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Twisted Alexander polynomials of
twisted Whitehead links

Hoang-An Nguyen and Anh T. Tran

ABSTRACT. The twisted Alexander polynomial has been explicitly com-
puted for a few classes of knots and links, including twist knots [11] and
genus one two-bridge knots [18]. In this paper we compute the two-
variable twisted Alexander polynomial of twisted Whitehead links for
SL2(C)-representations. As an application, we verify the hyperbolic
torsion conjecture in [3, 14] for twisted Whitehead links. We also obtain
a formula for the Reidemeister torsion of the 3-manifold obtained from
S3 by P-surgery along one component of twisted Whitehead links.
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1. Introduction

The twisted Alexander polynomial was introduced by Lin [9] for knots in
S$3 and by Wada [21] for finitely presented groups. It is a generalization of
the classical Alexander polynomial by using linear representations and has
become an effective tool in topology. We refer to the survey papers [5, 10]
and references therein for details on the twisted Alexander polynomial, Rei-
demeister torsion and their applications. Finding an explicit formula for
the twisted Alexander polynomial of knots and links for all linear repre-
sentations is a challenging problem. The twisted Alexander polynomial has
been explicitly computed for a few classes of knots and links, including twist
knots [11] and genus one two-bridge knots [18]. In this paper we compute
the two-variable twisted Alexander polynomial of twisted Whitehead links
for SLo(C)-representations. As an application, we obtain a formula for
the Reidemeister torsion of the 3-manifold obtained by F-surgery along one
component of twisted Whitehead links.

For a link L C S? we denote by Ej, = S3\ N(L) its exterior, where N(L)
is an open tubular neighborhood of L. The link group of L is defined to be
m1(EL) which is the fundamental group of the link exterior. For k£ > 0, the
k-twisted Whitehead link W}, is the two-component link depicted in Figure
1. Note that Wy is the (2,4)-torus link and W is the Whitehead link.
Moreover, W, is the two-bridge link C(2,k,2) in the Conway notation and
is b(4k + 4,2k + 1) in the Schubert notation. These links are all hyperbolic
except for Wy, since it is known that a two-bridge link b(2p,m) is non-
hyperbolic if and only if m = 1. The link group of Wy has a standard
two-generator presentation of a two-bridge link group m(Ew,) = (a,b |
aw = wa), where a, b are meridians depicted in Figure 1 and w is a word in
the letters a,b. More precisely, w = (bab~ta=1)"a(a=tb"tab)" if k = 2n — 1
and w = (bab~ta"1)"bab(a~'b~lab)" if k = 2n. For a presentation p :
m(Ew,) = SL2(C) we let x,y, z denote the traces of the images of a, b, ab
respectively. We also let v denote the trace of the image of bab~'a~!. An
explicit formula for v is given by v = 22 +y? 4 22 — xyz — 2. A representation
p : m(Ew,) — SL2(C) is called nonabelian if its image is a nonabelian
subgroup of SLs(C).

To state a formula for the two-variable twisted Alexander polynomial of
twisted Whitehead links, we first introduce the Chebyshev polynomials of
the second kind. Let Si(v) be the Chebyshev polynomials defined by Sy(v) =
1, S1(v) = v and Sk(v) = vSk_1(v) — Sg_2(v) for all integers k. We also let
Pi(v) = Zf:o S;i(v) for k > 0. The polynomial Py(v) can be expressed in
terms of Chebyshev polynomials as Py (v) = (Sg4+1(v) — Sk(v) —1)/(v — 2),
see Lemma 2.7. Then p : m(Eyw, ) — SL2(C) is a nonabelian representation
if and only if z,y, z satisfy the Riley equation Ry (z,y,z) = 0, where

Ron—1(z,y,2) = (2ySn—1(v) — (zy — 2)Spn—2(v) — 25, (v)) Sp—1(v),
Rop(z,y,2) = (zSn(v) — (zy — z)Sn_l(v)) (Sn(v) — Sn_l(v)).
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FIGURE 1. The k-twisted Whitehead link W.

Moreover, by [17], the defining equation for the geometric component of the
S Ly(C)-character variety of Wy, is zyS,,—1(v)—(xy—=2)Sp—2(v)—2S,(v) if k =
2n—1 and is 25, (v) — (xy—=2)Sp—1(v) if kK = 2n. Here a geometric component
of the SLs(C)-character variety of a hyperbolic link is a component that
contains the character of a lift of the holonomy representation of the link.

The following formula for the two-variable twisted Alexander polynomial
of twisted Whitehead links is the main result of this paper.

Theorem 1. The two-variable twisted Alexander polynomial of Wy for a
nonabelian representation p : w1 (Ew,) — SL2(C) is given by

A,‘.;Vanl (t17 t2)
= (Poo1(v) + Pa(v)) (885 — ytits — atits + 1] + 15 — 2ty — yto + 1)
+ 2(,25”,1(1;) + myPn,g(v))tltg

and

Afy, (t1,t2)
= (Pa(v) + Poc1(0)) (785 + 1) + (Po-1(v) + Pa2(v)) (8 + 83)
— 2P, _1(v)(yt3ty + xt1t3 — zytity + xty + yto).

Example 1. Consider the arithmetic two-bridge links 52 and 62 in Rolfsen’s
table, which are the twisted Whiteheads links W7 = C(2,1,2) and W =
C(2,2,2) respectively.

For 52 = W1y, p: m1(Ew,) — SL2(C) is a nonabelian representation if and
only if z,y, z satisfy the Riley equation R;(z,y,z) = 0, where Ry(x,y,z) =
vy —z2v =xy — (22 +y? — 2)z + 2y2? — 23. In this case we have

Al (t1,ta) = tit3 — ytity — wtity + 17 + 13 — xty — yto + 1+ 2ztyty.

For 63 = Wa, p : m1(Ew,) — SLa(C) is a nonabelian representation if and
only if x,y, z satisfy the Riley equation Ra(z,y,2) = 0, where Ry(z,y,2) =
(zv—(zy—2))(v—1) = (P —zyz?+ (2*+y* —1)z—ay) (e* +y* + 22 —zyz—3).
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In this case we have

Al (tta) = @+ 2 +2° —ay2) (3 + 1) + 15 + 15
— 2(yt3ty + xtit3 — TYlity + Tt + Yto).

The hyperbolic torsion conjecture of Dunfield, Friedl and Jackson [3]
states that for a hyperbolic knot K in S®, the twisted Alexander poly-
nomial associated to a lift of the holonomy representation detects the genus
and fiberedness of K. The conjecture was generalized to hyperbolic links by
Morifuji and the second author [14]. This generalized conjecture states that
for an oriented hyperbolic link L in S3, the twisted Alexander polynomial
associated to a lift of the holonomy representation detects the Thurston
norm and fiberedness of L. The hyperbolic torsion conjecture has been
verified for all hyperbolic knots with at most 15 crossings [3] and most dou-
ble twist knots/links (see [12], [13], [14]). Moreover, Agol and Dunfield [1]
showed that the twisted Alexander polynomial detects the genus of libroid
hyperbolic knots.

As a corollary of Theorem 1 we will show the following.

Corollary 1. The hyperbolic torsion conjecture holds true for twisted White-
head links.

Let My, be the 3-manifold obtained from S3 by P-surgery along the
component of W, corresponding the meridian a. Note that M, is the tunnel
number one once-punctured torus bundle studied by Baker and Petersen in
[2]. Its character variety and twisted Alexander polynomial (and hence its
Reidemeister torsion) were computed in [2]. The following gives a formula
for the Reidemeister torsion of Mj, ), for all £ > 1.

Corollary 2. Suppose p : m(Ew,) — SL2(C) is a nonabelian representa-
tion which extends to a representation p : mi(Myp,) — SLo(C). Then the
Reidemeister torsion of My, for p is given by

Ti&n—1m
= 2[2 - —y+2)Su1(v) + (4 - 20— 2y + 2y) Paa(v)] /(2 — )

and
T = 2[Sn(v) = Suo1(v) + (4 20 — 2y + 2y) Pa1(v)] /(2 — ).

This paper is organized as follows. In Section 2 we review the twisted
Alexander polynomial, hyperbolic torsion conjecture, Reidemeister torsion
and Chebyshev polynomials. In Section 3 we compute the two-variable
twisted Alexander polynomial of twisted Whitehead links and prove Theo-
rem 1. Finally, in Section 4 we prove Corollaries 1 and 2.
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2. Preliminaries

In this section we review the twisted Alexander polynomial, hyperbolic
torsion conjecture, Reidemeister torsion and Chebyshev polynomials. For
more details, see [9, 21, 5, 10, 20, 6, 7, 3, 14].

2.1. Twisted Alexander polynomial. Let L = K; U---UK,, be an ori-
ented m-component link in $® and Ey, = S\ N(L) its exterior, where N (L)
is an open tubular neighborhood of L. We choose a Wirtinger presentation
of the link group of L:

m(EL) = (z1,...,x |1, . 71)-
The abelianization homomorphism
a:m(EL) = Hi(ELZ) 228" = t) & & (t)

is given by assigning to each generator x; a meridian element t; € Hy(E;Z)
of its corresponding component K;. Here we denote the sum in Z multi-
plicatively.

We consider a linear representation p : m1(Er) — SLy(C). The maps p
and a naturally induce two ring homomorphisms p : Z[m1(EL)] — M2(C) and
a:Zn (B — Z[tE, - tE1], where Z[r; (EL)] is the group ring of 71 (Ep)
and Ms(C) is the matrix algebra of degree 2 over C. Then the tensor prod-
uct p ® a defines a ring homomorphism Z[m (EL)] — Mo (C[tfcl, L 5.
Let F; denote the free group on generators zi,...,x; and ® : Z[F]] —
My (C[tF", - -+, t£!]) the composition of the surjection ¢ : Z[Fj] — Z[r1(EL)]
induced by the presentation of m1(Er) and the map p® a : Z[ri(EL)] —
My (C[tiﬂv U 7t$1])'

Let A denote the (I — 1) x [ matrix whose (i, j)-entry is the 2 x 2 matrix
o) (%) € M, ((C[t{cl, -+, tE]), where 5% denotes the Fox differential. For

1 < j <1, we denote by A; the (I —1) x (I — 1) matrix obtained from A by
removing the jth column. We regard A; as a 2(I — 1) x 2(I — 1) matrix with
coefficients in (C[tlil, -+, t1]. Then Wada’s twisted Alexander polynomial
[21] of the link L for a representation p : m1(EL) — SL2(C) is defined to be
the rational function

det Aj

AP (ty, - ty) = ———F—
pltsee s tm) det ®(1 — ;)

and is well-defined up to multiplication by t]fl coothm (k; € Z). Tt is known
that the rational function Aﬁ(tl, -+« ,ty) will be a Laurent polynomial in
the variables ¢y, ,t,, if L is a link with two or more components [21,
Proposition 9], or L is a knot K and p is a nonabelian representation [8,
Theorem 3.1].

When ¢ = -+ =t = t, we denote AY (t1,--- ) by Af(t) and call it
the reduced twisted Alexander polynomial of L.
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2.2. Hyperbolic torsion conjecture. Let M be a compact connected
orientable 3-manifold and o € H'(M;Z). The Thurston norm of o is de-
fined as

llo]|7 = min{x_(S) | S C M properly embedded surface dual to o},

where for a given surface S with connected components S;U- - -US}, we define
X_(8) = 3% max{—x(S;),0}. Here x(S) denotes the Euler characteristice
of a surface S. Thurston [15] showed that || - || defines a seminorm on
HY(M;Z).

For a hyperbolic knot K in S3, Dunfield, Friedl and Jackson [3] studied
the twisted Alexander polynomial Ak ,,(t) associated to the holonomy rep-
resentation pg : m1(Ex) — SL2(C) and called it the hyperbolic torsion poly-
nomial of K. Based on many computations, they conjectured that Ag , (%)
determines the genus of K, in the sense that deg Ag ,,(t) = 4g(K) — 2.
Moreover, the knot K is fibered if and only if Ag ,,(t) is monic. Here, the
degree of a Laurent polynomial f(t) € C[t*!] is the difference between the
highest degree and the lowest degree of f.

Morifuji and the second author generalized the conjecture to the case of
hyperbolic links. For a p-component oriented link L, let w € H'(EL;7Z)
be given by sending each meridian of L to one. The generalized conjec-
ture in [14] states that for an oriented hyperbolic link L in S®, the twisted
Alexander polynomial Ar, ,(t) associated to the holonomy representation
po : m(EL) = SLy(C) determines the Thurston norm of w, in the sense
that deg Az, (t) = 2||w||r. Moreover, the link L is fibered if and only if
AL po(t) is monic. We should remark that deg Ay, ,(t) < 2||w||7 holds for
any representation p : m (Fr) — SLa(C), see [4].

For a knot or a u-component alternating link L in S3, it is known that
the Thurston norm ||w||7 is equal to 2¢g(L) + p — 2, see e.g. [14, Remark
3.4]. Hence the equality in the above conjecture becomes degAr, ,,(t) =
49(L) 4 2(pn — 2) for alternating links.

2.3. Reidemeister torsion.

2.3.1. Torsion of a chain complex. Let C be a chain complex of finite
dimensional vector spaces over C:

87”71

cz<0%0m%cm1 ) ~-ﬁ>01i>co—>o)

such that for each ¢ =0,1,--- ,m the followings hold

e the homology group H;(C) is trivial, and
e a preferred basis ¢; of C; is given.

Let B; C C; be the image of 0;11. For each ¢ choose a basis b; of B;. The
short exact sequence of C-vector spaces

0—>Bi—>0ii>BZ’_1—>O
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implies that a new basis of C; can be obtained by taking the union of the
vectors of b; and some lifts b;_1 of the vectors bi,1~. Define [(b; Ub;—1)/¢;] to
be the determinant of the matrix expressing (b; Ub;—1) in the basis ¢;. Note
that this scalar does not depend on the choice of the lift b;_1 of b;_1. The
torsion of C is then defined to be
r(0) = (b Ubima) /i) V™ e €\ {0},
i=0

Remark 2.1. Once a preferred basis of C' is given, 7(C') is independent of
the choice of by, ..., by. See e.g. [20].

2.3.2. Reidemeister torsion of a CW-complex. Let M be a finite CW-
complex and p : 7 (M) — SLy(C) a representation. Denote by M the
universal covering of M. The fundamental group m (M) acts on M as deck
transformations. Then the chain complex C(M;Z) has the structure of a
chain complex of left Z[m; (M )]-modules.

Let V be the 2-dimensional vector space C? with the canonical basis
{e1, e2}. Using the representation p, V has the structure of a right Z[mr; (M)]-
module which we denote by V,. Define the chain complex C'(M;V,) to be
Vo @z (ar)) C (M Z), and choose a preferred basis of C'(M; V) as follows.
Let {uf, -, ub, } be the set of i-cells of M, and choose a lift @} of each cell.
Then {i} ® e, @ R ez, - - -
basis of C;(M;V,).

The Reidemeister torsion T]'?/[ is defined as follows:

o {T(C(M; V,)) if p is acyclic,
0

® e1, Uy, ® e} is chosen to be the preferred

? m

E—
M otherwise.

Here a representation p is called acyclic if all the homology groups H;(M;V,)
are trivial.

When M is the exterior £, of a link L € S and p : m (M) — SLs(C)
is a representation, we also denote 74, by 77 and call it the Reidemeister
torsion of L for p. In which case Johnson showed the following. See also [7].

Theorem 2.2. [6] For any representation p : w1 (EL) — SL2(C) we have
™ =A7(1,...,1).

2.4. Chebyshev polynomials. Recall that Si(v) are the Chebyshev poly-
nomials of the second kind defined by Sp(v) = 1, Si(v) = v and Sk(v) =
vSk—1(v) — Sk—2(v) for all integers k. Similarly, let T (v) be the Chebyshev
polynomials of the first kind defined by Ty(v) = 2, T1(v) = v and Ti(v) =
vTg_1(v) — Tp—o(v) for all integers k. Note that Tj(v) = Sk(v) — Sk—2(v).
For k > 0 we let Py(v) = Z?:o Si(v).

The following four lemmas are taken from [14].
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Lemma 2.3. Write v =q+q . Then Ty(v) = & +q7*.
We have Sp(2) = k + 1 and Si(=2) = (—=1)¥(k + 1). If ¢ # £1 then

Sk(v) = %. In particular, if v = 2cos 3, where g € R\ Z, then
in(k+1
Lemma 2.4. (i) If k > 1 is even, then
o .
Tip(v) —2=(v—2)(v+2) (v—?cos%) .
j=1

(ii) If k > 1 is odd, then

k=1 i
Ti(v) —2 = (v—2) H(U—QCOS£> .

Lemma 2.5. (i) If k > 1 is odd, then

k=3 k=1
2 2im \ T 251
Ti(v) —v = (v—2)(v+2) (v—2cos ) <U—2cos )
-1/ kE+1
Jj=1 7j=1
(ii) If k > 1 is even, then
k—2 k
2 25 2 257
Ti(v) —v = (v—2)jl_[1 (v—2cosk_1>j1_[1 (v—2cosk+1).

Lemma 2.6. For k € Z we have Sg41(v)Sk—1(v) +1 = SZ(v).
We also need the following two lemmas which are proved in [19].

Lemma 2.7. For k > 0 we have

(1) Pe(v) = (S (0) - Si(v) 1) /(0 — 2).
(2) Pk+1(21) + Pk_l(v) = UPk(U) + 1.
(3) P2(v) + P2, (v) = vPy(v) P11 (v) + Pr(v) + Py_1(v).

Lemma 2.8. Suppose V € SLy(C) and v =1trV. For k > 0 we have

ZVZ— v)1 — Py (v)V !
where 1 denotes the zdentzty 2 X 2 matriz.

3. Twisted Whitehead links

In this section we compute the two-variable twisted Alexander polyno-
mial of twisted Whitehead links and prove Theorem 1. We start with a
linear algebra lemma which is useful for computing the twisted Alexander
polynomial.
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3.1. A lemma. For a 2 X 2 matrix A = [ di1 613 } we let

a1 a2
AF— | Q22 —012
—a1 a1l

denote the adjugate of A. Note that
tr AB* = tr A*B = aq11baa + a22b11 — a12b21 — as1b1o
for A = [ @ ] and B = [ b iz }
az  a bor  ba2
Lemma 3.1. Suppose A, B,C € M3(C) and z,y € C. Then
det(Az + By +C) = (det A)z? + (det B)y? + (tr AB*)xy
+ (tr AC*)z + (tr BC™)y + det C.

Proof. Write A = | 11 912 , B = by bi2 and C = | Gt ‘12 |
as a2 ba1  bao Co1 €29
We have

det(Az + By + C)

_ et | Taut ybi1 +c11 xaiz + ybi2 + ci2
xa + ybo1 + co1 wage + ybao + 22

= (xai1 + ybi1 + c11)(wagz + ybaa + c22)
— (zay2 + ybia + c12)(wazr + yba1 + ca1)
= (a11a22 — a12a21)7> + (b11baz — b12bo1)y?
+ (a11b22 + az2b11 — a12b21 — az1bi2)xy
+ (a11c22 + agac1y — aiaca1 — azici2)x
+ (b11c22 + bazcir — bizcar — baici2)y
+c11C22 — C12€21.-
The lemma then follows. O
3.2. Proof of Theorem 1 for Wy, 1. Recall that the link group of
Wan—1 has a presentation m1(Ew,, ,) = (a,b | wa = aw), where a,b are
meridians depicted in Figure 1 and w = (bab~ta=!)"a(a=1b~1ab)". Suppose
p : m(Ew,, ,) — SL2(C) is a nonabelian representation. Up to conjuga-
tion, we may assume that

S1 1

O R B ROR B )

1 L)

where (u, 51, s9) € (C*)? satisfies p(aw) = p(wa). By [17] this matrix equa-
tion is equivalent to the following equation

(2ySn—1(v) — (zy — 2)Sp—2(v) — 25,(v)) Sp—1(v) = 0. (2)
Here z, y, z and v are the traces of the images of a, b, ab and bab—'a ™!
respectively.
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Let r = awa™*w~1. We have

gz =a <881: - walwI%g> =a(l— walwl)aazj.
Hence A, (tl,tg) = det @ (%) /det<I> (1—a)=det® (%2).
Let ¢ = bab atand d = a " 1b1ab. We have w = ¢"ad™ and

ow Oc od
T = Qg+ aba @y

= " (5n,1(c_1)(aba_1b '—a)+ad_1(d)(a b la—a b))
where 63(g) =1+g+--- + g~.

For g € m(Ew,, ,) we denote p(g) by §. Since tré = trd = v, by Lemma
2.8 we have

™

5n—1<5_1) = Pn 1(’1})1—Pn 2(1})

on-1(d) = Pr1(v)1 — Py2(v) -

SS9

Since ®(a) = 1@ and ®(b) = t2b, we then obtain

P <a£> =" (Po—1(v)E — Py—2(v)F)

where

E = aba bt —tja+tity b a5 107,
F = &aba b7t —tya) + ad (tity tatb~ 1&451&—16—1)
= 1—tybab " +titytabt —tytabta

By Lemma 3.1 we have

det & @2‘)’) = det(Py_1(v)E — Py_s(v)F)

(det B)P2_;(v) + (det F)P2_,(v)
— (tr EF*)Pp_1(v)Py—2(v).

Since P2, (v)+P?_4(v) = vPy—1(v) Ph—2(v)+ Py—1(v)+ Py—2(v) (by Lemma
2.7) we get

det ® @b) = (det F —det E)P2 ,(v) (3)

+ (vdet E —tr EF*)P,_1(v)Pr—2(v)
+ (det E) (Pn_1<’l)) -+ Pn_g(v)) .
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Using the form of p in (1) we have E = [ f e ] where

€21 €22
—1,—1 -1 —1 -1 _-1 -1 2
er1 = 1—si1ti — sy ty 45185 tity + (5] S5 — s155° + s182)u+u”,
2 -1 —1
el2 = 81— 8185 —11+ 8o t1t2 — Sou,
—1 -2 _—1 —1 —1 -1, 2
ea1 = (—s5 +587755 +ty, —sitity )u+ sy u”,
—1 —1 —1 —1 —1 —1
e = 1— 8] t1 — Soty 4+ 8y Solity T — (81 S + t1tgy )u,

and F = { fu 2 } where

f21 f22
fi1 = 1—sity — sy ity sisy ttaty A (saty syttt — tity D,
fo = —s3t 15t = sisaty ! + sty — 15,
fo = (sylsyt—sisy 4 sty — sty u+
foo = 1—sy7lty —soty 4 sy satityt — (saty 4+ s7'ts Hu.

Then, by direct calculations, we have

det F —detE = (v—2)(2z —ay)tit;y ", (4)
vdet E—tr EF* = (v—2)(xy —v2)tity !, (5)
det B = 1352 —ytdty! — wtyty 2 + 13 + 152 (6)

+ (vy — (v —2)2)taty " —wty —yty ' + 1.

Note that z = s3 +31_1, Y = S +32_1, Z = 8189 +31_132_1 +u and v =
22 +y?+ 2% —zyz — 2.
From equations (4) and (5) we have
(det F — det E)P2_,(v) + (vdet E — tr EF*)P,_1(v)Py_2(v) (7)
= (25— ) Paa(o) + (2y — 02) P 1 (0)] (0 — 2) Paa(0)taty!
[(zy — 2z) ( n—1(v) = P2 (v)) — 2(v = 2) P (v)]
X (v —2)Pp_o(v)tity?
= [(zy —22)Sn-1(v) — 2(Sn(v) = Sp—1(v) — 1)]
X [Sn_l(v) — Sn_g(v) — 1] t1t2_1
= [(zy = 2)Sn-1(v) — 28, (v) + 2] [Sn=1(v) — Sp—a(v) — 1]tat; .
Here we use (v —2)Py(v) = Si41(v) — Sk(v) —1 (by Lemma 2.7) in the third
equality.
From equations (3), (6) and (7) we have
Al (tt) = (817 —ytity ' — atity® + 85 + 157 — oty —yty ' + 1)
X (Pn_l(v) + Pn_g('l})) + Oétth_I.
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where
a = [(:Uy —2)Sp—1(v) — 28, (v) + z] [Sn_l(v) — Sp—2(v) — 1]
+ (zy — (v = 2)2) (Pa-1(v) + Py—2(v)).

Finally, we simplify « using equation (2). By Lemmas 2.6 and 2.7 we
have S, (v)Sp—2(v) +1=52_,(v) and (v —2)(Pp—1(v) + Pr—2(v)) = Sp(v) —
Sp—2(v) — 2. Hence

o = (ay—2)S2_1(0) = Su1(0) (@Y — 2)(Sn_a(v) + 1) + 2(Su(v) = 1]

+2(Sp(v) = 1)(Sp—2(v) + 1) — 2(Sn(v) — Sp—2(v) — 2)
+ xy(Pn,l(v) + Pn,g(v))

= (ry—2)85_1(v) = Sp—1(v) [(2y — 2)Sn—2(v) + 25 (v)]
— (zy — 22)Sp—1(v) + 2y (Sn—1(v) + 2P,—2(v))
+ 2(Sp(v)Sp—2(v) + 1)

= St (0)[rySa1(0) — (2y — £)Su_2(v) — 28u(v)]
+225,-1(v) + 22y Py—2(v)

= 225,-1(v) + 2zyP,_2(v).

Here we use equation (2) in the last equality.

The proof of Theorem 1 for Ws,_1 is complete, since A%/Qn,l(t17t2> is

well-defined up to multiplication by t]fl t§2 (ki € Z).

3.3. Proof of Theorem 1 for Wj,,. Recall that the link group of Wa,
has a presentation 71 (Eyw,, ) = (a,b | wa = aw), where a,b are meridians
depicted in Figure 1 and w = (bab~ta=1)"bab(a=1b~1ab)™. Suppose p :
71(Ew,, ) — SL2(C) is a nonabelian representation. Up to conjugation, we
may assume that

s1 1

s = L] e am=| 2 2

1 L)

where (u, s1,52) € (C*)3 satisfies p(aw) = p(wa). By [17] this matrix equa-
tion is equivalent to the following equation

(2Sn(v) = (2y — 2)Sn-1(v)) (Sn(v) = Sn—1(v)) = 0. (8)
As in the case of Woy,,_1 we have A@V% (t1,t2) = det ® (%—%’) where
%‘l‘)’ = " [Bn-1(c ) (aba b7 —a) + babd,_1(d) (a0 a —a" D7)

—i—l—l—ba].

Since ®(a) = 1@ and ®(b) = t»b, we obtain

P <?;Z> = ¢"(Py—1(v)G — Po—a(v)H + 1)
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where
G = aba 'b' — t1a + t1tobaba b a — tobaba b,
H = 1—t1bab~"' + titoba — tob,
I = 1+ titzba.
By Lemmas 3.1 and 2.7 we obtain
det @ <?;Z> = det(Pp_1(v)G — Pp—2(v)H + 1) 9)

= (det G)P?_;(v) + (det H)P? ,(v) + det T
— (tr GH*)P,—1(v) Pp—2(v)
+ (tr GI*)Py—1(v) — (tr HI*) Py—2(v)
= (detG —det H)P?_|(v) +det T
+ (vdet H —tr GH*)P,,—1(v) Py—2(v)
+ (det H + tr GI*)P,—1(v)
+ (det H — tr HI*)Py—2(v).

By direct calculations we have

detG —det H = (v—2)(vz— zy)tita, (10)

vdet H —trGH* = (v —2)(zy — 22)tita, (11)

det H+tr GI* = (v+ D22 — 2at1t3 — 2yt2to + 12 + 12 +1 (12)
+ (zy + 2(v — 1)2)t1ty — 2aty — 2yts + v,

det H—tr HI* = —83 4+ +13+ (zvy — 22)t1ty — 1, (13)

det I = 32 4 zt1tg + 1. (14)

From equations (10) and (11) we have
(det G — det H)P?_,(v) + (vdet H —tr GH*)P,,_1(v)P,_o(v)  (15)
= (02— 2y) P (0) + (2y — 22)P2(0)] (0 — 2)Pus (0)11
[2(v = 2)Py_1(v) — (zy — 22)(Po—1(v) — Pr—a(v))] (v — 2) Pae1(v)t1 2
[2(Sn(v) = Sp—1(v) = 1) = (zy — 22)Sn—1(v)] (v — 2) Po_1(v)t1ts
= [29(v) = (zy — 2)Sn-1(v) — 2| [Sn(v) — Sn—1(v) — 1]t1ta.
From equations (9), (15), (12), (13) and (14) we obtain
Al (tt2) = ((v+1)Pao1(v) = Paa(v) + 1) (8785 + 1)
+ (Pao1(v) + Pua(v)) (3 +12)
—2P,_1(v)(yt3ty + wt1t3 + xt1 + yta) + Btity
where
B = [28a(6) = (9 — )50 1(0) — 2] [Su(v) — Sur(0) — 1]
+ (zy + 2(v — 1)2) Pooi1 (v) + (zy — 22) Pa—a(v) + .
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Note that (v+1)P,—1(v) — Pp—2(v) + 1 = P,(v) + P,—1(v), by Lemma 2.7.
Finally, we simplify  using equation (8). Indeed, since

(250 (v) = (zy — 2)Sp-1(v)) (Sn(v) = Sn—1(v)) =0

we have

B = [z—(2Su(v) — (xy—z)Sn_l(v)) — 2(Sn(v) = Sn1(v))]
+ (2y +2(v = 1)z) P (v) + (29 = 22)(Paa (v) = S () + 2
22 — 225,(v) 4 225,-1(v) + 2(zy + (v — 2)2) Po_1(v)
2xyP,_1(v).

Here we use (v — 2)P,_1(v) = Sp(v) — Sp—1(v) — 1 (by Lemma 2.7) in the
last equality.
This completes the proof of Theorem 1 for Wa,.

4. Proof of Corollaries 1 and 2

4.1. Proof of Corollary 1. We prove the hyperbolic torsion conjecture
for Ws,_1. The proof for Wy, is similar. Up to mirror image, there are
two orientations on Ws,_1 which correspond to the two cases t; = to =t
and t; = t,' =t in the reduced twisted Alexander polynomial Ayy,, ,(t).
In both cases, the genus of L = Wh,_; is given by ¢g(L) = 1 and L is
fibered if and only if n = 1. (These facts can be proved by computing
the reduced Alexander polynomial of L and then applying [16, Theorem
1.1].) Moreover, by Theorem 1, the degree of the reduced twisted Alexander
polynomial Aﬁv%il(t) is 4 and the coefficient of the highest degree term is
P,_1(v) + P,—2(v). Note that the hyperbolic torsion conjecture holds true
for the fibered link W since P,—1(v) + P,—2(v) = 1 when n = 1. We now
consider the case n > 2.

For a link L in S3, a non-abelian representation p : m1(FEL) — SLo(C)
is called parabolic if the images of all the meridians of L by p are matrices
with trace 2. When L is hyperbolic, it is known that the holonomy represen-
tation pg is a parabolic representation. Moreover, pg lies on the geometric
component of the SLy(C)-character variety of L.

To prove Corollary 1 for Wo,_1, with n > 2, it suffices to show that
P,_1(v) + Py—2(v) # 0 and P,,_1(v) + P,_2(v) # 1 for any parabolic repre-
sentation on the geometric component of Wa,_1. By [17] the defining equa-
tion for the geometric component of Wa,_1 is 2ySy,—1(v) — (xy — 2)Sp—2(v) —
2Sp(v) = 0. Hence, for a parabolic representation on the geometric compo-
nent we have x = y = 2 and 45,,_1(v) — (4 — 2)Sp—2(v) — 25, (v) = 0, where
v=22+y?’+ 22 —2yz — 2= (2 — 2)?> + 2. By Lemma 2.7 we have

Pr1(v) + Pra(v) = (Sn(v) = Sna(v) = 2)/(v = 2) = (Tn(v) = 2)/(v = 2).
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4.1.1. Genus. We show that P,_i(v) + P,_2(v) # 0 for any parabolic
representation on the geometric component of Was,,_1, where n > 2.

By Lemma 2.4 we have % 0 if and only if v = 2cos 2” for some
1<;5<3. Inparticular veERand -2 <wv < 2.

Suppose v = 2 cos 27 for some 1 < Jj < 5. Then, by Lemma 2.3,

sm(n —1)%" sin n 2"
Sn—2(v) = Sm—gﬂn =-1, Sp-1(v) = W =0,
sin(n + 1)2J7r
sin 27

Equation 45,,_1(v) — (4 — 2)Sp—2(v) — zSn( ) = 0 then implies that z = 2.
Hence v = (2 — 2)? + 2 = 2. This contradicts —2 < v < 2.
Suppose v = —2 (in this case n must be even). Then

Sp_o(v)=(-1)"2*(n—-1)=n-1, Sp_1(v) = (=1)"n=—n
and S, (v) = (=1)"(n+ 1) = n+ 1. Equation 4S,_1(v) — (4 — 2)Sp—2(v) —

2S,(v) = 0 then implies that z = 4n — 2. Hence v = (2 — 2)2 +2 =
(4n — 4)? +2 > 2. This contradicts —2 < v < 2.

4.1.2. Fiberedness. We show that P,_1(v) + P,—2(v) # 1 for any para-
bolic representation on the geometric component of Wo,_1, where n > 2.

Tn( )=2
—2

By Lemma 2.5 we have = 1if and only if v = 2COS 7 for some

1<j<— or v = 2cos ;7% Qk” for some1<k<”Jrl In partlcular,veR
and -2 <wv < 2.

Suppose v = 2cos 2” for some 1 < j < 2. Then, by Lemma 2.3, we
have
Sa(0) = sin(n — 1) 237; 0 St (0) 8111712]”1 .
-2 v = s -1 v) = — ,
" sin 2”1 " sin 2]7;
sin(n + 1)2]—7;
(V) = ———7— =
sin =%

Equation 45,_1(v) — (4 — 2)Sp—2(v) — 2S,(v) = 0 then implies that 0 =
4—z2v=4—62+42%2— 23 = 0. This is equivalent to (2 —z)(22 —22z+2) = 0.
Then z € {2,14i}. Hence v = (z — 2)? + 2 € {2,2 F 2i}. This contradicts
—2<v<2.

Suppose v = 2 cos zfl for some 1 < j < "H Then, by Lemma 2.3, we
have
: 25 25
sin(n — 1) 295 sinn 5
Sp—2(v) = ————""—=—v Sp-1(v) = —— =—1
sin 2T ’ sin 2T ’
n 245 W
sin(n + 1)3%1
sin

n+1
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Equation 45,,_1(v) — (4 — 2)Sp—2(v) — 2S,(v) = 0 then implies that 0 =
—4+ (4 — 2)v =20 — 222 + 822 — 23 = 0. This is equivalent to (2 — 2)(z% —
62+ 10) = 0. Then z € {2,3+i}. Hence v = (2 —2)? +2 € {2,2+2i}. This
contradicts —2 < v < 2.

Suppose v = —2 (in this case n must be odd). Then

Sua(®) = (1" (=1 =—(n—1),  Sua(t) = (~1)" 'n=n

and S, (v) = (—=1)"(n+1) = —(n+1). Equation 45,_1(v) — (4—2)Sp—2(v) —
2S,(v) = 0 then implies that z = 4n — 2. Hence v = (2 — 2)2 +2 =
(4n — 4)% + 2 > 2. This contradicts —2 < v < 2.

4.2. Proof of Corollary 2. We prove Corollary 2 for Wa,_1. The proof
for Wy, is similar. Let Ms,_1, be the 3-manifold obtained from S3 by
P-surgery along the component of Wa,_; corresponding the meridian a.
Suppose p : 71 (Ew,, ,) — SL2(C) is a nonabelian representation of the
form

S1 1

R R TR URS ey

U Sy

where
(2ySn—1(v) = (zy — 2)Sp—2(v) — 25,(v)) Sp—1(v) = 0.

Here z = 31—1—51_1, Yy = 32—1—52_1, z= 3132+51_182_1+u and v = 22 +y%+ 2% -
xyz — 2 are the traces of the images of a, b, ab and bab~'a~! respectively.

The following determines when the representation p : 7 (Ew,, ,) —
SLy(C) extends to a representation p : w1 (Map—1,) = SLao(C).

Lemma 4.1. p estends to a representation p : m(Maon—1,) — SLa2(C) if
and only if one of the following holds:

e S,_1(v) =0, s{ =1 and s # +1,

o 2ySn_1(v) — (2y — 2)Spn_2(v) — 28, (v) =0, 51 = —1, 2L = —p and

) Ytz
p is odd,
o 2ySp—_1(v) — (zy — 2)Sp—2(v) — 2S,(v) = 0, Sl_yl;j_ = s, and
_Sl z
S1 75 +1.

In all cases we have x # 2 (i.e. s;1 # 1).

Proof. Let A\, be the canonical longitude corresponding to the meridian a
of Wa,—1. By [17] we have

=[]

where

, {1 if S,_1(v) =0,

%@i if xySp—1(v) — (zy — 2)Sp—2(v) — 2S,(v) =0,
_Sl z

(16)
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and

0 if Sn—l(v) = 07
%k =
=2 i wySno1(v) — (wy — 2)Sn—2(v) — 28a(v) = 0.

Tyz—y2—22

(17)

Note that there is a small error in [17]: the canonical longitude in [17] is
actually the inverse of the canonical longitude.

The nonabelian representation p : m(Ew,, ,) — SL2(C) extends to a
representation p : m(Map—1,p) — SL2(C) if and only if a?A, = 1. Note

p _
that p(aP) = [ 501 Sp81_11(7$) }, where S,_1(x) = i:slp if s # +1 and

sfl
Sp—1(z) = (£1)P71p if sy = £1. Hence the matrix equation aP, = 1 is
equivalent to [, = s, % and * = —S,_;(z).

Case 1: If S,,_1(v) =0, then I, = 1 and x = 0 by (16) and (17) respec-
tively. Hence a?\, = 1 is equivalent to s;¥ = 1 and S,_1(z) = 0, which
means that si =1 and s; # +1.

Case 2: If zyS,—1(v) — (vy — 2)Sp—2(v) — 25, (v) = 0, then

- —2
lo=—2 "% and yloy — 22)

syt 2 T Ty —y?— 22
by (16) and (17) respectively. Hence a?\, = 1 is equivalent to

y(zy — 22)

S1Yy — 2 —p
Tyz — Y% — 22

= =S, 1(x). (18
e ly4a p-1(z). (18)

and

If s; = 1, then %l_j_ = 5,7 does not hold. Hence aP), # 1.

-8, Ytz

If 57 = —1, then LY== = 5 holds if and only if p is odd. In which

Dlytz

case, the second equation of (18) is equivalent to y%fz = —p.

If s; # £1 then the first equation of (18) implies the second one. Indeed,
if % = s;7 then

—8, Ytz
-1
P —p =81 Ytz _ _s1y—=z
S, () = s — 8, sz —silytz  y(ay — 22)
p—1\T) = -1~ —1 - 2 _ 2"
51— 5 51— 5 TYz — Yy — =2
In this case a?\, = 1 is equivalent to —24=—=— = 5", O

—sl_ly-I—z

We now finish the proof of Corollary 2 for Ws,—_1. Suppose the non-
abelian representation p : m(Ew,, ,) — SL2(C) extends to a representa-
tion p : m(Map—1,) — SL2(C). By Lemma 4.1, x # 2. Since the core of
the attaching solid torus is homotopic to a, by the gluing formula for the
Reidemeister torsion (see e.g. [6]) we have

P P
7_];\7/[ _ Won—1  _ "Wan—1 . (19)
2n=tp 2 —trp(a) 2—z
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By Theorem 2.2 we have 7f, = Ay, (1,1). Theorem 1 then implies

that

Ty =2[2—2—y+2)Sn1(v) + (4 — 2z — 2y + 2y) Py 2(v)].

This, together with equation (19), completes the proof of Corollary 2 for
Wan-1.
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