;—u|>e

which converges to 0 as j tends to co by absolute continuity of the integral and (7).
Since C2° is dense in Cy we conclude that for all ¢ € Cy

@(uj) = (Su@@), @) in Lo(Q)
and hence v, = 0y(z)-
Now we assume v, = d,(,), hence (2) is fulfilled. First step: We consider the
case that u; is bounded in L*°. Then by (3) we conclude that for ¢(z) := |z|?

) lolie = [ etwte = [ oo = ful;

for j — oo. On the other hand choosing ¢ = id we similarly find that u; — u
weakly in L?(2), which in combination with (8) gives that u; — w in L'(£2). Thus
for all @ > 0 we have

lflu; ~ul = a} < [ Ju; ~ uldz 0
Q

as j — 00, and hence u; — u in measure.

Second step: We show that if u; generates the Young measure d,,(,) then Tr(u;) —
Tr(u) in measure, where T denotes the truncation Tr(z) := z min{1, |7R|}, R>0
fixed. In fact, for f € Co(R™) we have that f o Tg is continuous and f(Tr(u;))
is equiintegrable (and hence, by the Dunford-Pettis theorem, sequentially weakly
precompact in L1(£2)). Since (2) is fulfilled, we conclude by (3) that for ¢ € L°°()

/ ¢ F(Tr(uy))de — / ¢ f(Tr(u))de
Q Q

This implies that Tr(u;) generates the Young measure 7, (,(z)) and by the first
step, the claim follows.

Third step: We show, that u; — u in measure. Let € > 0 be given. Then we
have:

Hluj —ul > e} < {lu; —ul > &, |ul < R, u;| < R} + [{[u] > R} + [{[u;] > R}
=T+ IT+1III

II can be made arbitrarily small by choosing R > 0 large enough. By (2) we
have (1) which implies that I1] is, again for R large enough, uniformly in j as
small as we want. Finally by the second step, I — 0 for j — oo. (I

Our second application is the following proposition:
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Proposition 2. Let [)] < oco. If the sequences uj: Q — R™ and v;: Q — R*
generate the Young measures 8,y and v, respectively, then (uj,v;) generates the
Young measure 0,(y) @ vy

This result also holds for sequences ji;, A; of Young measures converging in the
narrow topology to 1 and A respectively: see [6]. However it is false if both u and A
are not Dirac measures. E.g., consider the Rademacher functions u; (x) := (—1)*J
and u,(z) = ui(nz). u, and —u, generate the Young measure 3(6_1 + d1), but
(un,un) and (—un,u,) obviously generate different measures (consider the sets
K={(-1,-1),(1,1)} and K = {(-1,1),(1, —1)} respectively in Theorem 1).

Proof of Proposition 2. We have to show that for all p € C2°(R™ x R¥) there
holds ¢(uj,vj) — Jar ©(u(x), N\)drg(X). So, let ¢ € L*(€2). We have

<

‘/Q ¢ (olugvy) = /R p(u, Ndve (V) dz

< +

/ e C(p(uy,v5) — p(u,v5))dx

[ €t — ot

+ =T+ 1I+1III.

[ ctetwn) = [ otu N )o

Since I < €|[¢][z1(q)l|D@llL>=, the first term is small for ¢ > 0 small. For ¢ > 0
fixed, we have for j — oo

m<2el~ [ [de—0

|u;—u|>e

since by Proposition 1 the sequence u; converges to u in measure. Since L*(£2) is
dense in L1(2) we may assume that ¢ € L>°(Q). Thus, the function {(z)p(u(z),)
is in LY(Q, Co(R*¥)) and hence I1T — 0 as j — oo by Remark (c). O

The third application we consider is a criterion for the pointwise convergence of
Fourier series, which is similar to Dini’s test (see [7]).

Theorem 3. Let f € LL_(R) be a 2w periodic complex function. If z € R is a

loc

point with the property that

©) s

then the Fourier series of f converges in z to f(z).

fl@) = f(2)

r—z

dr < 0o

Proof. With
sin(N + 3)z

in %
Sll’l2

the Nth Fourier approximation of f is sy (z) = 5= [ f(2—)Dy(z)dz. The Young
measure generated by the (whole) sequence sin(N + 1)z is a probability measure v,
with vanishing first moment (v,,id) = 0 (see, e.g., [6]). Hence, the Young measure
1o generated by the sequence (f(z —z) — f(2)) Dy (x) also has these properties for
a.e. x. Now, (9) implies that the sequence (f(z—x)— f(2))Dn(x) is equiintegrable

DN(IL') =
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and hence (since p, is a probability measure for a.e. x) by equivalence of (2) and
(3), we have as N — oo

sw(z) = o0 [ (=)~ fe)Dutiin+ L2 [ Dyt — 502

2T - -

since the first term converges to zero and the second term equals f(z) forall N. O
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