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Positive Schatten—Herz class Toeplitz
operators on the ball

Boo Rim Choe, Hyungwoon Koo
and Young Joo Lee

ABSTRACT. On the harmonic Bergman space of the ball, we give charac-
terizations for an arbitrary positive Toeplitz operator to be a Schatten—
Herz class operator in terms of averaging functions and Berezin trans-

forms.
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1. Introduction

For a fixed integer n > 2, let B = B, denote the open unit ball in
R"™. For 0 < p < oo, let LP = LP(V) be the Lebesgue spaces on B where
V' denotes the Lebesgue volume measure on B. The harmonic Bergman
space b? is a closed subspace of L? consisting of all complex-valued harmonic
functions on B. By the mean value property of harmonic functions, it is
easily seen that point evaluations are continuous on b?. Thus, to each x € B,
there corresponds a unique R(z,-) € b? which has the following reproducing

property:

(L1) fa) = /B [ E@ ) dy, z<B
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for all f € b2, The explicit formula of the kernel function R(z,y) is well

known:
Ry = & L[zl 4yl
7 |B’ [957?/]n [x,y} n

for x,y € B where [z,y] = /1 — 2z -y + |z[2|y[>. Here, as elsewhere, we
write x - y for the dot product of x,y € R" and |E| = V(F) for the volume
of Borel sets £ C B. Hence the kernel function R(z,y) is real and hence
the complex conjugation in the integral of (1.1) can be removed. See [2] for
more information and related facts.

Let R be the Hilbert space orthogonal projection from L? onto b?. The
reproducing property (1.1) yields the following integral representation of R:

(1.2) / Y(y)R(z,y) dy, x € B

for functions ¢ € L2. It is easily seen that the projection R can be extended
to an integral operator via (1.2) from L' into the space of all harmonic
functions on B. It even extends to M, the space of all complex Borel
measures on B. Namely, for each 1 € M, the integral

Ru(x) = /B R(z,y)duly), z€B

defines a function harmonic on B. For n € M, the Toeplitz operator T, with
symbol  is defined by

T.f = R(fdu)
for f € b*> N L>®. Note that T), is defined on a dense subset of b, because
bounded harmonic functions form a dense subset of b?.

A Toeplitz operator T, is called positive if p is a positive finite Borel
measure (hereafter we simply write p > 0). For positive Toeplitz operators
on harmonic Bergman spaces, basic operator theoretic properties such as
boundedness, compactness and the membership in the Schatten classes have
been studied on various settings; see [5], [7], [11], [12] and references therein.
Another aspect of positive Toeplitz operators has been recently studied.
Namely, notion of the so-called Schatten-Herz classes Sy, (see Section 3)
was introduced and studied in [10] in the holomorphic case on the unit disk.
Harmonic analogues were subsequently studied in [6]. However, these earlier
works are restricted to the case of 1 < p, ¢ < co. In this paper we extend the
characterization in [6] for Schatten-Herz class positive Toeplitz operators to
the full range of parameters p and q.

To state our results we briefly introduce some notation. Given p > 0,
i denotes the averaging function over pseudohyperbolic balls with radius r
and g denotes the Berezin transform. See Section 2 for relevant definitions.
Also, we let A denote the measure on B defined by

d\(z) = (1 — |z>) " dx
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and K4 (\) denote the so-called Herz spaces (see Section 3).

The next theorem is the main result of this paper. In case 1 < p < oo,
Theorem 1.1 (with slightly different averaging functions) below has been
proved in [6]. In case 0 < p < 1, the authors [4] have recently obtained
the corresponding results on the harmonic Bergman space of the upper half-
space. The cut-off point ”T_l is sharp in the theorem below.

Theorem 1.1. Let 0 <p <00, 0<g<00,0<r <1 andp>0. Then the
following two statements are equivalent:

(a) Tu € Spq;

(b) 7ir € Kg(N).
Moreover, if ”Tfl < p < o0, then the above statements are also equivalent to

(c) 11 € Kg(N).

In Section 2 we investigate known results on weighted LP-behavior of
averaging functions and Berezin transforms. In Section 3, we first prove
Theorem 1.1 and then provide examples indicating that the parameter range
required in Theorem 1.1 is best possible.

2. Basic lemmas

In this section we collect several known results which will be used in our
characterization.

We first recall Mobius transformations on B. All relevant details can be
found in [1, pp. 17-30]. Let a € B. The canonical Mdbius transformation
¢ that exchanges a and 0 is given by

a(x) = a+ (1~ af*)(a - 2")"
for 2 € B (note ¢, = —T, in the notation of [1]). Here 2* = z/|x|* denotes

the inversion of x with respect to the sphere dB. Avoiding x* notation, we

have
(1—laP)(a =)+ |a — z*a
5 .

Pa(z) =

The map ¢, is an involution of B, i.e., ¢, = ¢,.
The hyperbolic distance 3(x,y) between two points z,y € B is given by

_ 1 1+ [gy(2)]
B(x,y) = §IOgW§(d’n)|‘

As is well-known, 3 is Mobius invariant. Let p(z,y) = |¢y(x)|. This p is also
a Mobius invariant distance on B. We shall work with this pseudohyperbolic
distance p.

For a € B and r € (0,1), let E,.(a) denote the pseudohyperbolic ball with
radius r and center a. A straightforward calculation shows that E,.(a) is a
Euclidean ball with

[z, d]

(1-1?)

(1—la*)r
1—al?r?

(2.1) (center) = a5t

a and (radius) =
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Given p > 0 and r € (0,1), the averaging function i, and the Berezin
transform 1 are defined by

o p[E(2)]
(@) =5 @)

and

() = (1 |af?)" /B R(z)|? dyu(y)

for x € B. While it is customary to put R(z,z)"! in place of (1 — |z|?)"
in the definition of the Berezin transform, we adopted tlle above definition
for simplicity. For measurable functions f, we define f, and f similarly,
whenever they are well defined.

Given a real, we let Lh, = LP(V,,) where V,, denotes the weighted measure
defined by dV,(z) = (1 — |z[*)*dz. For a = 0, we have L = LP. Note
A = V_,. Also, given a sequence a = {a,,} in B, we let /7*(a) denote the
p-summable sequence space weighted by {(1 — |a;,|*)®}. For a = 0, we let
r = P0(q).

Given an integer k > 0, we let Ri(z,y) be the reproducing kernel for
the weighted harmonic Bergman space with respect to the weight (1 — |z|)*.
So, Ry = R is the harmonic Bergman kernel mentioned before. Explicit
formulas for these kernels are given in [8, (3.1)].

The following lemma taken from [5, Lemma 3.1] shows that averaging
functions, when radii are small enough, are dominated by Berezin trans-
forms.

Lemma 2.1. For an integer k > 0 and p > 0, there exists some 11, € (0,1)
with the following property: If 0 < r < ry, then there exists a constant
C =C(n,k,r) such that

firla) < O~ (o) [ |Ru(a,0) du(e), e B
B

In particular, i, < Cp for 0 <r <rg.

We also need the fact that the Lf-behavior of averaging functions of
positive measures is independent of radii. In what follows, Ly denotes the
space of all functions f bounded on B and f(z) — 0 as |z| — 1.

Lemma 2.2. Let 0 < p < oo, 1,0 € (0,1) and « be real. Assume pu > 0.
Then the following statements hold:

(a) 11, € LY if and only if 1is € Lk;

(b) fir € Lo if and only if j15 € Lo.

Proof. See [5, Proposition 3.6]. O

Let {an} be a sequence in B and r € (0,1). We say that {a,} is r-
separated if the balls F,(ay,) are pairwise disjoint or simply say that {a,,}
is separated if it is r-separated for some r. Also, we say that {a,,} is an r-

lattice if it is §-separated and B = Up, Er(ar,). One can explicitly construct
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an r-lattice by using the same argument as in [8]. Note that any ‘maximal’
5-separated sequence is an r-lattice.

The following lemma taken from [5, Theorem 3.9] gives an information on
weighted LP-behavior of averaging functions, as well as its discrete version,
and Berezin transforms.

Lemma 2.3. Let 0 < p < oo, 7,0 € (0,1) and « be real. Let u > 0 and
a = {an} be an r-lattice. Then the following two statements are equivalent:
(a) fis € La;
(b) {7ir(am)} € 277 (a).

Moreover, if

1
max{1+a,1+a,—a+ }<p§oo,
n n

then the above statements are also equivalent to
(c) me Lh.

For a positive compact operator T on a separable Hilbert space H, there
exist an orthonormal set {e,,} in H and a sequence {\,,} that decreases to
0 such that

Tx = Z Am T, em)em

for all z € H where ( , ) denotes the inner product on H. For 0 < p < oo,
we say that a positive operator T' belongs to the Schatten p-class S,(H) if

1/p
1T, = {Z Af;n} < .

More generally, given a compact operator 1" on H, we say that T' € S,(H)
if the positive operator |T| = (T*T)'/? belongs to S,(H) and we define
ITll, = | |T||lp- Of course, we will take H = b* in our applications below
and, in that case, we put S, = S,(b?). Also, for 0 < ¢ < oo, we use the
notation 9 for the ¢ summable sequence space.

We need the following characterization of Schatten class positive Toeplitz
operators which is taken from [5, Theorem 4.5].

Lemma 2.4. Let 0 < p < oo, u > 0 and assume that {a,,} is an r-lattice.
Then the following three statements are equivalent:

(a) T, € Sp;

(b) {nr(am)} € £7;

(c) pr € LP(N).
Moreover, if ”Tfl < p, then the above statements are also equivalent to

(d) fi € L'(N).
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3. Schatten—Herz class Toeplitz operators

In this section we prove Theorem 1.1. To introduce the Herz space, we
first decompose B into the disjoint union of annuli Ay given by
Ay={zeB: 27 <1z <27F}

for integers £ > 0. For each k, we let x, = x4, . Recall that xg denotes the
characteristic function of £ C B. Also, given u € M, we let uyy stand for
the restriction of u to Ag. For 0 < p,q < oo and « real, the Herz space K5®
consists of functions ¢ € L (V) for which

L —ka
Ielge = [ {2 lexulir }|, < oo

Also, we let K§'® be the space of all functions ¢ € K5" such that

{2 loxile } € bo;

recall that £y denotes the subspace of £°° consisting of all complex sequences
vanishing at co. Note that Ky C K5 for all ¢ < co. For more information
on the Herz spaces, see [9] and references therein.

Let 0 < p < co and « be real. Then, since 1 — |z|> =~ 27F for z € A}, and
k >0, we have

2k oy, ~ / o(@)P(1 — [2?)° da

Ag
and thus

(3.1) lelge ~ |[{lexle, }

for 0 < g < co. In particular, we have

0q

ol o = |[{loxalzoon ],

and this estimate is valid even for p = oo, because —n/p = 0 if p = co. For
this reason, we put

KE(N) = Kq "
for the full ranges 0 < p < oo and 0 < ¢ < oo. Note that Kh(\) ~ LP(X)
for 0 < p < oo. That is, these two spaces are the same as sets and have
equivalent norms.

Next, we introduce a discrete version of Herz spaces. Let a = {a,,}
be an arbitrary lattice. Given a complex sequence £ = {{,,} and k € N,
let £y denote the sequence defined by (xk)m = &mXxk(am). Now, given
0 < p,qg < oo and «a real, we let /0"“(a) be the mixed-norm space of all
complex sequences ¢ such that

€l = |2 ek llr}

|, <o
z



SCHATTEN-HERZ CLASS TOEPLITZ OPERATORS 119

So, we have

Hﬁ”gg,a(a) = Z g~ kep Z |Em P ) 0<p,g<oo.

k am€EAL

Also, we say € € (0 (a) if {||275*¢xp ]l } € Lo. Finally, we let £2°(a) = £5(a).

We now introduce the so-called Schatten—Herz class of Toeplitz operators.
Let S, denote the class of all bounded linear operators on b? and || ||o
denote the operator norm. Given 0 < p,q < oo, the Schatten—Herz class
Sp.q is the class of all Toeplitz operators T}, such that ux, € Sp for each k
and the sequence {||T),y, ||} belongs to £9. The norm of T}, € S, 4 is defined
by

1Tullpg = || {1l

Also, we say T, € Spo if T}, € Sp oo and {[|Tpy,|lp} € €o. Note that S, C
Spo for all ¢ < oo.

The following observation plays a key role in proving that KL*“-behavior
or £4*-behavior of averaging functions are independent of radii.

Theorem 3.1. Let 0 < p,q < oo, v € (0,1) and « be real. Then the
following statements hold for p, ™ > 0:
(8) {27 Xkl o)} € €9 if and only if {275 | (Tl on)} € £
b) {275 i xell ooy} € o if and only if {275 (0)r 1o } € o
Before proceeding to the proof, we note the following covering property
which is a simple consequence of (2.1): if » € (0,1) and N = N(r) is a
positive integer such that

1
(3.2) N~ 1<1+T<2N,
—T
then
kN
(3.3) E(z)C |J A4j,  z€ A
j=k—N

Here and in the proof below, we let A; = 0 if j < 0.

Proof. Let u,7 > 0 be given. We prove the proposition only for ¢ < oo;
the case ¢ = oo is implicit in the proof below. Choose N = N(r) as in (3.2)
and put v, = 7, y = max{1, (2N + 1)1"P}. By (3.3) we note

k+N
ﬁer < Z (IEX\J)T
j=k—N
for all k. Thus, we have
k+N

=

i xkll Loy < Z (X5 )l o ()
Jok-N
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for all k. Since 2%« < aNlelo—jo for | — N <j<k+ N, it follows that

k+N
275 xS Y 277N @)l
j=k—N
for all k. This implies one direction of (b). Also, it follows that
k+N
27kaq”ﬁerHqu(7) N Yq Z 27jaq”</jx\j)quLp(T)
j=k—N

for all k. Thus, summing up both sides of the above over all k, we have

o0 (o.9]
—k ~ i —
22 Nz xul oy S 2N +1) ZZ PG T (7
k=0 j=0
which gives one direction of (a).
We now prove the other directions. Note that E,(z) can intersect A with
k>0 only when z € U?;L,JCV_NAJ' by (3.3). Thus we have

k+N k+N

(xe)y = > (), < D finxg-

j=k—N j=k—N
Thus, a similar argument yields the other directions of (a) and (b). The
proof is complete. O

As an immediate consequence of Lemma 2.2 and Theorem 3.1 (with 7 =
V'), we have the following Herz space version of Lemma 2.2.

Corollary 3.2. Let 0 < p < o0, 0< g <00, d,r€(0,1) and o be real. Let
wu>0. Then fi, € K5 if and only if fis € KH°.

Also, applying Theorem 3.1 with discrete measures 7 = ) 0,4, where
0, denotes the point mass at « € B, we have the following.
Corollary 3.3. Let 0 < p,q < 0o, r € (0,1) and « be real. Let p > 0 and

assume that a = {ay,} is an r-lattice. Put & = 27%||{(uxx),(am)}mller for
k > 0. Then the following statements hold:

(8) {fir(am)} € 5°(a) if and only if {&} € £9;
(b) {7ir(am)} € £5:%(a) if and only if {&} € to.

We need one more fact taken from [3].

Lemma 3.4. Let 1 <p < o0, 0< g < o0 and « be real. Then the Berezin
transform is bounded on K5 if and only if —n < a+1/p < 1.

We now prove the Herz space version of Lemma 2.3. The restricted range
in (3.4) below can’t be improved; see Example 3.9.

Theorem 3.5. Let 0 < p < 00, 0 < g < o0, r € (0,1) and « be real. Let
w > 0 and assume that a = {a,,} is an r-lattice. Then the following two
statements are equivalent:
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(a) fir € KDO;
—~ 7a .
() {fir(am)} € 6" 7 (a).
Moreover, if

1
(3.4) —n—a<7<min{1—a,1—g},
D n

then the above statements are equivalent to
(c) i€ kg™,
Proof. (a) <= (b): Let & = 2~ G||{(oxe), (am) e for each k. Note

—

)
that if (uxx),(am) > 0, then Ay N E(ay) # 0 and thus 1 — |a,| ~ 278
Thus, for p < oo, we have

(3-5) & = [{(x0), (@) (1 = am]) > Hr

= [{(xk), (am) Hlgpntor o)
~ 1), Nl s,

for all k£ by Lemma 2.3. It follows that

pr € K¢ <= {llexkllzz,} € €1 (3.1)
= {l(wxw),llzz, } € €7 (Theorem 3.1)
— {&} el (3.5)
— {ir(am)} el " (a) (Corollary 3.3),

which completes the proof for p < co. The proof for p = oo is similar.

(c) = (a): This follows from Lemma 2.1 and Lemma 2.2.

We now assume (3.4) and prove that (a) or (b) implies (c). For 1 < p < oo,
one may use Lemma 3.4 and [5, Lemma 3.8] to see that (a) implies (c). So,
we may further assume p < 1 in the proof below.

(b) = (c): Assume (b). First, consider the case 0 < ¢ < co. By the
proof of Lemma 2.3, we have

~/ \DP - np-~ p(l — |x‘)np
(3.6) A S 3 (1 = lam) ™ Ar(am V' F—

m

for x € B. Let j and k be given. Note that by an integration in polar
coordinates and Lemma 2.4 of [5]

/ dv 29—
1y [0ra ~ [T (1= 2 D Pr

2—J
~ (27 + 2 ky2znp—nt1’ a € Ag;
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this estimate is uniform in j and k. Hence, if a,, € Ax, then we have

(= lenly [ SN0 e o

; x, am]an
~ Q—knPQ—jp(n+a)/ dz
Aj [l', am]an
9—knpo—j(np+ap+1)
~ (2—j _|_2—k)2np—n+1
9—knpgj(np—pa—n)
- (1 + 2j—k)2np—n+1 '
Thus, setting £ = 9~ hp(+e) D ameA,
3.6) over A; against the measure dV,,(x), we obtain
J P

N N 9(j—F)(np—pa—n)
[, A=l e S S

J

ty(am )P and integrating both sides of

Note that
9(j—k)(np—n—ap) 1
(j—k)np—n—ap) _ ___ ~ .
( + 27— k)an ntl — <2 = Sw—n—ap)lk—j] for k>j
and
9(i—k)(np—n—ap) 1 1

for k < j.

(1 +2j—k)2np—n+1 ~ 2(j—k)(np+ap+1) - 2(np+ap+1)|k—jl
Therefore, combining these estimates, we have

~( \D ap &k
(3.7) /. ey - ja) s Y

J

for all j where v = min{np —n — ap,np + ap + 1}. Note v > 0 by (3.4).
Now, for p < g < oo, we have by (3.7) and Young’s inequality

7llkre S IHEEH, 2 = &k}
On the other hand, for 0 < ¢ < p, we have again by (3.7)

IAllfpe < Z{Z e jl} ZékZ W 75~ €k} G
j k

J

as desired. The case ¢ = 0 also easily follows from (3.7). The proof is
complete. O

The following version of Theorem 1.1 is now a simple consequence of what
we’ve proved so far.

Theorem 3.6. Let 0 < p < 00, 0 < g < 00 and pu > 0. Assume that
a = {an} is an r-lattice. Then the following three statements are equivalent:

(a) Ty € Spg;
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(b) s € Kh(N);
(c) {Hr(am)} € 4.

Moreover, if "T_l < p < 00, then the above statements are also equivalent to
(d) 7 e KGN

Proof. The proof of Theorem 3.1 show that all the associated norms are
equivalent. We have (a) <= (b) by Lemma 2.4 and Corollary 3.3. Hence
the theorem follows from Theorem 3.5 (with a = —7). O

In the rest of the paper, we show that the parameter range (3.4) is sharp.
Throughout the section we consider arbitrary 0 < p < co and « real, unless
otherwise specified.

We first recall the following fact which is a consequence of various exam-
ples in [3, Section 4];

Ifa+1l/p<—nora+1/p>1, and 0 < q < oo, then there
ezists some f > 0 such that f € KB but fé K.

Moreover, proofs in [3] show that examples of functions f above also
satisfy f, € KP* for each r € (0,1). Note that the above take care of
examples we need for the case @ > 0. For o < 0, note that the parameter
ranges for which we need examples in (3.4) reduce as follows:

a 1
3.8 1—-=-< =
(33) S <o
Given § > 1, let I's be the nontangential approach region with vertex
e:= (1,0,...,0) consisting of all points x € B such that

|z —e| < (1 —|z|).
Also, given v > 0, let f, be the function on B defined by

7 = g (e )

The source for our examples for the parameter range (3.8) will be functions of
the form f,xr; with v suitably chosen. We first note the following pointwise
estimates taken from [5, Lemma 5.2].

Lemma 3.7. Given 6 > 1 and v > 0, the function g = fyxr; has the
following properties:

(a) Givenr € (0,1), fyxr,, S 9r S fyxr,, for some 61 and §y;

(b) If y > 1, then g 2 fy—1xr;, for some d3;

(¢) If v <1, then g = oo on some open set.

Next, we note the precise parameters for f,xr, to belong to IC§*.

Lemma 3.8. Let 0 < p < 00, 0 < q < o0 and a be real. Given § > 1 and
v >0, put g = fyxr;- Then g € Ki'® if and only if one of the following
conditions holds:
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(a) 1/p>1—a/n;
(b) 1/p=1—a/n and ¢ = co;
(c) I/p=1—a/nand g=0<~;

_ 1
(d) I/p=1-a/nandvy> ;> 0.

Proof. Note |[A; NT's| ~ 27*" for all k. Thus we have

for

pkaghn| g, AT,lp 2 k1)
(1+ k) T+ k)
all k, which gives the desired result. ([

27% | gxk|| Lo ~

Now, using Lemmas 3.7 and 3.8, we have examples for the remaining
parameters in (3.8) as follows.

Example 3.9. Let 0 < p < 00, 0 < ¢ < o0 and « be real. Given § > 1
and v > 0, put g = fyxr;. Then the following statements hold for each

re

(0,1):
(a) Let 1/p>1—a/n. f0< g <ooandif 0 <~y <1, then g, € K
but ¢ = oo on some open set.
(b) Let 1/p=1—a/n.
(bl) If g =0o0r 1 < q < ooandif 0 <~ <1, then g, € KI'* but
g = oo on some open set.
b2) f0<g<landifl<1/¢g<~y<1+1/q, then g, € Y but
3¢ K5
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