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On quantitative estimates for
quasiintegral points in orbits of
semigroups of rational maps

Jorge Mello

ABSTRACT. We give quantitative bounds for the number of quasi-integral
points in orbits of semigroups of rational maps under some conditions,
generalizing previous work of Hsia and Silverman (2011) for orbits gen-
erated by the iterations of one rational map.
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1. Introduction

Let K be a number field, S a finite set of places of K, and ¢ > 0. An
element = € K is said to be quasi-(S, €)-integral if

K, :
S g ma e, 1)) > el 1)),
veS [K : @]
where h is the absolute logarithmic height in P1(Q) and [z, 1] € P}(Q).
Let F = {¢1, ..., 01} C K(z) be a finite set of rational functions of degree
at least 2, let P € K and let

OF(P) = {¢, 0 .06y (P)|n € Nyij = 1, ...k}
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denote the forward orbit of P under the semigroup of functions generated
by F. When k = 1 and ¢? = ¢ o ¢; ¢ k[z], Hsia and Silverman proved [4]
that the number of quasi-(5, €)- integral points in the orbit of a point P with
infinite orbit is bounded by a constant depending only on ¢, il¢1(P), €5,
and [K : Q] ( see Section 2 for the correspondent definitions). We also
note that these results, according to (Remark 1, [4]), have some applica-
tions as the existence of quantitative estimates for the size of Zsigmondy
sets for such orbits and their primitive divisors, as well for quantitative ver-
sions of a dynamical local-global principle in orbits on the projective line.
This research was also used to prove finiteness of multiplicatively dependent
iterated values by rational functions in [1].

In this present paper we generalize this bound for cases of dynamical
systems with several rational functions, obtaining, among other results, the
following integrality result for orbits, that recovers Theorem 2.1 of [8] of
Silverman using a different approach and with a different hypothesis.

Theorem A Let F = {¢1,...,¢6r} C K(z) be a set of rational maps of
respective degrees 2 < dy < ... < di that are not totally ramified at the F-
orbit of oo or that the F-orbit of oo has no repeated points. Then there is a
constant v = (S, F, [K : Q]) such that for all points P € P1(K) that are not
D-preperiodic for any sequence ® of terms in F, the number of S-integers
in the F—orbit of P is bounded by

kM —1
#{Q € Ox(P);a(Q) € Rs} < ———,
where z(Q) is the z-coordinate of ) and
h
M = |v+log} ﬂ
! ugf he(P)

In Sections 2 and 3 we remind important facts about height functions,
distance and dynamics on the projective line. In Section 4 we state a quan-
titative version of Roth’s theorem and some facts about the index of ramifi-
cation. The main results are proved in Section 5, namely, Theorem 5.2 and
its Corollaries.

2. Canonical heights

We always assume that K is a fixed number field and K(z) is the field
of rational functions over K for the rest of the paper. We identify K U
{00} = P!(K) by fixing an affine coordinate z on P!, so a € K is equal to
[, 1] € PY(K), and the point at infinity is [1,0]. In this way, we assume z
is the first left coordinate for points in P', and with respect to this affine
coordinate, we identify rational self-maps of P! with rational functions in
K(z).

If P = [zg,...,2n] € PV(K), the naive logarithmic height is given by
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MP) = Soens, g

where, M is the set of places of K, M7? is the set of archimedean (infinite)
places of K, M?( is the set of nonarchimedean (finite) places of K, and for
each v € Mk, |.|, denotes the corresponding absolute value on K whose
restriction to Q gives the usual v-adic absolute value on Q. Also, we write
K, for the completion of K with respect to |.|,, and we let C, denote the
completion of an algebraic closure of K,. To simplify notation, we let d, =
[Ky 0 Qyu]/[K : Q. Initially, let us recall some theorems on height functions.

log(max; |x;|y),

Lemma 2.1. (Theorem B.3.2, [3]) There is a way to attach to any projective
variety X over Q and any line bundle L on X a function

hr: X(Q) —R

with the following properties:

(i) hpga = hr + har + O(1) for any line bundles L and M on X, where
O(1) is a bounded function for P in X(Q).

(ii) If X = PN and L = Opn (1), then hoy1y =h+0(1).

(i) If f Y — X is a morphism of projective varieties and L is a line
bundle on

X, then hy<p, = hpo f+O(1).
Moreover, the height functions hy are determined up to O(1) by the above
three properties.

Recalling that a line bundle in called wvery ample if it has enough global
sections to set up an embedding of the variety into some projective space,
and that is called ample if one of its positive powers is very ample, we have

Lemma 2.2. (Theorem B.3.2, [3]) Assume L is an ample line bundle of X .
Let hx 1, be a height function corresponding to L.

(1) (Northcott’s finiteness property) For any real number ¢ and positive
integer D, the set

{z € X(@)IQ(z) : Q] < D, hr(z) < c}
is finite.
(2) (positivity) There is a constant ¢ such that hp(x) > ¢ for all x €
X(Q)-

Given a projective variety X over a number field K and L a line bundle
on X, a height function hx  corresponding to L is fixed. Let H be a set
of morphisms f : X — X over K such that f*L = L% for some integer
dy > 2. For f € H, we set

1
L ha( ()~ hi ()]
f
For f = (f;)$2, a sequence with f; € H, i.e, f € [[;2, H, we set
c(f) := sup;>q c(fi) € RU {+o0}.

c(f) := Supgex (i)
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When ¢(f) < 400, the sequence is said to be bounded. The property of being
bounded is independent of the choice of height functions corresponding to
L

Let B be the set of all bounded sequences in H, and for ¢ > 0, we define
B. = {f = (), € Ble(f) < c}.
It is easy to see that if H is a finite set of self-maps on a projective space,

then any sequence of maps arising from H belongs to B, for some c.
In fact, for H = {g1,...gx }, we set

J={1,..k},W =[] J, and £y, := (gu,){%; for w = (w;) € W. (1)
i=1
If ¢ := max{c(g1), ..., c(gr)}, then {f, |lw € W} C B..
We alsolet S : [[72, H — [[;2, H be the shift map which sends f = (f;)$2,
to
S(£) = (fi+1)21-
Then S maps B into B and B, into B, for any c.

For f = (f;)2; € [[;2; H and = € X (K), denoting

£0) = fo(far (- (fi(@)),
the set
{z,f0(2), 82 (2), £ (2), ..} = {x, f1(2), fo(f1(2)), F3(fo(f1(2))), -}
is called the forward orbit of x under f, denoted by Of(x). The point z is
said to be f-preperiodic if O¢(zx) is finite. If f = fi = fo = ..., then the
forward orbit is the forward orbit under f in the usual sense.

Lemma 2.3. (Theorem 3.3, [5]) Let X be a projective variety over K, and
L a line bundle on X. Let hy, be a height function corresponding to L, and
f=(fi)2, a bounded sequence over K such that fL = L8 for integers
dy, =2

(1) There is a unique way to attach to the sequence £ = (f;)2, € B a
canonical height function

he : X(K) - R

such that .

(i) sub e x ) e () — o ()] < 2e(f). A

(ii) hg) o f1 = dy he. In particular, hgng) o fno...o fi =dy,..dphrs.

(2) Assume L is ample. Then he satisfies the following properties:

(iii) he(z) > 0 for all x € X(K).

() he = 0 if and only if = is £-preperiodic.
We call hs a canonical height function (normalized) for f.
Lemma 2.4. (Corollary 3.4, [5]) Assume L is an ample line bundle on X.

(1) Let ¢ be a nonnegative number, and D a positive integer. Then the
set
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U {r € X(K)|[K(z) : K] < D,z is f-preperiodic }
feB.
is finite.
(2) Let H = {g1,...9x}, and we set J and W as in (2.1). Then for any
positive integer D, the set

{r € X(K)|[K(x): K| < D,z is f,-preperiodic for some w € W}

is finite.

Under similar conditions of the previous lemma, namely, X is a projective
variety over K, L is a line bundle on X, H = {g1,...gx}, g;iL = L% we
have

GL®...® giL = LOnTFdo),
Thus (X, g1, ...,9x) becomes a particular case of what we call a dynamical

eigensystem for L of degree dg4, + ... + dg, . For this, Kawaguchi also proved
that

Lemma 2.5. (Theorem 1.2.1, [6]) There exists the canonical height function
hy : X(K) - R

for (X, q1,..., 9k, L) characterized by the following two properties :

(i) hag = hy + O(1);

(ii) 351 haro gj = (dg, + ... + dg, ) hay.

Lemma 2.6. (Proposition 4.1, [5]) Give J = {1,...,k} the discrete topology
(each subset is an open set), and let v be the measure on J that assigns
9 . 00
mass ——————— to j € J. Let p :=]].2, v be the product measure on
Gy ot dy, 09 € Let= 11 P

W. Then we have, for x € X(K), H ={g1,...-9x}, that
hnte) = [ e @)duCo).
w

In particular,
\ha(x) — hp(x)] < 2¢ and |hy(z) — he,, ()] < 4e

for all x € X(K),w € W, where ¢ = max{c(¢g1), ..., c(gx) }-

Proof. The only thing different from the original statement of [5] is the last
part. The first inequality above is the first inequality after (4.1) in the proof
of Proposition 4.1 [5]. The second is derived from the first and from Lemma
2.3. U

3. Distance and dynamics on the projective line

For each v € Mg, we let p, denote the chordal metric defined on P*(C,),
where we recall that for [z1,y1], [z2, y] € PY(C,),

po([1,y1], (22, 92]) =
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|z1y2 — Tayi v
Vel + 2/ lz2l? + [yel?
[z1y2 — Tay1 v
max{[z1 v, [y1]v} max{|z2|v, y2lo}
Definition 3.1. The logarithmic chordal metric function
Ay : PYH(C,) x PY(C,) — RU {0}

if v e M2,

ifve M?(.

is defined by
Mo([z1,y1], [22, Y2]) = —log pu([z1, y1], [22, y2])-

It is a matter of fact that A, is a particular choice of an arithmetic distance
function as defined by Hsia and Silverman [4], which is a local height function
Ap1xp1 A, Where A is the diagonal of P! xP!. The logarithmic chordal metric
and the usual metric can relate in the following way.

Lemma 3.2. (Lemma 3, [{]) Let v € Mk and let A\, be the logarithmic
chordal metric on P*(C,). Define l, = 2 if v is archimedean, and l, = 1 if v
is nonarchimedean. Then for x,y € C, the inequality \,(z,y) > \y(y,00) +
log 1, implies

Ao(y,00) < Ao(z,y) +log o — ylu < 2X,(y, 00) + log L.

Now, let F = {¢1,..., 0} be such that each ¢; : P! — P! is a rational
map of degree d; > 2 defined over K. We set J,W, and w as in (2.1). In
this situation we let

égy) = Qw, © - 0 Puy
0)

with {0 =Id, and also F, := {®{"|w € W}.
For a point P € P!, the F-orbit of P is defined as

Ox(P) = {¢(P)l¢ € | J Fu} = {85V (P)In > 0,w e W} = ] Os, (P).
n>1 weW
The point P is called preperiodic for F if Oz(P) is finite.
We recall that for P = [zg, z1] € P!(K) the height of P is
h(P) = ZUEMK dy log(max{|x1|y, |z1]v}
And using the definition of A,, we see that
h(P) = 3 err, duro(P,00) + O(1),
For a polynomial f = Y a;2" and an absolute value v € My, we define
|flo = max;{]a;|,} and
h(f) =2 veny dvlog|flo-
Given a rational function ¢(2) = f(2)/g(2) € K(z) of degree d written in
normalized form, let us write f(2) = >, 502", 9(2) = > ;402" with aq
and by different from zero, and f and g relatively prime in K|z].

For v € Mk, we set |¢|, = max{|fl|v,|g|v}, and then the height of ¢ is
defined by

h(®) := 2 venty dvlog|@lo.
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For F = {¢1, ..., ¢}, we define
h(F) := max; h(¢;).
Also, for any ¢(z),1(z) rational functions in K (z), it is a fact, by Propo-
sition 5 (c), [4], that
h(¢ o) < h(¢) + (deg p)h()) + (deg ¢)(deg ) log 8.

Using this one can conclude the following preliminar estimate:

Proposition 3.3. Let F = {¢1,..., 61} be a finite set of rational functions
with deg ¢; = d; > 2, and d := max; d;. Then for alln > 1 and ¢ € F,,, we
have

dr—1

h($) < < p— ) h(F) + d? <dnd_1_11> log 8.

Proof. For n = 1 the result is easily true. We assume the it is true for n.
Let ¢ = ¢i,, ., © ¢i, ©...0 ¢5; € Fpy1. Then by the previous proposition and
the induction hypothesis

h(@) < h(Bi s © Biyy © oo 0 Giy) + d"h(¢y) + d" T og 8

m __ m—1 _
< (d 1> h(F) + d* (“) log8 + d"h(F) + d" "' log8

d—1 d—1
dmtt —1 o (d"—1
< | —= 1
_( - >h(]~")+d (d_1> 058,
and we conclude thus the proof. O

Lemma 3.4. (Proposition 6, [{]) For a rational map ¢ : P — P! of degree
d > 2 defined over K and L = Op1(1), it is true that

(a) |(6(P)) — dh(P)| < e1h(@) + c».
(b) ho(P) = lim,, h($(P))/d".

(c) |hg(P) — h(P)| < c3h(¢) + ca.

Where c1, ca,c3 and cq4 above depend only on d.

Gathering these facts with Lemma 2.3 and Lemma 2.6, we derive the
following;:

Lemma 3.5. Let F = {¢1, ..., ¢} such that each ¢; : P — P! is a rational
function of degree d; > 2 over K. There are constants ci,c2,c3 and cy4
depending only on the degrees dy, ..., dy such that

(i) |ha,, (P) = h(P)| < c1th(F) + ez ,
(i) |hr(P) — ha, (P)| < csh(F) + ¢4
for any P, and any w = (w;)52, € W.

Proof. By Lemma 3.4, we see that max; ¢(¢;) < c1h(F)+cg in the notation
of Lemma 2.3. Then Lemma 2.6 completes the proof. ([
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4. A distance estimate and a quantitative Roth’s Theorem

We will state two known results that will be needed to prove our main
theorems. The first one is a result due to Silverman that gives explicit
estimates for the dependence on local heights of points and function.

Let us recall that, for a rational function f(z), P # oo and f(P) # oo,
the ramification index of f at P is defined as the order of P as a zero of the
rational function f(z) — f(P), i.e.,

ep(f) = ordp(f(2) — f(P)).
If P =00, or f(P) = 00, we change coordinates through a linear fractional
transformation L, such that L=Y(P) = 8 # oo, L= (f(L(B))) # oo, and
define ep(f) = eg(L™ o fo L). It will not depend on the choice of L. We
say that f is totally ramified at P if ep(f) = deg f. It is also an exercise to
show that

ep(go f) =ep(fleg(f(P))

for every f, g rational functions and P € K U {oo}.
The result is as follows.

Lemma 4.1. (Proposition 7, [4]) Let ¢ € K(z) be a nontrivial rational
function, let S C Mg be a finite set of absolute values on K, each extended
in some way to K, and let A, P € P1(K). Then

max e ($)doA(P,A') 2> dpdo((P), A) — O(R(A) + k() + 1),

’ —1
ves VEVTHA) veS

where the implied constant depends only on the degree of the map 1.
The second result is the following quantitative version of Roth’s theorem.

Lemma 4.2. (Theorem 10, [4]) Let S be a finite subset of Mg that contains
all infinite places. We assume that each place in S is extended to K in some
fashion. Let s is the cardinality of S, Y a finite G[-(/K—mvam'ant subset of
K,Bamap S — Y, u>2, and M > 0. Then there are constants ri and
ro, depending only on [K : Q|, #7Y and p, such that there are at most 4°ry
elements x € K satisfying both of the following conditions:

(1) Y esdvlog™ [z — By|; 1 > ph(x) — M.
(2) hx) > ramax{h(5.), M, 1)

For quantitative bounds on this Theorem, we refer to [2].

To end this section let again be F = {¢1, ..., ¢ } such that each ¢; : P —
P! is a rational function of degree d; > 2 defined over a number field K. For
J,W, and w as in (2.1), we have ®y, := (¢u,)32; and 84 = ¢y, 0 ... 0 b,

with ‘PSB) =Id. We fix w and denote ¢ := ®,,, P" := @Sj‘) by simplicity.
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Lemma 4.3. Suppose that the ®-orbit of P does not repeat points or oth-
erwise that no point in its ®-orbit is totally ramified for any ¢; in F. Then
there exist two positive contants k1 > 0 and 0 < ke < 1 depending only on
the degrees of the functions belonging to F = {¢1, ..., dr} such that

ep(®™) < k1KY deg @™ for any m > 0.
Proof. Let P € P}(K) be a point whose ®-orbit does not have any periodic
points within it, namely, that ®"(P) # ®™(P) for all n # m. Then using

well known facts such as the multiplicativity of the ramification index, and
the formula

> (ep(f) —1) =deg f -2

P
for rational functions f, we can compute that
ep(®™) = ep(du,, © - © Pu;)
eP(Pui)Cpy, (P)(Puwz)-€hy (- (b (P)) (Pwm)
ep(Pwr)ear(p)(Puws)---€am-1(p)(Pw,, )

€1.€2...€m,

where we make
€i 1= €y ((buy (P)) (Pw;) = €ai-1(p)(Pu,)- (2)

Therefore

ep(®™) = erey...em < <61 + m+ em>m
(=Dt "
< Ezz<k(2dz —m2) m ' )
= - + 1)

dq

Hence, with ko = 1/d;, we get the desired.

Now we work out we work out the second situation. Using the nota-
tion (4.1), the ramification hypothesis implies that e; < d;;, — 1 for each i.
Therefore

ep(P™) = ereg...pm < H (di; — 1)

Jj<m

I (- ) 1T

j<m 77 j<m
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Jj<m
m
= < — ) deg ™,
max; dl
L . . 1
which is as desired with k1 = 1, k9 = (1 — )
max; dl

5. A bound for the number of quasiintegral points in an
orbit

In this section, we show explicit bounds for the number of S-integral
points in a given orbit of a wandering point for a dynamical system of
rational functions extending previous work by Hsia and Silverman [4].

It was first showed by J. Silverman that orbits of this kind have only a
finite number of S-integers, which we recall below.

Theorem 5.1. (Theorem 2.1, [8]) Let Rg be the ring of S-integers of K,
and let F = {¢1,...,0r} be a set of rational maps of degree at least two
defined over K. Let Ox(P) be the orbit of P under the semigroup generated
by F. Assume that no map in the semigroup is totally ramified in its fized
points. Then for any function z € K(P'), the set

{Q € PHK)|Q € Ox(P) and z(Q) € Rs}
is finite.

The next quantitative theorem generalizes Theorem 11 of Hsia and Silver-
man [4] to a semigroup situation. The definitions and strategy of the proof
are inspired by their ideas with diophantine approximation, but now making
use of the more general canonical height functions constructed Kawaguchi,
and their more general properties, as well as the ramification result for se-
quences of several functions from last section.

Theorem 5.2. Let F = {¢1, ¢2, ..., 01} C K(z) be a set of rational maps of
respective degrees 2 < dy < do < ... < di. We fix a sequence & = (@-j )JO';I of
functions in F, with ®" = ¢;, o...0¢; € Fp, and P € PL(K) not preperiodic
for ®. Fiz A € P(K) such that no two points in the ®-orbit of A coincide,
or otherwise that no point in its orbit is totally ramified for any map in F.
For any finite set of places S C My and any constant 1 > € > 0, define a
set of nonnegative integers by
Lo s(A, Pe):i={n>0:3 cgdil(P(P), A) > ehgn(a)(®"(P))}.

(a) There ezist effective constants

Y1 = ’)/Q(dl, ...,dk,e, [K : Q]) and Y2 = ’}/Q(dl, ...,dk,e, [K : @])
such that
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# {n €l s(A Pe):in>vy + log:{1 (W) } < 4#S5,.
o

In particular, there is an effective constant vy3(dy, ..., dg, €, [K : Q]) such that

4T 5(A, Pe) < 4#55 + log} (’W)
he(P)
(b) If P is not ®-preperiodic for each ®, there is a constant v3(K,S, F, A, €)
that is independent of P and of the sequence ® chosen from F such that
Ig%;{ F@,S(Aa Pe) <.

Proof. For simplicity, we write I'g(€) instead of I'p g(A, P,€). Taking k;
and ko < 1 the constants from Lemma 4.3, we choose m > 1 minimal such
that k' < €/bk1. Then k1, k2 and m depend only on dy, .., d and on e.

If n <m for all n € I'g(e), then

log(5k1) + log(e™1)
#ls(e) <m < tos(m; )

which is in the desired form. If there is an n € I'g(e) such that n > m, we
fix n for instance. Then by definition of I'g(e) we have

ehsn(a ) <D dA(DM(P), A). (3)

veS
We can write ®" =1 o ®"7" for ¢ = ¢;, 0...0¢;,_,. ., € Fm.

+1,

For our chosen m, we denote

en:= max ey ().
A ax €A (¥)

By Lemma 4.4 and our choice of m, we notice that
en < Ki(k2)™ degy < edegtp/5
Therefore, Lemma 4.1 yields, for Q € P}(K) and ¢ € F;,, that

Zdv>ﬂ)(’¢(@)vA)_O(h(A)+h(w)+1 <emz max dUAU(Q’A,)' (4)

oS Arep=1(A)
Gathering (5.1) and (5.2) with @ := "~ m(P), we obtain that
ehgn (g (®"(P)) < em max  dyAy (" (P), A’
s (B(P)) S o 3 g do (8 (P), )

+ O(h(A) + h(Fm) + 1),
where the involved constants depend only on the degree of the functions in
Fm, and so on di,...d; and on e.
For each v € S, we choose A! € ¢~1(A) such that

M@V A = | max (97 (P),A)
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so that
chgn(@)(B"(P)) < em Y es duAo(@"7™(P), A) + O(h(A) + h(Fp) +1).

For instance, we can assume that z(A’) # oo for all A’ € U1(A), ¥ € F,,.
If this is not the case, we use z for some of the A’ and z~! for the others.
Let S C S be the set of places in S defined by

={v € S; \y(P"™(P), Al) > \y(A4),00) + logly},

where again [, = 2 for v archimedean and [, = 1 otherwise.
Set 8" := S — S'. Applying Lemma 3.2 to the places in S’ and using the
definition of S” we find that

chgn(@)(P"(P)) < e > dydo(2" " (P), A}) + O(h(A) + h(Fm) + 1)

veS
<en Z dy(2A0 (A, 00) = log [2(@"7™(P)) — 2(A;)| + logly)
ves’
+em Y dy ) +1logly,) + O(h(A) + h(Fn) + 1)
veS”
<em Y dylog|z(@" ™ (P)) — 2(A)|
veSs’
+em Y du(2X(4),00) +logly) + O(h(A) + h(Fpm) + 1).
veS

Now using Lemma 2.3 and Lemma 3.5 it can be checked that

D dyry(A), 00) < Z D dyAy (A, 00

vES A’ep—1(A)veS

< ) wA)
Aley—1(A)

< ) hgem@)(A) + O((F) +1)
Alep=1(A)

= > (deg ) Mhgm(gn-may ($(A) + O(A(F) + 1)
Aley=1(A)

< Y (degy)hgna)(A) + O(h(F) + 1)
Alep=1(A)

< hgn(a)(A) + O(h(F) + 1)

< hr(A)+O(W(F) +1).

The constants depend only on m and dy, ..., d.
Further, from the definition of [,,, we have

> ves dvlogl, <log2.
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Also, from Proposition 3.3 it follows that h(F,,) = O(h(F) + 1).
All the inequalities above together imply that

e(hgn @) (2" (P)) < e (Z dylog |2(@"™(P)) — Z(AL)|_1>

veSsS’
+0 (hp(A) + h(F) +1) .
Let us set some definitions in order to apply Roth’s theorem. We define
T = {2(4): A €y (A)} C K, (5)
which is GR/K—invariant and #Y < d'. We define the map g : S" = T
by 3, := Al and analyze the points x = ®"~"(P) for n € I's(e). Applying
Lemma 4.2 for the set of places S', M = 0 and u = 5/2, yields that there

exist constants ri, 79 depending only on [K : Q],dy,...,d; and € such that
the set of n € I's(€) with n > m can be written as a union

{nelg(e):n>m}=T1UThUT}
such that

#Tl < 4#S,T1)

To={n>m: ) dylog|z(®" " (P)) - 2(4A))|"" < gh@"—m(P))},
ves’

T3 ={n>m:h(®""(P)) <ry Igle%}/({h(A;]), 1)}}.

We already have a bound for the size of T7. For T3, we use again Lem-
mas 2.3 and 3.5 to compute

h(AL) < ﬁsn_m(@ (A) 4+ c1h(F) + e

= (deg¥) " hgm(sn-m(@))(A) + c1h(F) + c2
= (deg®)) hgn(@)(A) + c1h(F) + c2
< eshz(A) + c6h(F) + e1,
and
h(@""™(P)) = hga-m(g)(®""(P)) — c1h(F) — c3
= deg(@"*m))ﬁq)(P) —c1h(F) — ca.
Hence

T3 C {TL >m: d?_mib.:p(P) < C5iL]:(A) + Csh(]:) + Cg},
so every n € T3 satisfies

cshy(A) tewhF) ten e (he(4) + hF)
he(P) =T .

n < m+log:{1 (
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Finally, we consider the set T5. Again using Lemmas 2.3 and 3.5 we derive
B("(P)) < hgn-m(a) (@™ (P)) + e1h(F) + 3
= deg(®" ™)he(P) + c1h(F) + ca,
and then, for n € Ts, using that e, < edegv/5
ehgn(a)(®"(P))
— edeg(®")ha(P)

em( Y dylog [2(@"7"(P)) — 2(A,)[71) + c13(hr(A) + h(F) +1)
veS’
deg . 5
5 )2
deg(®™)hg(P) + cra(hr(A) + h(F) +1).

IN

IN

(e deg(®""™)hg(P) + cr0(hr(A) + h(F) +1)
2

Thus
< deg(®™)ha(P) < c1a(hz(A) + h(F) + 1), which implies that

$dThe(P) < cra(hr(A) + h(F) + 1),

equivalent to

he(P)

We observe that the set T defined by (5.3) does not depend on the point,
so the largest element in 77 is bounded independently of P. We also note
that the quantity

ﬁrﬁ‘?( := inf{hg(P) : ® a sequence of maps in F, P € P'(K) is not
preperiodic for ®}
is strictly positive. Namely, from Lemma 3.5, we know that
hz(P) < ha(P) + O(h(F)), (6)

and O does not depend on ® chosen from F, and neither on P.
If P is a ®-wandering point, then hx(P) > 0. Also, for some ¢ > 0 big,
we have

hit = inf{he,, (P) : w € W, P € PY(K) and 0 < he,, (P) < c}.
Since
{(PePYK):weW, and 0 < hg, (P) < ¢}
c{PePYK):0<hr(P)<c+0(1)}
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by (5.4), and this last set is finite by the Northcott property for hr, the
infimum observed is taken over a finite set of positive numbers.

Therefore, max(7; UT> UT3) can be bounded independently of P and the
choice of the sequence ® generated by the semigroup F. ([

Moreover, one can make the last item of Theorem 5.2 more precise.

Proposition 5.3. Under the conditions and notations of the proof of The-
orem 5.2, there exists vo depending only on A, F, K, S, e such that

hr(A) + h(}‘)> |

max(T) UTo UTs) < v + log:{1 ( 7 )
o

Proof. Due to the proof of Theorem 5.2, we only need to prove such bound
for maxTj.

According to the proof of theorem B from [2], page 131, line 6, for the
algebraic numbers x approximating « satisfying Roth’s theorem hypothesis,
there exists a finite number( depending on the constants given by Lemma
4.2) of ;’s approximating « that depend only on o and on the parameters
of Lemma 4.2 such that

4drn (1
log(4H(2)) < " (n log(4H (@) + log(4 max; H(ﬁm),

where 7,n and 7 depend only on Y defined in (5.3).

This implies that h(z) < C(h(a) + max; h(53;)), where C' depends only on
the parameters of Lemma 4.2. Translating this for the notation of our set
T1, as in the proof of Theorem 5.2, we have that

h(@"™™(P)) < C( _max_ h(A,) +maxh(B;y))

vESWEFm 7,0,8
= O(hr(A) + h(F) + maxh(B;,))
= O(hz(A) + h(F)) + 7,

for each n € T, where v depends only on A, F, K, S and € by our previous
choice of m.
We have thus that

A7 he(P) < deg(®" ™)ha(P) = hgn-me(®""™(P))
= h(®""™(P)) 4+ O(1)
< O(hr(A) + h(F)) + 1,

for each n € T, where ; depends only on A, F, K, S and e.
Therefore,

O(hr(A) + h(F)) + ’n)
he(P)

maxT); <m+ logjl'1 ( -
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hr(A) + h(F)
hao(P) 7

where ¥o({Bi.v)}ivw) depends only on A, F,K,S and €, concluding the
proof. O

< 72+ log, (

Corollary 5.4. Let S C Mg be a finite set of places that includes all
archimedean places, let Rg be the ring os S-integers of K, and let 2 <
dy < ... < dy. There is an effective constant v = v(dy, ..., dg, [K : Q]) such
that for all sets F = {¢1,....,0r} C K(2) of k rational maps of respective
degrees dy, ..., dy, that are not totally ramified at the F-orbit of oo or that the
F-orbit of oo has no repeated points, and for any sequence ® of maps from
F and all points P € PY(K) that are not preperiodic for ®, the number of
S-integers in the ®—orbit of P is bounded by

#{n > 1 Z((I)n(P)) c RS} < 4#57 + 10g$1 <ﬁh¢’(2)> ’

Proof. An element o € K is in Rg if and only if |a|, < 1 for all v ¢ S, or
equivalently, if and only if

h(a) =", cg dvlogmax{|al,, 1}.
Another fact is that
log max{|a|y, 1} < Ay(a, 00).

This implies for o € Rg that h(a) <) g dyAy(a, 00).
Let n > 1 satisfy z(®"(P)) € Rs. Then

h(®™(P)) <> c5 duro(P"(P), 00).
Lemmas 3.5 and 2.3 tell us that
B(@(P)) = g (@"(P)) — esh(F) — ¢4 = deg(@)ha(P) — esh(F) — ci,
which implies that
deg(®")ha(P) — c3h(F) — c4 < 3y eg doro(@™(P), ).
The rest of the proof is divided in two cases: First one, when
deg(®")he(P) < 2c3h(F) + 2cs.
In this case, d7hg(P) < 2C3h(F) + 2¢4, and then
n <lo ;rl (W)
ha(P)
In the second case , deg(®™)he(P) > 2c3h(F) + 2¢4. Therefore
S e (@ (P). ) >} des(®)ha(P) = b o) (@7 (P)).
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Now the previous theorem with € = 1/2, A = oo (o0 is not totally ramified
for any map of the system) tells us that n is at most

4753 + logz{l —h(]:)A + ha(c0) )
he (P)

for v3 depending only on [K : Q],dy, ..., d;. Both bounds are on the desired
form since hg(00) < h(co) +O(1) =0+ O(1). O

Corollary 5.5. Under the conditions of Corollary 5.4, there is a constant
v = (S, F,[K : Q]) such that for all sets F = {¢1,...,0r} C K(2) of
rational maps of respective degrees dq, ..., dy that are not totally ramified at
the F-orbit of oo or that the F-orbit of oo has no repeated points, and all
points P € PY(K) that are not preperiodic for any sequence ® of terms in
F, the number of S-integers in the F—orbit of P is bounded by

M _
#{Q € OF(P);=(Q) € R} <

where

— + (_WF)
Proof. If Q € Ox(P),2(Q) € Rg, then there exists a sequence ® of maps
from F, and an n > 1, such that @ = ®"(P) and z(®"(P)) € Rg. By
Theorem 5.2, Corollary 5.4 and Proposition 5.3, there exists a suitable
such that

h(F
n gv—Hog:{l (Amli)>
h%! %(P)
And for each m, there are at most £ maps inside F,,, and therefore at
most k™ S-integer points on the set { f(P)|f € Fp}. The result follows from
kn—i-l -1
the identity 1 +k 4 ... + k" = 1 O
Remark 5.6. In the particular case of a system of polynomial maps that
are non-special (not monomials neither Tchebychev’s), the number of points
for which some orbit has repeated points is finite, due to Theorem 1.7 of [7],
and therefore only for a finite number of points A the hypothesis of Theorem
5.2 will not be satisfied.

Remark 5.7. Theorem 5.2 delivers, in particular, under its conditions for
sequences ® of rational functions in a given system over a certain number
field and P, A rational numbers, an explicit upper bound for
1
#0021 g
and this does not depend on which ® was chosen from the initial dynamical
system F.

is quasi-(5, €)-integral },
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Corollary 5.8. Under the hypothesis of Theorem 5.2,
»(P"(P), A
nh—>ngo)\(degg<l>7)z)) =0 for every v € Mg.

Proof. Applying Theorem 5.2 for the set of places that contains just the
place v, we conclude that for every natural n big enough, it will be true that

Ao(®"(P), A4) _ EiLq)(P)
deg(®") = dy

Choosing e sufficiently small, the result is proven.

O

Note that, due to Theorem 5.2, the convergence above has an uniformity
for the semigroup of maps, in the sense that the big natural n does not
depend on the ® chosen in the semigroup generated by the initial dynamical
system, so that actually the stronger fact

»(®"(P), A
( sup )\(())) = 0 for every v € Mg

lim
P seq. of F deg(@”)

n—oo
is also true.

Corollary 5.9. Suppose that a set ={¢1,...,0r} C Q(2) of rational func-
tions of degree at least 2 satisfies the hypothesis of theorem 5.2 with P =
a€Q, A=0 and A = 00, and let ® be a sequence of functions of F such
that #0s(a) = co. Write

)=

€ Q as a fraction in lowest terms.

Then
1 n
lim 70g|a (o) =1.
n—oo log by ()]

Proof. From previous corollary, for v the place at infinity, it is true that
Ao(2"(),0) _ . A(®™(@),00)
—_—_—mmm m ——— = .

n—oo  deg(Pn) n—oo  deg(Pm)

Working out similarly as in the proof of previous corollary, using Lemma
3.4 (i), it is true that

lim Ao (@™(),0) lim Ay (D™ (), 0)

W TR@ (@) e @)

On the other hand, if t = % € Q written in lowest terms, since max{|al, [0} <
a2 + [b|2, then h(t) = log max{|al, |b|} and
2 b 2
M@aﬂ—&ﬂmmump_bg<lﬂ+wl)

0]

= —log [b| + log(v/al? + [b]?)
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—log |b] + h(t).

And in the same way

Au(t,0) = Ay([a, b],]0,1]) = log (WW>

|al
—log|a| + log(v/al? + [b]?)
—log|a| + h(t).
: : an(a) .
Gathering these facts, and recalling that ®"(«) = b () yields
—1 n o —1 n "
g B0 @7 @) L loglan(@)] +h@ (@) _
nsoo h(®"(ax)) n—c0 (@"(a))
and thus
oglon()] . logla@)]

n—oo log max{|an ()], [bn(a)[} — n—oc log max{|an(a)], [bn(e)[}
This implies that

L logan(a)

=1.
nv0 1og [b ()]

O

Remark 5.10. Again, from Theorem 5.2, for a given a € Q, the last result
does not depend on ®, in the sense that for every sequence ® of functions
in the tree of functions belonging to the initial set F, the correspondent
log |an(c)|
log [bn ()]

quotient sequences converge to 1 as n goes to co with the same

speed.

The ®-uniformity pointed in Remark 5.10 results in the following semi-
group integrality result.

Corollary 5.11. Suppose that a set F = {¢1,...,0x} C Q(z) of rational
functions of degree at leats 2 satisfies the hypothesis of Theorem 5.2 with
P=0a€Q,A=0 and A = oo, and that #Or(a) = oo for each sequence ®
of functions in F. Suppose also that for some M > 0, ®"(«) # 0 for any
n > M and any ® sequence of maps in F. Write

fla) = as(a) € Q as a fraction in lowest terms
bf()
for each fin the semigroup generated by F.
Then
1 log|ag(a)|
lim — =1
M5\ 2 Toglosta)

Proof. By Corollary 5.9 with its notation, for any € > 0 we have that
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log |an ()|
1-€e< <1l+e
log [by ()|

for n sufficiently large, and uniformly for ®. For such numbers n, this implies
that

1 1
1—e< lim — Z 0g|afa <1+e¢,

n—oo kM
from where the result follows, since € is arbitrary. U
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