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Homogeneous holomorphic hermitian
principal bundles over hermitian
symmetric spaces

Indranil Biswas and Harald Upmeier

ABSTRACT. We give a complete characterization of invariant integrable
complex structures on principal bundles defined over hermitian sym-
metric spaces, using the Jordan algebraic approach for the curvature
computations. In view of possible generalizations, the general setup of
invariant holomorphic principal fibre bundles is described in a system-

atic way.
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1. Introduction

The classification of hermitian holomorphic vector bundles, or more gen-
eral holomorphic principal fibre bundles, over a complex manifold M is a
central problem in algebraic geometry and quantization theory, e.g., for a
compact Riemann surface M. In geometric quantization, where M = G/K
is a co-adjoint orbit, G-invariant principal fibre bundles have been investi-
gated from various points of view [Bo, Ra, OR]. In case M is a hermitian
symmetric space of noncompact type, a complete characterization of invari-
ant integrable complex structures on principal bundles over M was obtained
in [BiM] (for the unit disk) and [Bi] (for all bounded symmetric domains).
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The main objective of this paper is to treat the dual case of compact her-
mitian symmetric spaces, and to show that the compact case (as well as the
flat case) leads to exactly the same characterization, resulting in an explicit
duality correspondence for invariant integrable complex principal bundles
(with hermitian structure) between the noncompact type, the compact type
and the flat type as well. The proof is carried out using the Jordan theoretic
approach towards hermitian symmetric spaces [Lo, FK]. Of course, the tra-
ditional Lie triple system approach could be used instead, but Jordan triple
systems (essentially the hermitian polarization of the underlying Lie triple
system) make things more transparent and somewhat more elementary.

More importantly, the Jordan triple approach leads in a natural way to
more general complex homogeneous (nonsymmetric) manifolds G/C where
C' is a proper subgroup of K. These manifolds are fibre bundles over G/K
with compact fibres given by Jordan theoretic flag manifolds. Again, there
exists a duality between such spaces of compact, noncompact and flat type,
and in a subsequent paper [BiU] the duality correspondence for invariant
fibre bundles, proved here in the hermitian symmetric case C' = K, will be
studied in the more general setting. In view of these more general situations,
the current paper describes the general setup for homogeneous holomorphic
principal fibre bundles in a careful way, specializing to the symmetric case
only in the last section.

As a next step beyond the classification, its dependence on the underlying
complex structure on M is of fundamental importance. While the hermitian
symmetric case G/K has a unique G-invariant complex structure, the more
general flag manifold bundles G/C have an interesting moduli space of in-
variant complex structures. It is a challenging problem whether this moduli
space carries a projectively flat connexion (with values in the vector bundle
of holomorphic sections) similar to the case of abelian varieties, [Mu], [We],
or Chern—Simons theory [ADW], [Wi].

From the geometric quantization point of view, it is also of interest to
describe the spaces of holomorphic sections, given by suitable Dolbeault
operators, in an explicit way.

2. Homogeneous H-bundles

Let M be a manifold and G a connected real Lie group, with Lie algebra
g, acting smoothly on M. Denoting the action G x M — M by (a,z) — a(x),
we define RM : G — M, 2z € M, by

RM(a) = a(x) V (a,x) € G x M.

Let H be a connected complex Lie group; its Lie algebra will be denoted by §.
Fix a maximal compact subgroup L C H; all such subgroups are conjugate
in H. The Lie algebra of L is denoted by I. Let Q be a C'*° principal H-bundle
over M, with projection 7 : Q — M = @Q/H. The free action Q@ x H — Q is
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written as (g, b) — gb. Define Rl? :Q — @Q and LqQ :H — @ by
R2q=L%=qb ¥ (q,b) € QxH.

For notational convenience, we have omitted the parentheses.

Then 7o Rl? = 7 and ker(dm), C T,Q is the “vertical” subspace of the
tangent space T,(Q) at ¢ € Q. We call ) an equivariant H-bundle if there is
a C* action G x @Q — @, denoted by (a,q) — agq, such that 7(aq) = an(q)
and

a(gb) = (aq)b.
Define LY : Q — Q and R : G — Q by
LaQq:Rfa:aq v (a,q) € G x Q.
Then LaQoRbQ = RI?OLaQ and WOLC? :Lé\/[Oﬂ'fOT all a € G, b € H.

A hermitian structure on a principal H-bundle @ is a principal subbundle
P C @ with structure group L, i.e., we have

RY:P—P Vbel

and the action of L on the fibre P, is transitive for all x € M. We also say
that (@, P) is a hermitian H-bundle. An equivariant hermitian H-bundle
is an equivariant H-bundle @ endowed with a hermitian structure P C @Q
such that G - P = P, i.e., we have

IP=P Vaed.
In this case P becomes an equivariant L-bundle. When G acts transitively
on M, we call QQ a homogeneous H-bundle. In the homogeneous case, fix a
base point o € M and put
K ={keG | k(o) = o}.
Then M = G/K. The Lie algebra of K will be denoted by ¢.
The following proposition is straightforward to prove.

Proposition 2.1. Let f : K — H be a (real-analytic) homomorphism.
Consider the quotient manifold

Q =G XK, f H
consisting of all equivalence classes
(2.1) {glh) = (k™| (k)R),

with g € G, h € H and k € K. (This bracket notation is used to avoid
confusion with the commutator bracket.) Then Q becomes a homogeneous H -
bundle, with projection w(g|h) = g(o) = RM(g). The action of (a,b) € Gx H
s given by
a(glh)b = (ag|hb).
If in addition, f(K) C L, we obtain a hermitian homogeneous principal
H-bundle
PZ:GXK,fLCQ::GXK’fH.



24 INDRANIL BISWAS AND HARALD UPMEIER

In the set-up of Proposition 2.1, the maps LaQ 1@ — @ and R?‘h G —Q

have the form
LZ(g|h) = R, (a) = (ag|h).
For any ¢ € H, let
IHh = the™!
be the inner automorphism induced by £. Then d.1, f = Adz . The conjugate
homomorphism
IFof: K- H
induces the H-bundle isomorphism

G XK?fH—>G XKJg-IofH
mapping the equivalence class (g|h) s to <9’Ifh>1fof-

Theorem 2.2. Every homogeneous principal H-bundle @ on M = G/K is
isomorphic to G x g ¢ H for a homomorphism f : K — H, which is unique up
to conjugation by elements £ € H. Similarly, every hermitian homogeneous
H-bundle (Q, P) is isomorphic to the pair

GXKVfLCGXKJH

for a homomorphism f : K — L C H, which is unique up to conjugation
by an element in L. More precisely, for any base point o € Q, (respectively,
o € P,) there exists a unique homomorphism fo, : K — H (respectively,
fo: K — L) such that

(2.2) ko = ofo(k) VEkekK,
and
(2.3) (g|lh) — goh

defines an isomorphism G Xk 5, H = Q of equivariant H-bundles (respec-
tively, an isomorphism G x i s, L — P of hermitian equivariant H-bundles).
Another base point o' = ol™', with £ € H (respectively, £ € L), corresponds
to the homomorphism for = Iy o fo.

Proof. Let @ be a homogeneous H-bundle. Choose o € @ with 7(0) = o.
Since the fibre @, is preserved by K, and H acts freely on @),, there exists
a unique map f, : K — H such that (2.2) holds for all £ € K. Then

ofo(kiks) = (kik2)o = ki(k20) = ki(ofo(k2)) = (k10)fo(k2)
= (0fo(k1))fo(k2) = o(fo(k1)fo(k2))

for all k1, ke € K. Since H operates freely on @, this implies that fo(k1ks) =
fo(k1) fo(k2), and hence f, : K — H is a (real-analytic) homomorphism. For
all b € H we have

kob = (Ofo(k))b = o(fo(k)b)
The resulting identity

(ak)ob = a(kob) = a(o(fo(k)b)) = ao(fo(k)b)
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shows that (2.3) defines an isomorphism G Xk, H — @ of equivariant
H-bundles, mapping the “base point” {(e|e) to o. If o’ € Q, is another base
point, there exists a unique £ € H such that o’ = of~!. It follows that

ko' = kol™ = ofo (k)01 = o'l fo(k)e".
Thus the new base point o’ corresponds to the conjugate homomorphism

for1 (k) = Lfo(R)EH = If! fo(K).

In the hermitian case, for any base point o € P, C @, the defining identity
(2.2) implies fo(k) € L for all k € K. Another base point o' = of~! € P,
differs by a unique element ¢ € L. In both cases, since G acts transitively
on M, the G-invariance condition implies that the entire construction is
independent of the choice of base point o € M. O

In view of (2.2), the homomorphism f, could be denoted by f, = I,
i.e., ko = ol (k). In this notation, the identity Io_el_1 = I;oI;! is obvious.
It will be convenient to express the tangent spaces in an explicit manner
using equivalence classes. Note that the differential d.f : € — b of f at the
unit element e € K is a Lie algebra homomorphism.

Lemma 2.3. For a given class (glh) € Q := G Xk ¢ H the tangent space
Tyn@Q consists of all equivalence classes

(1) = ((dgRE-1)g — (d LG )Rl (dn Ly )+ (de Ry, ) (de )R
where g € T,G, heTyH, ke K and k € .

Here we regard T'G and T'H as the disjoint union of the respective tan-
gent spaces, so that the first expression is evaluated at (g|h) whereas the
second expression is evaluated at the same class written as (gk | f(k)h). The
identity follows from differentiating the relation (g;|hs) = (gek; | f (k) he) at
t = 0, where k; € K satisfies kg = k and 0 k; = . As special cases we
obtain

(2.4) (glhy = <(ngkG—1)9|(dhL?(k))h>
= (i~ (LG )l + (d. B (de i)

putting kK = 0 or k = e, respectively. The projection 7 has the differential

()l = (G (0000)) 0) = (A R

Thus the vertical subspace is given by
ker(dg,m) = {(g|h) | § € ker(dyRY") C T,G, h € T),H}.
For 8 € b, the fundamental vector field pg has the form

(0F)gin = OF (glhbr) = (0g|(de Lt )B) = (0,](deRF") Adf! B).



26 INDRANIL BISWAS AND HARALD UPMEIER

3. Connexions and complexions

A connezxion on a principal H-bundle @ is a smooth distribution ¢ — qu Q
of “horizontal” subspaces of T;Q such that T,Q = qu Q @ ker(d,m) and

TpQ = (d,RY)T7Q) ¥ (0,b) € Q x H.
We use the same symbol for the associated connexion 1-form O, : T,Q) — b
on (), uniquely determined by the condition that X € T, () has the horizontal
projection
X® = X — (d.LE)(0,(X)).
A connexion © on an equivariant H-bundle @ is called invariant if
(dLTPQ)=THQ VaceG.
In this case the associated connexion 1-form satisfies
Oy = @aq(quaQ)-
Let Q x g b denote the associated bundle of type Adg, with fibres
(Q@xmb)e={lg: 8] =lgh:Ad," 8] | ¢ € Qs B €}

for x € M, with h € H being arbitrary. By [KN, Section I1.5] every tensorial
i-form on @ is given by

(CEIQ © quF)(X;, T ’Xé) = C?((dqﬂ-)X;a T (dqﬂ-)Xf])
for XC}, ‘.- ,X; € T,Q, where

Cz(vl/\---/\vi):[q:C?(vl/\---/\vi)] Vg€ Q,
is an i-form of type Ady (on M), with homogeneous lift C(? NTM — b
having the right invariance property

H
CY=Adll,C¢ Vbedn
An i-form C of type Ady is called invariant if
(3.1) CY(d, L) =C¢  V(a,q) €GxQ.
Proposition 3.1.
(i) Let ©Y be a connexion on Q. If C is a 1-form of type Ady, then

(3.2) 0,=00+C%0dt  VqeQ

is a connexion 1-form on Q). FEvery connexion 1-form © on Q) arises
this way.

(i) In the equivariant case, let ©° be an invariant connerion on Q.
Then © is invariant if and only if C is invariant, i.e.,

M
(3.3) CL(d,LY)=CY¢  V(a,q) €eGxQ.
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Proof. Part (i) is well-known. For part (ii) let the connexion © be invariant.
The condition 7 o LY = LM o 7 implies that (dagm)(dyLE) = (de L) (dyr),
and hence we have
CqQ(dqﬂ') = 04— 92 = (Oaq — @gq)(dql’g)
= CaQq(daq”)(qug) = ng(dmszV[xdq”)-
Since dgm is surjective, (3.3) follows. The converse is proved in a similar

way. [l

If (3.2) holds, we say that © is related to ©" via C. For a hermitian
H-bundle (@, P) a connexion Z on P is called invariant if

(dpyL))ITSP =T_P ¥ (a,p)€GxP.

In this case the associated connexion 1-form satisfies

= = P

Ep = Eap(dpLy )
By [KN, Proposition I1.6.2] every connexion = on P has a unique extension
to a connexion (= on @ such that

T>P=T7Q VpePcCQ.
Equivalently, the connexion forms satisfy
(LE)p|Tpp:Ep VpeP.

A connexion © on @ is called hermitian if © = (Z for a (unique) connexion
= on P. Thus hermitian connexions on () are in 1-1 correspondence with
connexions on P. A connexion = on P is invariant if and only if its extension
L= is invariant.

For hermitian H-bundles (P, Q), we have i-forms of type Ad written as

Am(vl/\--‘/\vi):[p:A;D(m/\"‘/\vi)] Vpe Py,

i
with homogeneous lift Af : AT, M — [ having the right invariance property
(3.4) A, =Ad[, A vVielL
Let [ be the Lie algebra of L. For each x € M, there is a linear injection of
fibres

(2 (P XL [)x — (Q XH b)xa [pa/B] = [pv Lﬁ]a

where p € P,,8 € land ¢ : | — b is the inclusion map. The map ¢, is
well-defined because

[p1, B1] = [p2, B2] € (P x1 )

implying that ps = p1£ and By = AdéL,l (1 for some £ € L. Therefore, we
also have 13y = Adf_l tP1. To show that ¢, is injective, suppose that

[p1,B81] = [p2,102] € (Q XH h)s-
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Then we have py = p1h and 132 = Ath_l 1P for some h € H. Since p1,ps €
P, it follows that i € L and hence 82 = AdZ_, fi.

As a consequence, an i-form A of type Ad;, induces an i-form ¢ A of type
Ady, with homogeneous lift

(A=A A ANT,M —b Y (ph)ePxH
Then A is invariant in the sense that
P M P
A, (d L) = Ay V (a,p) € Gx P
if and only if ¢A is invariant as in (3.1).

Proposition 3.2.

(i) For a hermitian bundle (P, Q), let Z° be a connexion on P. If A is
a 1-form of type Ady, then

(3.5) Ep,=Ep+Alodyr  VpeP

is a connexion 1-form on P. Every connexion 1-form = on P arises
this way. We also have

(12)q = (LE)S + (LA)(? odym Vqgeq.
(ii) In the equivariant case, let Z° be an invariant connexion on P. Then
= is invariant if and only if A is invariant, i.e.,
(3.6) Al (d LYy =AF  V (a,p)€G x P.
If (3.5) holds, we say that = is related to =Z° via A. In this case, (=
is related to tZ° via tA. Now suppose that (M, ) is an almost complex

manifold, with almost complex structure j, € End(T, M), z € M, having
the left invariance property

(de L") jo = jgu(doL)') VY (g,2) € G x M.

Let H be a complex Lie group. Consider the bi-invariant complex structure
ip, € End(TpH) on H such that i, € End(h) is multiplication by /—1. See
[At], [Kos] for complex structures on principal bundles.

Definition 3.3. An almost complex structure J, € End (7,Q) on an H-
bundle @ is called a complexion if

(3.7) (dqm)Jq = ju(dgm)

and the map Q) x H — @ is almost-holomorphic. Writing
gb = L (b) = RY(q)

for ¢ € Q, b € H, this means that

(3.8) (dgR)Jy = Jgp(dgRE)

(3.9) Tap(dyLE) = (dy LY )iy,
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In the equivariant case, a complexion J is called invariant if in addition
(dgLE)J, = Jug(d,LS)  VYacd.
By right invariance the condition (3.9) is equivalent to
Jo(de L) = (deLG)(V=1B) ¥ B €.

Since the fibre (Q x g h), is a complex vector space, the notion of (p, q)-forms
of type Ady makes sense.

Proposition 3.4.

(i) Let J° be a complexion on Q. If B is a (0,1)-form of type Ady,
then

(3.10) Jg = J9 + (d.LE)(BE o dyr)
defines a complexion J on Q. Every complexion J on Q arises this
way.
(ii) Let J° be an invariant complexion on an equivariant bundle Q. Then
J is invariant if and only if B is invariant, i.e.,
(3.11) BY (d. L)) =BY  V(a,q) €GxQ.
Proof. By (3.7) we have
(dqﬂ)(t]q - Jz?) = (Ju — Jz)(dgm) = 0.

Thus Image(.J, — J) C Ker(d,m). Since deLqQ : h — Ker(dym) is an isomor-
phism, there exists a 1-form ¥, : T, — b such that

Jg — J0 = (deLE) T,
For b € H we have RbQ ° LqQ = Lg} o If1, and hence
(dgRY)(dLY) = (d.L2) AdjL .
It follows that
(de L)W (dg BY) = (Jap = T (dgBe?) = (dg B (Jq = J7)
= (dgRY)(de L)Wy = (d.LS) AdfL, W,

Therefore, we have \Ifqb(dqu?) = Ad{L, ¥, so ¥ is pseudo-tensorial. For
B € b we have

Jo(deL)B = (dL)(V=1B) = J0(dLI)B.

Therefore, we have (J, — Jg)|Ker(dqﬂ) = 0, which implies that ¥ is tensorial.

Hence there exists a unique 1-form B of type Ady such that ¥, = B?(dqw).
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We also have (J; — J{)? = 0 and hence

(deLqQ)(BS2 Jo T \/legg)(dqﬂ) = (deL?)Bg Ja(dgm) + (deLc?)\/leqQ(dq”)
= (deL3)Bg (dgm) Iy + I3 (deLF)BE (dy7)
= (Jg = J)Jq + 14 (Jg = J])

= J2 = (Jy = P = (I = JE - (J9)?

= —id+1id = 0.

Since deLqQ is invertible, we obtain
BYj, + vV-1BY = 0.

Thus B is of type (0, 1).

For part (ii) , let J be invariant. Using LaQoLg2 = LaQq and LMonm = ToL§
we obtain
(deL2) B, (daLy")(dgm) = (deL)BE, (dagm) (dg L) = (Jag — Jog) (dg L)

= (qug)(Jq - JS) = (quaQ)(deng)B?(dq”)
= (deL%)BZ (dgm).

Since deLaQq is invertible, (3.11) follows. The converse is proved in a similar
way. O

If (3.10) holds, we say that J is related to J° via B. There is a close rela-
tionship between (invariant) connexions and complexions: Every connexion
© on Q induces a unique complexion J© which is “horizontal” in the sense
that

IO T2Q - T2Q VqeQ.
In fact, for vertical tangent vectors we have
(3.12) Jg (deL)B = (deLG)(V=18) VB e,

and f Y € T q@ Q is horizontal, then Jq@ (V) e Tq@ Q is uniquely determined
by the condition (dgm)J2 (V) = jo(dgm)(Y). If © is invariant, then the asso-
ciated complexion J®© is also invariant.

Proposition 3.5.

(i) If a connezion © is related to ©° via C, then the induced complexion
J® is related to J° via B, where

(3.13) B,=v—1C, —C,j, Vaz&M.

(i) © and ©° induce the same complexion if and only if C is a (1,0)-
form, i.e., ng T, M — b is C-linear.



HOMOGENEOUS BUNDLES ON HERMITIAN SYMMETRIC SPACES 31

(iii) If JO is induced by a connexion ©° and J is related to J° via B,
then J is induced by the connexion

V-1

04 = 0 — ~—B (dy7)
which is related to O° via —QB.

Proof. In order to check (3.10) on a tangent vector X € T,(Q), we may
assume that X is ©%-horizontal, since for vertical vectors of the form X =
(deLqQ)ﬁ, B € b, both sides of (3.10) agree. Thus assume that @2X = 0.

Then 6,X = CqQ(qu(')X. Since J? is induced by ©Y, it follows that JgX is
also ©°-horizontal, and hence ©,J) X = CqQ(dqﬂ')JgX . Therefore,
X — (deLY)CL(dgm) X = X — (deLE)Og X
is ©-horizontal. It follows that
U= JOX — (d.L@)iCQ(dym) X = JO (X - (deLg?)cg(dqw)X),
V= JIX — (d.LE)CE(dym) JOX = JO X — (deL2)O4J0 X

are both ©-horizontal. Since (dym)U = j;(dqm)X = (dym)V, it follows that
U=V,ie.,

JOX — (d.L¥)V-1CZ(dym)X = JX — (d.LY)CY (dgm) T X .
Therefore, we have

(de LB (dgm)X = JOX — JOX

— (4.L§)(V=1CQ(dym) X — CQ(dym) J{X ) .

Since deLqQ is injective, using (3.7) it follows that
BY(dym)X = V—1CZ(dgm)X — CQ(dgm)J) X = (V—1CZ — CQj,)(dgm) X.
We now have Bf;2 = \/—1CqQ - Cqux on T M because d, is surjective. This
proves part (i).

Part (ii) is a direct consequence, since B = 0 if and only if C is C-linear.
For part (iii) , since BqQ : T, M — b is C-antilinear, the 1-form

yields B, via (3.13). O
In the hermitian case, we can sharpen the correspondence as follows:

Proposition 3.6.

(i) For a hermitian H-bundle (Q, P), a complexion J on Q is induced
by a unique hermitian connexion (=, with = being a connexion on
P. Thus there is a 1 — 1 correspondence between complexions on @,
connexions on P, and hermitian connexions on Q.



32 INDRANIL BISWAS AND HARALD UPMEIER

(ii) In the equivariant case, J is invariant if and only if = (equivalently,
LZ) is invariant.

Proof. Let Z° be a connexion on P, and let J° be the complexion on Q
induced by ¢=°. The complexion .J is related to J? via a unique (0, 1)-form
B of type Ady . Since the Lie algebra splitting

(3.14) =l V1l

is Ad-invariant, the anti-linear map B, : T,M — (Q X g h), has a unique
decomposition

(3.15) Bov = V—1(tzA2)v — (tzA2)jzv = V—1(tA) 20 — (LA)zjzv

Vo e M, where A, : T,M — (P xr 1), is a 1-form of type Ady, . Let E be
the connexion on P related to Z° via A. By Proposition 3.5, the complexion
J is induced by the hermitian connexion

(12%)q + (LA)2 o dym = (15),.

For uniqueness, suppose that for two connexions Z° and Z on P, the
extensions induce the same complexion. The connexion Z is related to =9
via a unique 1-form A of type Ady. Then (Z is related to (Z° via (A,
and both induce the same complexion. Proposition 3.5 implies that (A is
a (1,0)-form of type Ady . Since AZI; is [-valued, it follows that AII)3 = 0.
Hence A = 0 and Z = 2% As Z is invariant if and only if the complexion
induced by (= is invariant, the assertion (ii) follows. O

4. Homogeneous connexions and complexions

We now turn to the homogeneous case. By Theorem 2.2 we may assume
that the homogeneous H-bundle () is given by ) = G xg y H for a homo-
morphism f : K — H, with f(K) C L in the hermitian case. We fix an
Adg-invariant splitting

(4.1) g=tom.

Thus [¢, m] C m but not necessarily [m,m] C €. Let P, : g —> tand Py : g — m
denote the projection maps given by (4.1).

Definition 4.1.

(i) The tautological connexion ©° on Q = G X 5 H is defined by the
horizontal subspaces

T0,Q :={((deL5)7T|0p) : 7 € m}

={((deL§)V|(deRi M) = v € g, n €, (def)Pey +n =0}
—{(glh) : § € T,G, h € TyH, (dof)Pe(doLG) " g + (deRIT)~1h = 0}.
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(ii) For a hermitian homogeneous H-bundle (Q, P), the tautological
connexion is the extension of the “tautological” connexion Z° on P
with horizontal subspaces

T3P = {{(dL5)T|0) | Tem} YV (glt) e P=GxkyL.

The equivalence of the various realizations of the horizontal subspaces
follows from the definition. Under right translations, we have

(dgy B7) (1) = OF (anlhub) = (g|(dnR{T)E).
It follows that (Tg‘thQ)Tg‘hQ = T&‘th, showing that ©° is indeed a con-
nexion on (). Since
(dgin L) (g1h) = ((dgL§)glh),
it follows that
(dgin LY (deLG)T|0n) = ((dgLE)(deLG)T|0R) = (de LGy 7|0n).

Thus ©° is an invariant connexion. In the hermitian case, the connexion =
on P is also invariant.

0

Proposition 4.2. The connexion 1-form of the tautological conmection is
given by

00 (deLWI(de Ly ) = AdfLs (def)Pey +1 Y (v,m) €@ x b,
Yerim) = (def)Pry + 1.
Proof. Applying (2.4) to Kk = Py we conclude that
(deLGyI(deLi ) = ((deLg ) Pury| (de Ry ) (de f) Py + (de L) ).
= ((de L) Puy[On) + (0g](de RY ) (de f) Pey + (de Ly )m).

This gives the direct sum decomposition into horizontal and vertical com-
ponents, and

In particular, ©

B = 92\h<(deL§)’7|(deL{z{)n> €h
is determined by the condition
(Ol (de By ) (def) Pey + (de L )n) = (deLgin) B = 07 {glh)br
=9} (glhbe) = (0|(deL)B) -
Therefore, we have
B = (deL}) " (de R} (de f) Pey + 1 = AdfLi (de f) Pey + 1. O

In the homogeneous case, invariance can be checked at the base point
0 € M. An i-linear map

c: NT.M = b
will be called f-covariant if
Adfyyoc=co(dL}') VEkeK.
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Every such map induces an invariant i-form C of type Ady via
CQO(doLy)U = [(g]h), Adﬁl cv]

(3
forall (g,h) € Q = Gx H andv € \ T,M. Equivalently, the homogeneous
lift satisfies

(4.2) cv

N W(doLy") = AdjL, oc.

Conversely, for any invariant i-form C of type Ady, the map

i
09 .
c:=Cg,: \TLM = b
is f-covariant. If the homomorphism f is replaced by the conjugate f' =

Ipo f, then ¢ : ANT,M — b is f'-covariant if and only if ¢ := Ad}., oc’ is
f-covariant. In the homogeneous case Proposition 3.1 yields the following;:

Proposition 4.3. Let ¢ : T,M — b be a linear map which is f-covariant,
i.e.,

Ad]{{(k) oc = co (do L)
for all k € K. Then the 1-form C of type Ady defined by
Cé,(doLy") = Adflioe, V¥ (g,h) €Gx H
is mmvariant. Hence the connexion © on Q = G Xk ¢ H, related to the tauto-
logical connexion ©° via C, is invariant, and also every invariant connezion
is of this form.

In this case we say that © is generated by ¢, the choice of the (invariant)
tautological connexion ©° being understood. In the hermitian homogeneous
case Proposition 3.2 yields the following:

Proposition 4.4. Let a : T,M — [ be a linear map which is f-covariant,
i.e., satisfies Adjfi(k) oa =ao (doL,iV[) for all k € K. Then the 1-form A of
type Ady, defined by

M L
A (doLy)") = Adfioa  V (g,0) €G XL,
is invariant. Hence the connexion Z on P = G x ¢ [, related to the tauto-
logical connezion Z° via A, is invariant, and every invariant connexion is
of this form.

In this case we say that Z is generated by a, the choice of the (invariant)
tautological connexion Z° being understood. Since (Z° = ©°, the invariant
connexion (Z is generated by the f-covariant map toa : T,M — h. Com-
bining Propositions 4.3 and 4.4 with Theorem 2.2 we obtain the following:
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Theorem 4.5.

(i) The homogeneous H-bundles @QQ endowed with an invariant con-
nexion are in 1 — 1 correspondence with pairs (f,c) consisting of
a homomorphism f : K — H and an f-covariant linear map
c:T,M — b, modulo the equivalence

(f.e) ~ (I o f,Ad}" ),

where £ € H 1is arbitrary.

(ii) The hermitian homogeneous H-bundles (P, Q) endowed with an in-
variant hermitian connexion are in 1 — 1 correspondence with pairs
(f,a) consisting of a homomorphism f : K — L and an f-covariant
linear map a : T,M — [, modulo the equivalence

(f.a) ~ (I7 o f,Ad{ a),
where £ € L is arbitrary.
In the complex homogeneous case, Proposition 3.4 yields the following:

Proposition 4.6. Let b : T,M — b be an anti-linear map which is f-
covariant, i.e.,

Adffyyob=bo (dL}), VEkeK.
Then the (0,1)-form B of type Ady defined by

BZ, (doLy") = Adjiob V¥ (g,h) € Gx H

is invariant. Hence the complexion J on Q = G Xk H, related to the tau-

tological complexion J° via B, is invariant, and every invariant complexion
J is of this form.

In this case we say that J is generated by b, the choice of the (invariant)
tautological complexion J° being understood. Using the K-invariant inverse
map T,M > v+ v € m of d.RY, the tautological complexion J° has the
value

Te1e((0106)) = (o v) ™ |0e)
at the base point. For a general invariant complexion J generated by b :
T,M — b we have
L9 h = (e|e)h = (e|h)

ele
and hence de‘eLglen = (0¢|n). Therefore
Toe((0106)) = TG ((B106)) = (deje L, )b(deje) ((B]0))
= (dee L, )bv = (0c[b)

and hence

Jele((0]0¢)) = (o v)™|0e) + (Oc[bv) = ((jo v)~|bw).
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All other values can be computed via G x H-invariance. In the complex
homogeneous case Proposition 3.5 yields the following:

Proposition 4.7.

(i) If an invariant connexion © is generated by c, then the induced
invariant complexion J® is generated by

(4.3) b=+/—1c—cj,.

(ii) © induces the tautological complexion if and only if ¢ : T,M — b is
C-linear.

(iii) If the invariant complexion J is generated by b, then J is induced

by the invariant connexion © generated by —@b.

In the hermitian homogeneous case. there is a 1-1 correspondence
(4.4) bv =+v—1la(v) — ajov VoveT,M

between f-covariant anti-linear maps b : T,M — b and f-covariant maps A :
T,M — I, since j, commutes with dOL,iV[ for all k£ € K. This correspondence
realizes the correspondence between invariant complexions and invariant
hermitian connexions addressed in Proposition 3.6. Combining Propositions
4.6 and 4.7 with Theorem 2.2, we obtain the following:

Theorem 4.8. The homogeneous H-bundles QQ (respectively, the hermitian

homogeneous H-bundles (P,Q)) endowed with an invariant complexion J

are in 1 — 1 correspondence with pairs (f,b) consisting of a homomorphism

f: K — H (respectively, f : K — L) and an f-covariant anti-linear map
b:T,M — b,

modulo the equivalence (f,b) ~ (If of, Adf b), where £ € H (respectively,
¢ € L) is arbitrary. In the hermitian case, we may equivalently consider
pairs (f,a) where a : T,M — 1 is any f-covariant R-linear map.

5. Curvature and Integrability

For any connexion © on a principal H-bundle @ there exists a 2-form K
of type Ady giving the curvature

1
dO(X,Y) + 50X, 0Y] = KY((d,m)X,(dm)Y) VXY eT,Q.
If © is invariant, the associated curvature form K is also invariant. For
B € b define the right action vector field pg on ) by

(p9)q = O qexp(tB) = (dLI)B ¥ qeQ.

Let J be a complexion on . For vector fields X,Y the (0,2)-part of the
bilinear bracket [X,Y’] defined by

N(X,Y) = [X,Y]+ JJX, Y]+ J[X,JY] - [JX, JY]
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is called the Nijenhuis tensor. It is well-known that J is integrable if and
only if N vanishes.

Lemma 5.1. Let J be a complexion on Q. Then N(pB,Y) =0forBehb
and any vector field Y on Q.

Proof. Let
by = eXP(t/B)
Applying [KN, Proposition 1.1.9] to p =0 eXp(RQ) we have

[Pﬁ Y= hm( (dqbftRbt)Yqb—t) = }g% (Y — (dqbtRb ) Yab,)

for every vector field X on Q. Since J commutes with right translations Rl?
on @ it follows that

Talo§ Yo = lim (JoYg = Jo(dap B ) Vo)
= lim (J,Yy — (dgn B )T, Yav) = [0 Yy
Thus J [pg,Y} = [pg, JY] as vector fields. Since
— Q_ Q
JJY ==Y and Jpﬂ =P 1p
we obtain
N(pﬁ,Y) [pg,Y] + J[pB,JY] + J[prﬁ, Y] = [0,
Q —

Theorem 5.2. Let (M,]) be integrable. Then the complexion J® has the
Nijenhuis tensor

Ny(X,Y) = —2(d LKL ((dgm)X, (dgm)Y) ¥ X,Y € T,Q,
where the (0,2)-part K of K is defined by

K:{:(uy U) = Kx(ua U) + v _1K:L‘(jxua U) +v-1K; (Uajxv) - Kx(]xua]xv)
Vuvel, M.

JY]

Proof. Every X € T,Q is given by X = (¢° +pg)q for some vector field £ on

M and $ € h. Thus it suffices to consider vector fields of the form ¢° + pg.
By Lemma 5.1 it is enough to consider horizontal lifts of vector fields &,n
on M. Denoting the Nijenhuis tensor of (M, j) by n(&,n), the integrability
assumption on (M, j) implies that

(5.1) n(&,n) = [&n] + 3l nl + jI& gn] — [5€, jnl = 0.

From [KN, Corollary 1.5.3] we have

@‘Z[éeane] = —2Q ( q 777q) _2KqQ(§x7nw)
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By [KN, Proposition 1.1.3] the horizontal part of [¢©,7®], coincides with
[€,n]S. It follows that

[567776]11 = [éﬁn]qe + (deLqQ)@q[£®777®]q = [57 77]? - 2(d€L§)K§(§$777$>

Using (3.12) and JO¢© = (j€)® this implies that

I3 169 1% = Q1€ mlg — 205 (de LG KS (6, m2)

= (&g — 2(deLY)V=TK (&2, 2)

and [JO¢® n®], = [j§,77]q@ - 2(deL§)KqQ(j§$, ). Therefore, we have
Ng(&9.n9) = [62.0%)g + JO1T9 n®)g + J21€°, T, — [79¢°, T99°),

= (n(&m)§ = 2(d. L) (K (o, 10) + V-IKG (s m2)

+ VTR (6o jine) — K (G0 )

= (n(&,m)® — 2(d LYK (&0,m2)

In view of (5.1) the proof is now complete. O

Corollary 5.3. If (M, j) is integrable, then the complexion J® is integrable
on Q if and only if the curvature form K of © has vanishing (0,2)-part.

In the homogeneous case the curvature form K of an invariant connexion
O is induced by a unique f-covariant map k : /2\TOM — b as in (4.2).
Theorem 5.4. The curvature KO of the tautological connection ©° satisfies
the equation

2k (u,v) = —(do f) Pe[10, 7] vV ou,veT,M,
where U € m is uniquely determined by (doR)u = .
Proof. Let o, € g. Consider the left action vector field
(AD)gin = O] {arglh) = ((deRS)al0p)

on Q. The identity Rg = LgGoIgG,1 implies deRg = (deLg) Adf,l . Therefore
Proposition 4.2 yields

(©°A)gle = OY)((de R)|0n) = (def) Pr Ad( 1 v

gle gle

Putting ¢g; = exp(t~) € G we conclude that
(©°2A9),. 1 = (def) P AdgG,1 a = (dof) Py exp(—t ad,)a
t

gtle
and hence

defe (@A) (7]0c) = Of (°XD),c
= (dof) P 0} exp(—t ad,)a
= (def)Pe[a, 7] -
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Since [\¢, A9] = A¢

for left actions we have
[v,a]

0% A eje = ©2 (AL ) ele = (def) P2 [, 0.

elel™ar Ny
Therefore, we have
2KY, ((a]0.), (7, 06)) = 2(d0°)1o((@0e), (3, 0.)) + [OF) (a]0), €9, (7]0.)]
= deie(©°AF)(a|0c) — dej(0°AF) (710)
- ®2|6[Agv )‘g]de + [@2|e<a’0€>7 @2\e<7|06>]
= (df) (P, 0)) = (def) (Pl 7)) = (dof) (Pely, )
+ [(def)(Per), (def)(Pey)]
= (def)([Pecv, Pey] — Pelv,7]) -
Since Pyu = 0 we obtain
2k (u, v) = 200, ((u]0), (9]0)) = —(de f)(Pelti, D). O
Every a € g induces a left action vector field AM on M by putting
()‘y)m = (deRiV[)a = a?(atx):
where a; = exp(ta). For left actions we have the reverse commutator identity
MM N = )\f\,;{a] for a,y € g.
Lemma 5.5. For 7 € m the vector field \M has the horizontal lift
(5.2) X7 o= ((deL§) Pu AdS 7|0p).
Proof. Let (g,h) € G x H and k € K. Then the equality
Ry oL =L% yolf
implies that
(dyRE)(d.LG) = (deLG-1) Ad .
Since [AdY{, Py] = 0, we have
Ad$ P, Adg{l = Pn Ad¢ Aolgi1 = Py Ad,?g,1
and therefore
((dgRE-1)(de L) P AdS 1 7|(dn L 1)) 0n)
= ((deLS—1) AT Po AdS 1 710 (1))
= ((deLgj—1) P A1 7|0 (an) -

This shows that (5.2) depends only on the class of (g, h) and therefore defines
a vector field on @ which is ©%-horizontal by construction. Moreover the
equality RM o Lg = Lé\/l o RM implies that

(ng(])W)(deL?) = (doLé\/[)(deRéw)v
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and the equality LM o RM o IG g1 = R]\g implies that
(doLy")(deRY") AdS 1 = deRy).
Since (deRM)Py = d.RM it follows that
(X7 {glh) = (dym)X]) = (dg R )(d.LE) Py A 7
= (doLy")(deRY") Py AdG 7
= (do L)) (dcR)") AdS . 7
= (deRgo)T = (A7 )go - O

6. The symmetric case

Now we consider the special case where M = G/K is a symmetric space.
These spaces have a well-known algebraic description using the so-called Lie
triple systems [He]. As discovered by M. Koecher [Koe|, in the hermitian
symmetric case there is a more “elementary” approach using instead the
so-called hermitian Jordan triple systems [Lo]. These are (complex) vector
spaces Z which carry a Jordan triple product

(u, v, w) = {uv*w} YV u,v,we Z
which is symmetric bilinear in (u,w) and conjugate-linear in v. The Jacobi
identity is replaced by the Jordan triple identity
[ulv*, 20w*] = {w*z}0w* — z0{wu*v}* Vou,v,z,w e Z.
Here uJv* € End(Z) is defined by
(uv*)z = {uwv*z} VzeZ

The basic example is the matrix space Z = C"** with Jordan triple product
1
{uwv*w} = i(uv*w + wv*u).

The Jordan theoretic approach applies to all complex hermitian symmetric
spaces, including the two exceptional types, and also to all classical real
symmetric spaces. More generally, all real forms of complex hermitian sym-
metric spaces, for example symmetric convex cones [FK], and therefore also
some exceptional real symmetric spaces, are included. (On the other hand,
there exist nonclassical real symmetric spaces which cannot be treated this
way. )

We first consider both the real and complex case. Given a (real or com-
plex) Jordan triple Z, we put

Q.w = {zw*z} VzweZ
and define the Bergman operator

B, =idz — 200" + Q. Qu Vz,w € Z,
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acting linearly on Z. In case B, ,, € GL(Z) is invertible, we define the quasi-
INVETse

2% = B;’}U(Z - Q.w).

Define € to be ¢ = —1 for the noncompact case, ¢ = 1 for the compact
case, and € = 0 for the flat case. We define symmetric spaces M€ associated
with the Jordan triple Z as follows: M? = Z is the flat model, M~ is the
connected component

M~ c{zeZ | det B(z,z) # 0}

containing the origin o = 0 € Z (a bounded symmetric domain, more pre-
cisely a norm unit ball of Z), and

M* = (Zx 2Z)) ~

is a compact manifold consisting of all equivalence classes [z,a] = [2°79, ],
whenever B(z,a — b) is invertible [Lo]. (In view of the ”addition formula”
(2%)V = 24TV for quasi-inverses [Lo], we may informally regard M as the
set of all quasi-inverses z%, even when B(z,a) is not invertible.) Thus we
have natural inclusions

M- cZ=M"cMt,

under the embedding Z C M7 given by 2z — 2 = [2,0]. The points at
infinity are precisely the classes [z, a] where det B(z,a) = 0. The compact
dual M is also called the conformal compactification of Z. At the origin the
tangent space T,M = Z is independent of the choice of €. Let K C GL(Z) be
the identity component of the Jordan triple automorphism group of Z, i.e.,
all linear isomorphisms of Z preserving the Jordan triple product. The group
K acts by linear transformations on every type M¢€. For fixed w € Z N M€,
the (nonlinear) transvection, defined by

1/2

w,—ew

(6.1) t,(2):=w+ B 2%,

is a birational automorphism of M¢€. For ¢ = 1,0,—1 let G¢ denote the
connected real Lie group generated by K together with the transvections
(6.1). In the flat case ¢ = 0 we obtain the so-called Cartan motion group
G° := K x Z which is a semi-direct product of K and the translations
tV(2) = z+w for w € Z. If € # 0, then G€ is a reductive Lie group of
compact type (¢ = 1) or noncompact type (e = —1), respectively. We treat
all three cases simultaneously, using the notation M€ and G¢ to denote the

curvature type. In all three cases we have
K ={k e G| ko= o}.

In the Jordan theoretic setting, the Lie algebra g of G¢ can be described
using polynomial vector fields

0
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(or degree < 2) on the underlying vector space Z. More precisely, there is a
Cartan decomposition
(6.2) g°- =t P p,
where the Lie algebra ¢ C gl(Z) of K, consisting of all Jordan triple deriva-
tions of Z, is identified with a space of linear vector fields, whereas the Lie
triple system p¢ consists of all nonlinear vector fields

0

v i=v 4 eQu = (v+e{zv*z})a— VoveZ=T,M".

z

The projection g¢ — ¢ is realized as the derivative
Pyy =7/(0)

at the origin o = 0 € Z. One can show that exp v® = t,, where w := tan. v €

M€ is given by a “tangent” power series defined via the Jordan triple calculus
[Lo].

Proposition 6.1. In the symmetric case the tautological connection ©°
induced by the Cartan decomposition (6.2) satisfies

(6.3) kO (u,v) = —e(de f) (uDv* — v0u*) YV u,v e Z.

Proof. Denoting by u? the (holomorphic) partial derivative in direction
u € Z, we have the commutator identity

[uf, v°] = [u+ eQ u, v + €Q,v] = e(anzv - Uanu)
= 2e(uv* —v0Ou™) € &.

Thus we obtain a linear vector field satisfying [uf,v¢]'(0) = [uf,v¢], and
Theorem 5.4 implies
2k (u,v) = —df ([u’, v]'(0)) = —2edf (uTv* — vu*). O

Theorem 6.2. In the symmetric case, let © be an invariant connexion
related to ©° by an f-covariant linear map c : T,M — b. Then the respective
curvatures satisfy

1
E(u,v) — k°(u,v) = i[cu, cv] YV ou,v e T,M.

Proof. For v € Z let XV be the ©%horizontal 1ift of A¥  as in Lemma 5.5.

Ve

Consider the tensorial 1-form ® := © — 0% on Q. Then

QXY XY) — QXY XY) = dd(X*, XY) + %[(I)X“, dXY] Y u,vecT,M.
Since L) o R} oI§, = R)} implies (d, L") (deRy") AdS-y = deR}Y, it follows
that

(@X"){gle) = Cif, (dglem) Xy}, = Cit,(deRga )0
- Qv

(oL (deRYT) AdGs v = e(deRy") (A1 )0,
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since C?‘E(doLé\/I) = ¢ as a special case of (4.2). With g; := exp(tu®) we

obtain
(®X")(g¢le) = e(d.RM )(Adgc"_t)ve = ¢(deRM) exp(—t ady: )ve.

Since the linear map c(d.R}) commutes with taking the 9;-derivative, it
follows that

XU(DXY)(ele) = deje (PX")(u]0c) = 07 (PX"){gt]e)
= c(d. RM)3P exp(—t adye ) v = —c(de RM) ady-v*
= —c(doRM) [uf,v] = 0,
since [u€,v] € [p€, p] C € implies (deRM)[u,v] = 0. On the other hand,
XX m)(ele) = deje(X°m) Xl = deje(X ) (u]0c)
= () (gule) = PN g
= (v + Qg 0yv) = 0,

since applying the product rule to the quadratic term yields a term go(0) = 0.
Thus

(dejem) X", X"Jope = (X", X (ele) = (X*(X"m) = X(X"7) ) (ele) = 0
and hence
AD(X", X"){ele) = X" (@X")(ele) — X (X "){ele) = Beio[X", X",
= —c(dgem)[ X", X ]efe = 0.
It follows that
k(u,v) — kO (u,0) = Qg (XY, XV) — Q0 (X, X7)

ele
= d®(X", X")(ele) + %[(@X“)(de), (®X7)(ele)]

1
= g[cu, cv). O

Now we consider the case where M = G/K is an (irreducible) hermitian
symmetric space. In this case Z is a complex hermitian Jordan triple, G~
is the identity component of the real Lie group of all biholomorphic auto-
morphisms of M ~, and G is the identity component of the biholomorphic
isometry group of M™, i.e., the biholomorphic automorphisms of M™* that
preserve the Kahler metric. Both Lie groups are semi-simple. The identity
(6.3) can be polarized and hence defines the Jordan triple product in terms
of the curvature tensor at the base point o.

Proposition 6.3. In the hermitian symmetric case, the tautological com-
plexion J° is integrable.
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Proof. By Corollary 5.3 we have to show that the curvature 2-form K° of
the tautological connexion ©° has vanishing (0, 2)-part. By invariance under
G x H it suffices to consider the base point (e|e). The R-bilinear map

(u,v) = D(u,v) = ulv* —v0Ou* € ¢,
for u,v € Z, satisfies
D(u,v/~1v) + D(v/~1u,v) =0 and D(v—1u,v/~1v) = D(u,v).
It follows that
D(u,v) + vV—1D(v/~1u,v) + v—=1D(u, vV—1v) — D(v/—1u,v/—1v) = 0.
Therefore, Theorem 6.2 shows that
k' (u,v) = e(dof)(uv* — v0u*) = e(dof)D(u,v)
has vanishing (0, 2)-part. O

Ifb: Z — hisan f-covariant anti-linear map, then [bAb](u,v) := [bu, bv]
defines an f-covariant anti-bilinear map

[bAb]: ZNZ —b.
Theorem 6.4. In the hermitian symmetric case, the invariant complexion

J generated by b is integrable if and only if [b A b] = 0.

Proof. By Proposition 4.7 the complexion J is induced by the invariant

connexion © generated by —£ b. Applying Theorem 6.2 we have

k(u,v) — k(u,v) = 5 Fb \/7 :—g[bu,bv]

for all u,v € Z. By Theorem 5.2 the Nljenhuis tensor for J satisfies
Nepe(X,Y) = —2k((dem) X, (dem)Y) VXY eT,Q,

where

k(u,v) = k(u,v) + vV—1k(v/—1u,v) + V—1k(u, vV—1v) — k(v/—1u, v/—1v)

is the (0, 2)-part of the curvature k of ©. Since the tautological complexion
JY on @ is integrable by Proposition 6.3, it follows that

Eo(u,v)
= k%(u,v) + V-1k(vV=1u,v) + V—=1k (u, v—1v) — E°(v—1u, vV—1v)
= 0.

On the other hand, [bAb] is of type (0, 2) since b is anti-linear by Proposition
4.6. Therefore

1
k(u,v) = —g[bu, bv]
and hence

N (X,Y) = i[b(dew)X, b(d,7)Y] = %[b AB(X®Y) VXY ET.Q.
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This implies that N vanishes at the base point (e|e) if and only if [bAb] = 0.
By G x H-invariance, this implies that N vanishes at all points (g|h) € Q. O

Theorem 6.5. In the hermitian symmetric case, the hermitian homoge-
neous H-bundles Q endowed with an integrable invariant complexion J are
in 1 — 1 correspondence with pairs (f,b) consisting of a homomorphism
f: K — L CH and an f-covariant anti-linear map b : T,M — b satisfying

(6.4) [bAb] =0,

modulo the equivalence (f,b) ~ (I o f, Ad}’ b), where ¢ € L is arbitrary.
Via the relation (4.4), we may equivalently consider pairs (f,a) where

a:T,M — |
is any f-covariant R-linear map such that
(6.5) [au, av] = [ajou, ajov] Y u,v e T,M.

Proof. If a and b are related by (4.4), then the conditions (6.4) and (6.5)
are equivalent. [l

Since the classification of Theorem 6.5 uses only data coming from the
group K, which is the same for the hermitian symmetric spaces M€ = G/ K,
for e = 0,1, —1, we obtain:

Corollary 6.6. There is a canonical 1 — 1 correspondence between the sets
classifying the hermitian homogeneous H-bundles (P, Q), endowed with an
integrable invariant complexion J, over the hermitian symmetric spaces of
compact type, noncompact type and flat type, respectively.

7. Concluding remarks

In order to put our results in perspective, and motivate the general treat-
ment in the first four Sections, we outline possible generalizations of our ap-
proach. In the geometric quantization program, one considers more general
nonsymmetric G-homogeneous spaces N = G/C, endowed with an invariant
complex structure j. An interesting class of examples is obtained as follows:
Let M = G/K be an irreducible hermitian symmetric space of compact,
noncompact or flat type (depending on the choice of GG). Then the tangent
space Z = T,(M) at the origin o € M is a hermitian Jordan triple. The so-
called principal inner ideals U C Z are precisely the Peirce 2-spaces U = Z2
for a given tripotent ¢ € Z. Let F; denote the Grassmann type manifold of
all such Peirce 2-spaces of fixed rank j < r. More generally, for any increas-
ing sequence 1 < j; < j2 < ... < jg < r there is a flag type manifold F}, . ;,
consisting of all flags Uy C Uy C ... C Uy of Peirce 2-spaces U; of rank
ji- Using the G-action, one can define such flag manifolds for any tangent
space T (M), x € M, and obtains a fibre bundle Nj, _;, — M with typical
fibre Fj, . ;,. This fibre bundle is homogeneous Nj, . j, = G/Kj, . j,, where
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Kj, ... j, is a closed subgroup of K which is the same for the compact, non-
compact and flat case. Our principal result, concerning the classification of
holomorphic principal fibre bundles and the duality between the compact
and noncompact case, may be generalized to this setting [BiU].

Another important problem, of interest in quantization theory, is the
explicit construction of Dolbeault cohomology operators depending on the
given complex structure, in the symmetric case or the more general setting
outlined above. A first step towards this goal is a more explicit realization
of the classifying space of holomorphic principal fibre bundles, described
in Theorem (6.5) in the symmetric case. According to (6.4), the basic
case H = GL,(C) involves pairwise commuting n x n-matrices By, ..., By,
where d = dimc G/K, modulo joint conjugation; already a quite compli-
cated object in algebraic geometry. Finally, the whole construction depends
on the underlying invariant complex structure j of N = G /C which may not
be unique if C' is a proper subgroup of K. Analogous to the Narasimhan-
Seshadri Theorem for Riemann surfaces, the moduli space of invariant com-
plex structures may carry a canonical projectively flat connexion on the
bundle of holomorphic sections.
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