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ABSTRACT. We construct combinatorial bases of principal subspaces of
standard modules of level k > 1 with highest weight kAo for the twisted
affine Lie algebras of type Agll, DZ(Q), Eé2) and Df’). Using these bases
we directly calculate characters of principal subspaces.
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1. Introduction

The study of principal subspaces of standard modules for untwisted affine
Lie algebras was initiated in [F'S] by Feigin and Stoyanovsky and was later
extended by Georgiev in [G]. Motivated by the work of J. Lepowsky and
M. Primc in [LP] and extending the earlier work of Feigin and Stoyanovsky,
Georgiev constructed bases of principal subspaces of certain standard mod-
ules of the affine Lie algebra of type Agl). These bases were described by
using certain coefficients of vertex operators, which are called quasi-particles.
From quasi-particle bases, they directly obtained the characters (i.e. multi-
graded dimensions) of principal subspaces. The work of Feigin and Stoy-
anovsky and Georgiev has since been extended in many ways by other au-
thors (cf. [Ar], [Ba], [BPT], [Bul]-[Bu3], [FFJMM], [J1]-[J2], [JP], [Kan],
[Kawl]-[Kaw2], [Kol]-[Ko3], [MPe], [P], [T1]-[T3], and many others).

The study of principal subspaces of basic modules for twisted affine Lie
algebras was initiated in [CalLM4], where a general setting was given and

the principal subspace of the basic Ag)—module was studied. This work was
later extended in [CalMPe] and [PS1]-[PS2] to study the principal subspaces
of the basic modules for all the twisted affine Lie algebras, and in [PSW] to a
certain lattice setting. In each of these works the authors, using certain ideas
from the untwisted affine Lie algebra setting found in [CapLM1]-[CapLM2]
and [CalLM1]-[CalLM3] (see also [Call]-[Cal2], [S1]-[S2]), showed that the
principal subspaces under consideration had certain presentations (i.e. could
be defined in terms of certain generators and relations). Using these pre-
sentations, the authors constructed exact sequences among the principal
subspaces and in this way obtained recursions satisfied by the characters
of principal subspaces. Solving these recursions yields the characters of the
principal subspaces of the basic modules for the twisted affine Lie algebras
in each work.

Let v be a Dynkin diagram automorphism of order v of a Lie algebra of
type X where X is Ag;_1 with [ > 2, D; with [ > 4, or Eg. Denote by
¥ the lifting of v to the basic X(M-module V;, ~ L(Ag) constructed as a
vertex operator algebra (cf [LL]) and the twisted Vz-module V', which is
isomorphic to the basic vacuum module, which we denote L”(Ag), of the
twisted affine Lie algebra X () (cf. [L1], [CalLM4]). The aim of this work is
to determine the characters of the principal subspaces of the level k > 1 vac-
uum X “-module L”(kAg), which we denote by WLTk, for the twisted affine

Lie algebras of type Aé?)_l, for [ > 2, Dl(Z), for [ > 4, EéQ) and Dflg), extend-
ing certain results found in [PS1]-[PS2]. The approach we use, however, is
different than the approach found in [PS1]-[PS2]|. By using vertex operator
techniques we construct combinatorial bases of principal subspaces which
are twisted analogues to those found in [G], and from which we obtain the
characters of principal subspaces. In our proofs, we use level k£ analogues
of certain maps originally developed and used in [CalLM4], [CalMPe|, and
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[PS1]-[PS2] analogously to how they were used in [G]. We note importantly
that, in the untwisted setting, certain modes of intertwining operators play
an important role in the proofs of linear independence of these bases. In our
twisted affine Lie algebra setting, we instead use other maps developed for
the twisted setting in [CalL.M4].

More specifically, in this paper, following [G] and using certain results in
[Li], we construct bases using the coefficients

z? (m) = Res, {122 (2)},

ra; ro;

of the twisted vertex operators

2o, (2) = Y7 (20,(-1)"1, 2),
which we, in complete analogy with the untwisted case, call twisted quasi-
particles of color 4, charge r and energy —m. Similar to the untwisted case,
(see [Bul]-[Bu3], [JP]), first we prove certain relations for twisted quasi-
particles of the form z7,, (m)xz},, (m') for r < ' and xﬁai(m)x;’,aj (m/),
where 1 < r,r’ < k, which we call relations among twisted quasi-particles.
With these relations, along with the relations 7, +1)06_(,2:) = 0, we build

twisted quasi-particle spanning sets of the principal subspaces ng The re-
sulting bases are analogous to the quasi-particle bases of principal subspaces
in the case of untwisted affine Lie algebras of type ADFE in the sense that
energies of twisted quasi-particles in the twisted quasi-particle spanning sets
satisfy similar difference conditions, which are generalizations of difference
two conditions found in [FS] and [G]. As in the untwisted case found in
[G], in the proof of linear independence of our spanning sets we consider the
principal subspace as a subspace of tensor product of k£ principal subspaces
of basic modules. This enables us to use the above-mentioned maps ob-
tained from the construction of level one twisted modules for lattice vertex
operator algebras from [CalLM4] and [PS1]-[PS2]. Finally, we note that in
this paper we do not consider the case of the principal subspaces WLTk for

the twisted affine Lie algebra of type Ag), which will be considered in future

work.

Our main result in this work is as follows: denote by ch WLTk the character
of the principal subspace WLTk The characters of the principal subspaces
are:

Theorem 1.1. We have for Ag)_lr

2 3 K
B pos SN =

ROFIC
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2. Preliminaries

In this section, we very closely follow the setting developed in [PS1]-[PS2]
(cf. also [L1] and [CalLLM4]), and recall many details from these works.

Let g be a finite dimensional simple Lie algebra of type Ag;_1, Dy, or Fg,
with root lattice

Lzzal@"'@ZQDa
where D is the rank of g, with its standard nondegenerate symmetric bilinear
form (-,-). Also, let
h=L®zC.
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We take the following labelings of the Dynkin diagrams of our Lie algebras:
Type Ag_1:

O—oO0— —0—0—0— —O0—0o0
ar o2 Q-1 o Qpy1 Qg]—2 Q211
Type D
O
a

O—O0— - —0—0

ap o Q2 op—1
Type Fs:

O
(a7

O—O0—0—0—0
aq a9 as Qs Qg
In the case of D4, we use the labeling:
@)
|

O—0O0—0O
a1 g a3

Remark 2.1. We note here that in [PS2], the labeling used for Eg was:
@)
| ¢
O—O0O—0—0—0
o az a3 o4 Qs
and in [PS1], the labeling used for Dy was:
O
Qg
O—0O0—0O
a9 (65) a3
and we change the labeling in this work for notational simplicity. Later in
the work, we will see that the roles of operators corresponding to oy and
ag in the case of Eg and the roles of operators corresponding to a; and as

in the case of D4 will be swapped compared to their counterparts found in
[PS2] and [PS1].

2.1. Dynkin diagram automorphisms. Let v be a Dynkin diagram au-
tomorphism of g of order v, extended to all of h. In the case that v = 2, we
let n = —1 be a primitive second root of unity and set g = n, and in the
case that v = 3 we let 1 be a cube root of unity and set ng = —n. Following
[CalLM4] and [PS1]-[PS2], we consider two central extensions of L by the
group (np), denoted by L and L,, with commutator maps Cy and C and
associated normalized 2-cocycles ec, and ec, respectively:

1— (o) — L-—L—1
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and

1—s (o) — L, —L—1
We define commutator maps Cy and C by
Co:L xL— C*
(2, B) = (~1)fef)

and
v—1

C(Oé, ,3) = H(—nj)<l’ja’ﬁ>.

j=0
Following [L1] and [CalLM4], we let
e:L— L

ey
be a normalized section of L so that
€y — 1
and
eq=a forall €L,
satisfying
eaes = €cy (@, B)eqtp forall o, € L.
We choose our 2-cocycle to be
1 ifi<j
600(04%0‘]) = { (_1)(047,‘,06]') ifi>j
The 2-cocycles ec and e¢, are related by (see Equation 2.21 of [CalLM4])
—7 _J 7ﬁ
600(0‘76) = H (_77 ])<V “ >6C(C¥,5)-
—5<j<0

We now lift the isometry v of L to an automorphism 2 of L such that

a=va for acl.

>

and choose I so that
va=a if va = a,
and thus 72 = 1 if v has order 2 and 7% = 1 if v has order 3. Indeed, set

veg = w(a)eua
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where ¢ : L — (n) is defined by

(eco (o, ) if L is type Ao
1 if L is type D; and the order of v is 2
Pla) = (—1)3ecy (o, @) if L is type Eg and a = 3.0 ray
(=1)™"eq, (o, ) if L is of type Dy, a = Z?‘Zl rioy
and the order of v is 3.

\

From [PS1]-[PS2], we have that:
ec, (B, @) if L is type Ag_1
ec, (o, B) if L is type Dy
(—1)rasstrssaen (B, ) if L is type Eg, o = Z?:l Ty
and 3 = Z?Zl 8;Q;
(—1)r2sstrss2e (B ) if L is of type Dy, a = 2?21 700
\ and 8 = Z?:1 5; Q.
As in [PS1]-[PS2], we have that

ec, (va,vp) =

v(ea;) = oy

for each simple root «;.

2.2. The lattice vertex operator Vi and its twisted module VIT .

We assume that the reader is familiar with the construction of the lattice

vertex operator algebra V7, (cf. [FLM1] and [LL]), and recall some important

details of this construction. In particular, we follow Section 2 of [CalLM4].
We view § as an abelian Lie algebra, and let

h=h®C[t,t '] ®Cc
with the usual bracket, and let

b~ =ht 'Clt™.
We have that

VL =5(h7) ®C[L]
linearly. We extend 7 to an automorphism of Vy,, which we also call ¥, by
Vr=r®7u.

Let
bomy ={z €b | v(z) =n"z}.

h= H B (m)-

meZ/vZ

We have that

We form the twisted affine Lie algebra

meZ
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where
[a®@t™, & t"] = (a, B)YmdpminoC
for m,n € %Z and « € h(ym) and B € h(,y,) and c is central. The Lie algebra
bv] is %Z—graded by weights:
wt(a ®t™) = —m and wt(c) =0.
Define the Heisenberg subalgebra

6[”]%22 H b(vm)®tm@CC
mE%Z
m#0

of h[v], the subalgebras
G[V]i = H h(vm) ®t"

me%Z
+m>0

of h[v]1 -, and the induced module

S = U (BV]) ©11,.., bomysimece = S (B17)
which is Q-graded such that

v—1
1 . o 1
wt(1) = 2 Z](v — j)dimby;y.
j=1

Following [L1] and [CalLM4], we set
N=(1-P)hnL,

where Fy is the projection of h onto (). In particular, we define

1~
aq) = Pa = - Z V'a
=0

In the case that v = 2, we have that

D
N = HZ(ai — va;)
i=1

and when v = 3 we have that:
N = {7“1041 + rsag + rqoy € L ‘ r+r3+ry :0}.

Using Proposition 6.2 of [L1], let C; denote the one dimensional N-module
C with character 7 and write
T=C,.

Consider the induced ﬁy—module

~

Ur = C[LV] ®C[]\7} T = C[L/N],
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which is graded by weights and on which IAJ,,, H(0), and zM for h € boy all
naturally act. Set

VI =SpleUr=8 (G[V]*) ® C[L/N],

which is naturally acted upon by L., 6;27 H(0), and 2l for h € b.

For each a € h and m € %Z define the operators on VLT
Qom) @™ = aﬁ(m),
where a(,,) is the projection of a onto b,,), and set
o (z) = Z o (m)z"™ 1L
meiz

Of most importance will be the p-twisted vertex operators acting on VLT for
each e, € L

_ () <a(0);‘(0)> _{xa)

Y7((ea),2) =v 2 o(Q)E™(—a, 2)ET(—a, 2)eq 2@ 2 2

as defined in [L1], where

E*(—a,z) =exp Z T, ,

me+iz,
and
o(a) =1 when v =2
and
ola)=(1- 772)<”O"0‘> when v = 3
for a € h. For m € % and o € L define the component operators 2 (m) by

N - (o, ) 0
Y2(lea),2) = Y ab(m)z"™ 2 =l (2).
me%Z
We note here that V]:‘F is a pD-twisted module for Vi, and in particular it
satisfies the twisted Jacobi identity:

) <a:1x—0x2> Y7 (u,21) Y (w, z9) — 2510 <

T2 — T

— ) Y7 (w, 22)Y" (u, 1)

41 (1 — x0) /Y ; i
jez/vz Lo

for u,w € Vr.
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2.3. Twisted affine Lie algebras. We now construct the twisted affine
Lie algebras of type Ag)_l, DZ(Q)7 EéQ), and Df’) , and give them an action on

VLT . Define the vector space

g=ba [] Cra,

acA

where {z,} is a set of symbols, and A is the set of roots corresponding to
L.

We give the vector space g the structure of a Lie algebra via the bracket
defined

[h,za] = (h,a) T, [h,5] =0
where h € h and o € A and
ecy (a, —a)a ifa+pB8=0
[Ta, 28] = ¢ €co(a,B)xarp fa+pfeA
0 otherwise.

We note that g is a Lie algebra isomorphic to one of type A1, D;, or Fg
depending on the choice of L (cf. [FLM2]). We also extend the bilinear form
(-,-) to g by
(h,xq) = (xa,h) =0
and ;
ec, (a,—a) if « =0
<5L'a,l',3>:{000( ) ifaig% 0
Following [L1], [CalLM4], and [PS1]-[PS2], we use our extension of v :
L — Ltoo:L— L tolift the automorphism v : h — b to an automorphism
U : g — g by setting
Vry = ¢(a)xya
for all @ € A. Here, we are using our particular choices of  (extended to
C{L}) and section e.
For m € Z set
9m) ={z €9 | 0(z) ="z}
Form the p-twisted affine Lie algebra associated to g and o

gy = H G(om) ® t" @ Ce
mE%Z
with
[z @t", y@t"] = [z,y] @ " + (x,y) MEpin,0C
and
[c,8[7]] =0,

for m,n € %Z, T € g(ym), and Y € g(ypn)- Adjoining the degree operator d to
g[7], we define

A~ A~

g[v] = glr] @ Cd,
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where
[d,z ®t"] =nx @ t",
for x € gun), n € %Z and [d,c] = 0. The Lie algebra g[¢] is isomorphic
to Ag)—p Dl(2), Eé2), or Df) depending on the choice of L and v, and is
%Z—graded. We give V' the structure of a g[#]-module by:
Theorem 2.1. (Theorem 3.1[CalLM4], Theorem 9.1 [L1], Theorem 3 [FLM1])
The representation of h[v] on VLT extends uniquely to a Lie algebra repre-
sentation of §[#] on VI such that
(xa)(vm) @t" x(ﬁx (m)
for all m € %Z and o € L. Moreover VI is irreducible as a g[0]-module.
2.4. Gradings. As in Section 2 of [CalLM4] (also Section 6 of [L1]) we
have a tensor product grading on VLT given by the action of L”(0), where
Y7 (w, 2) Z L?(m)z"™"2,
meZ
which we call the weight grading. In particular, we have

wt(1) = l1_761’ for Ag_q

wt(1) = 116 for D; when v = 2
wt(l) = é for Fg,

wt(l) = é for Dy when v = 3.

From [PS1]-[PS2], we recall that
wi(a, (m)) = —m ~ 1+ {0 0)

formE%ZandaEL.
We endow V[ with charge gradings (see [PS1]-[PS2]). In particular, in
the case of Agl 1, we have

Ch( <2 <Oz )\1 )>,...,2<OJ, ()\1_1)(0)>,<Oé, ()‘l)(0)>) . (2.1)

In the case of Dl when v = 2 we have
Ch(l"g (m)) = <<Oé7 ()\1)(0)>7~-.7<Ol, (Ni—2) > 2< (Ni-1) )>) (2.2)

In the Eg case we have

ch(af, (m)) = (2(a, (M)()) 2 (@ (A2)()) » (@ (Aa)(0)) » (o, ()‘4)(0)»(’ )
2.3
and finally in the case of D4 when v = 3 we have

ch(z?, (m)) = (3{a, (M)(0))» (. (A2)(0))) - (2.4)
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We note that the A; here are the fundamental weights of the underlying
finite dimensional Lie algebra g, dual to the roots:

(Ai, aj) = 0
with 1 <4, j < rank(g).

2.5. Higher levels. The primary focus of this section so far has been the
construction of V', the basic module for the twisted affine Lie algebra g[7].
In the remainder of this work we will consider the standard g[P]-module
L?(kAg) of level k > 1 with highest weight kAg such that (kAg,c) = k and
(Ao, b)) = 0= (Ag,d). We note that when k = 1, we have L”(Ag) = V.

Since L”(kAg) is a faithful D-twisted L(kAg)-module (see [Li]), where
L(kAp) denotes level k standard module of untwisted affine Lie algebra g
which has a structure of a vertex operator algebra, from Proposition 2.10 in
[Li] follows that for » € N and z, € g

Y’j(xa(—l)rl, z) = Y’Q(aﬁa(—l)l, z)"

is a twisted vertex operator.
We will also use the commutator formula for twisted vertex operators

EAE (25)

2w

d J _11 qz% Diag . n'
) 2 Z S\ ' | Y(0l2al(j)rs(—1)" 1, 22).
! 4€Z/vZ 2y

—1)J
_;( )

J!

In this work, we realize L”(kAg) as a submodule of the tensor product of
k copies of the basic module VI 22 L”(Ag) as follows:

L7 (kAo) 2 UG -vp c VI @ - @ VI = Ve,

where v, = 17 ® 17 ® --- ® 17 is a highest weight vector of L”(kAg) and
where 17 is a highest weight vector of VI (cf. [Kac]).

It is known that VL®k =V, ®---® VL has a structure of vertex operator
algebra. If we denote by © the automorphism 7®- - -®@7 of the vertex operator
algebra VL®k , then we have 7Y = 1 and one can also define vertex operators
corresponding to elements v1 ®- - - vy € VLT®k as tensor products of twisted
vertex operators on the appropriate tensor factors Y?(v1, 2)®- - -®Y 7 (vy, 2).
In this way VLT “* becomes an irreducible 7-twisted module for the vertex
operator algebra V% (cf. [Li]), with

VP (20(-1)-1® - ®1),2) = Z z” (m)z"m L
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3. Principal subspaces

In this section we define the notion of principal subspace of L”(kAg) and
twisted quasi-particles which we will use in the description of our bases.

First, denote by
n= H Czq,

a€A+

the v-stable Lie subalgebra of g (the nilradical of a Borel subalgebra), its
-twisted affinization

] = J] nem ®t™®Ce
mE%Z
and the subalgebra of f[7]
] = H Nym) @ t".
mG%Z
Following [FS] (see also [CalLM4], [CalMPe], and [PS1]-[PS2]), we define
the principal subspace ng of L”(kAg) as:
Wi, =U@[?]) - vg.

3.1. Properties of ng We now recall some important properties of the
operators x” (m) on WLTk We recall from [PS1]-[PS2] that

2P (m) =22 (m) form e Z

. N 1
xyo(m) = —zl (m) for m € B +Z
when v = 2 and that

ry,(m) =z, (m) form e Z
5 1
ro,(m) = nxy, (m) for m € 3 +Z

p 2

xb (m) = 772:1331 (m) for m € 3 +Z
and

,(m) formeZ

5 5

1
ry, (m) = nxg, (m) form€§—|—Z

Qyq

N - 2
rg, (m) = nxy, (m) for m € 3 +Z

when v = 3. In particular, we need only choose one representative from the
orbit of each simple root a; when working with the operators zg, (m).
For every simple root «; consider the one-dimensional subalgebra of g

N, = Czq,,
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and their D-twisted affinizations
To, (7] = [T v m ® ™
melz
In the case of AS)—1 we define a special subspace of n[7]
U = U [P)U (e, [2]) -+ URa, [2])-

Similary, for Dl(2) we define

U= U(ﬁaz_1 [ﬁ])U(ﬁal—2 [ﬁ]) e U(ﬁal [ﬁ])v

in the case of EéZ) we define

U = U(@a,[P])U (o [P])U (T, [2]))U (00, [7]),
and for fo’) we define
U = U(a, [P)U (i, [7]).-

The next lemma can be proved by using properties stated above and by
aruing as in Lemma 3.1 of [G].

Lemma 3.1. In all of the above cases, we have that
Wi =U-vg.

3.2. Twisted quasi-particles. For each simple root a;, 7 € N, and m €
%Z define the twisted quasi-particle of color i, charge r and energy —m by

z (m) :Resz{zm-i_r_lxl; (Z)}’

Ty TOY

where

is the twisted vertex operator
2 (2) =Y (24,(—1)"1, 2).

ro;

As in the untwisted case (see [G], [Bul]-[Bu3]), we build twisted quasi-
particle monomials from twisted quasi-particles. We say that the monomial

b=10b"(aq) b (1) =
=Ty (1) (mrl(l),l) to xryzl,lal (le) T .’L’Z (1) a1 (mrgl)’l) e xIT/LLlal (le)?
LA ri7,
is of charge-type
R/ — <nrl<1),l’ RN AR ;nril),l’ ... ,nLl) s

where 0 < nw, <. SNy, dual-charge-type

R = (rl(l),...,rl(sl);...;rgl),...,r§51)> ,
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(2) > .. > p(59) >0, and color-type

1)
where r;”" > r; g

(rey...,m1),

where

O

7 Si

¢
r; = an,i = ZTZ() and s; € N,

p=1 t=1
. . . 1 2 s
if for every color 7, 1 <1 <, (nrmﬂ,, . ,n17i> and (Tz( )77}( )7 . ’Tz( )) are

mutually conjugate partitions of r; (cf. [Bul]-[Bu3], [G]).

For two monomials b and b with charge-types R’ and R/ = (1) 5 eees ﬁu)
1
and with energies (mTu) ERRRS m171) and (mﬁ” g ,mm) (which we write
1 1 >
so that energies of twisted quasi-particles of the same color and the same
charge form an increasing sequence of integers from right to the left), re-
spectively, we write b < b if one of the following conditions holds:
1. R <R
2. R =R and (m (1) ,...,mll) < (m,(l) ,...,mll),
r 0l ’ 7,0l ’

where we write R’ < R’ if there exists v € N such that ni; = Mii,N2; =
1)
i

color i = 1. In the case that R’ = R’, we apply this definition to the energies

N2y -+ s Nu—1,i = Nyu—1,i, and either u =7, 4+ 1 or n, ; < Ny, starting from

to similarly define (mrl(l) poeamn) < m?lm P ,mljl) .

4. Combinatorial bases

In this section we prove relations among twisted quasi-particles which we
will use in the construction of our combinatorial bases for WLTk

4.1. Relations among twisted quasi-particles. For every color i we
have the following relations:

T s1y0n(2) = 0 (4.1)
and
o, (2)or € Wi, [[2]] (4.2)
when Doy = «,
xfai(z)vL € z_%WLTk HZ%H (4.3)
when Doy # «; and v = 2, and
x,’fai(z)vL € zfgng HZ%H (4.4)

when Pa; # a; and v = 3, which all follow immediately from the fact that
xfai (m)v, =0

whenever m > 0. We will use also the following relations among quasi-
particles of the same color:
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Lemma 4.1. Let 1 <n <n’ be fized.
a) If boy; = o and M, j € Z are fized, the 2n monomials from the set

A= {$Zai(j)$3’ai(M - J)7$Za,(] - l)xrﬁz’ai(M _j + 1)7 v
na (7 = 2n 4 Dy (M = j +2n — 1)}

R
can be expressed as a linear combination of monomials from the set
{xZai (m)ffz/ai (m') :m+m' = M} \ A

and monomials which have as a factor the quasi-particle xlg’n,+1)ai (7)),

-/
j e’z
b) If va; # o and M, j € %Z are fixed, the 2n monomials from the set

T, N P N o1
B = {54, ()% 0,(M — 7), 254, (5 — ;)x;@,(M —Jj+ ;), .

2n—1)}

2n—1,
| )l (M~ +

e
<1 Tpa \J n’a;

can be expressed as a linear combination of monomials from the set

no; n' oy

{xﬁ (m)a?,., (m') :m+m' = M} \ B
and monomials which have as a factor the quasi-particle x(ﬁn,ﬂ)ai (41,
jlelz.
Proof. The proof of part a) is identical to the proof of Lemma 4.4 in [JP].
Part b) can be proven analogously. First, for fixed M € %Z in the coeflicient
~M-n—n'=N .f the formal series
(4.5)

N ~ ~
1 (i, (2)) g, () =

of z

— — 'y y _ ! _
= EMG%Z <Zm,m’€i2 ( 77\7 n)l’zai(m)x%ai(m,)) z Men=ni=N

m4+m'=M
we separate the 2n monomials with m =
~L-n\ 5 (i\ s J
N Tnoi | 5 ) oy M—; +
(0 e (2 DY (304 1)
—i—~-+< v N v >a:flaz<‘z}— ” )x”,i(M—J—i- )—i—
—d _pg2n=dN i 2n-—1 N i 2n—1
v v . = — v, M- =
+( N )a: ( )xnaz( v+ . +

jez
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2.

m,m’E%Z

m+m/=M
joj—1  j—2n-1
MG e

PR TELS

Next, note that for N =0,1,...,2n — 1, we also have

1 /av o, 5
m dZianai(z) xn’ai

87

+ (77"t )t ()

N N N d
(2) = AT (2)a( 110, (2) + A2(2) 241y, (2),
(4.6)

where A7(z) and A5(z) are formal Laurent series whose coefficients are poly-
nomials in 2% (m), m € 1Z (the proof of which is the same as the proof of
Lemma 4.2 in [JP]).

Now, by comparing powers of z, from (4.5) and (4.6) we obtain a system
of 2n equations whose left-hand side consists of linear combinations of the
2n unknowns

N N N 1. 1
P (= W)y, (M 4 p+ ), 2l (—p == el (M ptnt ), .
A 2n—1_ 2n—1
"T;'jlozl(ipini )l';/L/aZ(M+p+n+ )’
where p = —% — n, and whose right-hand side is equal to expressions

in terms of higher quasi-particle monomials (with respect to ordering de-
fined in previous section) and other quasi-particle monomials from the set
o

n'a;

xl/

o (m)zl, (m') :m +m/ = M} \ B. Such an expression exists and is

unique if the coefficient matrix

(®) (pJB%) (p+20ﬁj—*2) (p+20n;1) -
HENCOR G N
G2 @) e e e |

is invertible.
By using the Chu-Vandermonde identity

- (0)(!

% ()2 = (%)

q=0
we can write the coefficient matrix as a product of two invertible matrices
2n—2 2n—1

o 0 ..o o1 O @G - ) )
B
() ()

2n—2 2n—1

(1) (2m1)

0 o)
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To see that the second matrix in the product is invertible, we first, start-
ing from row 2n — 1, multiply row ¢ of the determinant of the matrix by
(a=v=1 " here 2 < ¢ < 2n — 1, and then add to row g + 1, which will give

qu
us
1 1 1 1 1
0 1 2 2n—2 2n—1
v v v v
00 3 e () =)
2 L. 2 o 2no1
0 0 m(m{’q) (2277—13)11 (2n=2) (227?—12)1; (3n5)

We proceed with this process of reducing the determinant of our matrix to
the determinant of an upper triangular matrix and assume that after r — 1
steps we have

11 ... 1 1 1

1 —1 2n—1
o L .. =t z -
o : ; ' 1y (31
00 ... 0 117 r (2n—ﬁ(gi}) =5}
00 ... 0 e (3) =t (5

1 H (2n=1)--(201) =t

00 .. 0 GgmEo T Gottry) 0 T @t 2aetr1)

Now, starting from row 2n — 1, we multiply row ¢ by ((172%, where r+1 <
q <2n —1, and add to row ¢ + 1 and obtain

11 ... 1 1 1 1
o+ ... =t o -l
000l s -

00 ... 0 0 A ey

00 ... 0 0 m(m—%rq) %(%j&ﬁ)

After 2n — 1 steps we get the determinant

11 1 ... 1
o L 2 2n—1

v Fh_1 _ ,—n(2n-1)
0 0 v% v%(nQ ) v ’
00 0 ... =

from which our claim follows. O
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Remark 4.1. We note here that a more general form of this matrix ap-
peared in [PSW], where is was called a “generalized Pascal matrix”. In
[PSW], this matrix was shown to be invertible but its determinant was not
explicitly computed.

From Lemma 4.1 it follows that if «; = «y, then the 2n monomial vectors

” O A (N S

n’a;

zl  (m)x

noy (m/)vL y L

. ,xffbai (m—2n+2)xz,ai (m/+2n—2)vy, xzai (m—2n+ 1)xz,ai (m'+2n—1)vy,
such that n < n’ can be expressed as a (finite) linear combination of the
monomial vectors

o

x (j):nzlai(j')vL such that j <m —2n, j'>m'+2n

no;

and monomial vectors with a factor quasi-particle xf’n H)ay (1), h € Z. If
n = n', then the monomial vectors
0

Ty, (m)xz,ai (m/)vr, such that m' —2n <m < m’

can be expressed as a linear combination of monomial vectors
s ()T, (7YoL, such that j < j'—2n

and monomial vectors with a factor quasi-particle :U’(’n )as (1), j1 € Z.
If Doy # «, then the 2n monomial vectors
o

Ty, (m)mz,ai (m'Yvr, x;’Lal(m — 1)3:’;/%_ (m' + Dvg, ...

. xzai (m—2n—i—2)$z,ai (m/+2n—2)vy, xﬁai (m—2n+ 1):3?1,%_ (m'+2n—1)vy,
with n < n’ can be expressed as a (finite) linear combination of the monomial

vectors

1 1

2
zh o (5)xhe. (4 )vr, such that j <m — —n, j'>m'+ il
7 1 ,l) v
and monomial vectors with a factor quasi-particle a:l(’n )as (1), 71 € %Z. If

n = n/, then the monomial vectors

, , 2
zh . (m)ay,, (m')vg, such that m' — o <m<m
3 1 U

can be expressed as a linear combination of the monomial vectors

v v 2n

Tyre, (7)o, (5 )vr, such that j <j'— "

and monomial vectors with a factor quasi-particle x’(’n +1)as (J1), J1 € %Z.
The following lemma describes relations among quasi-particles with di-

fferent colors:

Lemma 4.2. Let 1 <n,n’ <k be fizred. Then:

a) ifv=2 and (o, ) = —1 = (va, ), we have:

(21 — 20) ™™gl (21)25(20) = (21 — 22)™ ™M 2l o (29)ah (21), (4.7)
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b) if v =2 and (o, B) = =1, (va, ) = 0, we have:

1 1 . oo N 1 1 . "N .
(2 =23 )™Ml (1) 2 g(22) = (27 =23 )™M al g(22)ar0(21), (4.8)

c) if v=3 for a = a1, f = ag, we have:

(21 — 20) ™™gl (21)25(20) = (21 — 22) ™™ 2l o (29)2% (21). (4.9)

Proof. The proof follows from the commutator formula for twisted vertex

operators (2.5) and from properties of the d-function.

By using relations (4.1)—(4.4) among twisted quasi-particles, Lemma 4.1

and relations (4.2)(4.9), we define the following sets:

e for Ag)_lz

B = U or, equivalently, U
<..<nia< 1 k
nrl(l)JS-“Snl,lSk ,r.l(l)zzrl(k)zo

{b=0bla)---baq) =

= .',UTVLT(U lal (m'r’l(n,l) e $7Ifll,lal (ml,l) e

;<= Dogmt min{ng i1, npit — 30 a0 min{ng i, ny it
1§p§r§1), 1<i<l—1;

Mpi1,i < Mpi — Npi ifnpr1;=np;, 1<p< r§1) -1, 101,

mpr€Z, 1<p< ngl);

mp; < —np g+ 221;11 min {ng;_1,n,;} — Zp>p,>0 2 min{n, ;, ny ;},

1<p< 7",(1);

' 1
Mpt11 < Mpy —2np 1 if npp =npp1g, 1 <p < Tl( ) 1

e for Dl(2):

B — U or, equivalently, U

<..< <k 1 k
1) S SIS riV >N >0

<< < M) o o (k)
" W 9= SENN Ty 22y 20

{b = (al—l) cen b(al) —
(i) l—l) a 'le,lflalfl (ml,l—l) T

a1 (mT’§1>,1) to J;;/Ll,lal (ml,l) :

)
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1), (mrﬁl),l) o le,lal (ml,l) :

1
.x'I’L(
T

mpi€Z, 1<p<rV 1<i<i-2
®
T, . .
mp77' S _npvl + Zqzll min {nq7l_17 npvl} - Zp>pl>0 2 mln{npﬂ” np/7i}7
1<p<rV 1<i<i-2;
Mpi1i < Mpi —2np; if np1; =np,, 1 <p< 7’,(1) -1, 1< <2
1
myi1 €32, 1<p<ri;
&

Np i—1 T2 .
Mpi—1 < ===+ > Zimin{ng o, npi-1} —

- Zp>p’>0 min{npl*l’ np’,l—l}v I1<p<r

. 1
Mpi11-1 < Mpr1—Npr1ifnp1=npp101, 1<p<r -1

(1) .
-1

2
o for Eé ).
B = U or, equivalently, U
) SoSnsk rV>>r M0
nrfll)ASffmeASk ri>e>rM>0
fb = blas) -+ -blar) =

f— l/) ... ﬁ .. ﬁ DY l) .
- xn"il),4a4 (mril)A) xn174a4 (m174) xnrgl),lal (mr§1>71) xn1,1a1 (ml,l) .

3\

mpi€lz, 1<p<rV 1<i<y

(1)
Npi 1 - : ]
IQJ + 2 Zq:l min {nq:i717 npfi} - Zp)p’>0 mln{np,zv np/,i}7
1<p<r 1<i<i—1;

Mpi < —
. 1 .

Mpi1i < Mpi —Npi ifnpi1;, =mnp4, 1<p< TE - I, 1<i<2

mpi€Z, 1<p<rt, 3<i<4 ’

1
(1)
T . .
Mp; < —pi + 00 min{ng—1,mp} — 350502 min{np, ny it
1 .
1§PST§), 3 << 4

. 1 .
Mt < Mpi = 20 i g = npyrg, 1<p <) —1,3<i<4

3
e for Dfl ).
B = U or, equivalently, U
nr§1)’1§..§n1,1§k 7’51)2--~2r§k)20
nrgl)’QSmSm,QSk r§1)2-~-2r§k)20

{b = b(az)b(en) =
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v 1 o )
1) 20&2 (ngl)Q) e xn1,2a2 (m172)$n (1) lal (mr51)71) N '/L‘TL1,1O(1 (ml,l) .
, (),
1
mp,le%z’ 1§p§7“§);
Z i (1),
My S =75 = 32 pnyso WIR{Np 1Ly}, 1< P( )S 1
2 . 1
Mp1,1 S Mp1 — 3np1 i nppir =np1, 1<p<r~ -1
1
mp2€Z, 1<p<ry;
(1)
T . .
mp,2 S —np,Q + quzl min {nq,h np,Q} - (Z)p>p/>0 2 mln{npg, np/72}’
1
L<p<mry’
; 1
Ter+1,2 S mp,2 — 2np’2 lf ’]’Lp72 = np+172, 1 S p S ,r.é ) _ 1

where rél) = 0.
Now, using the same proof as in [G], we have:

Proposition 4.1. The set
B = {bvy : b€ B} (4.10)

spans the principal subspace WLTk

5. Proof of linear independence

To prove that the set B is a linearly independent set, we will use certain
maps defined on our principal subspace. The first of these maps is a gener-
alization of the projection map found in [G] to our twisted setting, and the
remaining maps were used in [PS1] and [PS2], (see also [L1] and [CalLM4]).
The proof of the linear independence of B is carried out by induction on the
linear order on the twisted quasi-particle monomials.

5.1. The projection mr. As we mentioned earlier, for k& > 1, we will
realize WLTk as a subspace of the tensor product of k principal subspaces

Wg of the basic Vi-module VLT .
Wi cwle oWl c v
For a chosen dual-charge-type
R = (rl(l),...,rl(k);...;rgl),...,rgk)) ,

we define a projection m of WLTk on

T T
WL<T<k> NOR - ® W%(l) RON
® ¢ SRS
where WLT o denotes the subspace of Wg consisting of the vectors of
('rl ..... Ty )

charges rl(t),...,ry), for 1 <t <k (see 2.1-2.4). We will also consider a

generalization of 7w, which we denote by the same symbol, to the space of

formal series with coefficients in Wz@ )
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Using the level 1 relation wgai(z) = 0, with the projection 7w for fixed

1<p< rl(l), we “place” ny;, generating functions z (z) on first n,; tensor
factors:

2’ (2pi)lr ® xZ(kfl)ai (zpi)lr @ @2 () lr @ a%n) (z)1r,

p,i Y P, p,i e p,i X
where
k
t t
0<nl) <1, mp=> nll 1<t<k
t=1

Now, it follows that the projection of generating function

xz,m laz(zrl“),z) T ey (211) UL (5.1)
o,

of dual-charge-type R and corresponding charge-type R’ = (nru) P M)
. l ’

1S

WszTm l“l<zr§1),z) T Ty (211) VL
m,

C 2 )t gl gl 1
Tal), o Eo ) T, ) m o G E e (1) A
i 10
®...®
1% 1% v 1%
BT wFw) T )T o (En )T, (F) 1,
1 i

where C € C*, and

k
(®) 1) 5 () h=1) 5 (k) N ()
0<n) SL1<t<kny! >n) > . =0y >0 nps=> ni,

t=1

for every every p, 1 <p < rgl), 1< <1
Also, from above it follows that the projection of bvy, where b € B is the
monomial

xi’lr(1) o (mrl(l)yl) o $7Vl1,1oz1 (ml,l) (5.2)
D

of charge-type R’ and dual-charge-type R, is a coefficient of the generating
function (5.1), which we will denote with mgrbuy,.

5.2. The maps AT (), —z). Following [CalLM4], [CalMPe], and [PS1]-
[PS2] for v € by and a character of the root lattice 0 : L — C, define

Ty,0 B[] — a[D]

xp (m) — 0(a)z?, (m + <a(0),7>) .

We note here that in general, 7, ¢ is a linear map, and for suitably chosen
characters 6, it becomes an automorphism of n[#], which we extend to an
automorphism of U (n[?]). In particular, we consider maps 7,4 where v =
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Y = (Ai)o) = %()\Z + v;), and where the corresponding characters 6 = 0;
are chosen as in [PS1]-[PS2] defined by

0ilaj) = (=),
where we choose our subscripts ¢ as follows:
for Agl_l, let i = 1, ce ,l
for Dy whenv=2,lett=1,...,1—1
for Dy when v =3,let 1 =1,2
Eg, let i = 1,2, 3, 4.
and define \?) = v(Ai)(y for v = 2,3 (see [PS2] and [PSW] for a more
general definition of this symbol).
We also consider the related map A.(\, z) from [CalLM4], [CalMPe|, and
[PS1]-[PS2].
For A € {\;|1 <i <}, we define the map
AT\, —2) = (1) 2O ET(=), 2).
and its constant term AT (), —z). From [PS1]-[PS2], we have
Ag (N, =2) (@ (m) 17) = 7, 0, (2 ()17 (5.3)
More generally, we have linear maps
AL\, —2) : WL = W[
a-1p— T’Yiﬁi(a) - 17,

where a € U (n[7]).
Fix s < k and consider the map
1@ @A\, —2)®le - ol.
N———
s—1 factors

Let b € B as in (5.2). It follows that
1® - @1AT N\, —2)®1®--- @ 1)7Rbyy
is the coefficient of

1o @A (A, —2)®1® 1)WR$ZT(1) an(Zm ) Ty (21,1)01,
i,

T

where, from (5.3), it follows that operator AL’ ()\;, —z) acts only on the s-th
tensor row as:

DT o) o ) T B10) & (20 )70
s s [3
m N

(), % T
i ot

T

h .xzfgai(zl’i)zl’i . .xz(?)s) oy <zr§s),1) o .mgl(zl,1)1T®7
i ,1

for ¢ such that vo; = «; and as
1

1% 1 1% v .
®xn<s(>s) lal (Z’/‘l(s>7l) xngfl) g (Zl’l) xn(2> Qg (ZTZ(S) 72')27"55),7;
s N}

r
(3
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1

e e e () w17,
I3 s
ry ,1

if 4 is such that va; # a4, where 0 < n'® < 1, for 1 <p< ), By taking

Pt — A
the corresponding coeflicients, we have

(1 R --®1R AZ(}\Z, —Z) RLIR---® l)ﬂ'RbUL = WRb+UL,
where
bJr = b(al) cee b(ai+1)b+(ai)b(o¢i_1) cee b(al),
with A A
B (i) = @ a4 1)l o (mag + 1)

if vo; = o; and with

bt (a;) =,

o ) o)

if va; # ;.

5.3. The maps e,. Finally, we recall the maps e,,;, which satisfy
€q; ! VLT — VLT

and their restriction to the principal subspace WLT C VLT where

€, - 17 = 2 :Ef’_(—l)-lT if voy;, = oy
! olag) ™
2 5 1 .
€a; - 17 = a(ai)xo” <—2) <17 if vay # ay,

when v = 2 and

3 5 1
€aq 'lT: xg —= 'lT
U(Oél) L 3

3 U
Cor 11 = gyt (T 1

if v = 3, and commute with our operators xg (n) via

e, (n) = Cla, ) (n — (Boy: @i)) €a;-

Now, assume that we have a monomial

b=b(ay) - blay)z” (—g) €B

saq

N . N N s
b= x;; (1), (mrl(l),l) """ ‘rrVL 1) a1 (mrgl) 1) e xZQJal (m271)xga1(_§)’
Tl ’ 1 i) ’

of dual-charge-type
R = (rl(l),...,rl(k);...;ril),...,rgs),o,...,())
and a projection wrbvr, which is a coefficient of

ﬂ-R;EZr(l) lal(ZTl(l)J) e m'lVILQ,lOél (Zl}l) 1T Q-
1
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. 1 - 1
QL ® xgl(—§)1T Q& wgl(—i)lT
f— ﬁ ... l/) ... l; ... l/)
=0 & Ew ) T ) T ), () I
Tl y Tl y
®...®

v U
2y (2 )2 gy (210) 0
nn(‘”rl) RO ! 1 oy

1 v

ez Z (s T z 1
st oq( v +1),1) n§ 1+1)a1( 2,1) 11
7‘58+1>,1 ’

g ()T (B )T (221) Canlr

o T, 1,1 ) a1
Tl( ),l rg >,1
®R...®
®x9 z ) al 21q) -2 Z a coeg? z €ar 1
nh), zal( A0 ) n§f2az( 1) o f”( NORY ngfial( 21) €ay 17,
Tl ’ LS
where C € C*.

If we move the operator 1 ® --- ® 1 ® €4, ® -+ - ® eq, all the way to the
N———

s factors
left we will get a projection mp—b'vy, where

R = (rl(l),...,rl(k);...;rgl),...,Tgs) —1707---7())

and
b =b(ay) - b ()b (1),
with
ay) =z W (m tna, to kg )
™ ’ 1 > 1 >
el vy (mag + S 4+l
and
1
, A ') o0l
b'(ae) = ), W az(mrél) ) 2 - 2 2
Ty ’
; nig -+t
: xTLLQCMj( 1:2 - 2 )

Above we only considered the case when v = 2 and vay # aj, but note here
that the remaining cases are similar.
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5.4. A proof of linear independence. Here we will prove our main the-
orem:

Theorem 5.1. The set
B = {bUL :be B}

is a basis of the principal subspace ng
Proof. By Proposition 4.1, the set of monomial vectors B spans ng, and

so it remains to show that B is linearly independent. To prove linear inde-
pendence first assume that we have

bvr, =0

where

of charge-type
R = (nrgl),l’ NN WA ;nr§1)71, c ,nLl)
and dual-charge-type
R = (T‘l(l), e ,T‘l(k); PN ;'I"gl)a e 77{”1’1)) 3
which determines the projection 7w, so that we have
7T7gb’l}L = 0. (5.4)
We will assume that va; # a1 and we will let s =ny 1. We apply 1 ® - ®
AT(N\,—2)¢®1®---®1 to (5.4), where
—_——
s—1 factors

AZ()‘D _Z)d = AZ(Al’ _Z) ©---0 AZ()‘la _Z)

d times

and where d € N is selected so that after application of this map the twisted
quasi-particle of color 1 and charge s has energy —2. From the considera-
tions in Subsection 5.2, we have

7TR$Z (1) ]Oq (mT‘l(l) l) e $7l;1’10q (mLZ) T m’lrll (1) 1a1 (m;f»(l) 1) T (55)
sl ) LS 1
"‘xn271041(m211) 1T®®1T®Qja1(_;)1T®®xa1(—;)1T :07

which is a projection of a monomial vector from B. From (5.5) it follows
that

1© - ®1®ea @ ®ea)JTR-Tp ) (M m,) 2, o (m1g) -
0 | I >

T

e Zr(l) ,02 <m;£1>72) e x;jn,zaz (m/LQ)
5 s
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1) lal (m:{l) 1) T ':C’Il’/LQJal (m/Q,I)UL = 07

where

R = (rl(l),...,rl(k);...;rgl),...,rgs) —1).
By injectivity of 1 ® - ® 1 ® €qy @ -+ - ® €q,, We have

7[‘72— x?”jlr(l) lal (mrl(l)’l) e :L‘ZI,ZOCZ (ml,l) e ':C;{LT(l) 20(2 (m;él)g) e (56)
1 5 s
T an (M 2)T

ni202 ), (m;?),l) e '%%2,1011 (mé,l)vL =0.

(
7

Ifv=2, for every 2 <p < T](Ll) such that n,; = s’ < s we have

Np,1
r + / P, : /.
p1 =My T8 < — - § : min{ny1,ny 1} + 57

2
p>p'>0

m

/ o+ / + r_ . _ .
My =My +8 <mpy—np1+8 =my,; —np1 if npp1,1 = np1;

ey
s np2 1 ¢ s’
/ . + s . . .
my o = mp’2—§ < 5 +§ g min {ng1,np2}— E mln{np,1,np/,1}—§,
q=1 p>p'>0
/ /
s s
/ ot + ! : _
Mpi12 = My — 9 S Mo —Np2 — 9= My, o — Np2 if Npy12 =npo.
1
If v =23, forevery 2 <p< T‘E ) and for n, 1 = s’ < s we have
/ /
s Np1 2 . 2s
I+ D, .
My 1 =My + 3 < - 3 3 E min{ny 1,0y ,1} + 3
p>p'>0
, L 24 + 2 25 , 2 £
My =My + 3 Smy g — g”p,l + EN mp1— gnp,l o Np41,1 = Mp,15
(1)
1
'+ / . . /.
Mp o =My—8 < —npo+ E min {ng1,np2} — E 2 min{np1,np 1} —5;
q=1 p>p’' >0

/ et / + I . .
Mp19=Mpo =8 SMyg—Npa— 8§ =My o —Np2 if npp12=npo.

This shows that in (5.6) we have the projection of a monomial vector from
the set B. In the case when va; = «q, with the above procedure will end
with a monomial vector as in (5.6), which is also from the set B, since for
every 2 <p < rgl)and for np1 = s’ < s, we have
my,q = m;fl +25' < —nyy — Z 2 min{np1,ny 1} + 25';
p>p'>0

/ o+ / + r_ . _ .
Mpp1 =My + 25" < my = 2np1 + 28 = my, 1 — 2np1 i npp11 = np1;

(1)
™
r+ / . . /.
Mpo =Myo—8 < —npo+ E min {ng1,np2}t— g 2 min{ny1,npy 1} —5';
q=1 p>p' >0

/ o+ / + r_ . o
Mpi10="Myo =8 <My —2Npo —8 =My — 202 if npt1,2 = npo.
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If we continue in this way, “removing” one by one twisted quasi-particles
from the monomial b and by checking in each step that monomial vectors
are in the set B, after finitely many steps we arrive at vy, = 0, which is a
contradiction.

Now, consider a linear combination of elements from B satisfying

> cabavr, =0, (5.7)

a€A

where b, € B are monomials of the same color-type and ¢, € C. We will
assume that the monomial b of charge-type R’ and dual-charge-type R is
the smallest monomial in (5.7) with respect to our linear ordering. Recall
that the dual-charge-type R determines the projection mg and note that
from the definition of the projection it follows that all monomial vectors
bovr, in (5.7), with charge-type R/ such that Rl > R’ (see (3.2)), will be
annihilated. So, after applying mg to (5.7), we will have

> camrbavr, =0, (5.8)
acA

where all monomial vectors are of the same color-charge-type. Now we apply
the above-described procedure of using the maps 1 ® --- ®@ AL(A\;, —2)? ®
1@ ®land 1®@---®1®eq, @+ - Qeq, to the smallest element b. During
this procedure, all monomial vectors b, such that b, > b (see (3.2)) will
be annihilated. From (5.8) now we have mrc,bvr, = 0, which then implies
ce = 0. Repeating this procedure, after finitely many steps we will get that
all coefficients ¢, of (5.7) are zero, which proves the theorem. (]

6. Characters of principal subspaces

We define character of principal subspace Wg by

T _ : T T
chWy = Z dim WLk(m,n,..‘,rl)qmy? eyl

m,ri,...,r; >0

where W7 is a weight subspace spanned by monomial vectors of
Lk (m,ry,...,1)

weight —m and color-type (r1,...,77).

We write the characters of principal subspaces in terms of dual-charge-
type parts TES). Therefore, to obtain characters first we rewrite the con-
ditions on the energies of twisted quasi-particles of a basis B in terms of

the dual-charge-type. In the case of Agll for fixed color type (ry,...,71),

charge-type R’ = (nr(m, Y (SRR NN n1,1) and dual-charge-type
l 1
R = (rl(l), e ,rl(k); e ;Tgl), . ,T’YC)) we have:
i k:

1 1 s .
min{n, ;, Ny ;} + =Np;) = = 7“()2, 2<i<l—1, 6.1
D, P 92 P, 92 7

p=1 p>p'>0 s=1
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(1)
r k
2
D0 2minfnyr g} +mpn) =3 (6.2)
p=1 p>p’'>0 s=1

(1) (1)

ZZ mln{np,,nql 1}== Z Z_ITZ(S), 1<i<i—1, (6.3)

p=1 q=1 s=1
and
rl(l) rl(1)1
Zme{npl,nql 1} = Zrl 1Tl i (6.4)
p=1 g=1

Expressions (6.1)—(6.4) are proved by using induction on the level k£ € N of
the standard module. We would like to note that obtained expressions are
similar to the expressions (5.9) and (5.12) in [G].

For r € N set (q%;q%)T:(1—q%)---(1—q£),forazl,a:2, or a=3.

We have that
— =Yl (6:5)
(g5 qa), >0

where p,(j) denotes the number of partitions of j with most r parts (cf.
[An]).

Now, from the definition of the set B by using (6.1)—(6.6), for Ag)_l we
have:

ch W =

1
> =

1 1 1 1
W05 S5 (a2342),00_, .- (g2 q2) w-n_, 0 (42342), 00

Z q’

(12 1 (k>
L N e T§1)+.__+T§k)

U

[NIES

1 k)2 1) (1 k) (k
Tg)++1() 2(r§)r§)— ()())

T Ty Ty r§1>+~~~+r§k>

(g7:47) (g%:4?) (4%:02), 00
2 2 2 2 _ 2 2
D> >r{9 >0 q2;q MORMORE q2;q Pk _p(8) q2;q r{®)
1..(1) 12 1/ (1) (1 (k) (k)
qzrz—1 R LA 2(7"1—1T’l Tat- 2) rl(l)lJr JrT,l(ﬁ)
Z ( 1 1) ( T ;) ( 1 ;) Y1
2:02 2:02 2:02
PO > >r®) >0 12:92),0 @ a25q%) e 0 (425420
(1)2 (®2_ (1) (1) (k) (k)
LIPS (PP N ) [ 2 7'1(1>+"'+Tl(k)

q
2 (q) ¢

1 2) oo k—1 k k
(D5 a5y DD (@), v, 0 (a), 00

)

We calculate characters similarly for the other cases, therefore we will
give only expressions for energies of basis twisted quasi-particles which we
used.
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In the case of Dl(2) for fixed color type (r;_1,...,71), charge-type R’ =
(nﬁ“)l’ LT T () ,n1,1) and dual-charge-type
1 k 1 k
R = (rl(_)l, ...,rl(_)l; e rg ), ...,rg ))

we have:
o0

k
SCY 2min{nying}+np) =S r, 1<i<i-2, (6.6)

p=1 p>p’>0 s=1
7"1(1)1
Z Z 2min{ny, 1, ny - 1}+ 3Mwi- 1) Z (6.7)
p=1 p>p’>0 =1
(1) (1)
Zme{nm,nq,, 1} = Zrl 17" , 2<¢<]—1. (6.8)
p=1¢=1

In the case of Eé ) for fixed color type (r4,...,r1), charge-type R’ =
k)
( (1) (k).

(nrg), N WL (RO ,n1,1) and dual-charge-type R = (r,/,...,ry ;
1

.;7“9), e ,r%k)) we have:

k
1
Z( Z min{ny,;, ny, Z}+ np7 QZTZ(S , 1<i<?, (6.9)

p=1 p>p'>0 s=1
(1)
T3

k
SCY 2min{nying} ) = Y 3<i<4 (6.10)

p=1 p>p'>0 s=1

<1) (1)

ZZ mm{nm,nqz 1=z Zrl 17’ ) 1<i<?, (6.11)
p=1g¢=1

and
7"2( Y 7”5 i)1

k

Z Z min{n, ;, ngi—1} = Zrl(i)lrgs), 3<i<A4 (6.12)

p=1 q=1 s=1

In the case of Df’) for fixed color type (r2,71), charge-type R’ = (nTu) e
2

n1,2; nr§1>71, ...,n1,1) and dual-charge-type R = (Tél), .. Ték),’l”gl), . ,rgk))

we have:
D

k
2 . 1 1 $)2
> (5 > min{npanya} +gnp) =g S (6.13)

p=1 — p>p'>0 s=1
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(1)
Ty k
2
DY 2minfmpe ny o} +mpe) = Y rs (6.14)
p=1 p>p'>0 s=1
and
(1) (1)
Z Z min{ny,2,nq1} = Z ] 7“28). (6.15)
p=1q=1

From the above equations, we now have:

Theorem 6.1. For each of the affine Lie algebras Aé?)_l, (2),Eé2), and

Dflg), the principal subspace WLk of L”(kAo) has multigraded dimension
given by:

ofOTA )

ch Wi = )

-1, 1T
s sy Thiza(e262),0 @ (g% q2) MO

1 l-1xk (s) 1 «i-1 <k (s) _
q2 2t e=1Ti | T3 2imn 2as— 17’17 ! r51>+~~+r§k)
Yi

M) o <. (k)
_y2e2r 20

Z q

riV>.>rk >0

S 2 s
Z’;:l Tl() _ZI; 17”z< >1rl( g

(@), 0_, - (a),00

r@ e (9
Y

s

2
e for Dl( )
— S 2 — S S
oD IMREERES v ) DT RTINS
h Wi = T i
¢ Ly, Z -2 Y
(1)> > (k)>0 Hi:l(Q)ra)fT(z) T (q)r(k) =1
r > >r(k) >0
1k (92 &k (s) (9
q2 D=1 TZ1 T2 e=1 2T (1)1+ +r<’“)
E : T 1 {7

11
2:(Q02 2:(Q2
D) 5o op® 5o (42102),0 @ - (a%502), 09

"z
e for EéQ) :
ch Wf, =

82 S S
q%Z?ﬂZ?:lﬁ() *Zl; i (> ()

> I

1 1 1 1
T§1>2“.2T§k)20 Hi:LQ(qQ ; QQ)TZ(U_ 1(2) - (q2; QQ)Tl(k) i=1,2

r
rél)ZMZék)zO

>

ri> e >0
rff)z---zrfl’“)zo

qZ? 325 1 z —Zk7 ( (s) (5)+r(b) (5
Hi:3,4(q)r(1)_ (2) - ( (k)
i

L&}

P 8
I v

1=3,4
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e for Df’) :

ch Wi = >

rﬁl)z---zrf“)zo

2.

ri > >r>0

1yk ()7
q3 Es:l 1 y,'l,,gl)++r§k)

W=

1
@ - (¢3:43)

™ 1

1
(a334%),00_

k(92 ko (9) (8)
qzszl T2 s=1T1 T2 r£1)+-~~+7"ék)

Yo

(@), (a),
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