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Adjoining an identity to a finite filial ring

R. R. Andruszkiewicz and K. Pryszczepko

ABSTRACT. The aim of this paper is to investigate the problem of em-
bedding of filial ring into filial ring with an identity.
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1. Introduction and preliminary results

All considered rings are associative. To denote that [ is an ideal of a ring
R we write I < R. A ring R is called filial if A<t B and B < R imply A< R
for all subrings A, B of R. Filial rings were studied in many papers (cf.
[APr09, FP04, FP05]).

Recall that, a subring A of a ring R is n-accessible, if A = Ag < A1 <
-+ <1 A, = R for some subrings Ag, A1,...,A, of R. Moreover A is said to
be precisely n-accessible if it is not k-accessible in R for any positive integer
k <n.

The problem of construction of precisely n-accessible subrings in a given
ring plays a fundamental role in the theory of radicals. Such subrings are
closely connected with the problem of the termination of Kurosh’s chain (cf.
[APu90, APu97, Hei68, Bei82, AS13]). In [APu97], it was proved that, if a
commutative integral domain A is not filial, then it is possible to construct in
A precisely n-accessible subrings for every natural number n. Using this fact
one can construct Kurosh’s chains (in the class of associative, not necessarily
commutative rings) which terminate after an arbitrarily predetermined finite
number of steps ([Bei82], [APu97]). These studies initiated by Beidar in
[Bei82] and continued by Andruszkiewicz and Puczytowski in [APu97], are
the most valuable and recognizable in the theory of radicals. Application
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of filial rings and their properties allowed to overcome enormous difficulties
related to this subject.

A ring R is strongly reqular if a € Ra? for every a € R. Obviously all
strongly regular rings are von Neumann regular, and for commutative rings
this two properties coincide. The class of all strongly regular rings S form a
radical in the sense of Kurosh and Amitsur. One can easily check that every
strongly regular ring is filial.

It is a well-known fact that any ring can be considered as an ideal in
a ring with unity. The simplest way to embed a ring into a ring with an
identity is to apply the Dorroh extension. A question for which rings R
having some property there exists a unit ring also having the same property
in which R is an ideal is important. In several papers, a few kinds of ring
extensions connected with the above question, were studied (see for instance
[FH64, Fun66]).

In [APr09], we have shown that every commutative torsion—free reduced
filial ring is an ideal in some commutative torsion—free reduced filial ring
with an identity. This nontrivial construction allowed us to obtain the clas-
sification theorem for reduced filial rings. At the conference “Radicals of
rings and related topics” in Warsaw, Poland in 2009, the second author
asked whether this was still true if all the above assumptions except filial-
ity were dropped (cf. [P09]). In this note we answer this question in the
negative. Namely, our main result can be stated as follows.

Theorem 1.1. Every filial ring R such that |R,| < p> for all p € P, is an
ideal in a filial ring S with an identity. Moreover, if the ring R is commuta-
tive (finite), then the ring S is also commutative (finite). Furthermore, for
every p € P there exists a commutative filial ring I with p* elements such
that p?I = 0, which is not an ideal in any filial ring with an identity.

In this paper we consider filial rings, not necessarily commutative. The
class of these rings is poorly investigated and little is known about their
structure. The obtained results and examples may be applied in the general
ring theory.

Throughout the paper, N and P stand for the set of all positive integers
and the set of all primes, respectively. The cardinality of the set X is denoted
by | X].

For a ring R, we denote by R* the additive group of R and for a prime
plet R, = {x € R:pFz =0 for some k € N}, R(p) = {zr € R: pr =0}. We
write o(z) for the order of an element x in the group R™, and we say that
the ring R is of bounded exponent if there exists M € N such that Mx =0
for every x € R, otherwise we say that the ring R is of unbounded exponent.
If RT is a p-group, then we say that R is a p-ring. For a subset S of R, we
denote by (S), [S], a(R), Ir(S), (S)r the subgroup of Rt generated by S,
the subring of R generated by .S, the two-sided annihilator of S in R, the
left annihilator of S in R and the ideal generated by S in R, respectively.
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Remark 1.2. Let C' be a commutative ring with an identity 1 and let A be
a C-algebra. On the cartesian product C*t x AT we define a multiplication
by the formula

(c1,a1)(c2, a2) = (cic, craz + caa1 + arag)

for all ¢1,co € C, a1,a0 € A. In this way we obtain a new C-algebra, which
will be denoted by C'H A. Instead of (¢, a) we will write ¢+ a. Identifying A
with its image in C'H A, via the embedding mapping a — (0, a), we see that
A<CHA and (CHA)/A = C. It is also clear that if A is commutative, then
the algebra C'H A is commutative too. Moreover, if A possesses an identity,
then CHH A =2 C & A. Note that every ring is a Z-algebra in a natural way.

We start by recalling a well-known characterization of filial rings.

Lemma 1.3 ([APu88], Theorem 1). A ring S is filial if and only if

(a)s = (a)§ + (a)
for every a € S.

The Andrunakievich Lemma implies that subidempotent rings (i.e., rings
in which every ideal is idempotent) are filial (cf. [APu88]).

Lemma 1.4. Let I <R, R/I be a subidempotent ring, and for every J <1,
J<AR. If I is a filial ring then R is also a filial ring.

Proof. Let A< B and B<<R. Then (A+1I)/I < (B+1)/I <R/I and
(A+1)/T < R/I, by filiality of R/I. Since (A+1)/I = (A2+1)/I, A+1I=
A%+ 1. Intersecting both sides with A we get, by modularity of the subgroup
lattice in R*, A = A2+ (INA). Now, since INA<1INB<1I,s0 INA<R.
Moreover, RA C RA?2+ R(INA) C BA+ (INA) C A. The proof of the
opposite inclusion AR C A is similar. [l

In what follows, 8 denotes the prime radical.

Proposition 1.5 ([FP05], Corollary 8). A S-radical ring is filial if and only
if all its subrings are ideals.

A ring in which all subrings are ideals is called an H-ring. Such rings
have been studied by a number of authors, for instance Andrijanov [And66],
[And67], Jones and Schéfer [JS57], Kruse [Kru68], [Kru64], Rédei [Red52.1],
[Red52.2]. Especially, the results obtained by Andrijanov and Kruse give
an advanced description of H-rings which are nil. We point out that their
classification of H-rings is not complete and can be improved. This classi-
fication does not describe nil-H-rings up to isomorphism, and requires too
many parameters to define these rings (cf. [And67], [Kru64]). Also Antipkin
and Elizarov point out [AntE82], (page 461) these gaps.

If a nil ring R is both a p-ring and an H-ring, we shall say that R is a
nil-H-p-ring. The following lemma was established by Kruse.
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Lemma 1.6 ([Kru68], Lemma 2.7). If R is a nil-H-p-ring, then a® € (a?)
for every a € R, and in particular [a] = (a) + (a?).

We start with some general, new observations concerning H-rings and
filial rings. Notice that a ring R is an H-ring if and only if every subring of
R generated by a single element is an ideal in R.

Proposition 1.7. Let R be a nil-H-p-ring and let N be a ring such that
N2 =pN =0. Then the ring S = R® N is an H-ring.

Proof. Take any s € S. Then s = (a, z) for some a € R and z € N. Clearly
52 = a®. Note that ys = sy = 0 € [s] for any y € N, and by Lemma 1.6,
for every b € R, ba = Ua + Va? for some U,V € Z. If pt U, then a € Ra,
and since R is a nil ring, so a = 0. Hence, we can assume that p | U. Since
pN = 0, so bs = Us + Vs? € [s]. Similarly, one can check that sb € [s].
Consequently [s] < S and S is an H-ring. O

A ring R is called reduced if it has no nonzero nilpotent elements.

Lemma 1.8. If R is a commutative filial p-ring, which cannot be expressed
as a direct sum of two nonzero ideals, then R is a nil ring or R has an
identity.

Proof. Suppose that S(R) # R. Then R/S(R) is a nonzero commutative
reduced filial p-ring. Hence R/B(R) is a Zy-algebra, and by Theorem 4.1 of
[FP04], R/B(R) is a strongly regular ring. Hence, in the ring R/S(R) there
exists a nonzero idempotent, which can be lift to a nonzero idempotent
e € R. Thus R = Re & lg(e), but I[g(e) = 0 and e is an identity of R. O

Lemma 1.9. Let A and B be p-rings such that A has an identity 1, 5(A) # 0
and B(B) # 0. Then the ring A ® B is not filial.

Proof. By assumption, there exist a € A and b € B such that a? = pa = 0
and b = pb = 0. Set @ = (a,b). Then a? = 0 and pa = 0. Suppose that the
ring A® B is filial. Then S(A® B) = B(A) @ [(B) is a filial ring. Hence, and
by Proposition 1.5, S(A®B) is an H-ring. Since () = [a|<S(A®B)<ASB,
we have (o) <A@ B. In particular (a,0) = (1,0)(a,b) € () and there exists
k € Z such that (a,0) = k(a,b). Now, a = ka and 0 = kb, so p | k and this
implies that a = 0, a contradiction. [l

Proposition 1.10. If R is a filial commutative noetherian p-ring without
identity, then R =S(R) & B(R).

Proof. Since the ring R is noetherian, so R = R1 ® Ry ® - - - ® R, for some
nonzero ideals Rj, Ra, ..., Rs of R. Moreover, we can assume that each R;

cannot be expressed as a direct sum of two nonzero ideals. Applying Lemmas
1.8, 1.9 and Theorem 4.1 of [FP04] one can get that R = S(R) & f(R). O

Lemma 1.11. Let R be a filial p-ring with an identity. Then B(R) =
B(R)(p) +p - (1), the group pR* is cyclic, and y* € (B(R)(p))* + (y) for
every y € B(R).
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Proof. Since RT is a p-group, so there exists n € N such that o(1) = p"
in R*. Hence p"R = 0 and pR C 3(R). By filiality of R and Proposition
1.5, B(R) is an H-ring. Obviously, (p-1) = [p-1] < 8(R), so (p-1) < R
and pR C p(1). Consequently the group pR* is cyclic and in particular
PB(R) € pl1)

If pB(R) = (p-1) then p-1 = pip for some iy € B(R). Hence pig = ig - pio.
Consequently pig € S(R)(pio) and pig = 0. Thus pS(R) = 0 and S(R) =
B(R)(p) +p-(1).

Now, assume that pB(R) # (p-1). Then pS(R) = (p®-1) for some positive
integer s > 1. Take any i € (R). Then pi = k(p®-1) for some k € Z. Hence
i—(kp*1)-1 € B(R)(p), (kp°~")-1 € p-(1) and i = (i—(kp*~")-1)+(kp°~")-1.
This shows that S(R) = B(R)(p) +p- (1).

Fix any y € S(R). From the first part of the proof there exist j € 5(R)(p)
and K € Z such that y = j + Kp-1. Next, y?> = j2+ K?p?> -1 = j2+ Kpy €
(B(R)(p))? + (y) and the result follows. O

2. Almost null rings
We start with the following definition, which is due to R. L. Kruse.

Definition 2.1 ([Kru68|, Definition 2.1). A ring R is almost null if for every
a € R:

1. a®=0.

2. Ma? = 0 for some square-free integer M which depends on a.

3. aR C (a®) and Ra C (a?).

These rings play an important role in the study of certain H-rings. Clearly,
every almost null ring R is an H-ring such that R® = 0. Moreover, every
homomorphic image and every subring of an almost null ring is almost null.
Immediately, from the definition of an almost null ring, we have the following
lemma.

Lemma 2.2. Let I, J be subrings of a ring R such that J> = I1J = JI = 0.
Then I + J is an almost null ring if and only if I is an almost null ring.

The proof of the next auxiliary proposition is straightforward.

Proposition 2.3. Let R be a ring such that the group R™ is torsion. Then:

(i) R is an almost null ring if and only if R, is an almost null ring for
every p € P.
(ii) R is an H-ring if and only if R, is an H-ring for every p € P.
(iii) R is a filial ring if and only if R, is a filial ring for every p € P.

Proposition 2.4. Let R be a nil-H-ring satisfying any of the following
conditions:
(i) R is a p-ring and ab € (a®) N (b?) for any a,b € R.
(ii) R is a p-ring of unbounded exponent.
(iii) There exists x € R such that o(z) = cc.
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(iv) pR =0 for some prime p.
(v) pR = p®R for every prime p.

Then R is an almost null ring.

Proof. (i). Take any a € R. Let m be the smallest natural number such
that p™a? = 0. If m > 1, then m —1 € N and p™ 'a? # 0, p™a? = 0. Hence
(p™ta)®> = 0, but 0 # (p" ta)a € (P™'a)?) =0, a contradlction. Thus
m = 1 and pa? = 0. By Lemma 1.6, a® = ka? for some k € Z. If p{ k, then
a2 € Ra?, which gives a? = 0 and hence a® = 0. If p | k, then ka? = 0 and
a® =0, as well.

(ii). cf. Proposition 2.5 of [Kru68].

(iii). cf. Proposition 2.6 of [Kru68|.

(iv). Follows from Corollary 2.3 of [FP04] and Theorem 3.3 of [FP09].

(v). Taking account of (iii) we may assume that the group R™ is torsion.
By Proposition 2.3, it is enough to prove that R, is an almost null ring for
every prime p. According to (ii), we need to consider only the case when R;
is a group of bounded exponent, i.e., p°R, = 0 for some s € N. However, by
the assumption, p°R, = pR,, so pR, = 0 and, by (iv), R, is an almost null
ring. O

Proposition 2.5 ([Kru68], Proposition 2.10). Let S be a ring such that for
some prime p, pa® = 0 for every a € S. Then S is an almost null ring if
and only if one of the following conditions is satisfied:

(i) S%=0.
(ii) There exists x € S such that x* # 0, px,2? € a(S) and
S = (x) + a(9).
(iii) There exist x,y € S such that S = (z,y) + a( ), 22 # 0,
0, px,py,z? € a(9), y* = Az?, vy = Fi2?, yx = Fy 2, where

A, F1,Fy € Z and the congruence
(2.1) X+ (P +FR)X+A=0 (mod p)
has no integer solution.

Remark 2.6.

(i) For rings S described in (i)-(iii) of Proposition 2.5, dimgz, S/a(S)
equals 0,1, 2, respectively. Hence, any ring described in the item (i)
is not isomorphic to any ring described in items (ii) or (iii) and any
ring described in the item (ii) is not isomorphic to any ring described
in the item (iii).

(ii) Let p € P, Fy, F5, A € Z be as in Proposition 2.5. We now define a
multiplication which will make the additive group

+ _ o+ + +
S —prprZp
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into a ring. For generators x = (1,0,0), y = (0,1,0), z = (0,0, 1) of
the group ST, let

tz=zx=z2y=yz=0, 2> =z, oy = Fiz, yz = Fyz, y> = Az.

It is not difficult to check that a(bc) = (ab)e = 0 for all a,b,c €
S, S = (z,y) + a(S), o(x®) = p in the group ST and pS = 0.
Proposition 2.5 implies that S is an almost null ring.

The next proposition gives a useful example of nil- H-p-ring, which is not
almost null.

Proposition 2.7 (cf. [And67]). Let N be an almost null ring such that
p™N = 0 for some m € N. Let R = [a] ® N, where o(a) = p" for some
positive integer n > m and a®> = p™a. Then R is an H-ring. Moreover, R
is an almost null ring if and only if N> =0 and n = m + 1.

Proof. Notice that [a] is a nil ring because a® = p™a? = p?"a and p"a = 0.
From the assumptions, it follows that R is a nil ring such that p" R = 0. Let
r € R. Then there exist k € Z and « € N such that r» = (ka,z). For y € N,
yx = Uz? for some U € Z, so

(0,9)r = (0,U2?) = U(0,2%) = Ur® + (=U)kp™r € [r].

Moreover, [a] = (a) and (a,0)r = (ka?,0) = (kp™a,0) = p™r € [r]. Simi-
larly, one can show that 7(0,y) € [r] and r(a,0) € [r]. Consequently, [r] <R
and R is an H-ring.

Let R be an almost null ring. Then [a] is also an almost null ring as a
subring of R. Hence 0 = pa? = p™*la and p" | p™*. But m < n, so
n =m+ 1. If N? # 0, then there exists zgp € N such that 23 # 0. Since
(0,z0)(a,r9) = (0,23) and (a,r0)? = (a®,23) = (p™a,x3), so there exists
V € Z for which (0,22) = V(p™a,z3). Thus Vp™a = 0 and Va3 = 22. But
o(a) = p" > p™ and Vp™a = 0, so p | V. Hence pzd = 0, Va3 = 0 and
73 = 0, a contradiction.

If N2 = 0 and [a] is an almost null ring, then N C a(R) and R is an
almost null ring by Lemma 2.2. ([

Below we give new important (see Theorem 1.1) example of an H-ring,
which is not almost null.

Example 2.8. Let I = (x1) @ (22) ® (x3), where o(x1) = p? and o(x3) =
o(z3) = p. On I we define a multiplication on the generators xi,x2, x3 of
the additive group I according to the following relations 3 = xq, z123 =
T3 = T3 = pr1, T;v9 = Tow; = 0 for i = 1,2, 3.

One can easily check that (zy)z = z(yz) = 0 and zy = yz for all z,y, 2 €
I. So I is an associative ring such that I?> = 0. Take any i € I. We
claim that [i] < I. Tt is enough to show that x4, x3i € I. Since i* = 0, so
[i] = (i) + (i%2). Moreover, i = axj + bxs + cx3 for some a,b,c € Z. Hence
i? = (® +2ac)pr1 + a’xg, 110 = 2cpr1 +axg, v3i = (a+c)pr1. Assume that
p | a. Then i2 = ?(px1), x1i = 2¢(pr1), 30 = c(pw1), and since o(pr1) = p,
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so {c(pr1)) = (c(px1)) and z1i, 233 € (i?). If p 1 a, then there exists V € Z
such that aV =1 (mod p). Hence x1i = p(2c¢V — V2(c? + 2¢))i + Vi? € [i]
and x3t = pV(a + ¢)i € [i]. Thus I is an H-ring, and consequently I is a
filial ring.

Notice that I is not an almost null ring, since for instance x1x3 = pr1 &€
(2} = (a2).

The next theorem was established, without proof and in a different form,
by Friedman in the short note [Fre60]. It is also deductible from Rédei’s
article [Red52.1].

Theorem 2.9. All, up to an isomorphism, nonzero nil-H -p-rings generated
by one element are:
(i) p"Zymin for some m,n € N, m < n.
(i) 2Zplz]/(2?).
(iil) Zym[z]/(pr?, 23), m € N, m > 2.

3 2m72x)

iv) 2Zym+n|x]/(px? — pma, x> —p for some m,n € N, m > 2.
p

By the above theorem and by Proposition 2.7, we get at once, the following
proposition.
Proposition 2.10. All, up to an isomorphism, almost null p-rings gener-
ated by a single element are rings of the form:

(i) p"Zymin, m,n € N and n=m orn=m+ 1.

(ii) 2Zpla]/(2?).
(iil) xZym[z]/(pr?, 23), m € N, m > 2.

3. The Dorroh extension of filial 3-radical rings
By Z(R) we denote the center of the ring R.

Theorem 3.1. Let R be a B-radical ring. The following conditions are
equivalent:

(i) The ring ZH R is filial.
(ii) R is an almost null ring such that pR = p*R for every p € P.

Proof. Set S =ZHBE R. Then f(S) = R and k-1 € Z(S) for every k € Z.
(i)=(ii). The ring R is filial as an ideal of the filial ring S. By Proposi-
tion 1.5, R is a nil-H-ring. Take any p € P. By filiality of S and p-1 € Z(S)
we get
p-S=p*-S+p-(1).
Therefore for every a € R there exist x € R. [y,ls € Z such that

pa=p?(ly - 14+ z) +ply - 1.

Hence (p?ly + pl2) -1 = pa—p?z € RN (1) = {0} and pa = p?z € p>R. Thus
pR = p?R for every p € P. Finally, by Proposition 2.4(v), R is an almost
null ring.
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(ii))=>(i). By the assumptions, it follows that kR = k%R for every k € Z.
The ring R is an almost null ring, so B> = 0 and aR = Ra = (a?) for
every a € R. By Lemma 1.3, it is enough to prove that (a)s C (@)% + (a)
for every a« € S. But & = k 4 a for some a € R and k € Z. Because
k-1€Z(S),s0k3 1=k -14+a%=ak?® 1—ka+a®) € (a)s. Hence,
k3R C (a)s. Moreover kR = k*R, so kR C (a)s. But aR = Ra = (a?) and
()s = RaR+ Ra+ aR + (a) = R(k+a)R+ R(k+a) + (k+ a)R + (),
so RaR C R? = 0 implies

(3.1) (@)s = kR + (a?) + (a).
Next, a? = o? — ka — ka, so a® € (@)% + kR + (a). Moreover,
o? = k% -1+ (a* + 2ka),
so by (3.1) and kR = k?R, we see that
(0®)s = K*R + ((a® + 2ka)?) + (a?) = kR + (a?).

Thus kR C (a)%. Moreover, a* = a? — ka — ka, so a® € (@)% + (a), and by
(3.1), we have (a)s C (@)% + (a). O

Example 3.2. Let n € N, p € P and let N be an almost null ring such that
pN = 0. Then N is a Zyn-algebra with the multiplication

koa=ka fork € Zy,a € N.

Moreover, the function f: ZH N — S = Z,» H N given by the formula
f(k+a) = [k]p» + a, where [k],» is the remainder of the division of k by p",
is a surjective ring homomorphism. Hence, and by Theorem 3.1, the ring
Zpyn B N is filial.

Proposition 3.3. Fvery almost null ring R is an ideal in a filial ring with
an tdentity.

Proof. Let A = a(R) and denote by BT a divisible group in which A™ is
an essential subgroup. Denote by B the ring with zero multiplication on the
additive group BT. By Lemma 2.2, the ring R @ B is an almost null and
I ={(z,z) : v€ A} <R&B. Moreover, I Ca(R®&B). Let S = (R&B)/I.
Then (R+1)/I = R/(RNI)=Rand (R+1)/I <S8, so one can identify R
with (R+1)/1. Moreover, S is an almost null ring as a homomorphic image
of the almost null ring R & B.

Note that (0,b) + I € a(S) for all b € B. If (r,b) + I € a(S) for some
r € R,b € B, then for every y € R, [(r,b)+1]-[(y,0)+1] = (0,0)+ 1. Hence
(ry,0) € I, so ry = 0. This shows that rR = 0, and similarly Rr = 0. Thus
rea(R)=Aand (r,b)+1=[(r,r)+(0,b—r)]+1=(0,b—r)+ 1. Hence
a(S) ={(0,b) +1 : be B}. Moreover, the function b+ (0,b) + I is a ring
isomorphism from B onto a(S). Hence the group a(S)* is divisible.

Take any s € S and any p € P. Then there exists a squarefree integer M
such that Ms? = 0. Hence (Ms)? = 0, and directly by the definition of an
almost null ring, Ms € a(S). Since (p?, M) | p, so there exist k,I € Z such
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that p = kM + Ip®. Thus ps = k(Ms) + p*(ls), and by divisibility of a(S),
ps € p*S. Hence, pS = p>S. By Theorem 3.1, ZH S is a filial ring in which
R is an ideal. O

Remark 3.4. By Lemma 1.11, the ring Zgz @ 222, where Z22 is the ring
with zero multiplication on the additive group Z;Q, is not an ideal in any
filial p-ring with an identity, but by Proposition 3.3, the ring ZSQ &3] 222 is
an ideal in some filial ring with an identity.

4. Main Results

Lemma 4.1. If a nil-H-p-ring I is an ideal in a filial p-ring R with an
identity and I(p)% # 0, then y? € I(p)? + (y) for every y € I.

Proof. Notice that B = B(R) is a filial ring as an ideal of a filial ring R.
By Proposition 1.5, S(R) is an H-ring. From Corollary 4.6.9 of [KP69], I
is nilpotent. Hence I C B. Since I(p)? # 0, so B(p)? # 0. By Proposi-
tion 2.4(iv), B(p) is an almost null p-ring, so by Proposition 2.5, |B(p)?| = p.
Since 0 # I(p)? C B(p)?, so I(p)? = B(p)?. Let y € I. By Lemma 1.11,
y* € B(p)* + (y), so y* € I(p)* + (y). O

Proposition 4.2. Let R be a filial p-ring satisfying any of the following
conditions:

(i) The group R™ is cyclic.

(ii) pR = 0.
Then R is an ideal in some filial p-ring with an identity.

Proof. (i). Let Rt = (a) for some a € R. Then o(a) = p* and a® = p"a for
some s € N, 7 € NU{0}. Then (a) = p"Zy,r+s, but p"Zyr+s < Zyr+s, s0 R is
an ideal in a filial p-ring with an identity.

(ii). Since R is a Zjy-algebra, so by Remark 1.2, Z, B R is a p-ring with
an identity in which R is an ideal and such that (Z, 8B R)/R = Z,. From
Lemma 1.4, it follows that Z, H R is a filial ring. U

By Proposition 4.2, we get the following corollary.

Corollary 4.3. If R is a filial p-ring such that |R| < p?, then R is an ideal
in some finite filial p-ring with an identity.

Proposition 4.4. Let R be a nil-H-p-ring generated by a single element
and let N be a ring such that N> = pN = 0. Then the ring R ® N is an
ideal in some filial p-ring with an identity.

Proof. By Theorem 2.9, R is isomorphic to one of the following rings:
(i) p"Zymin for some m,n € N, m < n,

(ii) 2Zp[z]/(2%), p € P,
(111; :I:me [1"]/(}91"27:173)7 m=>2péeP,

3 2m72x)

(iv) 2Zpymn [x]/(px? — p™a, 23 — p for some m,n € N, m > 2.
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In case (i), R® N is an ideal in the ring with an identity Z,m+» B N,
which is filial by Example 3.2.

In case (ii), p(R® N) = 0, so it is enough to use Proposition 4.2(ii).

In case (iii), let S = Zypm—1 B (yZp[y]/(y*) ® N). The ring S has an
identity and S is filial by Example 3.2 and Lemma 2.2. One can check that
the function ¢: aZym[z]/I ® N — S given by the formula

olaX + X% +b) = ap™ L+ Bp*™ 2 4 aY + Y2 +b,

where X = x + (p2?,23), Y = y + (y3) for a,8 € Zym and b € N is an
embedding of ring. Moreover Im ¢ C 3(5), so Imp < S.

In case (iv), let T = Zyzmin-1 B (yZply]/(y*) & N). T is a filial ring by
Example 3.2. It is easy to check that the function

V1 alymin[z]/(p2® — pTw,a® — p"" P2) N = T
given by the formula
V(X +b) =kp™ P+ kY +b

for X =z + (px? — pmw,2® —p?"22), Y =y + (3), k € Z, b€ N, is an
embedding of rings. Moreover, Imp C 3(5), so Im¢ < S. O

Proposition 4.5. Fvery filial p-ring R generated by one element is an ideal
in some finite filial commutative p-ring with an identity.

Proof. Without loss of generality we can assume that R has no identity.
Let R = [a] for some a € R. Since R is commutative, so by assumptions
and Proposition 1.10, it follows that R =2 S & N, where N is a nonzero
commutative nil- H-p-ring generated by one element and S is a finite direct
sum of finite fields of characteristic p. From Proposition 4.4 and its proof
there exists a finite commutative p-ring T with an identity such that N <T.
By Theorem 1.4, the ring S @ T is filial. Moreover S @ T is a commutative
ring with an identity and R<1S & T. O

Theorem 4.6. Every filial (commutative) p-ring R such that |R| = p3 is
an ideal in some finite filial (commutative) p-ring with an identity.

Proof. Without loss of generality we can assume that R has no identity.

If the group R™ is cyclic or pR = 0, then the thesis follows from Propo-
sition 4.2. So, from now let RT = Z;; X Z. Assume that R = A @ B for
some nonzero ideals A, B of R. Without loss of generality we can assume
that AT = 7, and BT & Z;;. Since the rings A and B are commutative, so
we have the following cases:

(1) R=EZp X L.

2) R=7y X plys.
3) R Zy X p*ZLy.
4) R= prz X sz.
5) R= p2Zp3 X prs.
6) R=p Ly X p*ZLya.

(
(
(
(
(
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The ring described in (1) has an identity. The rings described in (2) and
(3) are ideals in the filial rings Z, x Z,3 and Z, X Z,, respectively (see
Lemma 1.4). The ring described in (4) is not filial by Lemma 1.9. Finally,
for rings described in (5) and (6) the thesis follows from Proposition 4.4.

From now on, we assume that the ring R cannot be written as a direct
sum of two nonzero ideals. Obviously, there exist 1,29 € R such that
Rt = (z1) ® (z2), where o(z1) = p?, o(z2) = p.

If R is a commutative ring which is not nil, then, by Proposition 1.10,
R=S5® N, where S € S and N is a nil ring. But R is indecomposable, so
N =0and S is a field.

If R is a noncommutative ring which is not nil, then, by Theorem 3 of

[AntES2], it follows that R = < Ly PLy2 ) or R = ( Ly 0 ) In the

0 0 pZy 0

p P DLy DLy L2 pLy2
<<0 0>><'< o o)\ 0o o)

but << p-p )> is not an ideal in < Lz Pl >7 so R is not filial. Simi-

first case

0 0 0 0

larly one can show that the ring < pr2 8 ) is not filial.

P
It remains to consider the case when R is an indecomposable nil ring.

If 22 ¢ (z1), then |(z1) + (22)| > p?. Hence R = (1) + (z3), so R = [z1]
and the thesis follows directly from Proposition 4.5.

Assume that 22 € (z1). Then there exists t € Z such that z? = tx;. If
p1t, then z; € Rz and since R is nil, so 1 = 0. This is a contradiction.
Therefore, p | t and 22 € (pz;). Thus [z1] = (1) and since R is an H-
ring, so (r1) < R. Next, pR? = 0 since pz? € p(pr1) = {0}, and p(23) =
p(x122) = p(zax1) = 0 since pra = 0, and R(p) = (pz1) + (x2). Hence
1179, T2m1 € (pr1). Obviously 22 € R(p), so there exist k,l € Z such that
13 = k(pr1) + lva. Then 3 = pkxize + 23 = I(pkxy + l22) and for any
m € N, 25" = pLpy,x1 + ™1z, for some L,, € Z. Since R is a nil ring, so
27 = 0 for some m € Z and [™ txy = 0. Thus p | [ and 23 = pkx.

From the above considerations we see that x% = paxi, r1T9 = pbri,
Tox1 = pexy, 23 = pdxy for some a, b, c,d € L.

If d =0, then 23 = 0 and [z2] = (x2) < R. In this case R = (1) @ (x2),
which is a contradiction. Therefore, d # 0.

Now, assume that R is commutative. Theorem 2 of [AntE82] implies that
there are only the following cases:

(1) 22 = px1, 23 = 1122 = 1271 = 0,
(2) 73 = apz; for some 0 # a € Zy, 23 = px1, 1172 = T9771 = 0.

In case (1), let T' = (ZByZylyl/(y*))/ (p*-1—7?) where § = y+(y*). The
ring Z,: B yZy[y]/(y?) is filial by Example 3.2, so T is also a filial ring as a
homomorphic image of a filial ring. Moreover, the function ¢: R — T given
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by the formula (ka1 +sxs) = kp?-1+sY, where k,s € Z, Y = y+(p*-1-7?)
is an embedding of rings such that Im ¢ C 5(T'), so Im ¢ <1 B(T).

In case (2), let S = 2Z,[z]/(2?). Then S is an almost null ring by Propo-
sition 2.5. The ring Z,s B S is filial by Example 3.2. Next, T' = (Z,s BS)/1,
where I = (ap? -1 — X?), X = z + (23) is also a filial ring as a homomor-
phic image of a filial ring. The function ¢: R — T given by the formula
o(kx1 + sx9) = kp-1+ sX is an embedding of rings such that Im ¢ C (7)),
so Imp <1 B(T).

Now, assume that the ring R is not commutative. From Theorem 4 of
[AntE82] we have only the following cases to consider:

(3) {L‘% = Tox| = PI1, ZL'% = x129 = 0,
(4) 23 = apxy for some 0 # a € Ly, 1? = 129 = P11, T2T1 = 0.

In case (3), by Remark 2.6, there exists an almost null ring S = [z, y]
and A € Z, such that o(z) = o(y) = o(x?) = p, y?> = Az? zy = 0,
yr = 22 and the congruence X2 + X + A = 0 (mod p) has no solutions.
Let T = (Z,s B S)/1I, where I = (p* -1 — 2?). The ring Z,s B S is filial by
Example 3.2, so T is also a filial ring as a homomorphic image of a filial ring.
The function ¢: R — T given by p(kx1 + sx2) = (kp- 1+ kx + sBy) + 1,
where k,s € Z, B € Z, and B - A = 1, is an embedding of rings such that
Imy C B(T), so Imp < 5(T).

In case (4), assume first that the congruence X2 4+ X +a = 0 (mod p)
has no solutions. Then by Remark 2.6, there exists an almost null ring
S = [x,y] such that o(z) = o(y) = o(z?) = p, y* = az?, yr = 0 and
ay =a* Let T = (Z,a BS)/I, where I = (p* -1 — x?). The ring Z,« B S
is filial by Example 3.2, so T is also a filial ring as a homomorphic image
of a filial ring. Moreover, the function ¢: R — T given by the formula
(k1 + sz2) = (kp? - 1+ kx + sy) + I, where k, s € Z, is an embedding of
rings such that Im¢ C 3(T), so Imp < S(T) and Imp < T. Assume that
there exists b € Z, such that b* + b+ a = 0 in the field Z,. Since a # 0, so

1 1

p > 2. Hence, % € Z, and for s € Z, we have that s* +s = (s — 5)* — 7.

Therefore {s> +s : s € Z,} has exactly 1+ % < p elements. Thus, there
exists t € Z, such that s?+ s+ at # 0 for every s € Z,. Moreover, t # 0 and
t #1,s0b>+b+a = 0. By Remark 2.6, it follows that there exists an almost
null ring S = [x,y] such that o(z) = o(x?) = o(y) = p, y* = atx?, vy = 22,
yr = 0. The ring Z,sHS is filial by Example 3.2. Let T' = (Z,38S5)/I, where
I=(t(1—t)p*-1—2?%). Then T is a filial ring and the function ¢: S — 5(T)
given by the formula ¢(sz1 + kxa) = (s(1 —t)p- 1+ sz + kt~ly) + I for
k,s € Z is an embedding of rings. O

Lemma 4.7. If a nil-H-p-ring I, which is not an almost null ring is an
ideal in o filial ring with an identity, then I is an ideal in a filial p-ring with
an identity.

Proof. Let R be a filial ring with an identity such that I < R. Without
losing generality, we can assume that [ is an essential ideal of R. Then
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B(R) is a filial ring as an ideal of R. By Corollary 8 of [FP05], B(R) is an
H-ring. From Corollary 4.6.9 of [KP69], we get that I is nilpotent. If the
group S(R)" has an element of infinite order, then by Proposition 2.4(iii),
B(R) is an almost null ring. Hence I is an almost null ring as a subring of
B(R), a contradiction. Thus the group S(R)™ is torsion. Moreover I is an
essential ideal in R, so 8(R)" is a p-group. Again, by Proposition 2.4(ii),
the group B(R)™ is of finite exponent. Hence there exists n € N such that
p"B(R)*t = 0. Moreover, I C 3(R), so 3(R) is an essential ideal of R.

If p-1¢ B(R), then p-1 € Z(R) implies that p"™ -1 ¢ S(R) for every
m € N. In particular p™ R # 0 for all m € N. By essentiality of S(R) in R
we have p" T RN B(R) # 0. Hence p"*'r € B3(R)\ {0} for some r € R. Thus
(p(r)r)"t € B(R), so ((p(r)r + B(R))/B(R)" ™ = 0 and p(r)r € B(R).
Consequently 0 = p™(p(r)g) = p"t'(r)r, so p"*lr = 0, a contradiction.
Hence p-1 € B(R) and there exists s € N such that (p-1)® = 0. Then
p*R =0 and R is a p-ring. O

Now we prove Theorem 1.1 stated in Introduction.

Proof. The first part of the theorem is a direct consequence of Proposi-
tion 2.3, Corollary 4.3 and Theorem 4.6.

Let p € P and let I be the ring described in Example 2.8. Then p*I = 0,
|I| = p* and I is a commutative nil-H-ring, which is not an almost null,
Next, I(p)T = (pz1)®(x2)®(x3), s0 [(p)? = (px1). Hence I(p)>+(x1) = (x1)
and 22 & I(p)? + (z1). Thus, by Lemma 4.1 the ring I is not an ideal in any
filial p-ring with an identity. By Lemma 4.7, I is not an ideal in any filial
ring with an identity. O

From Theorem 1.1 it follows, that the 16-element ring is the smallest filial
ring, which is not an ideal in any filial ring with an identity.
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