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Solutions of diophantine equations as
periodic points of p-adic algebraic
functions, II: The Rogers-Ramanujan
continued fraction

Patrick Morton

ABSTRACT. In this part we show that the diophantine equation X° +
YS =€%(1— X5Y5), where € = %‘/3, has solutions in specific abelian
extensions of quadratic fields K = Q(v/—d) in which —d = 41 (mod 5).
The coordinates of these solutions are values of the Rogers-Ramanujan
continued fraction r(7), and are shown to be periodic points of an alge-
braic function.
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1. Introduction.

In a previous paper [17] integral solutions of the diophantine equation
Fery: X*+Y*=1,

were constructed in ring class fields €2y of odd conductor f over imaginary
quadratic fields of the form K = Q(v/—d), with dg f?> = —d = 1 (mod 8),
where dg is the discriminant of K. The coordinates of these solutions were
studied in Part I of this paper [20], and shown to be the periodic points
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of a fixed 2-adic algebraic function on the maximal unramified algebraic
extension Ko of the 2-adic field Q5. In particular, every ring class field of
odd conductor over K = Q(v/—d) with —d =1 (mod 8) is generated over Q
by some periodic point of this algebraic function. This was simplified and
extended in [21] to show that all ring class fields over any field K in this
family of quadratic fields are generated by individual periodic or pre-periodic
points of the 2-adic multivalued algebraic function

. —14+v1—24

A similar situation holds for the solutions of
Fers: 27X3 42773 = X3Y3,

studied in [19], in that they are, up to a finite set, the exact set of peri-
odic points of a fixed 3-adic algebraic function, and all ring class fields of
quadratic fields K = Q(v/—d) in the family for which —d = 1 (mod 3) are
generated by periodic or pre-periodic points of this same 3-adic algebraic
function. (See [19] and [21] for a more precise description.)

In this paper I will study the analogous quintic equation

1++5

Cs: VX5 +0°Y°=1-X%%Y?, wv= TR

which can be written in the equivalent form

in certain abelian extensions of imaginary quadratic fields K = Q(v/—d)
with d f? = —d = +1 (mod 5). In Part I [20] these were called admissible
quadratic fields for the prime p = 5: these are the imaginary quadratic fields
in which the ideal (5) = pspk of the ring of integers Ry of K splits into
two distinct prime ideals. In this part I will show that (1) has unit solutions
in the abelian extensions ¥5Q; or ¥5Qs5; of K (according as d # 4f2% or
d = 4f? > 4), where X5 is the ray class field of conductor f = (5) over K
and Qf,Q5; are the ring class fields of conductors f and 5f, respectively,
over K, for any positive integer f which is relatively prime to p = 5. (See
[6].)

As is the case for the families of quadratic fields mentioned above, the
coordinates of these solutions will be shown in Part III to be the exact set
of periodic points (minus a finite set) of a specific 5-adic algebraic function
in a suitable extension of the 5-adic field Q5. This will be used to verify the
conjectures of Part I for the prime p = 5. In Theorem 5.4 of this paper we
establish a preliminary result in this direction, by showing that any ring class
field Qf over K = Q(v/—d) with (—d/5) = +1 and (5, f) = 1 is generated
by a periodic point of a fixed algebraic function, which is independent of d.
The 5-adic representation of this function will be explored in Part III.

Cs: X°+Y5=¢£5%(1—-X%YP),
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Let H_4(x) be the class equation for a discriminant —d = +1 (mod 5),
and let

Fy(w) = 2™CD(1 = 11z - 2*)" "V H_y(js(2)), (2)
where ) s s
‘ (1 —12b+ 14b° + 12b° + b%)
b) = .
This rational function represents the j-invariant of the Tate normal form
Es(b): Y24+ (1+b0)XY +bY = X? +bX? (4)
on which the point P = (0,0) has order 5. Note that
, (22 + 122 + 16)3 1
b) = — =b—-.
35(0) PR T b (5)

The roots of Fy(x) are the values of b for which the curve Es5(b) has
complex multiplication by the order R_; of discriminant —d = dg f? in
K. If h(—d) is the class number of R_g, it turns out that Fjy(2®) has an
irreducible factor pg(x) of degree 4h(—d) whose roots give solutions of Cs
in abelian extensions of K = Q(v/—d). Furthermore, the roots of py(x) are

conjugate values over QQ of the Rogers-Ramanujan continued fraction r(7)
defined by

SR b o N i
1+# I+ 14 14+ 1+ 777
1+1ff4.
_ ql/5 H (1 o qn)(n/S), q= 6271'1‘7" e H.
n>1

See [1], [2], [4], [10]. (We follow the notation in [10].) In the latter formula
(n/5) is the Legendre symbol and H denotes the upper half-plane. The
function r(7) is a modular function for the congruence group I'(5) [10, p.
149], and (X,Y) = (r(7/5),7(—=1/7)) is a modular parametrization of the
curve Cs (see [10, eq. (7.3)]). In Section 4 we prove the following result.

Theorem 1.1. Let d = +1 (mod 5), K = Q(v/—d), and
v+ \/Td
2
Then the values X = r(w/5),Y = r(—1/w) of the Rogers-Ramanujan con-
tinued fraction give a solution of Cs in X582y or Xs5{s¢, according as d # 412
ord = 4f2. For a unique primitive 5-th root of unity (I = €2™/5 depending

on w, we have

Qr(w/5)) = £, Q, QEIr(—1/w)) = S, Qy, if d # 4%

w =

€ Ry, with g2 | w and (N(w), f) = 1.

and

Qr(w/5)) = Bay O, Q(EIr(=1/w)) = Ba, Uy, if d=4f7, 2] f;
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where g5 is the prime ideal p5 = (5,w), Ek is its conjugate ideal in K, and
Y denotes the ray class field of conductor § over K. Furthermore,

Qr(=1/w)) = Q(r(w)) = XsQy or X5Qs,
according as d # 4f? or d = 4f2.

The numbers 1 = 7(w/5),& = ¢(/r(—1/w) in this theorem are both roots
of the irreducible polynomial pg(z), and so are conjugate algebraic integers
(and units) over Q. Furthermore, they satisfy the relation

—(14+V5)n™ +2
27 +1++5

(for all —d = dg f? < —4) where 75 = (%) is the Frobenius automor-

£ = Cir(-1/w) =

phism (Artin symbol) for s (which is defined since Q(r(w/5)) is abelian
over K and unramified at ps5). See Tables 1 and 2 for a list of the polynomi-
als pg(z) for small values of d. As is clear from the tables, these polynomials
have relatively small coefficients and discriminants. Moreover, as we show
in Section 5, these values of r(7) are periodic points of an algebraic function,
and can be computed for small values of d and small periods using nested
resultants. (See [20, Section 3] and [21].) We prove the following.

Theorem 1.2. If
g(X,Y) = (Y +2Y3 +4Y2 +3Y + NX° — Y (Y —3Y3 +-4Y2 - 2V + 1),
the roots of pg(x) are periodic points of the multi-valued algebraic function

9(z) defined by g(z,9(z)) = 0. With w chosen as in Theorem 1.1, the period
of n = r(w/5) with respect to the action of g is the order of the Frobenius

automorphism 15 = (Q(ZE)/K) in Gal(Q(n)/K).

As part of our discussion we also prove the following. To state the result,

“ €+
+ z+1 2mi /5
S = s = = s
a linear fractional map of order 5. The group (s(z)) generated by s(z)

under composition is the Galois group of the extension of function fields

Q(¢, 2)/Q(¢, ¥(2)), where
2(2f =328 + 422 — 22 + 1)

®(z) = 244223 +422 4+ 32 +1
Theorem 1.3. With w as in Theorem 1.1 and 75 as above, we have the
formula

rlwfsy =) = ().

1—jw
where j #Z 0 (mod 5) has the same value as in Theorem 1.1 and j is the
unique integer (mod 5) for which s (r(w)) is an algebraic conjugate of n =

r(w/5).
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This fact is significant, because in the ideal-theoretic formulations of
Shimura’s Reciprocity Law, such as in [23, p. 123], one has to restrict
to ideals that are relatively prime to the level of the modular function being
considered. Here r(7) € I'(5), so the level is N = 5, but Theorem 1.3 gives
information about the automorphism 75 corresponding to the prime ideal
ps of K.

Theorem 1.3 has the following application. A formula for the real contin-

ued fraction

6_67T/5 e—6m 12w —18n

1+ 1+ 1+ 1+
was stated by Ramanujan in his notebooks and proved in [3] and [4]. In
Section 5 we prove the alternative formula

T(SZ) — (]' + C3)7775 +C C — 627Ti/5, (6)

r(3i) =

ns—¢—=¢ 7
where
4 3 T5 _. . 3 2
nTszr( - Z> = ;“Z\Zf+i°i<‘/§<\/4+2f5+z’\/4+2\/5>

and w = (—1+14+/3)/2. This formula expresses Ramanujan’s value in terms
of roots of unity and simpler square-roots than appear in his original formula.
(See Example 1 in Section 5.) Similar expressions can be worked out for
certain other values of the Rogers-Ramanujan function r(7) using Theorem
1.3.

2. Defining the Heegner points.

Throughout the paper we will have occasion to make use of the linear
fractional map

—b+e5  —b+e 5 —11+5V5

b: = =
7(5) edh+1 etb+1’ e 2 (7)

Whenever the symbol 7 appears as a function of b, it denotes the function
in (7). We will also have occasion to use 7 to denote a complex number in
the upper half-plane H or an automorphism in a suitable Galois group, and
which use of 7 we mean will be clear from the context. We note that

(1 4 228b + 494b? — 228b% + b4)3

jS(T(b)> = j5,5(b) = b(l “11b — b2)5 )
(2 —2282+496)° 1
=T Grup T ®)

where js 5(b) is the j-invariant of the elliptic curve
Es5(0): Y24+ (14b)XY +5bY =X2 + 76X 2 + (6b° + 6b° — 6b) X
+ b° + b = 106% — 290 — b
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The curve Es5(b) is isogenous to Es(b) [18, p. 259], and because of (8),
E5(7(b)) represents the Tate normal form for Es 5(b).

Let K = Q(v/—d), where —d = dgf? = +1 (mod 5) and dg is the
discriminant of K. As usual, let n(7) be the Dedekind n-function. From
Weber [26, p.256] the function

7 = 1 (w) = (n(w/5)>2

n(w)

satisfies the equation
2§ + 1028 — ya(w)z1 +5 =0, y(w) = j(w)>.

Thus
(29 + 1023 +5)3

— . 9)
1

jw) =

On the other hand,
2} =y +5y" + 15y° + 25> + 25y = (y +1)° + 5(y + 1)* + 5(y + 1) — 11,

with y = y(w) = ”(“&)2)5) By Theorem 6.6.4 of Schertz [23, p. 159], both 3
and y are elements of the ring class field Qy = K (j(w)) if

e/Z 9k d, v? = —d (mod 52), (v,2f) = 1,
w=v+¥4 2|d 24 f v2=—d/4 (mod 52), (v,f)=1,  (10)

v Y4 21d, 2| f, v = —d/4 (mod 5%), (v, fotd) = 1;

in the last case f,qq is the largest odd divisor of f and v # d/4 (mod 2) is
chosen to guarantee that (N(w), f) = 1. (The latter condition is needed to
insure that (w) is a proper ideal of R_4 in Section 4.) These conditions on
w are equivalent to the conditions imposed on w in Theorem 1.1.

Now we set

o Y (/)
s=2(w)=b—3 =—11-a} =11 (n(w)>, (11)

so that b is one of the two roots of the equation
V¥ —2b—-1=0, z=—11—2z3.

) ) H’

From the identity

w1 0= (6

for the Rogers-Ramanujan function r(7) (see [10]), we see that
1
LS R . 5) — 11
b sy " w/5)

from which it follows that
-1
b=17r(w/5) or

r®(w/5) (12)
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and 1
z:r5(w/5)—m. (13)

We find from (5), (11), and (9) that
. —11 — 23)* + 12(—11 — z¥) + 16)?
oy (T 12011 =) 4 10
1
2§ +1023 +5)°
LT ), (1)
x
1
When z is given by (11), j(w) is the j-invariant of E5(b). Weber [26, p.256]

also gives the equation
, 2§ + 25027 4 3125)%
s = TLEZOTEIIN_ ). (15)
1

for the same substitution (11), by (8). Thus, j(w/5) is the j-invariant of the
isogenous curve Es 5(b).

The functions z(w) and y(w) are modular functions for the group I'g(5),
by Schertz [23, p. 51]. Moreover, w and w/5 are basis quotients for proper
ideals in the order R_,; of discriminant —d in K. Hence, we have the follow-
ing.

Theorem 2.1. If z = b — 1/b satisfies (11), where w is given by (10), then
J5(b) = j(w) and js5(b) = j(w/5) are roots of the class equation H_g(x) =
0, and the isogeny Es(b) — Es5(b) represents a Heegner point on I'o(5).
Furthermore, z lies in the ring class field of conductor f over K = Q(v/—d),
where —d = f2di and dg is the discriminant of K.

Exactly the same arguments apply if w is replaced in (9)-(15) by w/a,
where (a, f) =1 and 5a | N(w). (To guarantee y(w/a) € ¢ we would also
need 52a | N(w).) Then w/a and w/(5a) are basis quotients for proper ideals
in R_g and j(w/a) and j(w/(5a)) are roots of H_g4(x). Thus, j(w),j(w/a) €
Q2 are conjugate to each other over K. Theorem 6.6.4 of Schertz [23] implies
that the corresponding values z(w), z(w/a) in (11) are also conjugate to each
other over K if 51 a, but in Section 4 we will need to relax this restriction on
a. To do this, we prove the following lemma. Let J(z) denote the rational
function ) 5
J(z) = (2" + 1224+ 16)

z+11
Recall that an ideal a of the order R_,; corresponds to the ideal aRg of the
maximal order Rx = Ry, of K, and conversely, an ideal b in Rg corresponds
to the ideal by = bNR_g in R_4 (see [6, p. 130]).

Lemma 2.2. For a given ideal a = (a,w) C R_4 with ideal basis quotient
w/a, where (a, f) =1 and 5a | N(w), there is a unique value of z1 € Qy for
which J(z1) = j(w/a) and z + 11 = p3, and this value is 2 = 27", where
o= <Qf/K>. (a2 B denotes equality of the divisors (c) and (f3).)

CIRK
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Proof. If ¢ is the Frobenius automorphism given in the statement of the
lemma, j(w/a)” = j(a)” = j(R_q) = j(w) = J(z), it follows that J(z° ') =
j(w/a). Suppose there is a zo € €, different from z; = z"_l, for which
J(z2) = J(z1) and z3 + 11 = z; + 11. Then (21, 22) is a point on the curve
F(u,v) =0, where
J(u) = J(v)

—v
= (v +11)u’ + (v* + 47v + 396)u* + (v® 4 47v* + 876v + 5280)u>
+ (v* + 47v® + 8760* + 8160v + 31680)u”
+ (v° 4 470" + 87613 4 816002 + 39360v + 84480)u

+ 110% 4 3960v* + 52800% + 3168002 + 84480v + 97280.

F(u,v) = —(u+11)(v + 11)

A calculation on Maple shows that this is a curve of genus 0, parametrized
by the rational functions

11t% + 55t% 4 1653 + 275t% + 275t + 125
t(t* + 5t3 + 15t2 + 25t + 25)

4+ 11t + 55¢3 + 165t2 + 275t + 275
t4 4+ 5t3 4+ 15¢2 4+ 25t + 25

Hence, F(z1, z2) = 0 gives that

125
11 =
A T 58 1 152 1 251 + 25)
or
5 4 3 2 125
£ 4 54 4 1563 + 2512 4 25¢ + —0,
z1+ 11

~

for some algebraic number t. Since 21 + 11 & z + 11 & o2 (see eq. (28)
below), we have (21 + 11) | 5% and ¢ is an algebraic integer which is not
divisible by any prime divisor of g in Qf(t). Then

—t? tP 11
zo+ 11 = = 195 — oot )
t4 + 5t3 4+ 15¢2 4+ 25t + 25 n 125
(21+11)

But the equality of the ideals (2o + 11) = (21 + 11) implies that 5 = 53,
so t is divisible by some prime divisor of pf in Q¢(¢). This contradiction
establishes the claim. g

3. Points of order 5 on E5(b).

From [22] we take the following. The X-coordinates of points of order 5
on E5(b) which are not in the group

<(07 0)> - {07 (0, 0)7 (07 _b)7 (_bv 0)7 (—b, b2)}
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can be given in the form
(b—a)

_ o _ o 2\, .4
X =755 (18 — 12D+ 6ba + 8a — 20%)u

+ (—4ba + 2b% + 3a — 7 + 12b)u?
+ (Tha + a — 3 — 2b% — Th)u?
+(22b — 2 + 2b%)u — 3 — Tb + 3ba — 2b* — o}
_(5-a)
100

(A4u4 + A3u3 + A2U2 + Aju+ A0)7

where a = :I:\/g,

2b+ 11 + ba b—¢&°

5

_ _ — 1
Y ¢1(0) —2b—114+5a —b+¢&d (16)

and
- -1+« - -1-a
o2 T2
Equation (16) shows that u® = 1/(e°7(b)), i.e., 7(b) = (eu)~>. Solving for b

in (16) gives

5,5, =5
eou’ + &

b= ——. 17
ud + 1 (17)

Now the Weierstrass normal form of E5(b) is given by
1
Y2 =4X3— X — g3, g2 = E(b4 +12b% 4 14b% — 12b + 1),

—1

= %(bﬂ + 1)(b* 4 186 + 74b* — 18b + 1),

93
with
A=gs—27¢g2 =b°(1—11b — b?).
By Theorem 2.1, E5(b) has complex multiplication by the order R_g4, so the

theory of complex multiplication implies that if K # Q(i), i.e. d # 4f?, the
X-coordinates X (P) of points of order 5 on F5(b) have the property that
the quantities

9293 1 2
ZL (X (P) + — 1
( ( )+12(b +6b+ ))

generate the field 50 over 17, where X5 is the ray class field of conductor
5 over K = Q(v/—d). (See [11]; or [25] for f = 1.)

In the case that d = 4f? > 4, the argument leading to Theorem 2 of [11]
shows that these quantities generate a class field X g over K = Q(¢) whose
corresponding ideal group H consists of the principal ideals generated by
elements of K, prime to 5f, which are congruent to rational numbers (mod
f) and congruent to +1 (mod 5). H is an ideal group because it contains
the ray mod 5f. Thus H C S5 N Py is contained in the intersection of the
principal ring class mod f, Py, and the ray mod 5, Ss. If (a) € S5 N Py,
then we may take a = r (mod f) and r € Q; and then ia = 1 (mod 5)
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for some power of i. If 2 | a, then () € H; while if 2 { a, then o? = —1
(mod 5), so (a)? € H, and the product of any two such ideals lies in H. This
implies that [S; NPy : H] = 2 and X, is a quadratic extension of X500
(when K = Q(%)). Moreover, H is a subgroup of the principal ring class Ps¢
and [Psy : H] = 2, so that [¥f, : Qsf] = 2. Since P5s # S5 N Py, it follows
that Z’5f = Q57(8585) = E5Q57. Noting that Py/Pss is cyclic of order 4,
generated by (a)Ps; with a = 2 (mod p5) and = 1 (mod gf), it follows from
Artin Reciprocity that Qs¢ /€y is a cyclic quartic extension.

Let F' denote the field X500, for d # 4f?%; and E/Bf = X505, for d =

4f% > 4. Also, let ¢(a) denote the Euler ¢-function for ideals a of Ry.
Since p = 5 = g5k splits in K, the degree of ¥5/3 is given by
1 .
S5 Sa) = 50(p)(eh) = 8, it d £ 47,

and since every intermediate field of ¥5/3; is ramified over p = 5 we have
that

[F Q) = [S5Qp: Q] =8, d#A4f>
On the other hand,
[F Q) = S5 : Qp] =2 [S5Qp: Qf] =8, d=4f> >4,

since in this case
1
(55 1 K] = 10(0s)0(oh) =4, d=4f%

so that ¥5 = K((5) when K = Q(4). Thus, [F': Q] = 8 in all cases (with
d#4).

In Cho’s notation [5], the ideal group H coincides with the ideal group
declared modulo 5f given by

Piyo ={(a)la € Og,a=a (mod 5f),a € Z,(a, f) = 1,a =1 (mod 5)};

and F' equals the corresponding field K5y o, with O = R_g4. Since (5, f) = 1,
this holds whether d # 4f2 or d = 4f2. Cox [6, p. 313] denotes this field as
F = Los and calls it an extended ring class field.

We henceforth take & = /5 in the above formulas, and we prove the
following.

Theorem 3.1. If z = b — 1/b is given by (13), where w is given by (10),
with d # 4, then the roots u of the equation (16) lie in the field F' = 358y,
if d # 4f?, and in F = Y5Qsp, if d = 4f% > 4. Thus, the value b is given by

b_65u5+§5 5_—1—1—\/5 6__—1—\@
Wb+l T T 2 7T 2
where ) )
u:_r(w)—a or _ér(w) 1’
r(w) —e er(w) +1



1188 PATRICK MORTON
according as b = 1 (w/5) or b = Wl/f)) Moreover, r(w),r(w/5) and
r(—1/w) lie in the field F.

Proof. Note first that

295 —1 (b* +12b% 4 146% — 126+ 1)(b* + 1)(b* + 18b% + 74b? — 18b + 1)
A~ 2538 b5(1 — 116 — b?)
1 (224122 +16)(22 + 182+ 76) b + 1

253 Z+ 11 2

where z = b — % = —11 — 23 lies in Q. It follows that
2
b ; ! (X(P) + %(zﬁ 1+ 6b+ 1)) €F

for any point P € E5[5]. In particular, with P = (—b,0) we have that

b2+ 1 1 1 1
m_;(b2—66+1):12<b+b> <b+b—6) €F.

Since b — % lies in €, the field F' contains the quantity

1\? 1 1\2
_ - 4=b 4+ = +92= -
(b b>+ R (b+b>,

and therefore also (b + %) and (b + %) + (b — %) = 2b. Therefore, b € F and
we have that
X(P) e F, for P e Es[5].
Since Q(v/5) € Q(¢5) C X5, we deduce from the formula for X above that
A4u4 + A3u3 + A2u2 +Aiu+ Ay e F
for any root of (16). Hence, for any fixed root u of (16) we have that
AgCPut + AsCPud + APl + AiCtu+ Ag=B; e F, 0<i<4. (18)

This gives a system of 5 equations in the 5 “unknowns” u‘, with coefficients
in F'. The determinant of this system is

D=— ‘j(c—g? — B4 (=3 —Tb+3ba —20% — a)(—2b— 1+ )
X (204 a+1)(2b+ 11+ 5a)(=b+ 2+ a)(=2b — 11 + 5a)*,  (19)

which I claim is not zero. )
Ignoring the constant term ﬂ’T\/g in front, multiply the rest by the poly-
nomial in (19) obtained by replacing o with —«. This gives the polynomial

210(b% — 4b — 1)(b* + 70 + 4b* +18b + 1) (0> + 116 — 1)°(b> + b — 1)2.

If b is a root of any of the quadratic factors, then z = b — % is rational:
z = 4,—11, or —1, respectively. In these cases j(w) = —102400/3, c0, or
—25/2, all of which are impossible, since j(w) is an algebraic integer.

Now FEj5(b) has complex multiplication by an order in the field K =
Q(v/—d) whose discriminant is not divisible by 5. Therefore, j(w) = j(Es5(b))
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generates an extension of @Q which is not ramified at p = 5. If b is a
root of h(z) = 2% + 72 + 422 + 182 + 1, then disc(h(x)) = —5%19 and
Gal(h(x)/Q) = Dy imply that K (b) can only be abelian over the quadratic
field K = Q(v/—19) and f = 1. Then j5(b) is a root of the irreducible
polynomial

H(z) = z* + 558430523 — 3230554902522 + 635312738631252 — 593134493,

which is impossible, since K = Q(v/—19) has class number 1. This shows
that the determinant D in (19) is nonzero, and therefore, since the coeffi-
cients A; and D lie in the field F, we get that the solution (u*,u3,u?, u,1)
of the system (18) lies in F' also. This proves that v € F. In particular,
7(b) = (cu)~? is a 5-th power in F.

We can find formulas for u from the identities

P(2) = () B

57 edrd(r)+1 w r(w)—¢&

See [10, pp. 150, 142]. If 7 = w/5 and b = r°(w/5), we have

s ~b+e® 1
w )  &5(b—25  dud’

and we can take

1 r(w)—¢& r(w) —& 5
Y e (=) eler(w)+1) r(w) — ¢’ r(w/s) (21)
On the other hand, if b = #1/5)’ then we can choose
_ér(w) +1
er(w) +1°

In either case it is clear that r(w),r(—1/w) € F.

We can apply the same analysis with b replaced by 7(b), since Es5(b) =
E5(7(b)), so that the latter curve also has complex multiplication by R_g.
Furthermore,

b=1r(w/5) = 7(b) =1° (j) ,
while . .
NGCE IR

Note also that when b is replaced by 7(b) in the determinant D, its factors
in b are

(26 4+1)(b—2)(b+ 3)(—=3 — Tb + 3bar — 2b> — a)b*
(2b+ 11 + 5a)10 ’
and so are nonzero by the same reason as before. Using (16) again, we get
a solution u; € F of the equation

W= di(r(b) = 5 = .
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Therefore, b = 1/(eu1)® is also a 5-th power in F, i.e. r(w/5) € F. O

Remarks. (1) The fact that r(w),r(w/5) € F also follows from [6,
Theorem 15.16], since F' = Lo 5. The above proof does not make
use of Shimura’s reciprocity law.

(2) The result r(w),r(w/5) € F is sharper than what is obtained from
[23, Thm. 5.1.2, p. 123]. That theorem only yields that r(w), r(w/5)
lie in X5y, the ray class field of conductor 5f. Also, the coefficients
of the g-expansion of r(—1/7) are in Q(v/5) but not all in Q, so [23,
Theorem 5.2.1] does not apply.

(3) The results of [22] show that the coordinates of all the points in
E5(b)[5]—((0,0)) are rational functions of the quantity u, and there-
fore of the quantity r(w), with coefficients in Q((3), by (21). It
follows from the theory of complex multiplication that Lps = F =
K(¢s5,m(w)). In Corollary 4.7 and Theorem 4.8 below we will prove
that Los = F = Q(r(w)) when d > 4. See the discussion in [6, pp.
315-316] for the case d = 4.

Now b satisfies the equation b — % =z=—11—2a? € Qf, so b is at most
quadratic over 2¢. Hence, its degree over Q is at most 4h(—d). This degree
is also at least h(—d) since j(w) € Q(b).

Proposition 3.2. If d > 4, the degree of z = b — 1/b over Q is 2h(—d).
Thus, Qy = Q(z), and the minimal polynomial Rq(X) of z over Q is normal.

Remark. Our use of R4(X) in this paper is unrelated to the polynomial
R, (x) discussed in Part L.

Proof. Recall from above that

ooy (241224 16)°
j(w) = js(b) = Sl ;

and
(2% — 2282 + 496)3

(z+11)°
Since z = —11—a% € Q and the real number j(w) has degree h(—d) over Q,
it is clear that the degree of z is either h(—d) or 2h(—d). Suppose the degree
is h(—d). Then Q(z) = Q(j(w)), which implies that z is real, and therefore
J(w/5) is also real. We also know j(w/5) = j(ps.4), Where p5 g = p5 NR_g,

Jj(w/5) = js5(b) = —

so that j(psq4) = j(ps5,4) = ](p;}l) implies that s must have order 1 or 2
in the ring class group of K (mod f).

If p5 ~ 1 (mod f), then 4 -5 = 23 + dy3 for some integers x9,y2, which
implies that d = 4,11, 16, 19, the first of which is excluded. In the last three
cases we have, respectively

H yy(x) =2 +32%, H_j5(x) =2 —66%, H_19(x) =2+ 96>
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(See [6].) In these cases there is only one irreducible polynomial Q4(z) of
degree 4h(—d) = 4 or less which divides Fy(z) in (2), which must therefore
be the minimal polynomial of b. We have

Qui(z) = o' + 423 + 4622 — 4z +1, Qu6(z) = 2 + 1823 + 20022 — 18z + 1,

Qo(z) = x* + 362% + 39822 — 362 + 1.

To each of these polynomials with root b corresponds the minimal polynomial
Ra(x) with root z = b — ;. These are:

Rii(z) = 2% +4x+48, Rig(z) = 22+ 1824202, Rig(z) = x4 362 + 400,
each of which has the correct degree 2h(—d) = 2.

Now suppose that the order of g5 is 2. Then p2 ~ 1 (mod f) implies that
4-5% = 22 4 dy3 for x9,ys € Z with 29 = yo (mod 2), if d is odd, giving the
possibilities:

d=>51,91,99, with h(—51) = h(—91) = h(—99) = 2;
and 5% = 23 + %y%, if d is even, in which case we have the following possi-
bilities: d = 24, 36, 64, 84, 96, with
h(—24) = h(—36) = h(—64) =2, h(—84) = h(—96) = 4.
We use the following class equations (see Fricke [12, III, pp. 401, 405, 420]
for D = —24,—-36,—64, —91; and Fricke [13, III, p. 201] for D = —51):
H_y(z) = 2% — 4834944z + 14670139392,

H_s6(z) = 2% — 1535420162 — 1790957481984,
H_s1(z) = #? + 5541101568z 4 6262062317568,
H_gu(x) = 2 — 82226316240z — 7367066619912,

H_g1(x) = 22 + 103590730137602 — 3845689020776448,
H_go(x) = 22 + 37616060956672z — 56171326053810176.
These polynomials yield the following minimal polynomials for z:
Roa(z) = 2 — 1223 4 202 4 3120z + 16912,
Rae(z) = 2 + 602 4 302027 + 51984z + 287248,
Rsi(z) = 2* — 242° 4 680022 + 1551362 + 852736,
Rea(x) = z* — 2162% 4 1723422 + 4303802 + 2362354,
Ro1(x) =z — 21623 + 15444822 + 3449088z + 18965248,
Roo(x) = a* + 87223 + 29262422 + 62300162 + 34284288.

We computed H_gg(x) and Rgg(z) directly from (11). In the same way we
find

Raa(z) = 28 — 46827 + 8112425 + 305323225 + 656424962 + 115663392023
+135860874882% + 882688135681 + 244368064768,
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Rog(z) = ® + 32427 + 2308482° + 50802482 + 323516042* + 886626722
+67533332822 + 2681910144z + 7697193232.

Each of these polynomials is irreducible, so the quantity z always has degree
2h(—d) over Q. Since z € Qy, it follows that Qy = Q(z). This proves the
claim. 0

Remark. The class equations appearing in the above proof are all the irre-
ducible factors of the discriminant discy(®s5(x,y)) of the classical modular
equation ®5(z,y) for N = 5.

Theorem 3.3. With z as in (13) and d > 4, the quantities b and 7(b) =

—b+¢e° , .
T are 5-th powers in the field F', and if
& =70b) and 1° =0, (22)
then (X,Y) = (§,n) is a solution in F of the equation
X°+Y°=£(1-X°Y°). (23)

Such numbers & and n exist for which & € Q(7(b)) and n € Q(b).

Proof. From (22) and the last part of the proof of Theorem 3.1, we have
1 . 1

— _ — _ ¢5.
5—857@—77, T(b)—ﬁ—§7
with
_ spind (W _ sesg 0 (L —
n=4Cr , £=06C"r , 0==l. (24)
) w

The relation ¢® = 7(n°) implies that (X,Y) = (&,7n) lies on (23). It only
remains to prove that n = —— = b'/® can be chosen to lie in Q(b). The

eul

polynomial ¢(X) = X° — b has the root 7 and splits completely in F. Since
the degree [F' : Q] = 8 is not divisible by 5 or by 3, and the degree [Q(b) :
Q¢] = [Q(b) : Q(2)] divides 2, ¢(X) has to factor into a product of a linear
and a quartic polynomial, or a linear times a product of two quadratics over
Q(b). Hence, at least one root of ¢(X) has to lie in Q(b), and we can assume
this root is 7. In the same way, we can assume & € Q(7(b)). O

Remark. Whend =4, (X,Y) = (§,n) = (—1i, 1) is a solution of the equation
(23), corresonding to the values b =i, z = 2i.

Using (22), we see that

j(w/5) = j(Es(r(b))) = j(E5(£°)) =

while ¢° = 7(n°) and (8) imply that

i(w/5) = (1 + 228n° 4 494n'0 — 22875 + 0)3
775(1 _ 117]5 _ 7710)5 :

(1 _ 1255 4 14&-10 + 12515 + 520)3
G- —gn)

(25)
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In the same way we have
( ) B (1 _ 12775 + 147710 + 12,'715 + ,'720)3
= (1 = 111° — n'0)
(14 228€° + 494¢™0 — 228¢15 + ¢20)3
55(1 — 1155 _ 510)5 ’
It follows that the minimal polynomials of £ and 7 divide the polynomial
Fy(z?), where Fy(x) is given by (2), as well as the polynomial Gy4(x%), where

Gy(2°) = 2D (1 — 112° — 210 CD H_ (5 5(2)). (26)

4. Fields generated by values of r(1).

If R4(X) is the minimal polynomial of z = b—1/b over Q, as in Proposition
3.2, define the polynomial Q4(X) by

1

Qu(X) = X*M=DR, <X — X) . (27)

The case d = 4 is unusual, in that
Fy(z) = (22 + 1)%(a* + 1823 + 742% — 18z + 1)?

is divisible by a square factor, so that Q4(z) = x? + 1. In all other cases we
have the following result. We will need the well-known fact that

—z— 11 =z (w) = . (28)
(See [9, p.32].)

Proposition 4.1. If d > 4, the polynomial Qq(x) defined by (27) is an
irreducible factor of Fy(x) of degree 4h(—d). Both b and 7(b) are roots of
Qa(x). Furthermore, Qq(z°) is divisible by an irreducible factor pg(z) of
degree 4h(—d) having n as a root.

Proof. Certainly, b is a root of Qg(x). If Q4(z) were reducible, it would

have to factor into a product of two polynomials of degree 2h(—d) over Q.
Neither of these polynomials would be invariant under z — U(z) = %1, since

this would imply that R4(x) factors. Hence, b would have to lie in s, and
Qa(z) = f(z) - 2*" D f(=1/x)

for some irreducible f(z) having b as a root. Next, note that

1 gb—e®  sb—&°  —110*+4b+11  —1lz+4

b) — - = =
L e e e B F 2111

Putting z; = 7(b) — %, the last equation gives

125 125
—z—11  ay(w)3

-z —11= = z1(—5/w)?,
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by the transformation formula n(—1/7) = /Zn(r) for the Dedekind 7-
function. Furthermore,

=5 _ b —w  —v+-d

w Nw) a 2a
is an ideal basis quotient for the ideal a' = (a, —w’), where psa = (w) and
therefore pfa’ = (—w'). It follows that

0(3)Y

5a —_—
:cl(—5/w)3 =|—F—%] = z1(w/a)3.

(=)
From [9, p.32] we have with zo = z; that
—z — 1l =x(w/a)® =2 e = —2 — 11

and J(z2) = j(w/a), in the notation of Lemma 2.2. That lemma implies
that zo = 27 is a conjugate of z over K. Hence z; is a conjugate of z
over Q, and therefore also a root of Ry(X) = 0. This shows that 7(b) is
also a root of Q4(z) = 0. But then either 7(b) or ﬁ}) is a conjugate of b
over Q. From the formula (7) for 7(b), which is linear fractional in £® with
determinant b +1 # 0 (for d > 4), this would imply that v/5 € Q¢, which is
not the case, since p = 5 is not ramified in 7. Therefore Qg(x) is irreducible
over Q.

The last assertion of this proposition follows from the equation n° = b and

the above arguments. We have chosen 7 so that n € Q(b), so the minimal
polynomial of 7, namely pg(x), has degree 4h(—d). O

As a corollary of this argument we have:

Corollary 4.2. The roots of Rq(x) = 0 are invariant under the map © —
—1lz44,
z+11 -

_ —1llz +4 _
(z +11)?hCDR, <$+11> = 53 CDR ().

Note that the substitution z — V(z) = _;Jlrzl*l"l has the effect of inter-
1

changing j(w) and j(w/5), as functions of z = b — 3
Proposition 4.3. If d > 4, the minimal polynomial py(z) of n = b'/° over
Q s irreducible and normal over L = Q((5). Furthermore,

F = (350 or B5Q57) = Q(b, ¢5) = Q(n, ¢5)

is the disjoint compositum of Q(b) = Q(n) and Q({5) over Q. The same
facts hold with b replaced by 7(b) and n replaced by &.

Proof. We know that a root of py(x) generates a quadratic extension of ¢
over Q. Hence, the field L(n) contains L. On the other hand, the roots u

of (16) are contained in L(n), since £ = (cu)~! lies in Q(7(b)) C Q(b,/5) C
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L(n), by Theorem 3.3. Since the X-coordinates of points in E5[5] generate F'
over {7, and these X-coordinates are rational functions in u with coefficients
in L, by the formulas in [22], it follows that F' = L(n) = Q(b,(5), and
therefore [L(n) : L] = M = 4h(—d). This shows that pg(x) is irreducible
over L = Q(¢5) and implies that Q(b) N Q(¢5) = Q. O

This proposition also shows that the polynomial Q4(x) is not normal over
Q, since it has both b and 7(b) as roots, and v/5 ¢ Q(b). Hence, py(x) is also
not normal over Q. But Q(b) C F is abelian over K and Q(b) and Q¢((s)
are linearly disjoint over 2.

Corollary 4.4. If Qq(z°) =
of degree 16h(—d), and pq(§)
216D gy (—1/z) = qa().

Proof. To show that the polynomial q4(z) in Qgq(x®) = pa(x)qq() is ir-
reducible, note that b € Q(¢n) implies n and therefore also ( lies in this
field. Thus, Q(¢n) = Q(¢,n) = F has degree 8 over Qs and degree 16h(—d)
over Q. This implies that (7, which is a root of Qg(x”), must be a root of
qa(z), hence qq(z) is irreducible. Since the set of roots of Qg(x°) is stable
under the mapping z — —1/z and pg(z) and g4(x) have different degrees,
the respective sets of roots of the latter polynomials must also be stable
under this map. The fact that z**(~9p,(—1/z) = pg(x) now follows from
the norm formula

pa()qa(z), then qq(x) is irreducible over Q,
= 0. Moreover, z*"=Dpy(—1/z) = py(z) and

No@mya(m) = Na, jo(Nowm e, (n) = 1.

This holds because (11) implies 1 is a unit (z is an algebraic integer) and
Q¢ is complex. Finally, £ must also be a root of py(z), by Proposition 4.1,
since ¢ and 7(b) have degree 4h(—d) over Q. O

This corollary allows us to prove the following.

Theorem 4.5. The quantities n and & satisfy

. -1 ,
n=or' (3), €=ach’ (w) L=l AL (29)
and are roots ofpd(x). Thus, the roots of pa(x) are conjugates over Q of the
values r(w/5) and {Ir(—1/w) of the Rogers-Ramanujan function r(T).

Remark. This and Theorem 3.3 prove the first assertion of Theorem 1.1.

Proof. First note that the map o : b — —1/b is an automorphism of Q(b)
which fixes Qy = Q(z). Since 7 is the only fifth root of b contained in
Q(b), this automorphism takes 7 to n” = —1/n and therefore n — 1/n € Qy.
Furthermore, = {7 is a root of the polynomial ¢4(x) in Corollary 4.4, and
n' — —1/n' is likewise an automorphism of order 2 of the field F. But then
n'—1/n has degree 8h(—d) over Q, since 7/’ is a primitive element for F' over
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Q, so that ' —1/n" ¢ Q. On the other hand, the function r(7) satisfies the
identity

1y 1(T/9)
) =10 = T2,
by [10, p. 149]. Putting 7 = w/5 therefore gives that
r(w/5) —r Y (w/5) = —1 — n(w/25) =—-1-y(w) € Q.

n(w)

Now the first formula in (24) implies that ¢ = 0, i.e., that the first formula
in (29) holds. On the other hand, putting 7 = —1/w gives

ér(w)+1 B r(w) —¢&
r(w)—¢ ér(w)+1
r?(w) — 4r(w) — 1

- r2(w) +r(w)—1" (30)

r(=1/w) —r~H(=1/w) =

and the last expression is linear fractional (with determinant —5) in the
expression

gy — /)
)~ w) = 1 = TS

In this case, y(5w) € Qs [23, p. 159], but y(5w) & Qy, since

24 77(“’/5) # W(w) 24_ 12 A(w,1> . 12 512
() ‘( n(w)> <n(5w)> =) ) = Oy

where P is the 2 x 2 diagonal matrix with entries 5 and 1, in the notation of
Hasse [14] and Deuring [9]. By [9, p.43], ¢p(w) is a unit, so this gives that
y(bw)* = 12512 = 24612 e y(5w)? = p2ps. This equation implies
that g5 is the square of an ideal in Q7 (y(5w)), which shows that y(5w) & €.
Since € — 71 € Qy, this proves that ¢/ # 1 in (24), i.e. that (29) holds. [

= —1—y(bw). (31)

Theorem 4.6. Ifd # 4f% and z = b—% is given by (11), then Q(b) = Yoy
is the compositum of Qy with the ray class field of conductor pf over K;
and Q(7(b)) = X, Q. Furthermore, the normal closure of Q(b) over Q is

Q(b, \/5> = Emnggf'

Proof. First note that [S, : X] = (p5)/2 = 2, so that (B Qf : Q] =
2. Moreover, the quadratic extensions Epg Qy and X,,(1; are contained in
F = Y50y, because X, ¥, C ¥5. On the other hand, Gal(F/(y) =
Ly X Zg, so that F' has three quadratic subfields over €1y. These subfields
are Fy = Qp(b), F, = Qp(7(b)), F3 = Q;(v/5). The field F3 is normal over
Q, while F; and Fy must coincide with the fields EW% Qy and X,€2;. The
quantity b satisfies the equation b —bz — 1 = 0, whose discriminant 2?44 =
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(z+1)

(z — 1) + 5 is divisible by ek (by (28)). Now note the congruence
(from (5))

2 3
Jjw) = —(24_22:1—’_1) = —(2+1)° (mod @s).
This implies that j(w) is conjugate to —(z + 1) (mod p) for every prime
divisor p of p5 in Q. Further, the discriminant of H_4(x) is not divisible by
p = 5, since the Legendre symbol (%d) = +1 (see [8]). Hence, the minimal
polynomial mg(x) of z over K satisfies

ma(z) = (—1)"CDH_y(—z — 1) (mod ps),

and factors into irreducibles of degree f; = ord(gps), where fi is the order
of p5 in the ring class group (mod f) of K. If f; > 2, then certainly z = 1
is not a root of my(z) (mod gs5), so no prime divisor of g5 divides z — 1.
If fi = 1, then by the calculations of Proposition 3.2, d is 11 or 19 (since
d # 16 by assumption); and it can be checked that

Rii(z) = (x+1)(xz+3), Rig(x)=xz(zx+1) (mod 5).
It follows that no prime divisor of @5 divides z — 1, for any d. Hence, only
the prime divisors of gf in Qy can be ramified in Q7(b)/Qy. It follows that
ot must divide the conductor of Fy, which proves the first assertion. Then
the field EmEpg 1y = F1F3 is obviously the smallest normal extension of Q
containing Q(b). O

Corollary 4.7. If d # 4f?, w is defined by (10), and 7 is as in (29), then
Q(r(w/5)) = Q(b) = Ty Qf, Q1 (—=1/w)) = Q(7(b)) = .2y,

and Q(r(—1/w)) = Q(r(w)) = F = X5Qy. The field F1 = Q(n) = Q(r(w/5))
is the inertia field for ps in the abelian extension F/K.

Remark. This and Theorem 4.8 prove the remaining assertions in Theorem
1.1. In Cho’s notation [5], the field X, Qy = K o, where O = R_g.

Proof. The first assertion follows directly from Theorems 4.5 and 4.6, since
Q(r(w/5)) = Q(n) = Q(b). The fact that Q(r(—1/w)) = F follows from
r9(—=1/w) = 6¢~%¢ and the proof of Corollary 4.4, which shows that ¢ ~%¢
is a root of the irreducible polynomial g4(z). By (30), r(w) generates a
field over Q containing 2y whose degree is at least 8h(—d), since r(—1/w) —
r~1(—1/w) generates the fixed field of the automorphism

r(=1/w) = —r~H(=1/w),
which also contains &% — 1/£% = 7(b) — 1/7(b), i.e., a root of Ry(X) = 0.
Hence, r(w) must have degree at least 4 over Qy. If this degree equals
4, so that [Q(r(w)) : Q] = 8h(—d), then Q(r(w))/Qy C F/Qy is a quartic
extension which contains /5. (This is easiest to see using the correspondence

between abelian extensions of Q; and characters of Gal(F/§y) = Zy X Zy,
as in [16, p. 5].) Therefore r(—1/w) € Q(r(w)) by (20) and would not
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generate F. This contradiction proves that r(w) has degree 16h(—d) over
Q and Q(r(w)) = F. The last assertion follows from the fact that the
ramification index of the prime divisors of p5 in F/K ise =4 = [F : F}], so
that F is the maximal subextension of F' which is unramified at gs. (]

In the case K = Q(i), we have X, = ¥, = K, so the conclusion of
Theorem 4.6 cannot hold. However, the fact that pf ramifies and ps does
not ramify in the quadratic extension Q(b)/Q; follows in exactly the same
way, since Rig(z) = (¢ +1)(z+2) (mod 5). This gives the following result.

Theorem 4.8. If K = Q(i), d = 4f* > 4 and 2 | f, then with the value of
j in (29),

Q(r(w/5)) = Qb) = Ty Oy and Q(Ir(—=1/w)) = Q(7(b)) = o, Q.

In general, if d = 4f% > 4, then Q(r(—1/w)) = Q(r(w)) = F = ¥5Q5¢; and
Fy = Q(n) is the inertia field for s in the abelian extension F/K.

Remark. The result F' = Q(r(w)) = Lo in Corollary 4.7 and Theorem
4.8 generalizes the example in [6, p. 316], which deals with the case d = 4.

Proof. In this case we have f = 2" and Q55 = Q49€2¢, by Hasse’s Zusatz in
[15, p. 326]. Therefore F' = 35010€Q. On the other hand, SsNPo C 52p15 in
K = Q(i), when these ideal groups are declared modulo 10, so we have that
Eopr C B5Qio and X Qp C F. Since [¥y + K] = 2 and pg ramifies in
Yogr, it is clear that [Yo Q : Q] = 2. Now the proof of Theorem 4.6 shows
that Q(b) = Xy, Oy and Q(7(b)) = ;{2 and the rest is a consequence of
Theorem 4.5 and the same arguments as in the last corollary. ([l

Remark. When K = Q(i) and f is odd, the conductor §f(F/K) of F1/K
divides @i(f), and is divisible by the conductor f(2;/K). Since f is odd,
f(Q/K) = (f), so that §(F1/K) = ¢i(f). (See [6, Ex. 9.20, pp. 195-
196].) In the general case d > 4 it is not hard to see that the equality
f(F1/K) = pL(f) still holds, unless —d = dg f? # —4f?, dx = 1 (mod 8),
and f = 2f’ with odd f’; in which case f(F1/K) = @s(f’). As an example
of the latter phenomenon, see the polynomial pio4(x) in Table 2 below, for
which f = 2, but whose discriminant is not divisible by 2.

In Tables 1 and 2 are listed the minimal polynomials py(x) of the values
r(w/5) for all d < 150. For most values of d, py(z) was computed from
H_4(x) using the fact that pg(x) | Fy(2®) with Fy(z) in (2). For d # 4f2
for which H_4(z) was not available, py(z) was computed by approximating
to high accuracy the values of 7(7) = r(w/(5a)) at ideal basis quotients of
representatives psa = (5a,w) of the classes in the ray class group modulo
f = gL of R_g4, for which pZ | (w), in line with (10). (See [23, p.88].)
This gives 2h(—d) values r(w/(5a)), which are class invariants for the ideal
class group A/ Hpg ¢, where A is the group of fractional ideals of K prime
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to p5(f) and H = Hg, f is the ideal group of conductor p5(f) (or g5(f’))
corresponding to the class field Q(r(w/5))/K. Then

w Jw
pa(x) = H (x—r (%))(:B -7 (%))
a mod
A similar computation was carried out for d = 4f2. In Section 5 below we

will give an algebraic method for verifying these calculations. The discrim-
inants of these polynomials seem to satisfy the following.

Conjecture. (1) If ¢ > 5 is a prime which divides di but does not
divide f, then ¢*"=? ezactly divides disc(py(x)).
(2) If h = h(—d), 5" egactly divides disc(pg(z)).
(3) disc(pa(x)) is only divisible by primes q < d.
(4) If ¢ # 5 is a prime dividing disc(pg(x)), then the Kronecker symbol

on

5. Periodic points of an algebraic function.

5.1. Preliminary facts on the group Ggo. In this section we shall make
use of the fact that the rational function
(14 22825 + 494210 — 228215 4 »20)3
fs(2) = 25(1 — 1125 — 210)5
is invariant under a group Ggg of linear fractional substitutions:

Geo = (S,T), S(z)=C(z, T(z)= _;ii\l/i)i/gQa

which is isomorphic to the icosahedral group As. (In this subsection, z is
taken to be an indeterminate.) The coefficients of the maps in Ggp are in the
field Q((¢5). The transformations S and 7" have orders 5 and 2, respectively,
while the transformation

-1
U() ==
is given in terms of S and T by U =T -S%-T-S3-T - S?. (See [12, II, pp.
42-43].) Furthermore,

H={1,T,U,TU}
is a Klein-4 subgroup of Ggo, where TU(z) = UT(z) = —1/T(2) = Ta(z),
and
o) = L= VB2 42
22 +1—-+/5

Thus, U = TT, = T»T. The normalizer of H in Ggp is N = (A, H) = Ay,
where A = STS™? is the map

(1+¢)z+1

_ ~3
A(Z)—C 2_1_C4
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TABLE 1. The minimal polynomial pg(z) of r(w/5), w =
vhy=d 52 | N(w), 11 <d < 99.
d | pa(z) disc(pa(x))
1|z -3 +224+2+1 5112
16 | 2% — 223 + 22 + 1 265
19 |2 +23+322 -z +1 5192
24 | a8 =227 + 25 —42® + 32t + 423 + 2% + 20+ 1 2123456
31 | 212 — 21 4 5210 — 4429 + 848 — 227 + 1925 + 225 38515316
+8zxt +4x3 + 522+ +1
36 | 28 + 2% — 625 + 92 + 623 + 22 + 1 2836567114
39 | 216 — 3215 4+ 7214 — 9213 4+ 21212 — 1521 4 17210 3852878138
+32% + 1128 — 327 4+ 1725 + 152° + 212*
4923 + T2 + 3z +1
44 | 21?2 — 2" 4 6210 + 1528 + 920 + 152 + 622 + 2z + 1 28515116194
51|28+ 2"+ 28 — 7 + 1224 + 7t + 22 —x + 1 21234567174
56 | 216 + 8214 — 4213 + 15212 — 122 + 50210 + 429 24052878314
49128 — 427 + 5025 + 1225 + 152* + 423 + 822 + 1
59 | 212 — 4211 4+ 5210 — 229 4 1428 — 227 — 2425 + 225 220515506
+14at + 223 + 522 + 4 + 1
64 | 28 + 427 + 1020 + 82° + 122* — 823 + 1022 — 42 + 1 21838506
71 | 228 — 6227 4+ 17220 — 4522 + 1042%* — 164223 5917169387114
+2772%% — 35722 + 388220 — 319219 + 316218
+135217 — 144216 4 8321 — 551214 — 83213
—144212 — 1352 + 316210 + 31929 + 38828 + 35727
427728 + 16425 + 104a* + 4523 + 1722 + 62 + 1
76 | 212 — 5zl + 12210 — 229 — 2128 + 1227 + 3525 — 1225 | 28312515196
21zt + 223 + 1222 + 5 + 1
79 | 220 + 9218 — 12217 4+ 18216 — 915 4 117214 — 33213 3285459087910
499212 — 2072 + 353210 + 20729 4 9928 + 3327
+11725 + 925 + 182* + 1223 + 922 + 1
84 | 16 4+ 2215 — 4214 — 12413 4+ 25212 — 18211 4 68210 23232052878594
—1122% 4+ 1328 4+ 11227 + 6826 + 182° + 252* + 1223
—4z? -2 +1
91 | 28 + 427 — 28 — 142% 4+ 2322 + 1423 — 2% — 4z + 1 28345674134
96 | 216 + 4215 4+ 29212 — 2421 4 86210 — 3229 4 10528 232324528714
+3227 4+ 8625 + 242° + 292% — 42 + 1
99 | 28 + 727 + 1525 + 152° + 162* — 1523 + 1522 — 7Tx + 1 | 2123%56114
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TABLE 2. The minimal polynomial pg(z) of r(w/5), w =
vty=d 52 | N(w), 104 < d < 144,
d pa() disc(pa(x))

104 | 224 — 4223 4+ 20222 — 4022 + 53220 — 28219 + 94418 28456671312
—92217 4 4220 — 76215 + 782214 — 328413 — 272412 x 298794
+328211 4 782210 4 7622 + 4228 + 9227 4 9420
+282° + 53z + 4023 4+ 2022 + 42 + 1

111 | 232 — 423" + 21230 — 31229 + 144228 — 180227 35251207712
+563226 — 435225 + 1398224 — 653223 + 2108222 x 3716438618
+38022! + 4093220 + 1273219 + 456028 — 990217
+7975216 4 990215 + 4560214 — 1273213 4 4093212
—380z1! 4 2108219 + 65329 + 13982° + 43527
+5632% + 18025 + 144a* + 3123 + 2122 + 4z + 1

116 | 22 — 6222 + 12222 — 24221 + 99220 — 58219 + 136218 28056678
—256217 + 144216 + 410215 + 436214 + 274213 x 2912418
—11922'2 — 27421 + 436210 — 41029 + 14428 + 25627
+13625 + 582° 4+ 9924 + 2423 + 1222 + 62 + 1

119 | 240 — 239 + 12438 — 51237 + 146236 — 248235 + 569234 | 51907207124
—951233 + 2005232 — 3810231 + 8702230 — 14440227 x 17201912
+265802%8 — 35295227 + 47491226 — 4535122° x 2316478
+53426224 — 29809223 + 41387222 — 6812221
+31769220 4 6812219 + 4138728 + 29809217
+5342626 + 4535121 + 47491214 + 35295213
42658012 + 1444021 + 8702210 4 381022 + 200528
495127 + 56925 + 248x° 4+ 1462* + 5123
+1222 + x4+ 1

124 | 212 — 721 4+ 9210 4 829 4 2428 + 627 — 6720 — 62° 312515114316
+242* — 823 + 922 + Tr + 1

131 | 220 4+ 2028 + 8217 + 48216 + 4415 + 72414 4+ 88213 Q76545314
+348212 4 1682 + 446210 — 1682° + 348z% — 8827 x 13110
+7225 — 425 + 482* — 823 + 2022 + 1

136 | 216 4+ 621° + 2521 + 24213 — 3212 + 119210 + 17429 256316528118
+40428 — 17427 + 11925 — 32* — 2423 + 2522 — 62 + 1 x178

139 | 212 — 52 + 12210 + 1627 + 3328 + 1227 — 5526 2243125151396
—1225 +332% — 162° + 1222 + 52 + 1

144 | 16 — 2215 + 1821 + 24213 + 83212 + 78z + 74210 22431252878
+4022 + 928 — 4027 + 7425 — 78x° + 83x* — 2423 x114198

+18z%2 + 2z + 1
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of order 3, and ATA™! = U, AUA™' = T,. Also, A° = AU is the conju-
gate map )
" (1+¢)z+1
A (Z)_C Z—l—<3 9

obtained by applying the automorphism o : ¢ — (2 to the coefficients. In
particular, Gal(Q(¢)/Q) is a subgroup of the automorphism group Aut(N).

It is clear from (8) and (26) that deg(Gg4(x®)) = 60h(—d). The group Geo
acts on the irreducible factors p(x) of Gg(z°) over L = Q((5), one of which
is p4(z) (Proposition 4.3), by

ar +b
. 0 € G,
c:c—l—d) 7 00

ignoring constant factors. Moreover, Ggg acts transitively on these irre-
ducible factors over the field L (see the analogous argument in [17, p. 1982]),
so Gg(x®) splits into 15 irreducible factors of degree 4h(—d) over L, by
Proposition 4.3. In particular, these considerations show that every root of
G4(z°) has the form o(a) for some root « of pg(x) and some o € Ggp.

The group Ggo = As has no elements of order 4, so the stabilizer of py(x)
is one of the five conjugate subgroups in Ggg of the subgroup H. We have
that . .

5 1Us(z) = ~¢ girg(n = “LH VB2
z 20z + (14 /5)
Hence, only one these conjugate subgroups, namely H, contains the map U,
and since U fixes p4(x) by Corollary 4.4, we have

Stabgg, (pa(x)) = H ={1,T,U,TU}.

As a consequence, we have that

4h(—d) 2h(—d)
(z+ 1”5) pal(T(2)) = (5”5) pal2)-

7 (0) = e+ )1l (w)) = (co -+ d) s

2 2

It can be checked that the factor on the right side of this equation is correct

by putting z equal to
—1-V5+V/10+2V56
= 5 ’

which is a fixed point of T'(z), and noting that ps(z1) # 0, since Q(z1) is a
cyclic quartic extension of Q in which p = 5 is totally ramified.

We also note that all of the roots of py(z) are values of the Rogers-
Ramanujan function r(7). This follows from the identity (see [10, p. 138]):

, r20 — 22871% 4 49410 422875 + 1)3
jn =1 L= ), r=r(0)

ro(1 — 11r% — r10)5

Any root « of py(z) satisfies f5(a) = j(w/a) for some w of the form (10)
and some positive integer a, by (26). However, the above identity implies
that f5(r(w/a)) = j(w/a). It follows that o and r(w/a) are related by an

<1
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element M of the group Ggo. Now we use Proposition 2 of [10], according
to which

r(r+1) = S(r(7), (”) — T(r(r)) TEH

T

It follows that the action of any mapping M € Ggp on a value r(7) can be
represented by a suitable element p € T' = SLy(Z), such that M(r(r)) =
r(u(7)); hence,

a=M(r(w/a)) =r(u(w/a))
is a value of the function r(7) with 7 € K. This argument applies to all the

roots of Gg(z”). (Since r(7) is a Hauptmodul for T'(5), the above formulas
imply that Ggg = I'(5); see [24, p. 76].)

5.2. Automorphisms of F; /K. Now let ¢ be an automorphism of the
extension F' = Q¢(, (5) which fixes Qf(¢) = Qy(7(b)) and sends ¢ to ¢2.
Then 1 takes V5 to —\/5, so that

-+ 28 +1 -1

B +1 - S +4ed

It follows that n¥ = —707 for some i. Thus, ¢* € Q¢(n) and i = 0 (mod 5),

giving n¥ = _71
Next, let ¢ be an automorphism of F' which takes 7 to £ and fixes ¢ (this

exists by Proposition 4.3 and Corollary 4.4). Then

7(0)? = (€)? =7(°)* =7(&) =n" =1,

so that £€? = n by Theorem 3.3, since ¢ ¢ Q(b). Hence ¢ has order 2 in
Gal(F/Q). Furthermore, since

—z¢—11——<b—ll))d)—ll——(T(b)—T(lb))—11——z1—11,

we see from (28) and —z1 — 11 2 @2 (see the proof of Proposition 4.1) that
¢ interchanges the ideals pf and gs. Thus, ¢ does not fix the field K.

Since T' € H, the map o1 = (n — T'(n)) also represents an automorphism
of order 2 of F'/L. Setting v =17 — % € y, and noting that v is an algebraic
integer, we have

(") = = (&) =

1 n? —4n—1 v—4 5
T(n) = 7~ = -1 e B R B
T(n) n*+n-—1 v+1 v+1
so that .
)% = . 32
v+ = — (32)

The identity
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gives that
1
z:b—g = v° + 503 + B,
and implies
z=0v" (mod 5).
It follows that
z411=2+1=(v+1)° (mod5),
so v + 1 is divisible by pf but not by any prime divisors of 5. Equation
(32) implies that (v + 1) = (Lﬁ) = pt, and that o; interchanges the
ideals g5 and pf. This also shows that

B 51 B E€4+€6-1\ .
5 = <772+77_1> = <§> mn Qf.

5.3. Periodic points. Thus, the automorphism o1 ¢ fixes the field K, and
it follows from (25) and the fact that oy fixes the rational function f5(n)
that

; oo (1+2286% 4 494¢10 — 228¢15 4 ¢20)3
j(w/5)71¢ = L LiE 0 > i(w).

Since 01¢ fixes the quadratic field K and K(j(w)) = Qy, we deduce that

(1)l = (%) .

We would like to extend this automorphism to the abelian extension F} =
Q(n) = Qf(n) of K, in which ps is still unramified. This can be done in two
ways. On the one hand, the restriction of

(- (42

to (1 is certainly the same as (01¢)|q,. But the automorphism p = ¥|p, =
(n — _71) of Fy fixes Qf, so that prs = 75p € Gal(F;/K) also restricts to
(019)|a,. Hence we have that

Ts = 01¢ or Tsp =01¢ on Fi.
This gives
N =07 =T()? =T(€), or 9™ =1 =T(E).
Hence,

E=Tn™) = —(1++VB)n™ +2 or €= Ty(n™) = —(1- VBT + 2.

2n™ + 1+ 5 2 +1—+/5

In the following theorem we eliminate the second of these possibilities.
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Q K
Theorem 5.1. If 5 = <f§2)/), the coordinates of the solution (§,n)
5
of Cs satisfy
oy —(1+V5)n™ 42
£ =T(y) = XV (33)

M+ 1+5

Proof. Assume that d > 4. It suffices to show that 7'({) = 7™, and to do
this we show that T'(¢) = 7° (mod g5) in F; = Q(n). We have

&+l 46

5 . 5
T(ﬁ)—n —T(é) 7'(5 ) E—¢ 5555_,_1'
_ —f4e | -6
e+ 1 5541
(5+2v/5)(€2 + 1)(€ — &)?
(€2 + ¢ + 308y (¢2 — 30/Be 4 3445y

by factoring this rational function in ¢ and v/5 on Maple. Now multiply this
expression by

(T(E) =) = TolE) + 5.
This yields the equation
5 1) _ B+ 1) +E-1)?
(7€) — ) (TQ@ = i
in F1, where
p(€) =& +283 442 £ 3641, po(&) =& — 383 442 — 26 + 1.

Expanding the element £ ~4p;(&)p2(€) of Q s m-adically in terms of the gen-
erating element 7 = (£2 + ¢ — 1)/€ of g5 gives

(34)

41

5 )
and shows that the squares of prime divisors q of ps5 in F; exactly divide
p1(&)p2(€) (recall that ps is unramified in F; and & is a unit). This shows

(E211)2 (2 e 1)?
Elﬁat GG
a

41 (O)pa(€) = 7* — 57 + 1572 — 257 + 25,

is a g-adic integer of F} for each q | ps5, and (34) gives

(T(©) — ") (Tg(f) n 7715) — 0 mod ps.

It follows that T'(¢) = 1 or Tx(£) = ﬁé) = ;—} (mod q) for each q. Since
T(&) and 1 are units, the latter congruence implies that T'(¢) = 1° (mod
q), which therefore holds for all q dividing 5. Thus we have T(¢) = n°
(mod g5). This implies finally that 7(&) = 1™, since T'(§) = n™ would
give n” =1 (mod q), so n = £2 (mod q) and 2z = +1 (mod Np, /q,(q)). As
in the proof of Theorem 4.6, this can only happen when f; = ord(ps) = 1
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in the ring class group (mod f) of K and d = 11,16,19. In these cases
[Q(n) : K] =2, s0 Gal(Q(n)/K) = {1, p}. In the first two cases 75 has order
2, so 75 = p, while in the third case 75 = 1. In all three cases the formula
(33) can be checked directly. O

Note that 75 = 1 on K = Q(i) and T'(i) = T5(i) = —i, so the solution
(&,m) = (—1,1) of Cs is covered by Theorem 5.1.

If we substitute the expression in Theorem 5.1 for £ into the equation for
Cs and simplify, we obtain:

(¥ 420%™ 449%™ 3075 +1)1° = 5™ (™ — 30> +4n> — 2™ +1). (35)
Thus, we have:
Theorem 5.2. If
g(X,Y) = (Y 42Y3 +4Y2 13y + )X — Y(Y* —3Y3 442 — 2V + 1),
then (X,Y) = (n,n™) is a point on the curve g(X,Y) = 0.
From this we deduce the following.

Theorem 5.3. The roots of py(x) are periodic points of the multi-valued
algebraic function g(z) defined by g(z,9(z)) = 0. The period of n with respect

K
to the action of g is the order of 15 = @(ﬁ)/) in Gal(Q(n)/K).
5
Remark. See the Introduction of Part I for the definition of a periodic point
of an algebraic function.

Proof. Since g(X,Y) has rational coefficients, applying 7¢ (1 <i <n —1)
to the equation g(n,n™) = 0 gives that
- 2 n—1
gmn™) =gm™ %) =---=gn™ ,n) =0,
where n = ord(7s). Thus, 7 is one of the values of the iterate g(™ (1), i.e., is
periodic with period n. Any conjugate over Q of a periodic point of g(z) is
also a periodic point, and this proves the theorem. O

Using the same idea as in Part I, Section 3 ([20]; see also [19, p. 875]), it
can be shown that the order of 75 is the minimal period of a root of py(z)
in Theorem 5.3. Details will be provided in Part III of this paper.

By Artin Reciprocity, the order of 75 is equal to the order of g5 in the
quotient group A/(Sp/5 N Pys) (when d # 4f?), where A is the group of
fractional ideals in K which are relatively prime to @f(f). If this order is n,
then there is an equation pp = (HyT‘/jd), and since yv/—d = x (mod gf),
it follows that o = M = 22/2 = x = £1 (mod ). Therefore, when
d # 4f2, the period n of the roots of py(x) is the smallest positive integer n
for which there is an equation 4 - 5" = 2% + dy? with = +1 (mod 5) and
(z,y) | 2.
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The substitution (X,Y) — (_71, _71) represents an automorphism of the
curve g(X,Y) = 0, since
-1 -1
XYV —,— ) =g(X,Y).
g( < Y) 9(X.Y)

The equation connecting t = X — % andu=Y — % in the function field of
this curve is

h(t,u) = u® — (6 + 5t + 5t3 + t9)ut 4 (21 + 5t + 5¢3 + 9)u?
— (56 4 30t 4 30> 4 6t°)u® 4 (71 + 30t + 30t + 6t°)u
— 120 — 55t — 553 — 11t° = 0; (36)
this follows from the calculation

—h(t,u)* = Res,(Res;(g(x,y),2* — tx — 1),y* — uy — 1).

From g(n,17™) = 0 and v™ = ™ — - we obtain

n’e
h(v,v™) =0, 75= Tslo, = (Qf/(@p(;/jd)> :

This yields the following result.

Theorem 5.4. If Q¢ is the ring class field of conductor f (relatively prime

to 5) over the field K = Q(v/—d), where —d = d f* and (%d) = +1, then

Qp = K(v), wherev = n—% is a periodic point of the algebraic function §(z)

defined by h(z,§(z)) = 0, and h(t,u) is given by equation (36). The period

of v is the order of T5 = T5|q, in Gal(Qy/K).

Now we compare (35) with Ramanujan’s modular equation

r4(57) — 3r3(57) + 4r?(57) — 2r(57) + 1

r4(57) + 2r3(57) 4+ 4r2(57) + 3r(57) + 1

for r(7). Letting z be an indeterminant and setting
o(z) = 2(2* — 323 + 422 — 22+ 1)

T A28 42+ 32+ 1
we conclude from (35) and Theorem 4.5 that

o) =n° =’ (w/5) = v(r(w)), if b=r"(w/5). (37)
It is easily checked on Maple that the quintic extension of function fields
Q(¢s,2)/Q(¢5,t(2)) is normal and cyclic, with generating automorphism
(C+¢Hz+1
2+ 14+

where s(2) = S72AS(z) = STITS71(2) is an element of Ggo. It follows from
(37) that

(1) = r(57)

)

z—8(2) =

n™ = s5'(r(w)), for some i, 0 <i < 4.
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From Corollary 4.7 and Theorem 4.8 we know that i # 0, since n™ € F,
but r(w) generates F. More specifically, we have the following.

Theorem 5.5. With notation as above, if & = (Ir(—1/w), 1 < j < 4, we
have the formula
r(w/5)" =&’ (r(w)) = T(E),

)
and j is the unique integer (mod 5) for which s7(r(w)) is a root of pa(z).

Proof. We have that & = (/r(=1/w) = S/T(r(w)), by the transforma-
tion formula for r(—1/w), so T(¢) = TS/T(r(w)). On the other hand,
s(z) = STITS™1(2) = TST(2), since (ST)® = 1. Therefore, 57 (r(w)) =
(TST) (r(w)) = TSIT(r(w)) = T (&) since T is its own inverse. The above
formula now follows from (33). This proves that s/(r(w)) is a root of py(z),
since pg(x) is stabilized by T. There is only one value of i for which s°(r(w))
is a root of py(x), since T(s'(r(w))) = S*T(r(w)) = ¢*r(—1/w) must also be
a root of pgy(x). O

Remark. Since s(z) = TST(z) s(r(w)) = TST(r(w)) = TS(r(-1/w)) =
T(r(1=1/w)) = r(-w/(w —1)). Thus, &/ (r(w)) = r(w/(1 = jw)).
Example 1. Consider Ramanujan’s remarkable value
N 601423415
r(3i) =V +1—c¢, 2= 0L/ 2+\ff\f\[+1

established in [3] and [4, p.142]. A calculation on Maple shows that the
minimal polynomial of 7(3¢) = (57(4 + 3i) = (r(w) is

m(z) = 2% + 38z'° — 2402 — 30021% — 235212 — 72621 4 92210 — 18402°
— 67528 + 184027 + 922 + 72625 — 23521 + 30023 — 24022 — 38z + 1,

which is a factor of Gsg(x®) in (26). (Use the polynomial H_3¢(x) given in
the proof of Proposition 3.2.) Thus, r(3i) is a linear fractional expression
in some conjugate of n = r (423’) with coefficients in L = Q((5), and the
minimal polynomial of the latter value is

p3e(z) = 2® + 25 — 625 + 921 + 623 + 2% 41,

from Table 1. Using Maple to compare approximations of r (4+3Z) and the
roots of psg(z), we find

(52) -5 gl )

with w = _H'T“/g
We determine the linear fractional expression in a root of ps¢(z) which
will equal 7(37). Since

p3s(z) = (x4 3) (a* +32° + 22 + 20+ 1) (mod 5),
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the Frobenius automorphism 75 has order 4. A calculation on Maple shows
that

(C+P)r(w) +1
r(w)+14+¢+¢3

s2(r(w)) = — 1.375418808... — (.899074105...)i

is the unique value s’ (r(w)) which is a root of p3g(z) = 0. By Theorem 5.5
we have

+)r(w) + 1 (1+¢)r(3i) +1

T _« _ . 39
e O F S E Y S ARy Fu e A
Inverting the linear fractional map in the last equality gives

L (T 4

r(31) = ;

(3) ne—=C—¢°

this is the desired expression for r(3i). Another calculation on Maple using
(38) and (39) shows that

443i\"  —iw V3 §
nmzr< EZ> - ;w_zg+f1@§<¢4+%@+¢¢—4+%@).

This expresses r(37) in terms of 3rd, 4th, and 5th roots of unity and shows
that 75 can be given by

75—<W§%~44&%ALVQ+2W&%VQ+2ﬂﬁh%

This proves formula (6) of the Introduction.

Remark. In this example, F' = Y505 has degree 8h(—36) = 16 over
K = Q(i), so its real subfield F'* has degree 16 over Q and the value r(31)
generates F'*. In particular, K (r(3i)) = ¥5Q15. Since v/3 € Q3 C Q5 and
V5 € Q5 C Q15, Ramanujan’s formula shows that 6074 € 25015. On the
other hand, Q3(60'/%) is a cyclic quartic extension of Q3. As in the proof of
Theorem 4.6, there are only two cyclic quartic extensions of €23 contained
in Y5015, namely, 3503 = Q3(¢5) and Q5 (see Section 3); and the former
is abelian over Q. Hence, we have Q5 = K(v/3, v/60). As a corollary, this
shows that the rational primes which split completely in €15, which are
the primes representable as p = a® + 15%2b?, are characterized by the two

conditions p =1 (mod 12) and (%0)4 = +1.

Given that the period of 1 in the above example is n = 4, pss(x) can
be calculated by a threefold iterated resultant, as in Part I, Section 3, pp.
727-730. Namely, pss(x) is a factor of

R4($) = Resxs (Resxz (Reswl (g(x, xl)a g(.%'l, .%'2)), 9(1'2, x3))7g(x3a l’))

Unfortunately, this calculation takes an extremely long time to complete,
since deg(R4(z)) = 2- 5% — 1 = 1249.
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To get around this difficulty, we let g; be the polynomial ¢;(X,Y) =
Yog(X, _71), ie.,
a(X,Y) =Y (Y =3Y3 +4Y2 -2V + 1)X° + (Y4 +2Y3 +4Y2 +3Y + 1).
The class number h(—36) = 2, so [F} : K| = 4; hence Gal(F1/K) = (75),
implying that 7'52 = p on Fj. Putting 7 = 75, we have
T T ’7—2

9mn") =g(n",n") = 0.
However, g(n™, 0" ) = g(n",n”) = g(", ~1/n), so that

9(n,n") = g1(n",n) = 0.

Therefore, pss(z) should be a factor of the resultant

Ry(z) = Resq, (g(x, 1), g1 (21, 7))
= (22 4+ D)+ 2"+ 28— TS 122+ T3+ 2% — 4+ 1)
x (2% +4x” — 2% — 1425 + 232% + 1423 — 22 — 42 4+ 1)
x (2% — 227 4+ 2% — 42° + 3% + 42 + 2® + 22 + 1)
x (2% + 2% — 62° + 92 + 62% + 22 + 1)
x (210 4 4215 4 29212 — 242M + 86210 — 3229 + 10528
+ 3227 + 8625 + 242° 4+ 29z — 4z + 1)
= —(2* + 1)ps1()po1 (z)paa(x)p3s (x)pos (x).
Hence, the discriminants with d € {24,36,51,91,96} are all the discrimi-
nants for which 72 = p. An analysis similar to the above for d = 36 can be

applied for these integers d to yield formulas for the corresponding values of
the Rogers-Ramanujan continued fraction r(w), namely,

r(12 4 V6, <”‘2/‘i51> r (“F’l> . r(142V76).

In addition, for small values of n, the (n — 1)-fold iterated resultant

Rn(l') = Rﬂ?n—l("'(Rl'Q (Rl?1 (g(xv xl),g(l'l, xQ))a g<m27 $3)>7 ) gl(xn—lv 1‘))7

where R,, on the right side of this equation denotes the resultant with
respect to x;, can be used to determine minimal polynomials of r(w/5) for
the values of d = £1 (mod 5) for which p € (75) and 7" = p.

Example 2. For example, R3(z) has degree 226 and is the product of
(22 +1) and 2 factors of degree 4, 3 factors of degree 12, 4 factors of degree
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24, and one factor each of degree 36 and 48. The degree 36 factor is
pao1 () = 2% + 2823° + 206234 — 324233 + 2163232 + 208023! + 16002
+194402%° + 9145228 + 60876227 4 21486220 — 5532225 + 22027924
+ 20890422 + 453304222 — 11715222" — 622712%° + 1429402
+ 111679828 — 1429402'7 — 6227121¢ 4+ 11715221 + 4533042
— 208904z + 2202792 + 55322 + 21486210 — 6087627 + 91452°
— 1944027 + 160025 — 20802° + 2163z* + 3242° + 20622 — 28z + 1,

with discriminant D = 231651537161912382916191849118. The value d = 491
is a guess based on the conjecture at the end of Section 4. This can be verified
by factoring psg1(z) modulo primes of the form p = (22 + 491y?)/4, with

x + 3y = £2 (mod 5) (assuming that w = @), to check that it splits
into linear and quadratic factors. For example, p491 () factors into a product
of linear polynomials modulo the primes 179 = Lﬁ‘ml, 3251 = 272%22'491,
and 3989 = 452 4 22 - 491; while it splits into a product of 18 linear factors

2324-32.491
1

and 9 quadratics modulo 1237 = , corresponding to the fact that

(a) = (% V_491) satisfies & = 1, but o/ =2 (mod gf). As an additional

check, n =r (L V16491> is a root of pyg1(x) (to an accuracy of at least 60

decimal places). Note that ord(r;) = 6, since 75 = p has order 2, so the
roots of pyo1 () have period 6 with respect to the action of g(z). This aligns
with the fact that 4 - 5% = 3% 4+ 491 and 4 - 5 = 241% 4 3% - 491 and that
3++v/—491 241 4 3v/—491
= —_ — g =
2 2

(o7} ¢ Spg but « S Spg

In general, it is more convenient to work with a lower degree polynomial
derived from pg(x) using the fact that it is stabilized by the subgroup H.
First write pg(z) = 22Dty (x — 1/x), which is possible since py(z) is sta-
bilized by U(z) = —1/z (or n” = —1/7 is an automorphism fixing Q). Then
tq(z) is a normal polynomial with root v = n —1/n generating Q. By (32),
we can write tg(z —1) = 2Dy (z+ 2). This yields the polynomial ug(x)
having degree h(—d) and smaller discriminant. In the above example we
find

uggr (x) =27 + 1028 — 14427 — 8402° 4 183542° — 1109722 4 34580023
— 60149622 + 550293z — 205102,

whose discriminant is D1 = 2767229419124914. It is straightforward to check
that 7,29, 191 divide the index and 491 does not (using Dedekind’s method in
[7, pp. 214-218], for example), so we only have to exclude ¢ = 2 and ¢ = 29 as
divisors of d. However, h(—4-29) = 6 and h(—491) = 9 yield that d = 491 f2,
where f = 2% If a > 2, then h(—d) is even, while h(—4 -491) = 27, so the
only possibility is d = 491.



1212 PATRICK MORTON

A similar analysis was applied to check the polynomials in Tables 1 & 2.

We will continue this discussion in Part III, by showing that the only
irreducible factors of iterated resultants of the form R, (z) or R, (x) are the
polynomials z, 2 + 1, and py(z), for d = 1 (mod 5). This will prove that
the polynomial psg1(z) given above actually is the minimal polynomial of
r(w/5) for w = @.
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