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f-harmonic maps which map the boundary of the
domain to one point in the target

Neil Course

ABSTRACT. One considers the class of maps v : D — S2, which map 9D
to one point in S2. If u were also harmonic, then it is known that u must
be constant. However, if u is instead f-harmonic — a critical point of the
energy functional %ID f(x)|Vu(z)|?> — then this need not be true. We shall
see that there exist functions f : D — (0,00) and nonconstant f-harmonic
maps u : D — S2 which map the boundary to one point. We will also see that
there exist nonconstant f for which, there is no nonconstant f-harmonic map
in this class. Finally, we see that there exists a nonconstant f-harmonic map
from the torus to the 2-sphere.
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1. Introduction

1.1. Basic definitions. Let (M, g) be a compact Riemannian surface (with or
without boundary). Let (N, h) be a compact Riemannian manifold without bound-
ary, embedded isometrically in RY. This embedding is always possible by the Nash
Embedding Theorem. Let f: M — (0,00) be a smooth function. By compactness,
f is bounded above, and below by a strictly positive number, say 0 < A < f(z) < B.
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Definition 1.1 (f-harmonic energy). Let u € WLY2(M;N). The f-harmonic
energy functional is defined to be

(L.1) By =3 [ 1@)VuLam

1
where dM = /gdz! Adz? and /g denotes (det gog)?. For consistency of notation,
we denote the harmonic energy by Ej.

Definition 1.2 (tubular neighbourhood/nearest point projection). For p > 0, de-
fine a tubular neighbourhood of N/ by

(1.2) V,N = {z e RY :d(z,N) < p} C RY.

Here d(z,N') denotes of course inf{|z — z|g~ : 2 € N'}. Choosing p > 0 sufficiently
small, we may let P : V,N' — N denote “nearest point” projection. P is well-
defined and smooth — see e.g., [9, §2.12.3].

Definition 1.3 (admissible variation). An admissible variation of w, is a family of
maps u := P o (u+ s¢), for some ¢ € C°(M,RY) and for small |s|. Notice that
ug = u and that us = v in a neighbourhood of OM.

Remark 1.4. If u € WH2(M;N) and ¢ € C(M;RY), then P o (u + s¢) €
WL2(M;N) for sufficiently small |s| [9, §2.2], and VP o (u + s¢) is differentiable
with respect to s. Hence Ef(Po(u+ s¢)) is also differentiable. We can then define:

Definition 1.5 (f-harmonic). A map u € W12(M;N) is said to be (weakly)
f-harmonic if, for any (admissible) variation wug, of u, we have that

d
(1.3) —Ey(u,) = 0.

Remark 1.6. A harmonic map satisfies this definition as a 1-harmonic map.

Before we proceed, it is worth clearing up any possible confusion with the name
“f-harmonic”. Our f-harmonic maps should not be confused with, so-called, F'-
harmonic maps — critical points of Ep(u) = [, F (3Vul?) dM for a nonnegative,
strictly increasing, C? function F on the interval [0,00). Neither should an f-
harmonic map be confused with a p-harmonic map — a critical point of E,(u) =
1—1) / m |VulPdM. Specifically, in the language of p-harmonic maps, an “ordinary”
harmonic map could be referred to as a 2-harmonic map and the associated energy
as Fs. In this work, we may refer to harmonic maps as 1-harmonic and denote the
harmonic energy by E;. Of course a 1-harmonic map (our terminology) is also a
A-harmonic map for any constant A > 0.

Remark 1.7. As said previously, we only consider two-dimensional domains. For
dim M # 2, any f-harmonic map (M, g) — (N, h) is a harmonic map

(M, f72g) — (N, h)

([2, §10.20] or [3, §10.20]). However when dim M = 2, a conformal change of
metric keeps an f-harmonic map, f-harmonic (for the same f). Moreover, when
dim M = 2, we may consider an f-harmonic map M — N as a harmonic map on a
certain higher-dimensional manifold — on the warped product M x 2 S L perhaps.
Thus, an interesting f-harmonic result on a surface may yield an interesting 1-
harmonic result on some higher-dimensional manifold.
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Suppose now that u is a “classical” f-harmonic map [6] — that is a C? map
satisfying Definition 1.5. By combining (1.1) and (1.3) we are able [1] to calculate:

Lemma 1.8 (Euler-Lagrange equation for E). Let u € C*(M;N). The following
are equivalent:

(i) w is f-harmonic.

(i) fAMmu+ fA(u)(Vu, Vu) + Vf*Vu=0.

(iii) The harmonic tension of u is 7 (u) = —%Vf * Vu.

(iv) div(fVu) is perpendicular to TN .
Here the notation Vf x Vu denotes (Vf,Vu') 52 € T,N. Similarly if u €
WL2(M;N) then: u is weakly f-harmonic if and only if u satisfies part (ii) above,
weakly (with test functions ¢ € C°(M;RY)).

Definition 1.9 (domain variation). A domain variation is a map n : Mx(—¢,e) —
M for some small € > 0, which satisfies

(1.4) n(z,0) =z on M
' n(z,s) =x on OM.
When the boundary of M is smooth, we are able — by considering convergent

sequences of variations — to rely on more general variations. In particular, we shall
need the following lemma in the proof of Proposition 2.1.

Lemma 1.10. Let u € C*(M;N) be an f-harmonic map. Let {Q;} be a finite
partition of M such that 0Q; € C* for each j. Suppose that the domain variation
n € COM x (—¢,g); M) satisfies:

(i) n € C?(Q x (—¢,€); M) for each j.
(ii) 92 € CO(M x (—e,€); TM).
(iii) % € C?(Q; x (—&,€); TM) for each j.
Then

d
—F =0.
REren)| =0

Again, see [1] for the straightforward proof.
1.2. f-harmonic heat flow. Later, we will need to consider the L2-gradient flow

of the functional £y — namely the following problem which we call the f-harmonic
heat flow:

ug — fApmu = fAW)(Vu, Vu) + Vf*Vu
(1.5) Ult=0 = uo
u(-,t)[om = tolom-
As an analogue of Struwe’s result for (1-)harmonic maps, we have the following
existence and uniqueness result — the proof [1] is very similar to that for the

(1-)harmonic case [10]. Indeed, the compactness of the domain means that the
extra terms involving f and its derivatives are easily controlled.

Theorem 1.11 (f-harmonic heat flow). Let ug € WH2(M;N). If OM is non-
empty, suppose further that uglopm € C*(OM;N). There exists a weak solution

u: M x[0,00) = N
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of (1.5) with the following properties:

(i) w is smooth on Mx(0,00) away from finitely many points (Tg,tx), 1 <k < K,
0 <ty <oo.
(i) Ef(u(t)) < Ef(u(s)) for all0 < s <t.
(iii) u assumes the initial data continuously in WH2(M,N).

The solution u is unique in this class.

Furthermore, at a singular (or bubble) point (Z,1) € M x (0,00], there exist
sequences Ty, — T, tm /T, Rm \, 0 and a nonconstant harmonic map u : R? — N
with finite (harmonic) energy, such that as m — oo,

(1.6) U (z) = u(exp, (Rmx),tm) — U

in VVI%)C2 (R%, N). Moreover u extends to a smooth harmonic map @ : R? U {oo} =
S? — N which we call a ‘bubble’.

There exists a further sequence of times t,, — oo such that the sequence of maps
u(-,tm) converges weakly in WH2(M;N') to a smooth f-harmonic map use : M —
N, and smoothly away from finitely many points Tj.

2. Analogue of a theorem by Lemaire

The reader is asked now to recall a theorem of Lemaire [5, Theorem 3.2], regard-
ing harmonic maps, which states: “Let M be a compact contractible surface with
boundary, and let p be a point in N'. Every harmonic map M — N which maps
OM onto p is constant, and takes value p.” As we will see in Section 3, the direct
analogue involving f-harmonic maps is not true; it is for example, possible to find
a nontrivial f-harmonic map D — S? which maps 0D to a point.

We do however find a partial analogue of the quoted result — if we place suitable
restrictions on f. Presented here is a simple demonstration of a restriction applied
to f that denies the existence of any nonconstant f-harmonic maps D — S2.

Proposition 2.1. Suppose that f : D — (0,00) satisfies Vf(x) -x > 0 for all
x € D. Then every smooth f-harmonic map u € C*°(D;N) which maps 0D to a
point p, is constant and takes the value p.

The strategy for the proof is as follows: Assuming that there is a nonconstant
f-harmonic map, for such an f, we precompose u with a particular rotationally
symmetric variation D — D (based on the [0,1] — [0, 1] map shown in Figure 1 on
page 429). The purpose of this is to “squash” the energy away from the boundary
(high f) towards the origin (low f). This “should” decrease the overall energy,
hence proving that u cannot be f-harmonic. However, the distortion on an annulus
close to the boundary (i.e., Dy, \ D, for a < b both close to 1) “may” add enough
to the f-energy to cancel out the decrease elsewhere. Fortunately, we are able to
rule this possibility out by studying the Hopf differential. The following technical
lemma gives this calculation.
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Lemma 2.2. Letu € C*°(D,N) be an f-harmonic map which maps 0D to a point.
Then, for 0 < a < b <1 we have that

b f 2 1 2
(2.1) - (b—a) /Db\Da ;(‘ur‘ - T—2‘u¢| ) dxdy

1 27
—{ [P s 1970 [
0 2|=1 D\D

a
= a

IN

|Vul|? d;vdy}.

Proof. Consider the Hopf differential 1)dz2, where

W(u) = Jua|* — fuy[* — 20 (uz, uy)

. . . =2 y .
in Cartesian coordinates and ¥(u) = Z (|us[* — Hlug|* — Z (uy,uy)) in polar
coordinates. For this proof, we use the notation z = = + 7y to denote coordinates

in the two-disc D:

z=x+1y re =2a/T Tp =x/T
T =17cos ¢ Ty =Y/ Ty =—Y
y:rSin(b ¢w:_y/r2 yr:y/r

¢y:x/r2 Yo =T

It is well-known that if u is (1-)harmonic then di) = 0. For u f-harmonic, we
calculate that

(22) Do)+ = L (s + ivy) = s — iy, 72 1)

_ ‘71 <z (% —i%2), frun + %f¢u¢>

= () (bl + oo urvel] = £ [ urveh + e folual?))
and that

23)  Rel(f+if,)0:)
. 2_2 .
—Re (214 505 ) S (lunf = ool = 2 turvug) )

1 1
=rf <|ur|2 _ r_2|u¢|2) + 2;f¢ (ur, U¢> .

Notice that by Cauchy—Stokes

(2.4) /|z|—1 f(z)z dz — /|Z|_T f(z)z dz = /D\DT f(OY)z dz A dz

1

+ B /D\DT(fz +ify)Y(z)z dzZ A dz.

By (2.3), we see that

(2.5) Reyz? = |z|2|ur|2 - |u¢‘2.
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Therefore,

(2.6) /:ﬂf[rﬂur\? —Jus[*] d

21
=Re [ fy(2)?*
0

|z|=r |z|=r

=Im fi(2)z dz.

|z|=r

In the case of v harmonic (i.e., f = 1), we could use Imf|z|:r Y(z)z dz =0 to
obtain a stronger result [7]. For w f-harmonic, we instead calculate

I 1
Q::—/D = Dur‘z—r—z|u¢‘2] dxdy

w\Do T

__/bi/%f[r2|u [* ~ fusl] do dr
a 2 0 " ¢
b1
:_/ = [Im/ fu(z)z dz] dr
by (2.6). It follows that
b1
Q:—/ —QIm[/ zdz—/ a@bzdz/\dz
a T |z|=1 D\D,
—/ (fm+zfy Yz dzAdz]
D\D, 2

b 1 2m 9
:_/a T—2drRe{ [ oo d¢]

|z|=1

b
+/ %Im l/ f(5¢)z2i da:/\dy] dr
a T D\D,
b
1
+/a T—21m

by (2.4) and then (2.6) again. Here we have used dz A dz = 2idx A dy. Then by
(2.2), (2.3) and (2.5), and since u¢,||z|:1 =0, we see that

B b 1 27 )
o-- ﬁdr[ [ fhur dqb]z_l

b
2 1
_/ ﬁ/ |Z| [fr|ur|2+Wf¢ <ur,u¢>>} dzx A dy dr

1 2
/ 2 / {|Z|fr <|UT|2 - W|u¢|2> + ﬂf¢ (ur,u¢>] dz A dy dr

2
= —/ — dr { flug? dqb] / = / |z|fT|Vu|2 dx A dy dr.
a 0 |z|=1

/ (fz +ify)22i de ANdy| dr
D\D, 2
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FIGURE 1. The map R; : [0,1] — [0, 1].

Finally, we estimate the second integral to see

o 2m
9=- <baba> { Sl d(b}
0 ‘z‘:l

b—a
+ vaHLoo (W) /D\D |VU|2 dx N dy.

a

429

O

To ensure that an f-harmonic map cannot be constant in some regions and

nonconstant elsewhere, we need the result:

Lemma 2.3. Let u and v be two f-harmonic maps M — N. If they agree on an
open subset, then they are identical. In particular if an f-harmonic map is constant

on an open subset, then it is a constant map.

This lemma is the f-harmonic analogue of [8, Theorem 2], and the proof is
almost identical — the extra term in the f-harmonic equation (V f*Vu) can easily
be absorbed into the estimate |Au’| < O |u | + > |u?|] in Sampson’s proof.

Note that we are implicitly assuming that M is connected.
We are now ready to prove Proposition 2.1:
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Proof of Proposition 2.1. If f is a constant function, then u is harmonic and we
are done. Suppose instead that f is nonconstant. We must then have Vf(x)-x > 0
on at least one point in D, and hence on some open set 2. Suppose that u : D — N
is a f-harmonic map, mapping 9D to a point and suppose that u is nonconstant
on (.

Define R, : [0,1] — [0, 1] by (see Figure 1)

(1+2)r r€[0,a),
(2.7) Ry(r)=q(r—a)(l—-¢5)+ats r € [a,b),
r re [b, 1],

for 0 < a < b < 1, where (1 — a) is small. Consider the variation us(x) := u(ys)
where in polar coordinates x = (r,¢) and ys = (Rs,¢). We will omit the “J”
notation on ys and R.

Recall that while this variation is not admissible: we may, by Lemma 1.10 on
page 425, use it for our purposes.

Suppose now (until after (2.8)) that r € [a,b). Then

R— bil)a
So
dr_ 1
dR  1— =
and the volume elements dx and dy satisfy
dr R— & 1 R—7%
dr = ’f'd’f'd(b = TEde(b = ded(b = E (1 — bfa 2dy
Moreover
Oug 1 ~0u,
Vus() = F52 ) + 152 @)
_Ou, OR 1.0u
@(y)g(@ + ;¢8—¢(y)
ou s 1—3% - ou
- r_— 1— @ R
P (1575 )+ r e
1-7= [R—3L oy 1 .0u
b—a b—a
= R— + —p—
ro2 | TR or " R%5|Y
1— 3% sb ~ Ju
R = [W_ R(b—a) ﬁ] )

where 7 and g?) are unit vectors in the directions of increasing r and ¢ respectively.
So

(2.8)  |Vus(z)|?

2

ou

() [

(y)-
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We may then calculate that

Byw) =5 [ f@)Vusfo)? da

w5, T@ T
+ By(u; D\ Dy)

ST
1 ly| R
+§/Db\Da+sf< |y|<y —a>>R—b5_ba[“.} dy

+ Ef(u;D \ Db)

where the notation “[---]” refers to the contents of the square parentheses in (2.8).

We may then calculate
/ e y( )IVUI2 dy

d
—Ef us

2 Dy\ D, |y|
1

ds
1 b
- () V2 d
+2/Db\Daf<y>R<b_a)| uf? dy

" % /Db\Da 7 (%) ‘% 2

1
— 5 [ VFulTP dy
a D.

1 b
2 Dy\ D, |Z/|
ou

1 b 1 [|oul? 2
‘E/Mf@) (b—a)ﬁ 76 1 4

OR
The reader should notice that the two boundary derivatives — i.e., the two integrals
over |z| = a + s — cancel when s = 0.
It follows by Lemma 2.2 that

1
< ——/ Y-yl Vul* dy
2(1 D.

1
s e () v g
2 Dy\D,, |yl

1

2
2
" % [ ) flue] d¢]

dy

1
- R?

29) LB

s=0

|z|=1

]. 2
; [ o ; d

a

<0
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for a sufficiently close to 1, contradicting u being f-harmonic. Therefore v must be
constant on the open set {2 and thus, by Lemma 2.3, be a constant map. 1

Remark 2.4. The previous lemma has the hypothesis V f(z) - > 0. One would
expect this result to also hold with an alternate hypothesis of f being a convex
function — that is if for all z,y € D, = # y, and all A € (0, 1) there holds

fOz+ (1 =Ny) <Af(2) + (1 =) f(y).

Certainly if f has minimum at z¢ in the interior of D then Vf(z) - (x —xg) > 0
and so such a proof should be possible by distorting about xg, instead of about 0
as we did above.

Remark 2.5. Proposition 2.1 appeared in [1] with the alternate hypothesis “V f -
Va > 0 almost everywhere”.

3. The existence of nontrivial f-harmonic maps from the
disc to the two sphere which map the boundary of the
domain to one point

We show now that the quoted result of Lemaire does not extend directly to
f-harmonic maps:

Lemma 3.1. There exist an [ and a smooth nonconstant, f-harmonic map from
the disc to the 2-sphere which maps 0D to a point.

To prove this lemma, we will construct such an f-harmonic map. A first guess,
given Proposition 2.1, is that a convex f is of no use to use here. Instead, one
would perhaps guess that we would require an f with a maximum at the origin.

In order to simplify our calculations we introduce so-called “longitudinally sym-
metric maps”. We say that the function f : D — (0, 00) is rotationally symmetric
if we can write f(z) = fi(Jz|) for some f; : [0,1] — (0,00). For a € C*°([0,1],R)
such that «(0) = 0, define U, : D — S? C R? by

Ua(z) = (%sina(|x|),cosa(|x|)) .

The map u : D — S? is said to be longitudinally symmetric if u(z) = Uy(x) for
some 6 : [0,1] — R.

Throughout the rest of this section, we use polar coordinates (r,¢) and (¢, 0)
on D and S? respectively. In these coordinates, we may easily calculate the Euler—
Lagrange equation for longitudinally symmetric maps:

Lemma 3.2. Let f : D — (0,00) depend only on r. Suppose that the map u :
D — S? is of the form (r,¢) — (¢,0(r)) (i.e., u is longitudinally symmetric), that
6(0) = 0 and that 0(1) = w. Then w is f-harmonic if and only if

2 2& o
(3.1) rﬂw+t9r(r+r f)—smOcosO.

Notice that, for a fixed odd function 6 : [0, 1] — [0, 7] satisfying 6( 0
7 and 6,.(0) # 0, we could rearrange (3.1) to obtain a formula for f : [0, 1] — (0, c0).

(=]
~~
Il
>
—~
—
~—
|
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Indeed this is what we do: Define f : D — (0,00) and 6 : [0,1] — [0, 7] by
" —ms + cos(ws) sin(ws
YL e
0

82
O(r) := mr.

(3.2)

Then 6 and f satisfy (3.1); so u : (r,¢) — (¢, 7r) is a nontrivial f-harmonic map,
which maps the boundary of the domain to a point in the target. We remark that

f is smooth and that for small r, f(r) ~ g2

Remark 3.3. The reader should not assume here that, given a general odd function
0, the f constructed in this way, that is defined by

will always have a maximum at the origin — our earlier intuition was false. Indeed,
consider the odd function 6(r) := ar + br® + (r —a — b)r>. One may check that
it (a,b) = (1.5,—1.5), then f has a local minimum at 0. Moreover, if (a,b) =
(1.5,—4.5), then f achieves it’s minimum over the whole disc D, at the origin.

4. The existance of a nontrivial f-harmonic map from the
square torus to S2

There is result by Eells-Wood [4] which states that: There does not exist a
harmonic map of degree 1, from the torus to the 2-sphere. However:

Lemma 4.1. There exist f : T? — (0,00) and a smooth degree 1, f-harmonic map
from the square torus to the 2-sphere.

Our strategy is as follows: We first construct an f with maxima at two particular
points, and a certain symmetry. By careful choice of initial map ug, we find that;
if the f-harmonic heat flow (with «(0) = ug) bubbles, then it must bubble at a
maximum of f. We argue this bubbling would “use up” too much energy and is
hence impossible. Thus the flow converges smoothly to the asserted map.

Proof. Consider 7% = R?/Z?. Let § € (0, 0) be chosen later. Take an f with
f=1onT?\[Bs(0)UBs(3, %), f(0) = f(3.4) =2, and 1 < f(z) < 2 oth-
erwise. Suppose further that f is invariant under isometries 72 — T2 which fix
0. Such isometries form a subset ®, of the set of all isometries R? — R2. So ®
must be {e, R, R%, R3, 74, =0, T0y—0, Ty —a9s To1—=—2s }5 where e, R and r,,—,, denote
respectively; the 1den‘51ty7 anticlockwise rotation by = about (%, %) (or equiva-
lently about (0,0)), and reflection in the line z; = xg Here we use the notaion
x = (71,72) € R2. Note that the only points fixed by every element of ® are 0 and
(3:3)

Now consider an initial map ug : 72 — S? which, for small &, maps T2 \ B.(0)
onto a small neighbourhood of the “south pole” and maps B.(0) once around the
remainder of S2. So ug is of degree 1. We suppose further that uy has the “same”
symmetry as f. Precisely, we suppose that for each ¢ € ®, the initial map ug
satisfies ug o ¢ = ¢ o ug, where the action of the group ® on the target S? is defined
in the obvious way. It is known that we may define such a wug, with the following
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FIGURE 2. The flat-square torus 72 = R?/Z2. The small balls

Bs(0) and Bs(3, 1) are indicated.

additional property: the (1-)harmonic energy satisfies Fj(ug) < 67. Now choose §
sufficiently small so that we have E¢(ug) < 7.
We now study the heat flow u : T2 x [0, 00) — S?,

{ut — fAu = fulVul]? + Vf % Vu

(4.1)
u|t:0 = Ug-.

We know from the f-harmonic heat flow theorem (Theorem 1.11), that away from
bubble points (29,t9) € T? x (0,00], the map u is smooth and u(-,t,) converges
smoothly to an f-harmonic map, ue say, as t, — oo (for some suitable sequence
t,). If we can show that there can be no bubbling in this flow, then we would have
the existence of a degree 1, f-harmonic map 7?2 — S2.

Because Ef(ug) < 7w, and because the “energy lost in a bubble” at zy is
A f(z0) > 4w (if f = 1, it is well-known that the energy lost due to bubbling
would be a multiple of 47), there can be at most one bubble in this heat flow. Now
suppose that a bubble does indeed form. Suppose a bubble forms at the point and
time (z0,t0). By 20, we mean zo + Z* where 2o € [0,1)2. Due to the symmetry
that we started with, if we have a bubble at zo then we must also have one at ¢(2¢)
for any isometry ¢ € ®. As noted previously, the only points fixed under such
isometries are 0 and (%, %), and because we can have at most one bubble, these are
the only places where a bubble could possibly form.
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However, the “energy lost” if a bubble formed at either one of these points
would be 47 f(z9) = 87 — greater than the amount of energy that we started with.
Therefore there can be no bubbling. So there exists a smooth degree 1, f-harmonic

map Us : 7% — S2. (]
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