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Formal deformation theory in left-proper
model categories

Marco Manetti and Francesco Meazzini

ABSTRACT. We develop the notion of deformation of a morphism in
a left-proper model category. As an application we provide a geomet-
ric/homotopic description of deformations of commutative (non-positively)
graded differential algebras over a local DG-Artin ring.
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Introduction

This is the first of a series of papers devoted to the use of model cate-
gory theory in the study of deformations of algebraic schemes and morphisms
between them. In doing this we always try to reduce the homotopic and sim-
plicial background at minimum, with the aim to be concrete and accessible
to a wide community, especially to everyone having a classical background
in algebraic geometry and deformation theory.

In order to explain the underlying ideas it is useful to sketch briefly their
evolution, from the very beginning to the present form.

A very useful principle in deformation theory is that over a field of char-
acteristic 0 every deformation problem is controlled by a differential graded
Lie algebra, according to the general and well understood construction of
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Maurer-Cartan modulus gauge action, see e.g. [11, 20]. Here we intend a de-
formation problem in the intuitive and heuristic sense suggested by the vari-
ous examples arising in algebra and geometry. It is worth to recall that Lurie
has given an axiomatic definition of deformation problem in the language of
higher category theory [18, Definition 4.6] for which the above principle has
began a theorem [18, Theorem 5.3], independently proven by Pridham [24,
Theorem 4.55], and previously partially obtained by Hinich and Manetti (see
[24] and references therein). In the above mentioned Lurie-Pridham theo-
rem the deformation problem is represented by a suitable functor ® and
the homotopy class of the controlling DG-Lie algebra is reconstructed from
the values of ®. Despite the relevance of this result from a theoretical point
of view, in most concrete applications we are interested in the controlling
DG-Lie algebra in order to obtain informations on ®; hence the main goal
is to construct the DG-Lie algebra starting from the underlying algebro-
geometric data. Here the difficulty is that, as properly stated in [22], the
explicit construction of the relevant DG-Lie algebra controlling a given de-
formation problem requires creative thinking and the study of instructive
examples existing in the literature.

For an affine scheme, it is well known and easy to prove that the DG-Lie
algebra of derivations of a multiplicative Tate-Quillen resolution controls
its deformations, since the Maurer-Cartan elements correspond to pertur-
bations of the differential of the resolution. According to Hinich [14] the
same recipe extends to (non-positively graded) DG-affine schemes and gives
a good notion of deformation of such objects over a (non-positively graded)
differential graded local Artin ring (see also [19, Section 4] for a partial result
in this direction).

This example is very instructive and suggests that for general separated
schemes, the right DG-Lie algebra controlling deformations should be con-
structed by taking derivations of a Palamodov resolvent [21]. Here the prob-
lem to face is that a Palamodov resolvent, as classically defined [6, 23], carries
inside a quite complex combinatorial structure leading to very complicated
computations in every attempt to prove the desired results.

The key idea to overcome this difficulty is to interpret this combinatorics
as the property of being cofibrant in a suitable model category, and then
use the various lifting and factorization axioms of model categories in order
to provide clear and conceptually easier proofs. However, it is our opinion
that this approach works very well and gain new additional insight whenever
also the deformation theory of affine schemes is revisited in the framework of
model categories. In fact, in the forthcoming papers we will obtain analogous
results for not necessarily affine schemes taking advantage of a conceptually
similar proof.

Since every multiplicative Tate-Quillen resolution of a commutative alge-
bra is a special kind of cofibrant replacement in the category CDGAHE0 of
differential graded commutative algebras in non-positive degrees, equipped
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with the projective model structure, it is convenient to express, as much as
possible, the notion of deformation in terms of the model structure. This
will be quite easy for the conditions of flatness (Definition 2.9, modelled on
the notion of DG-flatness of [2]) and thickening (Definition 4.1).

The first main result of this paper is to define a “good” formal deformation
theory of a morphism on every model category in which every cofibration is
flat: several left-proper model categories used in concrete applications satisfy
this property, included CDGAEO. A remarkable fact is that the deformation
theory of a morphism is homotopy invariant: more precisely given morphisms

K i> X %Y with g a weak equivalence, then the two morphisms f and gf
have the same deformation theory; this allows in particular the possibility
to restrict our attention to deformations of cofibrations.

The second main result is the proof that in the category CDGA%0 our
general notion of deformation is equivalent to the notion introduced by
Hinich and in particular gives the classical notion of deformation when re-
stricted to algebras concentrated in degree 0. The main ingredient of the
proof, that we consider of independent interest, is that the lifting property
and the (C-FW), (CW-F) factorization properties are unobstructed in the
sense of [19], i.e., can be lifted along every surjective morphism of DG-local
Artin rings (Theorems 6.3, 6.13 and 6.15). The case of lifting properties is
easy, while the unobstructedness of (C-FW) and (CW-F) factorizations are
quite involved and are proved as a consequence of a non-trivial technical re-
sult about liftings of trivial idempotents in cofibrant objects (Theorem 6.12).

1. Notation and preliminary results

The general theory is carried out on a fixed model category M, although
the main relevant examples for the applications of this paper are the cate-
gories CDG A of differential graded commutative algebras over a field K
of characteristic 0, and its full subcategory CDGA%O of algebras concen-
trated in non-positive degrees, equipped with the projective model struc-
ture ([4], [9, V.3], [17]): in both categories weak equivalences are the quasi-
isomorphisms and cofibrations are the retracts of semifree extensions. Fibra-
tions in CDGAKk (resp.: CDGA%O) are the surjections (resp.: surjections

in strictly negative degrees). In particular a morphism in CDGA%0 is a
weak equivalence (resp.: cofibration, trivial fibration) if and only if it has
the same property as a morphism in CDGAx .

Starting from Section 4 we shall assume that M satisfies the additional
property introduced in Definition 2.13.

For every object A € M we shall denote by A | M (or equivalently by
M) the model undercategory of maps A — X in M, and by M | A the
overcategory of maps X — A, [15, p. 126]. Notice that for every f: A — B
we have (Al M) | f=f]l (M| B).
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Every morphism f: A — B in M induces two functors:

ff=—of:Mp—=Ms, (BoX)—(ALBoX), W
fo=—T4B: M4 — Mg, X XII4B.

According to the definition of the model structure in the undercategories
of M, a morphism h in Mp is a weak equivalence (respectively: fibration,
cofibration) if and only if f*(h) is a weak equivalence (respectively: fibration,
cofibration), see [15, p. 126].

For notational simplicity, in the diagrams we adopt the following la-
bels about morphisms: C=cofibration, F=fibration, YW=weak equivalence,
CW=trivial cofibration and FW=trivial fibration. We also adopt the labels
 for denoting pullback (Cartesian) squares, and " for pushout (coCartesian)
squares.

Definition 1.1. An idempotent in M is an endomorphism e: Z — Z such
that eoe = e. We shall say that e is a trivial idempotent if it is also a weak
equivalence. The fixed locus ¢: F, — Z of an idempotent e: Z — Z is the
limit of the diagram
idy
Z___Z
e

or, equivalently, the fibred product of the cospan

(idz,idz) (e)idz)
e

VA IXZL+——Z.

Lemma 1.2. Let e: Z — Z be an idempotent in a model category M with
fized locus v: F'— Z. Then the following holds.

(1) There ezists a retraction
F52Z5F

such that tp = e. In particular p is a retract of e and pe = p, et = ¢.
If e is a trivial idempotent, then v and p are weak equivalences.
(2) If there exists a retraction

XxX4Hz4%x

such that iq = e then X L7 s canonically isomorphic to the fized
locus of e.
(3) The fized locus of idempotents commutes with pushouts; this means

that for every span Z LA~ Band for every idempotent e: Z — Z
such that ef = f, the fized locus of the induced idempotent €' : Z 11 4
B — Z 114 B is naturally isomorphic to ': F114 B — Z 114 B.
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Proof. The first item is an immediate consequence of the universal property
of limits applied to the diagram

For the second item, since ge = qiq = ¢, et = iqi = i, we have that the two
morphisms

xLz2%r FYHz%Xx,
are one the inverse of the other.
In the the last item, the morphism f lifts to a morphism A — F and the

proof follows immediately from the fact that retractions are preserved by
pushouts. O

2. Flatness in model categories

Let M be a model category and let G be a class of morphisms of M
containing all the isomorphisms and such that G is closed under composition.

Definition 2.1. A morphism f: A — B in M is called a G-cofibration if
for every A — M % N with g € G, the pushout morphism

MIIaB— NIis B
belongs to G.

Example 2.2. When G is exactly the class of isomorphisms, then every
morphism is a G-cofibration.

Remark 2.3. Since finite colimits are defined by a universal property, they
are defined up to isomorphism: therefore the assumption on the class G are
required in order to have that the notion of G-cofibration makes sense.

Lemma 2.4. In the situation of Definition 2.1, the class of G-cofibrations
contains the isomorphisms and is closed under composition and pushouts. If
G is closed under retractions, then the same holds for G-cofibrations.

Proof. It is plain that every isomorphism is a G-cofibration. Let f: A — B
and g: B — C be G-cofibration; then for every A — M hy N, if h € G then

also the morphism M 114 B LENS NS 4 B belongs to G, and therefore also
the morphism

M1, C = (M1l B) Il C 'S (N1, B)II5 C = N1I4 C
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belongs to G. Let A — B be a G-cofibration and A — C' a morphism. For

every C — M 19, N we have

M1 (CTAB)=MI4B-Z N1y B =Nl (Cliy B),

and then C — C 114 B is a G-cofibration.
Finally, assume that G is closed under retracts and consider a retraction

A— -4

bl

B—-D-%. B

Then every morphism A = M gives a commutative diagram

M 6
pa

N
bl

B——D—=1B

and then a functorial retraction M Iy B —- M o D — M 114 B.
If g is a G-cofibration then f is a G-cofibration, since given A — M 2) N
the morphism M 114 B — N Il 4 B is a retract of M Ilo D 2) Nl D. O

From now on we restrict to consider the case where G = W is the class of
weak equivalences, and we shall denote by Cofyy the class of W-cofibrations.
Moreover, an object in M is called W-cofibrant if its initial map is a W-
cofibration. Recall [15, Def. 13.1.1] that a model category is called left-
proper if weak equivalences are preserved under pushouts along cofibrations;
equivalently, a model category is left-proper if and only if every cofibration
is a W-cofibration (C C Cofyy).

The class Cofyy of W-cofibrations was considered by Grothendieck in his
personal approach to model categories [12, page 8], and more recently by
Batanin and Berger [3] under the name of h-cofibrations.

Lemma 2.5. Consider the following commutative diagram in a left-proper
model category

A—f>E
\ih’ f.g € Cofyy, hew,
g

D

together with a morphism A — B. Then the pushout map Ell4 B — D114 B
18 a weak equivalence.
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Proof. Consider a factorization A < P i B with a € C C Cofyy, 8 € W
and then apply the 2 out of 3 axiom to the diagram

Eli,P-2Y-E1,B

P
pu,pP-2Y-pDI1,B

to obtain the statement. O

Corollary 2.6. In a left-proper model category a morphism f: A — B is a

W-cofibration if and only if for every A — M 2 N with g € WN F, the
pushout morphism M 11y B — N 114 B belongs to W.

Proof. The “only if” part follows by definition of WW-cofibration. The other
implication follows from the fact that every weak equivalence is the compo-
sition of a trivial cofibration and a trivial fibration, and trivial cofibrations
are preserved under pushouts. O

Example 2.7. In the model category CDGAx of commutative differential
graded K-algebras consider the polynomial algebras:
A=K]|x], B=Klz,y], =41, y=-1, dy=y=z.

Then B is not cofibrant and the natural inclusion i: A — B is not a W-
cofibration.
1) In order to prove that B is not cofibrant consider the polynomial alge-
bra
D =Klzx,y, 2], z=0, dy=2z dz=0,

together with the surjective morphism

q¢: D= B,  q(x) =z, qy) =y, q¢(z) =yz.
It is immediate to see that i is a weak equivalence and by Kiinneth formula
also the inclusion
gi: A— D =K[z]®x Ky, 7]
is a weak equivalence. Hence ¢ is a trivial fibration and then if B is cofibrant
there exists a morphism f: B — D such that qf = idp. Any such f should
satisfy
f@)==zh, [fly)=yk,  hkeK[z], hk#0,
and this gives a contradiction since

df (y) = d(yh) = zh # f(dy) = f(yx) = yxhk.

This proves in particular that 7 is not a cofibration; below we show the
stronger fact that ¢ is not a W-cofibration.
2) Consider the retraction of polynomial algebras

A=K[z] L Kz, 1] % K[z],
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where
t=0, dt=uat, jx)=q(x)=w qt)=0.

Since K is assumed of characteristic 0 both j and ¢ are quasi-isomorphisms.
In order to prove that i: A — B is not a W-cofibration we shall prove that
the pushout of ¢ under i is not a weak equivalence: in fact

Kz, t] ®a B = Klz,t] @k (o) K[2,9] = K|z, y,1], dt = xt, dy = yx,
and the element yt gives a nontrivial cohomology class which is annihilated
by the pushout of ¢:

Ko, ] ©4 B =Kz, = Kla] ©x ) K [2,3] = Kz, y].
Example 2.8. The natural inclusion morphism
K]
(€?)

in the category CDGAfk is not a W-cofibration. To see this consider the
(C-FW) factorization

A=

—)B:A[ZEU,Cvl,CCQ,...], €e=0,7;, =1, dr;=e€ex;t1,

€,u,v—0

A — C = Alu,v] K, u=-1,v=-2 du=c¢, dv=eu,

and it is easy to see that C ®4 B — K ®4 B = Klzg,x1,...] is not a
quasi-isomorphism (for instance xy does not lift to a cocycle in C ® 4 B).

According to notation (1.1) and to the definition of the model structure
in the undercategories of M, a morphism h in Mp is a weak equivalence
(respectively fibration, cofibration) if and only if f*(h) is a weak equivalence
(respectively fibration, cofibration), see [15, p. 126].

The functor f, preserves cofibrations and trivial cofibrations, and f is a
W-cofibration if and only if f, preserves weak equivalences. Given a pushout

square
'

C-—2-C14B

we have the base change formula
f«h* = k*ge: Mo — Mp, (2.1)

which is equivalent to the canonical isomorphism D114 B = DIl (C'1I4 B)
for every object D in the category Mc.

Definition 2.9. A morphism f: A — B in M is called flat if the functor
f+« preserves pullback diagrams of trivial fibrations. An object B € M, is
called flat (over A) if the corresponding morphism A — B is flat in M.
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In a more explicit way, a morphism A — B in a model category M is flat
if every commutative square
A E
C D

(CxpE)IIyB——>Ell4 B

| |

ciisB—"" . pu,B

—_

FW

—_

gives a pullback square:

or, equivalently, if ClIyB — DII4B is a trivial fibration and the natural
map
(C XDE)HAB — (CHAB) X DI 4B (EHAB)

is an isomorphism.
The notion of flatness is preserved under the passage to undercategories

and overcategories. In particular, given two maps K — A i> B in M, the
morphism f is flat in M if and only if it is flat in M.

The above notion of flatness is motivated by the example of commutative
differential graded algebras: we shall prove in the next section that a mor-
phism A — B in CDGA%O, with A = A° concentrated in degree 0, is flat
in the sense of Definition 2.9 if and only it is DG-flat in the sense of [2].

Remark 2.10. Although the above notion of flatness also makes sense in
categories of fibrant objects it seems that its utility is restricted to the realm
of left-proper model categories. It is important to point out that flatness is
not invariant under weak equivalences, and then it does not make sense to
talk about flat morphisms in the homotopy category. Moreover, it is worth
noticing that our definition of flatness of a morphism in CDGA%0 differs
substantially from the notion of flat morphism given in [30]: this will be
especially clear after corollaries 3.3 and 3.4.

Lemma 2.11. Ewvery flat morphism is a WW-cofibration.

Proof. Assume A — B flat, given A — M MY , consider a factorization
A M2 P 2% A Then

M1, B <Y PliyB =PIy (M1, B)
is a trivial cofibration by model category axioms, while
ri,B 2% N1, B

is a trivial fibration by flatness. O
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Lemma 2.12. The class of flat morphisms is stable under composition,
pushouts and retractions.

Proof. Composition: let A i> B % C be two flat morphisms, then both the
functors fy: M4 — Mp and g.: Mp — Mg preserve pullback diagrams of
trivial fibrations. Therefore also (¢gf)« = g« f« preserves pullback diagrams
of trivial fibrations.

Pushout: let A B, A — C be two morphisms with f flat. Then it
follows from the base change Formula (2.1) that g: C' — C'II4 B is also flat.

Retracts: let C be any category, and denote by CA™XA! the category of
commutative squares in C. It is easy and completely straightforward to see
that every retract of a pullback (respectively, pushout) square in CA'xAl gg
a pullback (respectively, pushout) square. Consider now a retraction

A— 0.4

ool
B—>D-%.B

in M, with g a flat morphism. By the universal property of coproduct, every
map A — X gives a canonical retraction

XlpB—>XllgD— X1IsB.
Therefore, every commutative square £ € MﬁlXAl gives a retraction

€laB—Ele D — €14 B

in the category MA <A ¢ ¢ is the pullback square of a trivial fibration,
then also £l D is the pullback of a trivial fibration. Since trivial fibrations
and pullback squares are stable under retracts, it follows that also £ 114 B

is the pullback square of a trivial fibration. [l

2.1. The coFrobenius condition. For the application we have in mind,
here and in the forthcoming papers, it is useful to introduce the following
definitions.

Definition 2.13. We shall say that a model category is strong left-proper
if every cofibration is flat.

Definition 2.14. A model category satisfies the coFrobenius condition
if pushouts along cofibrations preserve trivial fibrations.

Remark 2.15. 1) Every strong left-proper model category satisfies the coFrobe-
nius condition. The converse holds under mild assumptions, see Proposi-
tion 2.17.

2) Every model category satisfying the coFrobenius condition is left-
proper. The proof is essentially the same as the one of Lemma 2.11. The
converse is false in general, see Example 2.16.



FORMAL DEFORMATION IN LEFT-PROPER MODEL CATEGORIES 1269

The name “coFrobenius condition” of Definition 2.14 is due to its dual
property, the Frobenius condition, which has been already considered in the
literature, [8].

Example 2.16. Denote by Top the category of topological spaces endowed
with the standard model structure, [25]. It is well-known that Top is left-
proper (see e.g. [15, Theorem 13.1.10]) but it does not satisfy the coFrobenius
condition, in particular it is not strong left-proper. In order to prove the
claim consider the cofibration ¢: 0 — [0, 1] defined as the natural inclusion,
together with the trivial fibration 7: [0,1] — 0. The pushout map [0, 1] IIy
[0,1] — [0, 1] of 7 along ¢ is not a Serre fibration.

Similarly one can prove that the category sSet of simplicial sets endowed
with the Quillen’s model structure, [25], does not satisfy the coFrobenius
condition, while left-properness immediately follows recalling that all objects
are cofibrant.

Proposition 2.17. Let M be a cofibrantly generated model category where
every generating cofibration is flat. Then M 1is strong left-proper if and only
if M satisfies the coFrobenius condition.

Proof. If M is strong left-proper then it satisfies the coFrobenius condition.
Conversely, let I be the set of generating cofibrations of M; by hypothesis
every map of I is flat. Recall that every cofibration in M is a retract of a
transfinite composition of pushouts of maps in I, [16, Prop. 2.1.18]. Therefore
it is sufficient to show that given an ordinal )\ together with a A-sequence

Aof—0>A1f—1>"'—>A,\f—)\>---

in M where each f) is a flat cofibration for A < A, then the transfinite
composition fy: Ag — cglig\n A, is flat. For simplicity of notation we shall
Py N

denote Ay = colim Aj.
Consider a commutative square

AOHC

| |

D——F

with C — FE a trivial fibration. Recall that filtered colimits commute with
finite limits, so that we have the following chain of isomorphisms

(D XE C) HAO AA = COlim((D XE C) HAO A)\)
~ colim ((D I, A) X (g11,, 4y (C T, AA)>
= colim(D T4, A)) X colim(ETl 4, Ay) colim(C T4, A))
= (D14, Ax) X(B114,4y) (C L4, Ay)

where the second isomorphism follows from the flatness of the maps Ay —
Ay, A< A
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We are left with the proof that the morphism C' Il4, Ay — EIl4, Ay is
a trivial fibration; this follows by the coFrobenius condition. O

Example 2.18. By Proposition 2.17 it follows that the model category
CDGA%O is strong left-proper, since it satisfies the coFrobenius condition
and generating cofibrations are flat. We shall reprove this fact in Corol-
lary 3.4. The same argument works also, mutatis mutandis, for proving that
CDGAx is strong left-proper.

The model category sAlgp of simplicial commutative algebras over a
commutative ring R (endowed with the model structure defined in [10, Sec.
4.3]) is strong left-proper. In fact this category is left-proper, [28, Lemma
3.1.1], and every cofibration is a retract of a free morphism, [10, Prop. 4.21].
The conclusion is now an immediate consequence of the fact that the pushout
of commutative simplicial rings is given by degreewise tensor product.

For future purposes we now prove the following useful result.

Lemma 2.19. Let M be a model category satisfying the coFrobenius con-
dition. Assume moreover that for every pair of morphisms A — B — C, if
A — C is a fibration and A — B 1is a trivial fibration, then B — C is a
fibration.

Then trivial fibrations between flat objects are preserved by pushouts.

Proof. Given a diagram

together with a morphism A — B, consider a factorization A S p I .
By the coFrobenius condition the morphism F 114 P — D II4 P is a trivial
fibration. Moreover, since A — FE and A — D are flat the morphisms

Eta P2 p1uiyaB, D P 2 DILB

are trivial fibrations, so that the commutative diagram

Eli, P2 E1I, B

SO

DI, P2 D1y B

gives the statement. ([l
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3. Flatness in CDGA%0

Unless otherwise stated we shall consider the category CDGAHE0 equipped
with the projective model structure. Recall that a morphism A — B in
CDGAH%0 is a semifree extension if B = A[{x;}] is a polynomial extension
in an arbitrary number of variables of non-positive degree.

For every differential graded commutative algebra A we shall denote
by DGMod(A) (resp.: DGMod(A)=") the category of differential graded
modules over A (resp.: concentrated in non-positive degrees). For every mod-
ule M € DGMod(A) we shall denote by A @ M the trivial extension.

For every A € CDGA%O we shall denote by A — A[d~!] the semifree
extension, where d~! has degree —1 and dd~! = 1. For every A-module M
the tensor product A[d~!]®4 M is isomorphic to the mapping cone M[1]& M
of the identity and therefore it is an acyclic A-module. For every morphism
A — B of algebras we have A[d~'] ®4 B = B[d~!] and then for every
A-module M we have

(Ald" @A M)®a B~ B[d "] ®p (M ®4 B),

i.e., mapping cone commutes with tensor products. Finally, the same proof
as in the classical case shows that the functor

— ®4 B: DGMod(A4)=" - DGMod(B)=’

is right exact, or equivalently it preserves the class of exact sequences of
type M - N —- P — 0.

Lemma 3.1. A morphism f: A — B in CDGA%0 s a W-cofibration if and
only if the graded tensor product —® 4 B: DGMod(A)<" -+ DGMod(B)=°
preserves the class of acyclic modules.

Proof. The “only if” part is clear since for every acyclic A-module M the
natural inclusion A — A & M is a weak equivalence. The “if” part is a
consequence of the fact that the tensor product commutes with mapping
cones and the well known fact that a morphism of A-modules is a weak
equivalence if and only if its mapping cone is acyclic. O

Theorem 3.2. Let f: A — B be a morphism in CDGAHEO. The following
conditions are equivalent:

(1) the graded tensor product —® 4 B: CDGAE0 — CDGA%0 preserves
pullback squares of trivial fibrations, i.e., f is flat in the sense of
Definition 2.9;

(2) the graded tensor product —® 4 B: CDGAE0 — CDGA]SB0 preserves
the classes of injections and trivial fibrations;

(3) the graded tensor product —®4B: DGMod(A4)=* - DGMod(B)=<"
preserves the class of quasi-isomorphisms and for every short exact
sequence 0 = M — N — P — 0 of differential graded A-modules,
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the sequence
0>M®R4UB—>NRsuB—>P®R4B—0
18 exact.

Proof. It is clear that (3) implies (2).

We now prove that (1) implies (3). If M — N is a quasi-isomorphism of
A-modules, then A & M — A® N is a weak equivalence in CDGAE0 and,
since every flat morphism is a W-cofibration we also have that

(A M)®,B=B®(M®4sB) > B®(N®4B)=(A®N)®4 B

is a weak equivalence.
Consider now a short exact sequence 0 - M — N — P — 0 in
DGMod(A)=C. Then we have a pullback square of trivial fibrations

A® (Ald Y ®aN) —= A (Ald" ] @4 M)

| |

A A® (Ald©a P)

and then also

B® (Bld ' ®p (N ®4B) — B® (Bld Y] ®5 (M ®4 B))

| |

B A® (Bld Y ®@p (P®4a B))

is a pullback square of a trivial fibration: this is possible if and only if the
sequence

0>M®R4UB—>NRuB—>P®4B—0

is exact.

Finally we prove that (2) implies (1). By using trivial extensions we im-
mediately see that for every injective morphism M — N of A-modules, the
induced map M ®4 B — N ®4 B is still injective.

By hypothesis the functor — ®4 B preserves the class of trivial fibrations.
Then we only need to show that it commutes with pullbacks of a given trivial

fibration f: P W, Q. To this aim, consider a morphism C — @ and the
pullback P xg C represented by the commutative diagram

0 ——ker(f) —= P xgC—C——0

| ]

0 —— ker(f) P Q 0
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whose rows are exact. Applying the right exact functor — ® 4 B we obtain
the commutative diagram
0——=ker(f)®a B—— (P xQC)®3 B—C®4B——0

. | |

0 —> ker(f) ®4 B P®sB Q®sB—>0

whose rows are exact by hypothesis. It follows that (P xg C) ®4 B is (iso-
morphic to) the pullback (P ®4 B) x(gg,B) (C ®4 B) as required. O

Notice that in the model category CDGA%0 not every W-cofibration is

flat: consider for instance the morphism of K-algebras f: K [z] — K[d™}],
deg(x) = 0, f(z) =0,

Corollary 3.3. Let f: A — B be a morphism in CDGA%O and assume that
A is concentrated in degree 0. Then f is flat in the sense of Definition 2.9
if and only if B’ is a flat A-module for every index j.

Proof. If f is flat, then by condition (3) of Theorem 3.2 it follows that every
BJ is a flat A-module. Conversely, if every B7 is flat then for every short
exact sequence 0 - M — N — P — 0 of differential graded A-modules, the
sequence

0 >M®4B—->N®;sB—-P®4B—0

is exact. If M — N is a quasi-isomorphism in DGMod(A4)=Y, since both
B, M, N are bounded above, for every j the morphism M ®4 B/ — N® 4 BJ
is a quasi-isomorphism of complexes of A-modules and a standard spec-
tral sequence argument implies that also M ®4 B — N ®4 B is a quasi-
isomorphism. O

Corollary 3.4. In the model category CDGAHE0 every cofibration is flat.
In particular CDGAHEO 1s left-proper.

Proof. The second part of the corollary is well known, nonetheless we give
here a sketch of proof of the left-properness for the reader convenience and
reference purposes.

Since every cofibration in CDGA%0 is a retract of a semifree extension,
according to Lemma 2.12 it is sufficient to prove that every semifree ex-
tension A — B is flat. We use Theorem 3.2 and we prove that — ®4
B: CDGA§0 — CDGA%0 preserves the classes of injections and trivial
fibrations.

The preservation of the class of injections is clear since the injectivity of
a morphism is independent of the differentials and, as a graded module, B
is isomorphic to a direct sum of copies of A.

We have already seen that tensor product preserves the class of surjective
morphisms and in order to conclude the proof we need to show that the
semifree extension A — B is a W-cofibration.
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Write B = Alz;], i € I, and notice that for every finite subset U C B
there exists a finite subset of indices J C I such that Alz;], j € J, is a
differential graded subalgebra of B containing U. Thus it not restrictive to
assume that B is a finitely generated semifree A-algebra. Finally, since W-
cofibrations are stable under finite composition we can reduce to the case
B = Alz], with T < 0 and dx € A.

Denoting by B, C B, n > 0, the differential graded A-submodule of
polynomial of degree < n in z, for every morphism A — C the cohomology
of C' ®4 B can be computed via the spectral sequence associated to the
filtration C), = C ®4 B,, whose first page is a direct sum of copies of
the cohomology of C. This clearly implies that the free simple extension
A — B = Alx] is a W-cofibration. O

The following result is the analog (of the Artin version, cf. [29, Lemma
A4, item (a)]) of Nakayama’s lemma in the category CDGA%O.

Proposition 3.5. Let I be a nilpotent differential graded ideal of an alge-
bra A € CDGAHEO and let f: P — Q be a morphism of flat commutative
differential graded A-algebras. Then f is an isomorphism (resp.: a weak
equivalence) if and only if the induced morphism

A P A Q

FPos A L 4_ K
JiP@aT =75 Q8T =175

is an isomorphism (resp.: a weak equivalence).

Proof. Denoting by B = A/I, it is not restrictive to assume that I is a
square zero ideal; in particular [ is a B-module and we have a short exact
sequence of A-modules

WAI%Af+?:B—+U

By Theorem 3.2 we get a morphism of two short exact sequences of A-
modules

0—PRuI—P——Px4B——0

ig lf lf (3.1)
0—=Q®al——Q—>Q®sB——=0

where
g=f®id;: (PosB) @I — (Q®sB)®pI.

If f is an isomorphism, then also g is an isomorphism and the conclusion
follows by snake lemma. If f is a quasi-isomorphism, then it is a weak equiva-
lence of flat B-algebras and then also g is a weak equivalence by Lemma 2.5.
The proof now follows immediately by the five lemma applied to the long
cohomology exact sequence of (3.1). ([
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We shall denote by DGArtH%O C CDGA%O the full subcategory of dif-
ferential graded local Artin algebra with residue field K. By definition a
commutative differential graded algebra A = @A? belongs to DGArtH%O if
AY is a local Artin algebra with maximal ideal m 40 such that the composi-
tion a: K — A% — A%/m 40 is an isomorphism, and A is a finitely generated
graded A%-module. In particular A is a finite dimensional differential graded
K -vector space and m4 := m 40 ® A<C is a nilpotent differential graded ideal.
For simplicity of notation we always identify K with the residue field A/my4
via the isomorphism «. The following result is an immediate consequence of
Proposition 3.5.

Corollary 3.6. Let f: P — @ be a morphism of flat commutative differ-
ential graded A-algebras, with A € DGArtHEO. Then f is an isomorphism
(resp.: a weak equivalence) if and only if the induced morphism

f:PoAK —Q®aK

is an isomorphism (resp.: a weak equivalence).

We denote by Artx C DGAI‘t%O the full subcategory of local Artin
algebras with residue field K, i.e., A € Artg if and only if it is concentrated
in degree 0 and A € DGArtiO. The following corollary, equivalent to [14,
Lemma 5.1.1], is a reformulation of the classical meaning of flatness in terms
of relations [1, Prop 3.1], [29, Thm. A.10].

Corollary 3.7. Let R be a flat commutative differential graded A-algebra,
with A € Artyg . Then the natural map R — H(R) is a trivial fibration of
flat A-algebras if and only if R4 K — HY(R®4K) is a trivial fibration.

Proof. As already said this is an easy consequence of Corollary 3.3 and
standard fact about flatness and we give a direct proof only fon completeness
of exposition. Since H'(R ®4 K) = H°(R) ®4 K, one implication follows
immediately from Lemma 2.19. Conversely, if H/(R ®4 K) = 0 for every
i < 0, we can prove by induction on the length of A that also H*(R) = 0 for
every i < 0. In fact, since R is flat over A, every small extension

0-K—-A4A—-B—-0
of Artin rings gives a short exact sequence
0RI4K >R—-R®4B—0

with R®4 B flat over B and the conclusion follows by the cohomology long
exact sequence. According to Corollary 3.3 the morphism R — HO(R) is a
flat resolution of the A-module H°(R), therefore

Tor{(H*(R),K) = H '(R@aK) =0
and HY(R) is flat over A. O
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4. Deformations of a morphism

In order to make a “good” deformation theory of a morphism in a model
category, we need to introduce a class of morphisms that heuristically corre-
sponds to extensions for which Corollary 3.6 is valid in an abstract setting.

Definition 4.1. Let M be a left-proper model category. For every object
K € M we denote by M(K) the full subcategory of M | K whose objects
are the morphisms A — K that have the following property: for every com-
mutative diagram

A" E

k h
D

where the maps labelled by b are assumed to be flat, the morphism A is a
weak equivalence (respectively: an isomorphism) if and only if the induced
pushout map E Iy K — D II4 K is a weak equivalence (respectively: an
isomorphism).

Definition 4.2. Let M be a left-proper model category. A thickening in M
is a morphism A — K in M(K) for some object K € M.

According to Proposition 3.5, in the model category CDGAHE0 every sur-
jective morphism with nilpotent kernel is a thickening: the name thickening
is clearly motivated by the analogous notion for algebraic schemes [7, 8.1.3].

Definition 4.3. Let K i> X be a morphism in a left-proper model category

M, with X a fibrant object. A deformation of f over a thickening (A 5K ) €
M(K) is a commutative diagram

AﬁXA

P,
K—1ox
such that f4 is flat and the induced map X4 14 K — X is a weak equiva-

lence.
A direct equivalence is given by a commutative diagram

Ai>XA

gra

Two deformations are equivalent if they are so under the equivalence rela-
tion generated by direct equivalences.
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Notice that the assumption (A & K) € M(K) implies that the morphism
h in Definition 4.3 is a weak equivalence. In fact, the pushout along p gives
a commutative diagram

K T X414 K
|

9a

Yalls K X

and I’ is a weak equivalence by the 2 out of 3 axiom.

We denote either by Def ¢(A 2, K) or, with a little abuse of notation, by
Def f(A) the quotient class of deformations up to equivalence.

If every cofibration is flat we can also consider c-deformations, defined as
in Definition 4.3 by replacing flat morphisms with cofibrations. We denote
by ¢Def ¢(A) the quotient class of c-deformations up to equivalence.

Since flat morphisms and cofibrations are W-cofibrations (see Lemma 2.11)
according to Lemma 2.5 every morphism A — B in M(K) induces two push-
out maps

Deff(A)—>Deff(B), CDeff(A) —)CDeff(B), XAb—>XA HAB.

Lemma 4.4. In the above setup, if every cofibration is flat then:

(1) the natural morphism cDef ¢(A) — Def¢(A) is bijective,
(2) for every weak equivalence A — B in M(K) the induced morphism
Deft(A) — Def ¢(B) is bijective.

Proof. 1) Replacing every deformation A o x A of f with a factorization
AS X4 I X4, by Lemma 2.5 we have X4 114 K 2% X 4114 K, and this
proves that cDef ;(A) — Def ;(A) is surjective. The injectivity is clear since

we can always assume X4 = X4 whenever A — X4 is a cofibration, and
every direct equivalence of deformations

AT x,

gr

lifts to a diagram

A C_ ~  FW X4

127

v, 2 X

2) By the first part we may prove that if ¢: A — B is a weak equiv-
alence then cDefy(A) — cDefy(B) is bijective. For every c-deformation
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B — Xp — X, taking a factorization

A—Cx,

lq l]—'W

B—— Xp

since weak equivalences are preserved under pushouts along cofibrations we
get

A—C o x,

l o

q w
B——=X,1I4B2—~ Xp

where « is a weak equivalence of flat B-objects: this proves the surjectivity
of cDef(A) — c¢Def¢(B).

By the lifting property it is immediate to see that if two c-deformations
B - Xp — X and B — Yp — X are directly equivalent, then also every
pair of factorizations

ASx, Mo xpox, ASviMyvy o x

gives directly equivalent c-deformations over A. The injectivity of ¢ Def ;(A) —

cDef¢(B) is now clear since for every c-deformation A S X A — X and ev-
ery factorization

AS x, Y x, 2V x, B X,
the deformation A — X4 — X is equivalent to A — X/} — X. O
Thus in a strong left-proper model category we have ¢ Def y = Def ;.

Lemma 4.5. In a strong left-proper model category consider a commutative
diagram

A

AN

X4z Yoy (4.1)

%

of c-deformations A - X4 - X, A—> Y4 — X and A — Z4 — X. Then
A— Xallyz, Y4 — X is a c-deformation.

Proof. Since the composite map A <, YA W, Xallz, Ya is a cofibration
we only need to prove that

(XAHZA YA)HAK%X
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is a weak equivalence. Since Y4 — X411z, Y4 is a weak equivalence between
flat A-objects, looking at the commutative diagram

Vally K -2 (X410, Ya) 14 K

l]/\/
X
the statement follows from the 2 out of 3 property. O

Proposition 4.6. In a strong left-proper model category two c-deformations
A— X4 — X and A — Y4 — X are equivalent if and only if there exists a
c-deformation A — Z4 — X and a commutative diagram

A

N

X4z, Ny, (4.2)

N

X

Proof. We need to prove that:
1) the relation ~ defined by diagram (4.2) is an equivalence relation. This
follows immediately from Lemma 4.5.
2) if
A

O\

\:/YA

is a direct equivalence of c-deformations, then X 4 ~ Yy4. To this end consider
a factorization

X4

Xy S XTI V<5 V)
c
ZA
FW Id
A

and the morphism Z4 1Ty K — Y4 114 K is a weak equivalence. O

Remark 4.7. In the diagram (4.2) it is not restrictive to assume that X 4114
Y4 — Z4 is a cofibration: in fact we can always consider a factorization
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Xalla Vs & Qa 2% Z4 and the map Qu 114 K — Z4 114 K is a weak
equivalence.

5. Homotopy invariance of deformations

The aim of this section is to prove that the deformation theory of fibrant
objects is invariant under weak equivalences.

The following preliminary technical result is essentially contained in [5,
25].

Lemma 5.1 (Pullback of path objects). Let h: Q — X be a fibration of
fibrant objects in a model category and let

X L xT PO v o X pri=pri=idx, i€ W, pe F,
be a path object of X. Then the morphism

Q 2y Q
Q%5 Qxx X' xx Q=lim \’1 y & V :
X X

of components o = (idg, ih,idg), extends to a commutative diagram

Q cw Q[ FW Q X)(XI
\ lﬁ / J{m
o Qxx XTxxQ——Q
lﬂz lh

X X! X

% P1

where: Q x x X! is the fibered product of h and p1; 7y is the natural projection
on the first two factors; every m; denotes the projection on the i-th factor.

Proof. Define Q! by taking a factorization of a as the composition of a
trivial cofibration and a fibration 8: Q' — Q xx X! xx Q. Now we have a
pullback diagram

Qxx X' xxQ-"-Q

| I

Qxxy X ——= X

paTa
and, since f is a fibration, also v and the composition v3: Q7 — Qx x X! are
fibrations. Finally, the projection Q@ x x X! =% Q is a weak equivalence since
it is the pullback of the trivial fibration p;. Hence 5 is a weak equivalence
by the 2 out of 3 axiom. O



FORMAL DEFORMATION IN LEFT-PROPER MODEL CATEGORIES 1281

Lemma 5.2. Let 7: X — Y be a trivial fibration of fibrant objects in a
model category M, and let

AT g
& , (5.1)
K-t1-x

be a c-deformation of a morphism f: K — X along (A 2, K) € M(K).

Then for every morphism k: Q — X such that Th = 1k, kfa = fp, the
diagram

A fa 0
i . (5.2)
K*>X

is a c-deformation equivalent to the previous one.

Proof. We have a diagram

0

A—EaQ——aQHAK

\
/

4

and by the 2 out of 3 property £’ is a weak equivalence, i.e., the square (5.2)
is a c-deformation: we need to prove that it is equivalent to (5.1).

Taking possibly a (CW,F)-factorization of h, followed by an extension of
k:

Q—F =X
o
il Q@ T

it is not restrictive to assume that h is a fibration. Since 7h = 7k and 7 is
a weak equivalence, the maps h and k are the same map in the homotopy
category Ho(M 4). Thus, since A — @ is a cofibration, the maps h and k are

right homotopic: in other words there exists a path object X — X7 M

X x X and a morphism ¢: Q — X' such that h = p1¢, k = pa¢. Taking the
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pullback of p; along h we get the following commutative diagram in M 4:

idg

Qxx X —=Q

\l |

X1 X

p1

Applying Lemma 5.1 to the fibration h, we obtain the commutative diagram

Qf — % Qxx X!

p Tl

1

Qxx XIxxQ Q
\LWQ ih
X! X

p1

and, since @ is cofibrant, the morphism ¢ lifts to a morphism ¢': Q@ — Q'.
Therefore we have a commutative diagram

Q "
K
Q! I Qxx X!
By'=(1d,p,n) i / \L
B Lt
Qxx X' xxQ——>Q

In particular hnp = pa¢ = k, and the morphism 7 gives the required equiva-
lence of deformations:

We are now ready to prove the main result of this section.

Theorem 5.3 (Homotopy invariance of deformations). Let K Lxoy
be morphisms in a model category M and consider a map A — K in M(K).
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If every cofibration is flat and T is a weak equivalence of fibrant objects, then
the natural map

Def ;(A) — Def,;(A), (A=-X)—=-X)—»(A=X1—-X DY),
is bijective.

Proof. By Ken Brown’s lemma it is not restrictive to assume that 7: X —
Y is a trivial fibration of fibrant objects. According to Lemma 4.4 we may
replace Def(A) with ¢Def(A) at any time.

In order to show the surjectivity of ¢ Def(A) — cDef,¢(A) observe that
iHfA—Yy i) Y is a c-deformation, then K — Y, 114 K is a cofibration.
Therefore the weak equivalence Y4 14 K ﬁl—) Y lifts to a weak equivalence
Yy K — X.

Next we prove the injectivity of c¢Def¢(A) — cDef;¢(A), i.e., that two
c-deformations of f, A -+ X4 — X and A — Z4 — X, are equivalent in
cDef(A)if A= X4 =X =Y and A = Z4 -+ X — Y are equivalent in
cDef;;(A). By the argument used in the proof of the surjectivity it is not
restrictive to assume that A - X4 - X - Y and A - Z4 - X — Y are
are direct equivalent, i.e., that there exists a commutative diagram

X, x

Za—s X

Now hn: X4 — X is clearly equivalent to h: Z4 — X, while k, hn: X4 — X
are equivalent by Lemma 5.2. O

Remark 5.4. By Theorem 5.3 it makes sense to define deformations of a

morphism K — X even if X is not fibrant in M. To this end it is sufficient

to consider a fibrant replacement X Yoy Zs & and define Def x = Defy.
The deformation functor is homotopy invariant also from the thickening

side, in the sense described in the following proposition (cf. the notion of
quasismoothness for extended deformation functors defined in [19]).

Proposition 5.5. Let K i> X be a morphism in a strong left-proper model

category M, with X a fibrant object, and consider two maps A LN N
with the maps p, ph thickenings and h a weak equivalence. Then the push-out
map

h: Defp(A 2% K) = Def (B 2 K)

is bijective.
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Proof. Given any deformation B f—B> Xp — X there exists a diagram

Al . p_ P g

PR

Xqy—Xp—X

with f4 a cofibration and ¢ a trivial fibration. The push-out of f4 along h
gives a diagram

A fa X4

B——=X,1I4B2—~Xp

and since M is left proper, the map r (the push-out of h along the cofibration
fa) is a weak equivalence. By the 2 of 3 property also the map s is a weak
equivalence between B-flat objects. Finally, since weak equivalences between

flat objects are preserved under push-out, the diagram A f—A> Xp—Xisa

deformation mapped by h into a deformation equivalent to B f—B> Xp — X;
this proves the surjectivity of h.
In view of Lermma 4.4 and Proposition 4.6, for the proof of the injectivity

it is not restrictive to consider two c-deformations A 24 X 4= X, A f—A>

X'y — X related by a weak equivalence X/, II4 B 2, X4 114 B. We have

already noticed that X 4 — X4l 4B is a weak equivalence and then it admits

a factorization X4 22 Y4 2 X4 114 B. The deformation A % Yi— X

is equivalent to A EEN' 4 — X; since A — X/, is a cofibration the weak
equivalence ¢ can be lifted to a weak equivalence Xy — Y4 and then the

deformation A f—A> X', — X is equivalent to A M Yy — X. O

6. Lifting problems

Let M be a strong left-proper model category (i.e. a left-proper model
category where every cofibration is flat). The full subcategory of flat objects
"M inherits the model structure of M, meaning that "M is closed with
respect to every axiom even if it may not be complete and cocomplete; for the
axioms of a model structure we refer to [16]. For every morphism f: A — B
in M the pushout — 14 B defines a functor between the undercategories

f*: b1\/[,4 — b1VIB

endowed with the model structures induced by M. Notice that in general
"(My4) # (M) 4; throughout all the paper we shall denote the category
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b(1\/I 4) of A-flat objects simply by "My as above. By assumption f, pre-
serves cofibrations and weak equivalences. Therefore, whenever f, preserves
fibrations, it makes sense to study whether the following lifting problems
admit solutions.

e Lifting: Consider a commutative diagram of solid arrows

Py Sa
h /1 pPA
gA P s A

Qa l

- Sp

PN
9B /

QB

in My, where the upper square is in "M and reduces to the bot-
tom square applying f, and moreover the map g4 is a cofibration
(respectively: trivial cofibration) and the map p4 is a trivial fibra-
tion (respectively: fibration). Then there exists a (dashed) lifting
ha: Qa — S4 which reduces to hp.

¢ (CW,F)-factorization: Given a morphism g: M — N in "My,

together with a factorization M 114 B ﬂ) QB i) N II4 B of the
map fi(g) = gll4 B in Mp, then there exists a commutative diagram

Ry

Pp

Rp

g

M~ —>Qi-——->N

cw | F
!
]
MIIgaB——=Qp—— NIy B
in M4, where the lower row is obtained by applying the functor f,

to the upper row.
e (C,FW)-factorization: Given a morphism g: M — N in "My,

together with a factorization M 114 B <, QB IV N II4 B of the
map f«(g) = gl14 B in Mp, then there exists a commutative diagram

g
M2~ =Qi— == >N

|

MI,B——>Qp—>NI4B
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in M 4, where the lower row is obtained by applying the functor f,
to the upper row.

e Weak retractions of cofibrations: Let ga: P4 — R4 be a cofi-
bration in °M 4, and consider the diagram of solid arrows

JA qa

Qa Py Qa
AN gA N 94
ga > h
N - A
ia A
Sp—————— >Rp--"—----- > Sy
| |
| l l |
| |
JB 9B
QB ‘ Pp QB ‘
: Yi 9
9B Y ) Y
iB PA

in M 4, where the bottom rectangle is a retraction of the map gg =
f«(ga) in Mp, all the horizontal arrows are weak equivalences and

the retraction Q4 EEN Py a4, Q4 reduces to Qp EEN Pp 95, Qp
applying fi. Then there exist dashed morphisms giving a retraction
of g4 fitting the diagram above, where again all the horizontal arrows
are weak equivalences.

Remark 6.1 ((trivial) cofibrations). If the (CW,F)-factorization lifting prob-
lem is satisfied, then the following lifting problem is so. Given an object M
in "M, together with a (trivial) cofibration gg: M 114 B — Np with Np
fibrant in M p, then there exists a commutative square

M- % Ny
|
I

95 )
MUy B—— Np
in M4, where g4 is a (trivial) cofibration and gp = f.(g4).

Notice that for every surjective map f in CDGA%O the functor f, pre-
serves fibrations. Motivated by geometric applications in Deformation The-
ory, the aim of the following subsections is to prove that given a surjective
morphism f: A — B in DGArtHEO, the functor f: CDGrAflO — CDGA%0
satisfies the lifting problems introduced above. The main idea to prove the
claim relies on a technical lifting problem involving trivial idempotents, see
Subsection 6.2. By Lemma 1.2 this is equivalent to solve the weak retractions
of cofibrations lifting problem. The (CW,F)-factorization and the (C,FW)-
factorization lifting problems in CDGA%O are solved in Theorem 6.15 and
Theorem 6.13 respectively. As a consequence, the lifting problem of (trivial)
cofibrations is solved in Corollary 6.16.
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All the lifting problems described above essentially deal with axioms of
model categories, except for the one on retractions where some additional
hypothesis have been assumed. Example 6.5 will show that if we drop the
assumption on the horizontal arrows, then the weak retractions of cofibra-
tions lifting problem may not admit solution even in the strong left-proper
model category CDGA]EO.

6.1. Lifting of liftings.

Lemma 6.2. Let A — B be a surjective morphism in DGArti0 and con-
sider a fibration (respectively: trivial fibration) p: S — R in CDGAE‘O.
Then the natural morphism

S—>RXR®AB (S@AB)

is a fibration (respectively: trivial fibration).

Proof. Denote by .J the kernel of A — B and fix i < 0. If S° — R’ is
surjective the following commutative diagram

St@aJ —= 85" ——=S'®sB——>0

o

R4 —>R —>R 4B——=0

|

0

has exact rows and columns since the (graded) tensor product is right exact.
By diagram chasing, it immediately follows the surjectivity of

S* = R' X pig,p5 (S ®4 B).
If moreover p is a weak equivalence, then
RXR@)AB (S@AB) — R

is so, since trivial fibrations are stable under pullbacks. The statement fol-
lows by the 2 out of 3 axiom. U
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Theorem 6.3. Let f: A — B be a surjective morphism in DGArt%O.
Consider a commutative diagram of solid arrows

h /’/ PA
ga A
s

Py Sa

Ry

Pp

PN
9B /

in CDGA%O, where the upper square reduces to the bottom square applying
fx, and moreover the map g4 is a cofibration (respectively: trivial cofibration)
and the map pa is a trivial fibration (respectively: fibration). Then there
exists a (dashed) lifting ha: Qa4 — Sa which reduces to hp.

Proof. Consider the commutative diagram

//\
Qa=5>5B xRy Ra —— Ra

L

@B Sp—2 = Ry

in CDGA%O, where the dashed morphism ¢: Q4 — S Xr, R4 is given by
the universal property of the pullback, which also ensures the existence of a
(unique) map Sq4 — Sp X g, R4 commuting with both p4 and the projection
S4 — Sp. By Lemma 6.2, the commutative square of solid arrows

Py Sa

hA//7
-
e
-

Qa—5> 5B XRrp Ra

admits the dashed lifting h4: Q4 — Sa, whence the statement. [l

Remark 6.4. Notice that the statement of Theorem 6.3 do not require any
flatness hypothesis. This is due to the fact that we already assumed the
existence of a fixed map hp: Q@p — Sp. On the other hand, if P4, S4,Q4, Ra
are flat objects in CDGAEO, then by Lemma 2.5 the functor f, preserves
weak equivalences between them. Therefore the statement of Theorem 6.3
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implies that for any dashed lifting hp: @p — Sp in the square
Pp —— Sp
o
B
Ve
Ve
@ — Rp
given by model category axioms, there exists a lifting h4: Qa4 — Sa
Py——= 54
e
7/
Ve
Qa— Ra

which reduces to hp via f,.

6.2. Lifting of trivial idempotents. The aim of this section can be ex-
plained as follows. Consider a map A — B in CDGA%0 together with a
commutative diagram of solid arrows

ga

Py Ry
\ \\fA
ea N
N
Py l Ra
Py 9B R

a0 X

Pp

95 Rp
in CDG;A%O7 where g4 is a cofibration, e4 and fp are trivial idempotents
and the arrows in the lower square are obtained applying the functor —® 4 B
to the ones of the upper square. The goal of this section is to prove the
existence of a trivial idempotent fa: R4 — R4 fitting the diagram above.
In other terms, we are looking for a trivial idempotent f4 whose reduction
is fp, and such that f4g4 = gaea, see Theorem 6.12.

The following example shows that if we do not assume the idempotent
fB to be a weak equivalence, then the lifting problem above may not admit
a solution.

Example 6.5. Let A = K [5]/(82), let B =K, and consider Rp = K|z, y] €

CDGA%0 where deg(z) = 0, deg(y) = 1, and dy = 0. Then define R4 =
Rp ®k A as a commutative graded algebra, endowed with the differential
day = ex. Clearly Ry ® 4 B = Rp. Moreover, consider the (non-trivial)
idempotent fp: Rp — Rp defined by fp(z) = z, fe(y) = 0; let Py =
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R4 and assume the maps g4: R4 — R4 and eg: Ry — R4 to be the
identity morphism. By contradiction, assume the existence of an idempotent
fa: R4 — Ry lifting fp; then f4 has to be defined by

T— T +Ez
fAt{

Y = ewy
for some w, z € A. Now notice that the relations

fa(day) = fa(ex) = ex and dafaly) = da(ewy) =0

imply that such f4 is not a morphism in CDGA%U independently of the
choice of w, z.

The result explained above requires several preliminary results. Recall
that CGAHE0 denotes the category of commutative graded algebras over K
concentrated in non-positive degrees.

Lemma 6.6. Given A € CDGA%O, consider a commutative diagram of

solid arrows

P, E

4
zi 7 e
Ve
C——=D
f

in CDGA%O. If i is a cofibration and p is surjective, then there exists the
dotted lifting v: C — E in the category CGAHEO.

Proof. Consider the killer algebra A[d~!] € CDGA%O. Recall that the
natural inclusion a: A — A[d~!] is a morphism of DG-algebras and the nat-
ural projection B: A[d~!] — A is a morphism of graded algebras; moreover
Ba is the identity on A. Now, the morphism

EosAld] 2% Doy AldY]
is a trivial fibration and then there exists a commutative diagram

P Y s E®a Ald]

| / Jpei

C D®y Ald™1]

in CDGA%O. It is now sufficient to take v = Se. O

Proposition 6.7 (Algebraic lifting of idempotents). Let i: A — P be a
morphism in CGAHEO, and J C A a graded ideal satisfying J*> = 0. More-
over, consider a morphism g: P — P together with an idempotente: A — A

mn CGA%O such that e(J) C J and gi = ie. Denote by
g: P/i(J)P — P/i(J)P
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the factorization to the quotient, and assume that g°> = g. Then there exists
a morphism f: P — P in CGAHSQ0 such that f?> = f, fi =ie, and f =7,
i.e. f=g¢g (modi(J)P).

Proof. First notice that the condition gi = ie implies that g(i(J)P) C
i(e(J))g(P) C i(J)P, so that the induced morphism g is well defined. For
notational convenience, in the rest of the proof we shall write JP in place
of i(J)P, since no confusion occurs. Notice that for every z € JP we have
g%(x) = g(z); in fact take = i(a)p, with a € J and p € P, then

g*(i(a)p) — g(i(a)p) = i(e*(a))g*(p) — i(e(a))g(p)
= i(e(a))(g*(p) — 9(p)) € J*P =0
since by assumption ¢%(p) — g(p) € JP. Now denote by ¢ = g> —g: P — P.
By hypothesis we have
bi = g%i — gi = gie —ie = ie? —ie =0,
¢(P) C JP, and g¢ = g .

Notice that the morphism ¢ is a g-derivation of degree 0; in fact for every
pgep

$(pa) = *(0)9*(a) — 9(p)g(a) = ¢*(P)B(a) + (p)9(a) = 9(p)¥(a) + B (p)g(a),
where the last equality follows since ¢2(p)o(q) = g(p)¢(q), being ¢(p)d(q) €
J?P = 0. Now, define ¢p: P — JP as ) = ¢ — g — pg = —g + 39> — 2¢°,
and notice that

(1) ¥(J) =0, ¥i = 0 because ¢i = 0,

(2) ¥* =0 and g*¢ = g1 = g = pg* because ¢y = ¢ = 0,

(3) ¥ is a g-derivation,

4) ¥ — g — g = ¢ —4g9d +49°0 = ¢ + 4¢* = ¢.

In particular,

G+ =g+ V) =+ g+ g +¢° —g - =0+ g +1bg - =0
and
(g+ )i = 3g% — 2¢%i = 3ie? — 2ie3 = 3ie — 2ie = ie.
Therefore, to obtain the statement it is sufficient to define f = g+ = 3¢ —
2¢°, which is a morphism in CGAH%0 satisfying the required properties. [

Remark 6.8. The previous result actually holds even if we replace CGA%O
with the category of unitary graded commutative rings.

For every morphism A — B in CDGAHE0 and every M € DGMod(B)
we shall denote by Der’ (B, M) the differential graded B-module of A-

derivations B — M. For every pair of morphisms A — B Iy € of com-
mutative differential graded algebras we shall denote by Der’y (B, C; f) the
module of derivations, where the B-module structure on C is induced by
the morphism f
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Remark 6.9. In the sequel we shall use in force the following basic facts:

(1) for every cofibrant A-algebra B € CDGAE0 and every surjective
quasi-isomorphism M — N in DGMod(B) the induced morphism
Der’y (B, M) — Der’% (B, N) is a surjective quasi-isomorphism;

(2) for every weak equivalence B — C' of cofibrant objects in the model
category CDGAEO and every M € DGMod(C) the induced map
Der’y (C, M) — Der’ (B, M) is a weak equivalence.

The above properties are well known [13, Sec.7] and in any case easy to
prove as the consequence of the following straightforward facts:

e A morphism in CDGAHE0 is a weak equivalence (resp.: cofibration,
trivial fibration) if and only if it is a weak equivalence (resp.: cofi-
bration, trivial fibration) as a morphism in CDGAx ;

e for every n € Z there is a natural bijection between Z"(Der’ (B, M))
and the set of liftings in the obvious commutative solid diagram

A——= B® M|n]

LT

B B
ldB

in CDGAk;
e for every integer n there exists a natural bijection between Der’y (B, M)
and the set of liftings in the obvious commutative solid diagram

A —— B ® cone(idpjp—1)) ;

|

B~ B

idp

in CDGAk, and the differential of Der” (B, M) is induced (up to
sign) by the natural morphisms of B-modules

cone(idpsp,—1)) — M[n] — cone(id ) -
Lemma 6.10. Consider a morphism of retractions in CDGAHE0

J q

L]

7
—_
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and define f =ip: R — R and e = jq: P — P. Let o € Derp(R, R; f) and
B € Der()(S, S) be derivations such that the diagram

R—L>5—"-R

A

R—L>5—">R
commutes. Then ifp € Derp(R, R; f) and, setting v = o — 2ifp we have

Y=f-fr=a
Conversely, given any v € Derp(R, R; f), the P-linear f-derivation a =
v —~f — fv satisfies

a(ker(p)) Cker(p),  «a(i(S)) Ci(S)
and factors through a derivation B: S — S as above.
Proof. Observe that i8p is an f-derivation being f = ip. Moreover, since
pi = id we have
vy—~f—fvy=a—2ifp — aip + 2iBpip — ipa + 2ipifp =
= o — 2iBp + 2iBp + 2iBp — 2aip = a.
Conversely, take v € Derp(R, R; f) and define & = y—~ f — f~. Now, observe
that ker(p) = ker(f), and since
fa(e) = fy(z) = fPy(e) —vf(2) =/ (2)
we have a(ker(p)) C ker(p). Similarly, since i(S) = f(R) the chain of equal-
ities
af =vf =vf* = frf =—=If

implies that «(i(S)) C i(S). Notice that 5 = pai = —p~i, so that af = ifp.

To conclude the proof recall that the restriction of f to S is the identity,
therefore § is a P-linear derivation. ([

Proposition 6.11. Let e: P — P and f: R — R be trivial idempotents
n CDGA]I%O, and consider a cofibration g: P — R in CDGAHE0 such that
ge = fg. Then the subcomplex

D ={y € Derp(R,R; f) | v = fy+ [} € Derp(R, R; f)
is acyclic.
Proof. We can write f = ip and e = jq for a morphism between retractions

in CDGAZ'
J

%pg‘Z)Q

N

_top P g
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where both ¢ and g are cofibrant objects. The pushout of g along j gives an
extension of the diagram above to

Q—L-p

! iﬁ\ p !

SHS@QPHRH

%

in CDGA%O. Since ¢ and p are retracts of f, they are weak equivalences;
in particular p is a trivial fibration. The same holds for j and ¢, so that 7
is a weak equivalence. It then follows that 7 is a weak equivalence between
cofibrant objects in CDGAISDO. By Lemma 6.10 there exists a short exact
sequence

0 = D — Derp(R, R; f) 2200w, gy

of DG-modules over R, where
K = {(a,5) € Derp(R, R: f) x Dery (5. 5) | fp = po,iff = ai}.

Since p is a trivial fibration and R is cofibrant, the map

pst Derp(R, R; f) — Derp(R, S;pf)

Y= Py
is a trivial fibration by Remark 6.9; here we should think of .S as an object
in CDGA%0 via the map gq: P — S. Now recall that pf = p, and since 7
is a weak equivalence between cofibrant objects in CDGAISDO7 then the map
7 Derp(R, S;pf) = Derp(R, S;p) — Derp(S ®q P, S;pr) = Derg (S, S5id)
Y= AT

is a weak equivalence. Therefore, in order to prove the statement it is suf-
ficient to prove that also the projection K — Der*Q(S, S) is a weak equiv-

alence. Since every 8 € Derg) (S, S) lifts to (i8p,8) € K, we have a short
exact sequence

0— H — K — Derg(5,5) =0

where
H = {a € Derp(R, R; f) | ai = pao = 0} = {a € Derp(R, ker{p}) | ai = 0},

where the R-module structure on ker{p} is induced via the morphism f.
Therefore we have a short exact sequence

0 — H — Derp(R, ker{p}) LN Derp(S®q P, ker{p}) = Der(, (S, ker{p}) — 0

and the map ¢* is a trivial fibration. It follows that H is an acyclic complex,
so that the projection K — Der) (5, S) is a weak equivalence as required. [



FORMAL DEFORMATION IN LEFT-PROPER MODEL CATEGORIES 1295

Theorem 6.12 (Lifting of trivial idempotents). Let A — B be a sur-
jective morphism in DGArtHEO. Moreover, consider a cofibration g4: Py —
R4 between flat objects in CDGAEO, together with a trivial idempotent
ea: Py — Py; denote by

gp: P =Py®4B—~ Rs®4B=Rp eg: P — Pp

the pushout cofibration and the pushout idempotent in CDGA%O. Moreover,
let fp: Rp — Rp be a trivial idempotent in CDGA%0 satisfying fpgp =
gpep. Then there exists a trivial idempotent fa: R4 — R4 in CDGAEO
lifting fp such that faga = gaea.

Proof. We proceed by induction on the length of A. First notice that it is
not restrictive to assume the morphism A — B comes from a small extension

0=-Kt—=A—=B—=0

in DGArtiO, for some cocycle ¢ in the maximal non-zero power of the
maximal ideal my. Notice that K¢ is a complex concentrated in degree
i = deg(t), and Kt — A is the inclusion. In fact, every surjective map in

D(}Arti0 factors in a sequence of small extensions as above.
Since g4 is a cofibration, the diagram of solid arrows

€A ga
Py—— Py ——= Ry

_7
lgA _r~ l
- f

Ry~ Rp—">Rp

admits the dotted lifting in CGAHE0 by Lemma 6.6. This means that fp
lifts to a morphism of graded algebras r: R4 — R4 satisfying rg4 = gaea.
Moreover, by Proposition 6.7 we may assume 72 = r. Now set P = P4®,4 K
and R = R4 ®4 K; denote by d € Hom}q(RA,RA) the differential of Ry4.
Then

dr —rd = wpm, for some ¢ € Derp(R, R; f)
where ¢: R[—i] -t — R4 is the morphism induced by the small extension

while R4 = R is the natural projection. It follows that 1) is a cocycle in
the complex D of Proposition 6.11. In fact, setting f = fp ®p K, we have
tf =reand wr = fr by construction, so that

t(dyp 4+ pd)m = d(dr — rd) + (dr — rd)d = 0,
L(f + 0 f)m = rdr — r?d + dr® — rdr = dr — rd = 1.
Therefore there exists h € Ders(R, R; f) such that
dh — hd =, fh+hf—h=0.

Setting fa = r — thm we have that f4 is a morphism of graded algebras.
Moreover

fi—fa=u—-fh—hf+h)m =0, dfa— fad = 1(tp —dh+hd)m =0,
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and the image of mg4 is contained in P, so that ihmga = 0 being h a P-
linear derivation. It follows that f4 is an idempotent in CDGAi0 satisfying
fag94 = gaea. By Corollary 3.6 the morphism f4 is a weak equivalence and
the statement follows. O

6.3. Lifting of factorizations. The main goal of this section is to show
that for every A € DGArt%O, for every flat object P € CDGA%0 and
for every trivial cofibration f: P®4 K — Q in CDGAHEO, there exists a

trivial cofibration f: P — @ in CDGA%O lifting f. Actually we shall prove
stronger results (see Theorem 6.13 and Theorem 6.15), and the required
statement will follow, see Corollary 6.16.

Theorem 6.13. Let A — B be a surjection in DGArt%O and consider

a morphism f: P — M in CD(}AE0 between flat objects. Then every
(C,FW)-factorization of the reduction

:f®AB:?:P®AB—>M:M®AB

—

lifts to a factorization of f; i.e. for every factorization P e, Q W of f
there exists a commutative diagram

Pt DYy
}£L>c£ﬂ>]\£

mn CDGAEO, where the upper row reduces to the bottom row applying the
functor — ® 4 B and the vertical morphisms are the natural projections.

Proof. We have a commutative diagram

Sl—E&
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in CDGAEO. Taking a factorization of g we get

- M
cimﬂg

Notice that the composite map D — @ is surjective. Now D and M are A-
flat and therefore the morphism D = D ® 4 K — M is a weak equivalence,
and since it factors through D — Q R4 M, the surjective map p: D — Q is
a trivial fibration. It follows the existence of a section s: Q — D commuting
with the maps P — D and P — Q. Since P — D is a cofibration, by
Theorem 6.12 the idempotent € = sp: D — D lifts to an idempotent of
e: D — D. Setting Q = {x € D | e(z) = x}, by Proposition 1.2 we have
that Q ®4 K = Q and P — Q is a cofibration because it is a retract of
P—D. O

Corollary 6.14. Let A € DGArtH%O and consider a morphism f: P — M
in CDGAEO between flat objects. Then f is a cofibration if and only if its
reduction f: PRa K — M @4 K is a cofibration in CDGA]I%O.

Proof. First assume that f is a cofibration; by Theorem 6.13 there exists a
commutative diagram

f

T

P C Q FW M

N

PosK — = MoK d MoK

in CDGA%O, where the upper row reduces to the bottom row via the functor
—® K. Moreover, by flatness, Corollary 3.6 implies that the trivial fibration
Q — M is in fact an isomorphism, so that f is obtained as a cofibration
followed by an isomorphism, whence the thesis. The converse holds since the
class of cofibrations is closed under pushouts. O

Theorem 6.15. Let A — B be a surjection in D(}Arti0 and consider

a morphism f: P — M in CDGAE0 between flat objects. Then every
(CW,F)-factorization of the reduction

7=f®AB:F=P®AB—>M:M®AB



1298 MARCO MANETTI AND FRANCESCO MEAZZINI

@\
i\
\
|

lifts to a factorization of f; i.e. for every factorization P
there exists a commutative diagram

R
JL%EQLJ&

in CDGA%O, where the upper row reduces to the bottom row applying the
functor — ®4 B and the vertical morphisms are the natural projections.

Proof. The proof is essentially the same as in Theorem 6.13. We have a
commutative diagram

f
PLQxyMI =M
lf lf F
P cw @ F Vi

in CDGAEO. Taking a factorization of g we get

D
/lf\
P—LQxgyMI =M

F F F

Notice that the composite map D — @ is surjective in negative degrees
and hence a fibration. Moreover, the morphism P - D = D ®4 K is a
trivial cofibration since P — D is so. Now since P — @ factors through
P — D, the map p: D — Q is a trivial fibration. It follows the existence of
a section s: Q — D commuting with the maps P — D and P — Q. Since
P — D is a cofibration, by Theorem 6.12 the idempotent € = sp: D — D
lifts to an idempotent of e: D — D. Setting Q = {z € D | e(x) = z}, by
Proposition 1.2 we have that Q ®4 K = Q and P — @ is a cofibration
because it is a retract of P — D. O

By Theorem 6.15 it follows the result that we claimed at the beginning
of the section.

Corollary 6.16. Let A € DGAI‘tHS(O and consider a flat object P € CDGAEO.
For every trivial cofibration f: P=P @, K — Q in CDGAHE0 there exist
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a flat object Q) € CDGAfl0 such that Q @4 K = Q and a trivial cofibration
f: P — Q lifting f.

Proof. It is sufficient to apply Theorem 6.15 to the factorization P oW,
QLo 0

Corollary 6.17. Let A € DGArtiO and consider a cofibrant object () €
CDGA%O. For every trivial cofibration f: P — Q =Q ®4K in CDGAHSQ0
there exist a flat object P € CDGA;U such that P @ 4 K = P and a lifting
of f to a trivial cofibration f: P — Q.

Proof. Since P is fibrant the diagram of solid arrows

—>P
p/l
/
0

[

@*‘ *u\

admits the dotted lifting p: Q@ — P in CDGAHEO. In particular, P is the
fixed locus of the trivial idempotent € = f o p: @ — Q. By Theorem 6.12
there exists a trivial idempotent e: (Q — @) whose fixed locus

P={ze€Q|e(x) =z}

satisfies P ®4 K = P, see Proposition 1.2. The lifting of f is given by
Theorem 6.15. (]

7. Deformations of DG-algebras

According to the general construction described in Section 4, for every
R=(K — R)in CDGA%O we can consider the functor Defp of its de-
formations in the strong left-proper model category CDGA%O, defined in
the category M(K). Recall that the above functor is homotopy invariant
(Theorem 5.3), i.e., for every weak equivalence R — S and every A € M(K)
the natural map Defp(A) — Defg(A) is bijective. In order to prove some
additional interesting properties, in view of Corollary 3.6 and the results of
Section 6, we consider the restricted functor!

Defr: DGArt:’ — Set

of (set-valued) derived deformations of R. The main goal of this section is
to prove that:

1We shall see later that for every A € DGArt— the class Defr(A) is not proper.
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(1) if R and A are concentrated in degree 0 then Defr(A) is naturally
isomorphic to the set of isomorphism classes of deformations defined
in the classical sense:

Def p(A) = {commutatlve flat A-algebras R, together with

an isomorphism R4 ® 4 K = R of K-algebras }/isomorphism3

(2) every deformation of a cofibrant DG-algebra may be obtained by a
perturbation of the differential;

(3) if S — R is a cofibrant resolution, then the DG-Lie algebra of deriva-
tions of S controls the functor Defg.

It is interesting to point out that the above point (3) requires DG-algebras
in non-positive degrees, and its analog fails in the category CDGAfk . This
will be clarified in Remark 7.9; the main issue is that without the restriction
on the degrees, not every derivation satisfying Maurer-Cartan equation gives
a cofibrant deformation.

7.1. Strict deformations. In this subsection we introduce the notion of
strict deformations in CDGA%O. It is a purely technical notion used in order
to study deformations of algebras of special type: as we shall see in Exam-
ple 7.4 strict deformations are not homotopy invariant and then unsuitable
to study deformations in full generality.

Definition 7.1. Given R € CDGA%O, the class of strict deformations of
R over A € DGArt3" is defined by

Dgr(A) = morphisms R4 — R in CDGAE0 such that R4 is flat,
B 71 and the reduction R4 ®4 K — R is an isomorphism e
Two strict deformations R4 — R and Ry — R are isomorphic if and only if
there exists an isomorphism R4 =N R/, in CDGrAfl0 such that the diagram

~

R
commutes.

It is plain that for every R € CDGA%O and every A € DGArt%O there
exists a natural map

na: Dr(A) — Defr(A), (R4 = X)— (Ra— X).

Whenever A € Artgk, by Corollary 3.3, the restriction to the grade 0 com-
ponent gives also a natural map Dr(A) — Dgo(A).

Ry

R

Example 7.2 (Classical infinitesimal deformations as strict deformations).
Consider an object R in CDGAHE0 together with an Artin ring A € Artg,
and assume that R is concentrated in degree 0. The same argument used



FORMAL DEFORMATION IN LEFT-PROPER MODEL CATEGORIES 1301

in the proof of Corollary 3.7 shows that every strict deformation R4 — R
is concentrated in degree 0 and therefore Dr(A) is naturally isomorphic to
the set of classical deformations of the commutative algebra R over the local
Artin ring A.

Proposition 7.3. Consider R € CDG:A%O concentrated in degree 0. Then
for every A € Artg there natural map na: Dr(A) — Defr(A) is bijective
with inverse

HY(=): Defp(A) — Dg(A).
Proof. For every A € Artg consider the map
H°: Defg(A) — Dr(A),
HO(Ra — R) = (HO(RA) S HORA) ®4K = HORa®4K) S R) ,

that is properly defined since H°(R,) is flat over A by Corollary 3.7. On
the other side, the natural map n4: Dr(A) — Defgr(A) is injective since
HO o7y is the identity. Finally, again by Corollary 3.7, for every R4 — R
in Defg(A) the map R4 — HY(R4) is a weak equivalence and this implies
that also 4 o HY is the identity in Defp(A). O

Example 7.4. Strict deformations are not homotopy invariant (in any rea-
sonable sense) for general DG-algebras. For instance, consider the algebra
R in degrees —1,0, where

Clz, ] _
0 _ ) 1 _ _ .2 _ _
R —m, R —Ce, d(e)—x xe—y@—o,
. 0 Clz,y] . . . .
and notice that R — H°(R) = @22 is a trivial fibration. We claim that

there exists a first order deformation of H(R) that does not lift to R, and
therefore that Dp is not naturally isomorphic to Dgo(g). If A = Cle] € Artc
denotes the ring of dual numbers, then the deformation

Alx,
(22, LQ g—Ji-]E) - H(R)

does not lift to a deformation of RY. In fact the ideal (23, y?, 2%y) is generated
by the determinants of the 2 x 2 minors of the matrix

22y 0
G = < 0 = vy
and by Hilbert-Schaps Theorem [1, Thm. 5.1] every deformation of R° is

induced by a deformation of the matrix G; in particular every first order
deformation of the ideal (23,42, 22y) is contained in the maximal ideal (z, ).
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7.2. Strict deformations of cofibrant DG-algebras. Throughout this
subsection we shall denote by X € CDGA%O a cofibrant DG-algebra; then
for every strict deformation

A x, 5 X, AecDGArt:,

the map v is surjective and then also a fibration. Moreover, since K —
X4 ®4 K =2 X is a cofibration, according to Corollary 6.14 also f4 is a
cofibration.

Theorem 7.5. Let A € DGAI'tH%O and consider a cofibrant object X €
CDGA]I%O. Then the map

na: Dx(A) — Defx(A)

is bijective.

Proof. Injectivity. Consider two strict deformations A — X4 — X and
A — Y4 — X that are mapped in the same element of Defy. By Proposi-
tion 4.6 there exists A — Z4 — X in ¢Defx(A) together with a commuta-

tive diagram

A

R

X4—>Z4<2—Y4

A

with o, ¢ trivial cofibrations and ¢, 1 fibrations.
In order to prove that A — X4 — X is isomorphic to A = Y4 — X,
notice that the diagram of solid arrows

YAAYA
7
| )
/
Z4—2 X

admits a lifting m: Z4 — Y. Therefore, the diagram

N
%

X

commutes, and the reduction 72: X4 ®4 K — Y4 ®4 K is an isomorphism.
To conclude observe that by Corollary 3.6 the map 7 o ¢ is an isomorphism
and the statement follows.

X4

Ya



FORMAL DEFORMATION IN LEFT-PROPER MODEL CATEGORIES 1303
Surjectivity. By Lemma 4.4 it is sufficient to prove that every c-deformation
Xa—>Xa@aK 5H X

is equivalent to a strict deformation. Consider the commutative diagram

/C/K\C\
XA®AKf09(XA®AK)®KX<—CfX
|
\ I
T i idx

in CDGA%O, and take a factorization of the map ¢: (X4 ®@4K)®g X — X
as a cofibration followed by a trivial fibration:

(Xa0aK)ex XS 25 X,

By the 2 out of 3 axiom we obtain the following commutative diagram of
solid arrows

Xa— — —ow- — =24
|
i |
Y L
X4®4K CW Z W X
\ }'Wlp /

in CDGA%O, where by Corollary 6.16 there exists a trivial cofibration
X4 — Za lifting X4 ®4 K — Z. Now observe that e = p: Z — Z is
a trivial idempotent, whose fized locus coincides with X by Proposition 1.2.
Moreover, by Theorem 6.12 there exists a trivial idempotent €: Z4 — Z4

id
lifting e. Now consider the fized locus X'y = lim{ Za : Za } of é to-

e

gether with the natural morphism X', Ny 4, and observe that its reduction
Xy ®aK = Z4®4K is ¢: X — Z again by Proposition 1.2. To conclude,
consider the following commutative diagram

Zp<~—w—no Xy
Z : X

idx

-

;S
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which proves that X/, — X “ X is a c-deformation equivalent to Z4 —
Z — X, and therefore to X4 > X494 K — X. O

Remark 7.6. Strict deformations can be generalized to an abstract strong
left-proper model category M, simply replacing weak equivalence with iso-
morphism in Definition 4.3. Notice that in the model structure of CDGA%O
every object is fibrant. Moreover, Theorem 7.5 essentially follows from The-
orem 6.12 and Corollary 6.16, which in turn can be rephrased in an abstract
model category. Therefore the statement of Theorem 7.5 can be proved in a
strong left-proper model category satisfying certain additional axioms.

7.3. Perturbation stability of cofibrations. Throughout all this sub-
section we shall denote by f: A — B a fixed cofibration in the model cate-
gory CDGAZ".

Recall that CGAHEO is the category of graded-commutative K -algebras
concentrated in non-positive degrees, and consider the natural forgetful func-
tor

#: CDGAZ" - CGAZ", R~ Ry.

In order to avoid possible ambiguities, in the next computations it is often
convenient to denote a DG-algebra R as a pair (Ry,dg), where dp is the
differential: in particular the morphism f: A — B may be also denoted by
f: A— (B#,dB).

Proposition 7.7. Let f: A — B be a cofibration in CDGA%O. Moreover,
let I C A be a differential graded nilpotent ideal and consider a derivation
n € Dery (B, f(I)B) such that (dg +n)* = [dp,n] + 3[n,n] = 0. Then also
the morphism f: A — (Bx,dp + 1) is a cofibration.

Proof. The result is clear if f is a semifree extension, since the semifree
condition is independent of the differential. In general we can write f as a
weak retract of a semifree extension, i.e.

BQS&B, pi =idp, if: A — S semifree, i,peW.
For simplicity of exposition, for every ideal J C A denote JB = f(J)B,
JS =if(J)S , and

A B S
:ﬁa Bn:B®AAn:ﬁa Sn:S®AAn:m
Since 7, p are weak equivalences between cofibrant objects, applying the func-
tor —® 4 Ay, for every n we have a weak retraction of cofibrant A,-algebras

Ap

B, 2 S, 2 B,
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together with morphisms of short exact sequences

0——1I*S, Sy —%> S 0 1<k<n (7.1)
lpn lpn ipk
0——I*B, B, By, 0

and by the five lemma every vertical arrow is a surjective quasi-isomorphism.
For n > 2 this gives the morphism of short exact sequences

0 —— 115, IS, —*~1S, 1 0 (7.2)
i lpn lpn—l
0——I""1B, 1B, IB, 1 —0

with the vertical arrows surjective quasi-isomorphisms.

Denote by K, the kernel of p,,: I""1S,, — I"'B,,. Notice that 1 induce
a coherent sequence 1, € Der’y (B, IB,) of solutions of the Maurer-Cartan
equation in Derg (By, By).

We now prove by induction on n that there exists a coherent sequence p,, €
Der’ (Sn,ISy) of solution of the Maurer-Cartan equation in Der (Sy, Sn)
such that

It = Hnln, Pnln = TnPn -
This will imply that every ((Bn)u,dp, + 7,) is a retract of a semifree ex-
tension of A4,,.

The case n = 1 is clear since 1By = 1S] = 0. Now assume that n > 2 and
that u,—1 € Derhn_l(Sn_l, 1S,,_1) as above is constructed.

The first step is to lift p,_1 to a derivation 7 € Derkn(S’n,ISn) such
that p,7 = nppn and a7 = p,—1a. The diagram (7.2) gives a surjective
quasi-isomorphism

ISn — ISn_l XTIBp_1 IBn
and then, since S, is cofibrant the derivation

(Mnflaa"?npn): Sn — ISnfl XIBn_1 1B,

can be lifted to a derivation 7 € Derly (Sy,1S,) by Remark 6.9.
We have py, (innn — 7in) = 0 and «(iyn, — 7in) = 0 and then o :=iyn, —
Tip € Der}% (Bn, K,). Since i, is a weak equivalence of cofibrant objects, by

Remark 6.9 the derivation o extends to Der}% (S, Ky): adding an extension
of o to 7 we can therefore assume

PnT = MnPn, Tlp = innnv T = [p—100.
Finally we define
r=(ds, + 7')2 € Derin(Sn, K,);

notice that r is a cocycle in Der%} (Sp,1"~1S,) since r(dg, +7) = (ds, +7)r
and r7 = 7r = 0 by the vanishing of I"S,, = 0. Since .S,, is cofibrant and K,
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is acyclic the cocycle r is a coboundary, say r = dvy, and then u, =7 —1 is
the required solution of the Maurer-Cartan equation. O

Remark 7.8. We shall use Proposition 7.7 in the situation where we have
a cofibration f: A — B, a morphism g: A — C in CDGA%O, a nilpotent
differential ideal I C A and an isomorphism of graded algebras 8: B — C
such that 0f = g and 0: B®4 ? - C®a ? is a morphism in CDGA%O.
Then g: A — C is isomorphic to f: A — (By,0 *dc0 = dp +n) for some
n € Derg (B, f(I)B). Finally, since

n(f(a)) = (dg +n)(f(a)) — dB(f(a)) = (dB + n)(f(a)) — f(da(a)) = 0

for every a € A we have n € Dery(B, f(I)B) and by Proposition 7.7 also g
is a cofibration.

Remark 7.9. Both Examples 2.7 and 2.8 show that Proposition 7.7 is false
in the model category CDGAg of unbounded commutative DG-algebras.
In fact the morphism

Kiz] = K]y, z], T=1,7y=—1, dy = yx,

is not a W-cofibration although it can be seen as a small perturbation of
the cofibration

K[z] —» K]y, z], z=1,y=-1,dy=0.

Philosophically this means that the general principle that derivations of
cofibrant resolutions controls deformations is not valid in CDGAg . This
was already pointed out in [14] and a slight modification of [14, Example
4.3] shows that the functor of strict deformations Dr: Artg — Set of the
unbounded cofibrant algebra

R:K[“'71'*2"'1:*17@'07331"’[‘2""]7 TZZ% dmlzov

does not satisfy Schlessinger’s conditions (Hi),(Hz) of [27]. The result of
Proposition 7.7 is assumed in [14, 4.2.2] apparently without any additional
explanations.

7.4. DG-Lie algebra controlling deformations of DG-algebras. This
subsection aims to describe the differential graded Lie algebra controlling
derived deformations of a commutative DG-algebra concentrated in non-
positive degrees. To this aim, the first step is the study of strict deformations
of cofibrant objects; we begin by proving some preliminary results.

Let A € DGArt%O and consider a morphism A — R4 € CDGA]IS{O.
According to Corollary 6.14 we have that A — R4 is a cofibration, if and
only if K -+ R4 ®4 K is a cofibration and A — R4 is flat.
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Proposition 7.10. Let f4: A — Ra be a morphism in CD(}AHE0 with
Ae DGArt%O, and consider the three pushout squares
A K A K

P

Ri—">R— >Reox A—L2>R

where the morphism A — K in the upper row is the projection onto the
residue field. Then the following conditions are equivalent:
(1) the morphism fa is a cofibration;
(2) the morphism f is a cofibration and there exists an isomorphism
h: (R ®k A)y — (Ra) of graded algebras such that 7h = p and

hg = fa.
Proof. (1) = (2). First notice that f is a cofibration, since cofibrations are
stable under pushouts. Since 7 is surjective, by Lemma 6.6 the commutative
diagram of solid arrows

K ——=Ry

i

s/
R R
admits the dashed lifting h: R — R4, which is a morphism of unitary graded
K -algebras. By scalar extension, this gives a morphism h: R ®x A — Ry
of graded A-algebras such that 7h = p and ﬁg = fa. We are only left with
the proof that & is in fact an isomorphism.

Recall that CDGAHE0 is a strong left-proper model category, so that in
particular f4 is flat. By induction on the length of A, we shall prove that the
flatness of f4 implies that h is an isomorphism of graded algebras. To this
aim, consider a surjective morphism A — B in DGArtHSQO, and recall that
choosing a cocycle t # 0 in the higher non-zero power of the maximal ideal
m4, we may assume the morphism A — B comes from a small extension

0—-Kt—A—-B—0

in DGArt%O; where Kt is a complex concentrated in degree i = deg(t),

and Kt — A is the inclusion. In fact, every surjective map in DGArtiO
factors in a sequence of small extensions as above. Now consider the following
commutative diagram of graded A-modules

0—>R[-i]—>R®x A—>R®g B——>0

f T

0 —— R[—1] R4 Rp®4B——=0

where the rows are exact, being R4 an A-flat object. The statement follows
by the five lemma.
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(2) = (1). Let d and 6 be the differentials of R®@x A and R4 respectively.
The same argument used in Remark 7.8 implies that

n=h"16h—de Dery(R®x A, R®g my),

and then f4 is isomorphic, via i, to g: A — ((R®x A)y,d+n) in CDGA%O.
Since my is a nilpotent ideal the conclusion follows by the assumption 7h = p
and Proposition 7.7. O

As already outlined above, we first deal with the functor of (derived) strict
deformations Dg: DGArt%O — Set associated to a cofibrant object R €
CDGA%O. To this aim, recall that to every R € CDGA%O it is associated
the differential graded Lie algebra Derg (R, R) of derivations, which in turn
induces a deformation functor

DefDeer (R,R) . DGAI‘t%O — Set

as Maurer-Cartan solutions modulo gauge equivalence. In the following we
shall denote by MCDerH*( (r,r)(A) the set of Maurer-Cartan elements, i.e.

1
MChu (1, (4) = {1 € Derk (R, ) ¢ madi+ 5] =0

Theorem 7.11. Let R € CDGA%O be a cofibrant DG-algebra. Then there
exists a natural isomorphism of functors

Y1: Defpers (rr) = Dr

induced by 11(§a) = (R®x A)g,dr + a) for every 4 € MCpery (1) (A),
A € DGArtg’.

Proof. Fix A € DGArtiO and notice that for any strict deformation
A — Rg — Rin Dr(A) the map A — R4 is a cofibration. Moreover, Propo-
sition 7.10 implies that the datum of a strict deformation A — Ryx — R
in Dr(A) is equivalent to a perturbation dr + &4 of the differential dr €
Deri (R, R); which in turn corresponds to an element &4 € Derk (R, R) ®k
m4 such that (dg + £4)? = 0. Moreover, the integrability condition (dp +
€4)? = 0 can be written in terms of the Lie structure of Derj; (R, R) ®k ma:

0= (dp+£&a)* = dréa +Eadp + Eala = 0(€a) + %[an &4

where we denoted by 6 and [—, —] the differential and the bracket of the
DG-Lie algebra Derg (R, R) ®k my4 respectively.

The statement follows by observing that the gauge equivalence corre-
sponds to isomorphisms of graded A-algebras whose reduction to the residue
field is the identity on R. In fact, given such an isomorphism p4: R4 — R/,
we can write o4 = id +n4 for some n4 € Hom]% (R, R) ®k m4. Now, since
K has characteristic 0, we can take the logarithm to obtain ¢4 = e%4 for
some 04 € Derl (R, R) ®k my, see e.g. [19, Sec. 4]. O
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Corollary 7.12. Consider X € CDGAHEO together with a cofibrant replace-
ment K - R 5 X in CDGAEO. Then there exists a natural isomorphism
of functors DefDerﬂ*( (r,R) = Defx, which is defined on every A € DGArtiO
by
Ya: Defpers (r,r)(A) = Defx(4)
7TOp

[€al = [A—= (R®k A)g,drp+Ea) — X

where p: R®g A — R is the natural projection.
In particular the tangent-obstruction complex of Defx is Exty (L x/x , X),
where Lx /g € Ho(DGMod(X)) denotes the cotangent compler of X.

Proof. The first part is an immediate consequence of Theorem 7.11, Theo-
rem 7.5 and Theorem 5.3. Since the cotangent complex of X may be defined
as Lyxk = Qr/xk ®r X ([13, 26]), the second part follows by the trivial
fibration

Der (R, R) = Homg(Qp i, R) 2% Howlg(Qp /i, X))

and by the base change formula Homp(Qp/k , X) = Hom (Qz/x ®r X, X).
O

For readers convenience we briefly recall the geometric meaning of the
tangent-obstruction complex for the functor Defx : DGArtH%0 — Set, for
details see [19]: if w is a variable of degree 7 annihilated by the maximal
ideal then Def x (K [u]) = Ext’ (L x/Kk » X ), while the obstructions to lifting
deformations along a small extension 0 - Ku — A — B — 0 belong to
EXt%{Z(Lx/K y X)
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