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Formal deformation theory in left-proper
model categories

Marco Manetti and Francesco Meazzini

Abstract. We develop the notion of deformation of a morphism in
a left-proper model category. As an application we provide a geomet-
ric/homotopic description of deformations of commutative (non-positively)
graded differential algebras over a local DG-Artin ring.
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Introduction

This is the first of a series of papers devoted to the use of model cate-
gory theory in the study of deformations of algebraic schemes and morphisms
between them. In doing this we always try to reduce the homotopic and sim-
plicial background at minimum, with the aim to be concrete and accessible
to a wide community, especially to everyone having a classical background
in algebraic geometry and deformation theory.

In order to explain the underlying ideas it is useful to sketch briefly their
evolution, from the very beginning to the present form.

A very useful principle in deformation theory is that over a field of char-
acteristic 0 every deformation problem is controlled by a differential graded
Lie algebra, according to the general and well understood construction of
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Maurer-Cartan modulus gauge action, see e.g. [11, 20]. Here we intend a de-
formation problem in the intuitive and heuristic sense suggested by the vari-
ous examples arising in algebra and geometry. It is worth to recall that Lurie
has given an axiomatic definition of deformation problem in the language of
higher category theory [18, Definition 4.6] for which the above principle has
began a theorem [18, Theorem 5.3], independently proven by Pridham [24,
Theorem 4.55], and previously partially obtained by Hinich and Manetti (see
[24] and references therein). In the above mentioned Lurie-Pridham theo-
rem the deformation problem is represented by a suitable functor Φ and
the homotopy class of the controlling DG-Lie algebra is reconstructed from
the values of Φ. Despite the relevance of this result from a theoretical point
of view, in most concrete applications we are interested in the controlling
DG-Lie algebra in order to obtain informations on Φ; hence the main goal
is to construct the DG-Lie algebra starting from the underlying algebro-
geometric data. Here the difficulty is that, as properly stated in [22], the
explicit construction of the relevant DG-Lie algebra controlling a given de-
formation problem requires creative thinking and the study of instructive
examples existing in the literature.

For an affine scheme, it is well known and easy to prove that the DG-Lie
algebra of derivations of a multiplicative Tate-Quillen resolution controls
its deformations, since the Maurer-Cartan elements correspond to pertur-
bations of the differential of the resolution. According to Hinich [14] the
same recipe extends to (non-positively graded) DG-affine schemes and gives
a good notion of deformation of such objects over a (non-positively graded)
differential graded local Artin ring (see also [19, Section 4] for a partial result
in this direction).

This example is very instructive and suggests that for general separated
schemes, the right DG-Lie algebra controlling deformations should be con-
structed by taking derivations of a Palamodov resolvent [21]. Here the prob-
lem to face is that a Palamodov resolvent, as classically defined [6, 23], carries
inside a quite complex combinatorial structure leading to very complicated
computations in every attempt to prove the desired results.

The key idea to overcome this difficulty is to interpret this combinatorics
as the property of being cofibrant in a suitable model category, and then
use the various lifting and factorization axioms of model categories in order
to provide clear and conceptually easier proofs. However, it is our opinion
that this approach works very well and gain new additional insight whenever
also the deformation theory of affine schemes is revisited in the framework of
model categories. In fact, in the forthcoming papers we will obtain analogous
results for not necessarily affine schemes taking advantage of a conceptually
similar proof.

Since every multiplicative Tate-Quillen resolution of a commutative alge-
bra is a special kind of cofibrant replacement in the category CDGA≤0

K of
differential graded commutative algebras in non-positive degrees, equipped
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with the projective model structure, it is convenient to express, as much as
possible, the notion of deformation in terms of the model structure. This
will be quite easy for the conditions of flatness (Definition 2.9, modelled on
the notion of DG-flatness of [2]) and thickening (Definition 4.1).

The first main result of this paper is to define a “good” formal deformation
theory of a morphism on every model category in which every cofibration is
flat: several left-proper model categories used in concrete applications satisfy
this property, included CDGA≤0

K . A remarkable fact is that the deformation
theory of a morphism is homotopy invariant: more precisely given morphisms

K
f−→ X

g−→ Y with g a weak equivalence, then the two morphisms f and gf
have the same deformation theory; this allows in particular the possibility
to restrict our attention to deformations of cofibrations.

The second main result is the proof that in the category CDGA≤0
K our

general notion of deformation is equivalent to the notion introduced by
Hinich and in particular gives the classical notion of deformation when re-
stricted to algebras concentrated in degree 0. The main ingredient of the
proof, that we consider of independent interest, is that the lifting property
and the (C-FW), (CW-F) factorization properties are unobstructed in the
sense of [19], i.e., can be lifted along every surjective morphism of DG-local
Artin rings (Theorems 6.3, 6.13 and 6.15). The case of lifting properties is
easy, while the unobstructedness of (C-FW) and (CW-F) factorizations are
quite involved and are proved as a consequence of a non-trivial technical re-
sult about liftings of trivial idempotents in cofibrant objects (Theorem 6.12).

1. Notation and preliminary results

The general theory is carried out on a fixed model category M, although
the main relevant examples for the applications of this paper are the cate-
gories CDGAK of differential graded commutative algebras over a field K
of characteristic 0, and its full subcategory CDGA≤0

K of algebras concen-
trated in non-positive degrees, equipped with the projective model struc-
ture ([4], [9, V.3], [17]): in both categories weak equivalences are the quasi-
isomorphisms and cofibrations are the retracts of semifree extensions. Fibra-
tions in CDGAK (resp.: CDGA≤0

K ) are the surjections (resp.: surjections

in strictly negative degrees). In particular a morphism in CDGA≤0
K is a

weak equivalence (resp.: cofibration, trivial fibration) if and only if it has
the same property as a morphism in CDGAK .

Starting from Section 4 we shall assume that M satisfies the additional
property introduced in Definition 2.13.

For every object A ∈ M we shall denote by A ↓M (or equivalently by
MA) the model undercategory of maps A → X in M, and by M ↓ A the
overcategory of maps X → A, [15, p. 126]. Notice that for every f : A→ B
we have (A ↓M) ↓ f = f ↓ (M ↓ B).
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Every morphism f : A→ B in M induces two functors:

f∗ = − ◦ f : MB →MA, (B → X) 7→ (A
f−→ B → X),

f∗ = −qA B : MA →MB, X 7→ X qA B .
(1.1)

According to the definition of the model structure in the undercategories
of M, a morphism h in MB is a weak equivalence (respectively: fibration,
cofibration) if and only if f∗(h) is a weak equivalence (respectively: fibration,
cofibration), see [15, p. 126].

For notational simplicity, in the diagrams we adopt the following la-
bels about morphisms: C=cofibration, F=fibration, W=weak equivalence,
CW=trivial cofibration and FW=trivial fibration. We also adopt the labels
y for denoting pullback (Cartesian) squares, and p for pushout (coCartesian)
squares.

Definition 1.1. An idempotent in M is an endomorphism e : Z → Z such
that e ◦ e = e. We shall say that e is a trivial idempotent if it is also a weak
equivalence. The fixed locus ι : Fe → Z of an idempotent e : Z → Z is the
limit of the diagram

Z
idZ
))

e
55 Z

or, equivalently, the fibred product of the cospan

Z
(idZ ,idZ)−−−−−−→ Z × Z (e,idZ)←−−−− Z .

Lemma 1.2. Let e : Z → Z be an idempotent in a model category M with
fixed locus ι : F → Z. Then the following holds.

(1) There exists a retraction

F
ι−→ Z

p−→ F

such that ιp = e. In particular p is a retract of e and pe = p, eι = ι.
If e is a trivial idempotent, then ι and p are weak equivalences.

(2) If there exists a retraction

X
i−→ Z

q−→ X

such that iq = e then X
i−→ Z is canonically isomorphic to the fixed

locus of e.
(3) The fixed locus of idempotents commutes with pushouts; this means

that for every span Z
f←− A→ B and for every idempotent e : Z → Z

such that ef = f , the fixed locus of the induced idempotent e′ : Z qA
B → Z qA B is naturally isomorphic to ι′ : F qA B → Z qA B.
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Proof. The first item is an immediate consequence of the universal property
of limits applied to the diagram

Z
e

��

e

��
Z

idZ
++

e

33 Z

.

For the second item, since qe = qiq = q, ei = iqi = i, we have that the two
morphisms

X
i−→ Z

p−→ F, F
ι−→ Z

q−→ X,

are one the inverse of the other.
In the the last item, the morphism f lifts to a morphism A→ F and the

proof follows immediately from the fact that retractions are preserved by
pushouts. �

2. Flatness in model categories

Let M be a model category and let G be a class of morphisms of M
containing all the isomorphisms and such that G is closed under composition.

Definition 2.1. A morphism f : A→ B in M is called a G-cofibration if

for every A→M
g−→ N with g ∈ G, the pushout morphism

M qA B −−→ N qA B

belongs to G.

Example 2.2. When G is exactly the class of isomorphisms, then every
morphism is a G-cofibration.

Remark 2.3. Since finite colimits are defined by a universal property, they
are defined up to isomorphism: therefore the assumption on the class G are
required in order to have that the notion of G-cofibration makes sense.

Lemma 2.4. In the situation of Definition 2.1, the class of G-cofibrations
contains the isomorphisms and is closed under composition and pushouts. If
G is closed under retractions, then the same holds for G-cofibrations.

Proof. It is plain that every isomorphism is a G-cofibration. Let f : A→ B

and g : B → C be G-cofibration; then for every A→M
h−→ N , if h ∈ G then

also the morphism M qA B
hB−−→ N qA B belongs to G, and therefore also

the morphism

M qA C = (M qA B)qB C
hC−−→ (N qA B)qB C = N qA C
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belongs to G. Let A → B be a G-cofibration and A → C a morphism. For

every C →M
h∈G−−→ N we have

M qC (C qA B) = M qA B
G−→ N qA B = N qC (C qA B) ,

and then C → C qA B is a G-cofibration.
Finally, assume that G is closed under retracts and consider a retraction

A //

f
��

C
p //

g

��

A

f
��

B // D
q // B.

Then every morphism A
α−→M gives a commutative diagram

M
Id // M

Id // M

A //

f
��

α

OO

C
p //

g

��

pα

OO

A

f
��

α

OO

B // D
q // B

and then a functorial retraction M qA B →M qC D →M qA B.

If g is a G-cofibration then f is a G-cofibration, since given A→M
G−→ N

the morphism M qA B → N qA B is a retract of M qC D
G−→ N qC D. �

From now on we restrict to consider the case where G =W is the class of
weak equivalences, and we shall denote by CofW the class ofW-cofibrations.
Moreover, an object in M is called W-cofibrant if its initial map is a W-
cofibration. Recall [15, Def. 13.1.1] that a model category is called left-
proper if weak equivalences are preserved under pushouts along cofibrations;
equivalently, a model category is left-proper if and only if every cofibration
is a W-cofibration (C ⊂ CofW).

The class CofW of W-cofibrations was considered by Grothendieck in his
personal approach to model categories [12, page 8], and more recently by
Batanin and Berger [3] under the name of h-cofibrations.

Lemma 2.5. Consider the following commutative diagram in a left-proper
model category

A

g   

f // E

h
��
D

, f, g ∈ CofW , h ∈ W,

together with a morphism A→ B. Then the pushout map EqAB → DqAB
is a weak equivalence.
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Proof. Consider a factorization A
α−→ P

β−→ B with α ∈ C ⊂ CofW , β ∈ W
and then apply the 2 out of 3 axiom to the diagram

E qA P

W
��

W // E qA B

��
D qA P

W // D qA B

to obtain the statement. �

Corollary 2.6. In a left-proper model category a morphism f : A→ B is a

W-cofibration if and only if for every A → M
g−→ N with g ∈ W ∩ F , the

pushout morphism M qA B −−→ N qA B belongs to W.

Proof. The “only if” part follows by definition of W-cofibration. The other
implication follows from the fact that every weak equivalence is the compo-
sition of a trivial cofibration and a trivial fibration, and trivial cofibrations
are preserved under pushouts. �

Example 2.7. In the model category CDGAK of commutative differential
graded K -algebras consider the polynomial algebras:

A = K [x], B = K [x, y], x = +1, y = −1, dy = yx .

Then B is not cofibrant and the natural inclusion i : A → B is not a W-
cofibration.

1) In order to prove that B is not cofibrant consider the polynomial alge-
bra

D = K [x, y, z], z = 0, dy = z, dz = 0,

together with the surjective morphism

q : D → B, q(x) = x, q(y) = y, q(z) = yx .

It is immediate to see that i is a weak equivalence and by Künneth formula
also the inclusion

gi : A→ D = K [x]⊗K K [y, z]

is a weak equivalence. Hence q is a trivial fibration and then if B is cofibrant
there exists a morphism f : B → D such that qf = idB. Any such f should
satisfy

f(x) = xh, f(y) = yk, h, k ∈ K [z], h, k 6= 0,

and this gives a contradiction since

df(y) = d(yh) = zh 6= f(dy) = f(yx) = yxhk .

This proves in particular that i is not a cofibration; below we show the
stronger fact that i is not a W-cofibration.

2) Consider the retraction of polynomial algebras

A = K [x]
j−→ K [x, t]

q−→ K [x],
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where

t = 0, dt = xt, j(x) = q(x) = x, q(t) = 0 .

Since K is assumed of characteristic 0 both j and q are quasi-isomorphisms.
In order to prove that i : A→ B is not a W-cofibration we shall prove that
the pushout of q under i is not a weak equivalence: in fact

K [x, t]⊗A B = K [x, t]⊗K [x] K [x, y] = K [x, y, t], dt = xt, dy = yx,

and the element yt gives a nontrivial cohomology class which is annihilated
by the pushout of q:

K [x, t]⊗A B = K [x, y, t]
t7→0−−→ K [x]⊗K [x] K [x, y] = K [x, y] .

Example 2.8. The natural inclusion morphism

A =
K [ε]

(ε2)
→ B = A[x0, x1, x2, . . .], ε = 0, xi = i, dxi = εxi+1,

in the category CDGAK is not a W-cofibration. To see this consider the
(C-FW) factorization

A→ C = A[u, v]
ε,u,v 7→0−−−−−−→ K , u = −1, v = −2, du = ε, dv = εu,

and it is easy to see that C ⊗A B → K ⊗A B = K [x0, x1, . . .] is not a
quasi-isomorphism (for instance x0 does not lift to a cocycle in C ⊗A B).

According to notation (1.1) and to the definition of the model structure
in the undercategories of M, a morphism h in MB is a weak equivalence
(respectively fibration, cofibration) if and only if f∗(h) is a weak equivalence
(respectively fibration, cofibration), see [15, p. 126].

The functor f∗ preserves cofibrations and trivial cofibrations, and f is a
W-cofibration if and only if f∗ preserves weak equivalences. Given a pushout
square

A

h
��

f //

p

B

k
��

C
g // C qA B

we have the base change formula

f∗h
∗ = k∗g∗ : MC →MB, (2.1)

which is equivalent to the canonical isomorphism DqAB ∼= DqC (C qAB)
for every object D in the category MC .

Definition 2.9. A morphism f : A → B in M is called flat if the functor
f∗ preserves pullback diagrams of trivial fibrations. An object B ∈ MA is
called flat (over A) if the corresponding morphism A→ B is flat in M.
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In a more explicit way, a morphism A −→ B in a model category M is flat
if every commutative square

A

��

// E

��
C
FW // D

gives a pullback square:

(C ×D E)qA B

��

// E qA B

��
C qA B

FW // D qA B

or, equivalently, if CqAB −→ DqAB is a trivial fibration and the natural
map

(C ×D E)qA B → (C qA B)×DqAB (E qA B)

is an isomorphism.
The notion of flatness is preserved under the passage to undercategories

and overcategories. In particular, given two maps K → A
f−→ B in M , the

morphism f is flat in M if and only if it is flat in MK .
The above notion of flatness is motivated by the example of commutative

differential graded algebras: we shall prove in the next section that a mor-
phism A → B in CDGA≤0

K , with A = A0 concentrated in degree 0, is flat
in the sense of Definition 2.9 if and only it is DG-flat in the sense of [2].

Remark 2.10. Although the above notion of flatness also makes sense in
categories of fibrant objects it seems that its utility is restricted to the realm
of left-proper model categories. It is important to point out that flatness is
not invariant under weak equivalences, and then it does not make sense to
talk about flat morphisms in the homotopy category. Moreover, it is worth
noticing that our definition of flatness of a morphism in CDGA≤0

K differs
substantially from the notion of flat morphism given in [30]: this will be
especially clear after corollaries 3.3 and 3.4.

Lemma 2.11. Every flat morphism is a W-cofibration.

Proof. Assume A → B flat, given A → M
W−→ N , consider a factorization

A→M
CW−−→ P

FW−−→M . Then

M qA B
CW−−→ P qA B = P qM (M qA B)

is a trivial cofibration by model category axioms, while

P qA B
FW−−→ N qA B

is a trivial fibration by flatness. �
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Lemma 2.12. The class of flat morphisms is stable under composition,
pushouts and retractions.

Proof. Composition: let A
f−→ B

g−→ C be two flat morphisms, then both the
functors f∗ : MA →MB and g∗ : MB →MC preserve pullback diagrams of
trivial fibrations. Therefore also (gf)∗ = g∗f∗ preserves pullback diagrams
of trivial fibrations.

Pushout: let A
f−→ B, A −→ C be two morphisms with f flat. Then it

follows from the base change Formula (2.1) that g : C → CqAB is also flat.

Retracts: let C be any category, and denote by C∆1×∆1
the category of

commutative squares in C. It is easy and completely straightforward to see

that every retract of a pullback (respectively, pushout) square in C∆1×∆1
is

a pullback (respectively, pushout) square. Consider now a retraction

A //

f
��

C
p //

g

��

A

f
��

B // D
q // B

in M, with g a flat morphism. By the universal property of coproduct, every
map A→ X gives a canonical retraction

X qA B → X qC D → X qA B .

Therefore, every commutative square ξ ∈M∆1×∆1

A gives a retraction

ξ qA B → ξ qC D → ξ qA B

in the category M∆1×∆1
. If ξ is the pullback square of a trivial fibration,

then also ξqCD is the pullback of a trivial fibration. Since trivial fibrations
and pullback squares are stable under retracts, it follows that also ξ qA B
is the pullback square of a trivial fibration. �

2.1. The coFrobenius condition. For the application we have in mind,
here and in the forthcoming papers, it is useful to introduce the following
definitions.

Definition 2.13. We shall say that a model category is strong left-proper
if every cofibration is flat.

Definition 2.14. A model category satisfies the coFrobenius condition
if pushouts along cofibrations preserve trivial fibrations.

Remark 2.15. 1) Every strong left-proper model category satisfies the coFrobe-
nius condition. The converse holds under mild assumptions, see Proposi-
tion 2.17.

2) Every model category satisfying the coFrobenius condition is left-
proper. The proof is essentially the same as the one of Lemma 2.11. The
converse is false in general, see Example 2.16.
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The name “coFrobenius condition” of Definition 2.14 is due to its dual
property, the Frobenius condition, which has been already considered in the
literature, [8].

Example 2.16. Denote by Top the category of topological spaces endowed
with the standard model structure, [25]. It is well-known that Top is left-
proper (see e.g. [15, Theorem 13.1.10]) but it does not satisfy the coFrobenius
condition, in particular it is not strong left-proper. In order to prove the
claim consider the cofibration ι : 0→ [0, 1] defined as the natural inclusion,
together with the trivial fibration π : [0, 1] → 0. The pushout map [0, 1] q0

[0, 1]→ [0, 1] of π along ι is not a Serre fibration.
Similarly one can prove that the category sSet of simplicial sets endowed

with the Quillen’s model structure, [25], does not satisfy the coFrobenius
condition, while left-properness immediately follows recalling that all objects
are cofibrant.

Proposition 2.17. Let M be a cofibrantly generated model category where
every generating cofibration is flat. Then M is strong left-proper if and only
if M satisfies the coFrobenius condition.

Proof. If M is strong left-proper then it satisfies the coFrobenius condition.
Conversely, let I be the set of generating cofibrations of M; by hypothesis
every map of I is flat. Recall that every cofibration in M is a retract of a
transfinite composition of pushouts of maps in I, [16, Prop. 2.1.18]. Therefore
it is sufficient to show that given an ordinal λ together with a λ-sequence

A0
f0−→ A1

f1−→ · · · → Aλ
fλ−→ · · ·

in M where each fλ is a flat cofibration for λ < λ, then the transfinite
composition fλ : A0 → colim

λ<λ
Aλ is flat. For simplicity of notation we shall

denote Aλ = colimAλ.
Consider a commutative square

A0
//

��

C

FW
��

D // E

with C → E a trivial fibration. Recall that filtered colimits commute with
finite limits, so that we have the following chain of isomorphisms

(D ×E C)qA0 Aλ
∼= colim ((D ×E C)qA0 Aλ)

∼= colim
(

(D qA0 Aλ)×(EqA0
Aλ) (C qA0 Aλ)

)
∼= colim(D qA0 Aλ)×colim(EqA0

Aλ) colim(C qA0 Aλ)

∼= (D qA0 Aλ)×(EqA0
Aλ) (C qA0 Aλ)

where the second isomorphism follows from the flatness of the maps A0 →
Aλ, λ < λ.
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We are left with the proof that the morphism C qA0 Aλ → E qA0 Aλ is
a trivial fibration; this follows by the coFrobenius condition. �

Example 2.18. By Proposition 2.17 it follows that the model category
CDGA≤0

K is strong left-proper, since it satisfies the coFrobenius condition
and generating cofibrations are flat. We shall reprove this fact in Corol-
lary 3.4. The same argument works also, mutatis mutandis, for proving that
CDGAK is strong left-proper.

The model category sAlgR of simplicial commutative algebras over a
commutative ring R (endowed with the model structure defined in [10, Sec.
4.3]) is strong left-proper. In fact this category is left-proper, [28, Lemma
3.1.1], and every cofibration is a retract of a free morphism, [10, Prop. 4.21].
The conclusion is now an immediate consequence of the fact that the pushout
of commutative simplicial rings is given by degreewise tensor product.

For future purposes we now prove the following useful result.

Lemma 2.19. Let M be a model category satisfying the coFrobenius con-
dition. Assume moreover that for every pair of morphisms A → B → C, if
A → C is a fibration and A → B is a trivial fibration, then B → C is a
fibration.

Then trivial fibrations between flat objects are preserved by pushouts.

Proof. Given a diagram

A

[   

[ // E

FW
��
D

together with a morphism A→ B, consider a factorization A
C−→ P

FW−−→ B.
By the coFrobenius condition the morphism E qA P → D qA P is a trivial
fibration. Moreover, since A→ E and A→ D are flat the morphisms

E qA P
FW−−→ E qA B, D qA P

FW−−→ D qA B

are trivial fibrations, so that the commutative diagram

E qA P
FW //

FW
��

E qA B

��
D qA P

FW // D qA B

gives the statement. �
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3. Flatness in CDGA
≤0
K

Unless otherwise stated we shall consider the category CDGA≤0
K equipped

with the projective model structure. Recall that a morphism A → B in
CDGA≤0

K is a semifree extension if B = A[{xi}] is a polynomial extension
in an arbitrary number of variables of non-positive degree.

For every differential graded commutative algebra A we shall denote
by DGMod(A) (resp.: DGMod(A)≤0) the category of differential graded
modules over A (resp.: concentrated in non-positive degrees). For every mod-
ule M ∈ DGMod(A) we shall denote by A⊕M the trivial extension.

For every A ∈ CDGA≤0
K we shall denote by A → A[d−1] the semifree

extension, where d−1 has degree −1 and dd−1 = 1. For every A-module M
the tensor product A[d−1]⊗AM is isomorphic to the mapping cone M [1]⊕M
of the identity and therefore it is an acyclic A-module. For every morphism
A → B of algebras we have A[d−1] ⊗A B = B[d−1] and then for every
A-module M we have

(A[d−1]⊗AM)⊗A B ' B[d−1]⊗B (M ⊗A B) ,

i.e., mapping cone commutes with tensor products. Finally, the same proof
as in the classical case shows that the functor

−⊗A B : DGMod(A)≤0 → DGMod(B)≤0

is right exact, or equivalently it preserves the class of exact sequences of
type M → N → P → 0.

Lemma 3.1. A morphism f : A→ B in CDGA≤0
K is aW-cofibration if and

only if the graded tensor product −⊗AB : DGMod(A)≤0 → DGMod(B)≤0

preserves the class of acyclic modules.

Proof. The “only if” part is clear since for every acyclic A-module M the
natural inclusion A → A ⊕ M is a weak equivalence. The “if” part is a
consequence of the fact that the tensor product commutes with mapping
cones and the well known fact that a morphism of A-modules is a weak
equivalence if and only if its mapping cone is acyclic. �

Theorem 3.2. Let f : A→ B be a morphism in CDGA≤0
K . The following

conditions are equivalent:

(1) the graded tensor product −⊗AB : CDGA≤0
A → CDGA≤0

B preserves
pullback squares of trivial fibrations, i.e., f is flat in the sense of
Definition 2.9;

(2) the graded tensor product −⊗AB : CDGA≤0
A → CDGA≤0

B preserves
the classes of injections and trivial fibrations;

(3) the graded tensor product −⊗AB : DGMod(A)≤0 → DGMod(B)≤0

preserves the class of quasi-isomorphisms and for every short exact
sequence 0 → M → N → P → 0 of differential graded A-modules,
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the sequence

0→M ⊗A B → N ⊗A B → P ⊗A B → 0

is exact.

Proof. It is clear that (3) implies (2).
We now prove that (1) implies (3). If M → N is a quasi-isomorphism of

A-modules, then A⊕M → A⊕N is a weak equivalence in CDGA≤0
A and,

since every flat morphism is a W-cofibration we also have that

(A⊕M)⊗A B = B ⊕ (M ⊗A B)→ B ⊕ (N ⊗A B) = (A⊕N)⊗A B

is a weak equivalence.
Consider now a short exact sequence 0 → M → N → P → 0 in

DGMod(A)≤0. Then we have a pullback square of trivial fibrations

A⊕ (A[d−1]⊗A N)

��

// A⊕ (A[d−1]⊗AM)

��
A // A⊕ (A[d−1]⊗A P )

and then also

B ⊕ (B[d−1]⊗B (N ⊗A B))

��

// B ⊕ (B[d−1]⊗B (M ⊗A B))

��
B // A⊕ (B[d−1]⊗B (P ⊗A B))

is a pullback square of a trivial fibration: this is possible if and only if the
sequence

0→M ⊗A B → N ⊗A B → P ⊗A B → 0

is exact.
Finally we prove that (2) implies (1). By using trivial extensions we im-

mediately see that for every injective morphism M → N of A-modules, the
induced map M ⊗A B → N ⊗A B is still injective.

By hypothesis the functor −⊗AB preserves the class of trivial fibrations.
Then we only need to show that it commutes with pullbacks of a given trivial

fibration f : P
FW−−→ Q. To this aim, consider a morphism C → Q and the

pullback P ×Q C represented by the commutative diagram

0 // ker(f) //

id
��

P ×Q C //

��

C

��

// 0

0 // ker(f) // P // Q // 0
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whose rows are exact. Applying the right exact functor − ⊗A B we obtain
the commutative diagram

0 // ker(f)⊗A B //

id
��

(P ×Q C)⊗A B //

��

C ⊗A B

��

// 0

0 // ker(f)⊗A B // P ⊗A B // Q⊗A B // 0

whose rows are exact by hypothesis. It follows that (P ×Q C)⊗A B is (iso-
morphic to) the pullback (P ⊗A B)×(Q⊗AB) (C ⊗A B) as required. �

Notice that in the model category CDGA≤0
K not every W-cofibration is

flat: consider for instance the morphism of K -algebras f : K [x] → K [d−1],
deg(x) = 0, f(x) = 0.

Corollary 3.3. Let f : A→ B be a morphism in CDGA≤0
K and assume that

A is concentrated in degree 0. Then f is flat in the sense of Definition 2.9
if and only if Bj is a flat A-module for every index j.

Proof. If f is flat, then by condition (3) of Theorem 3.2 it follows that every
Bj is a flat A-module. Conversely, if every Bj is flat then for every short
exact sequence 0→M → N → P → 0 of differential graded A-modules, the
sequence

0→M ⊗A B → N ⊗A B → P ⊗A B → 0

is exact. If M → N is a quasi-isomorphism in DGMod(A)≤0, since both
B,M,N are bounded above, for every j the morphism M⊗ABj → N⊗ABj

is a quasi-isomorphism of complexes of A-modules and a standard spec-
tral sequence argument implies that also M ⊗A B → N ⊗A B is a quasi-
isomorphism. �

Corollary 3.4. In the model category CDGA≤0
K every cofibration is flat.

In particular CDGA≤0
K is left-proper.

Proof. The second part of the corollary is well known, nonetheless we give
here a sketch of proof of the left-properness for the reader convenience and
reference purposes.

Since every cofibration in CDGA≤0
K is a retract of a semifree extension,

according to Lemma 2.12 it is sufficient to prove that every semifree ex-
tension A → B is flat. We use Theorem 3.2 and we prove that − ⊗A
B : CDGA≤0

A → CDGA≤0
B preserves the classes of injections and trivial

fibrations.
The preservation of the class of injections is clear since the injectivity of

a morphism is independent of the differentials and, as a graded module, B
is isomorphic to a direct sum of copies of A.

We have already seen that tensor product preserves the class of surjective
morphisms and in order to conclude the proof we need to show that the
semifree extension A→ B is a W-cofibration.
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Write B = A[xi], i ∈ I, and notice that for every finite subset U ⊂ B
there exists a finite subset of indices J ⊂ I such that A[xj ], j ∈ J , is a
differential graded subalgebra of B containing U . Thus it not restrictive to
assume that B is a finitely generated semifree A-algebra. Finally, since W-
cofibrations are stable under finite composition we can reduce to the case
B = A[x], with x ≤ 0 and dx ∈ A.

Denoting by Bn ⊂ B, n ≥ 0, the differential graded A-submodule of
polynomial of degree ≤ n in x, for every morphism A→ C the cohomology
of C ⊗A B can be computed via the spectral sequence associated to the
filtration Cn = C ⊗A Bn, whose first page is a direct sum of copies of
the cohomology of C. This clearly implies that the free simple extension
A→ B = A[x] is a W-cofibration. �

The following result is the analog (of the Artin version, cf. [29, Lemma

A.4, item (a)]) of Nakayama’s lemma in the category CDGA≤0
K .

Proposition 3.5. Let I be a nilpotent differential graded ideal of an alge-
bra A ∈ CDGA≤0

K and let f : P → Q be a morphism of flat commutative
differential graded A-algebras. Then f is an isomorphism (resp.: a weak
equivalence) if and only if the induced morphism

f : P ⊗A
A

I
=

P

IP
−→ Q⊗A

A

I
=

Q

IQ

is an isomorphism (resp.: a weak equivalence).

Proof. Denoting by B = A/I, it is not restrictive to assume that I is a
square zero ideal; in particular I is a B-module and we have a short exact
sequence of A-modules

0→ I → A→ A

I
= B → 0 .

By Theorem 3.2 we get a morphism of two short exact sequences of A-
modules

0 // P ⊗A I //

g

��

P //

f
��

P ⊗A B

f
��

// 0

0 // Q⊗A I // Q // Q⊗A B // 0

(3.1)

where

g = f ⊗ idI : (P ⊗A B)⊗B I → (Q⊗A B)⊗B I .

If f is an isomorphism, then also g is an isomorphism and the conclusion
follows by snake lemma. If f is a quasi-isomorphism, then it is a weak equiva-
lence of flat B-algebras and then also g is a weak equivalence by Lemma 2.5.
The proof now follows immediately by the five lemma applied to the long
cohomology exact sequence of (3.1). �
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We shall denote by DGArt≤0
K ⊂ CDGA≤0

K the full subcategory of dif-
ferential graded local Artin algebra with residue field K . By definition a
commutative differential graded algebra A = ⊕Ai belongs to DGArt≤0

K if
A0 is a local Artin algebra with maximal ideal mA0 such that the composi-
tion α : K → A0 → A0/mA0 is an isomorphism, and A is a finitely generated
graded A0-module. In particular A is a finite dimensional differential graded
K -vector space and mA := mA0⊕A<0 is a nilpotent differential graded ideal.
For simplicity of notation we always identify K with the residue field A/mA

via the isomorphism α. The following result is an immediate consequence of
Proposition 3.5.

Corollary 3.6. Let f : P → Q be a morphism of flat commutative differ-
ential graded A-algebras, with A ∈ DGArt≤0

K . Then f is an isomorphism
(resp.: a weak equivalence) if and only if the induced morphism

f : P ⊗A K −→ Q⊗A K
is an isomorphism (resp.: a weak equivalence).

We denote by ArtK ⊂ DGArt≤0
K the full subcategory of local Artin

algebras with residue field K , i.e., A ∈ ArtK if and only if it is concentrated
in degree 0 and A ∈ DGArt≤0

K . The following corollary, equivalent to [14,
Lemma 5.1.1], is a reformulation of the classical meaning of flatness in terms
of relations [1, Prop 3.1], [29, Thm. A.10].

Corollary 3.7. Let R be a flat commutative differential graded A-algebra,
with A ∈ ArtK . Then the natural map R → H0(R) is a trivial fibration of
flat A-algebras if and only if R⊗A K → H0(R⊗A K ) is a trivial fibration.

Proof. As already said this is an easy consequence of Corollary 3.3 and
standard fact about flatness and we give a direct proof only fon completeness
of exposition. Since H0(R ⊗A K ) = H0(R) ⊗A K , one implication follows
immediately from Lemma 2.19. Conversely, if H i(R ⊗A K ) = 0 for every
i < 0, we can prove by induction on the length of A that also H i(R) = 0 for
every i < 0. In fact, since R is flat over A, every small extension

0→ K → A→ B → 0

of Artin rings gives a short exact sequence

0→ R⊗A K → R→ R⊗A B → 0

with R⊗AB flat over B and the conclusion follows by the cohomology long
exact sequence. According to Corollary 3.3 the morphism R → H0(R) is a
flat resolution of the A-module H0(R), therefore

TorA1 (H0(R),K ) = H−1(R⊗A K ) = 0

and H0(R) is flat over A. �



1276 MARCO MANETTI AND FRANCESCO MEAZZINI

4. Deformations of a morphism

In order to make a “good” deformation theory of a morphism in a model
category, we need to introduce a class of morphisms that heuristically corre-
sponds to extensions for which Corollary 3.6 is valid in an abstract setting.

Definition 4.1. Let M be a left-proper model category. For every object
K ∈ M we denote by M(K) the full subcategory of M ↓K whose objects
are the morphisms A→ K that have the following property: for every com-
mutative diagram

A

[

,,

[ // E

h
��
D

where the maps labelled by [ are assumed to be flat, the morphism h is a
weak equivalence (respectively: an isomorphism) if and only if the induced
pushout map E qA K → D qA K is a weak equivalence (respectively: an
isomorphism).

Definition 4.2. Let M be a left-proper model category. A thickening in M
is a morphism A→ K in M(K) for some object K ∈M.

According to Proposition 3.5, in the model category CDGA≤0
K every sur-

jective morphism with nilpotent kernel is a thickening: the name thickening
is clearly motivated by the analogous notion for algebraic schemes [7, 8.1.3].

Definition 4.3. Let K
f−→ X be a morphism in a left-proper model category

M, with X a fibrant object. A deformation of f over a thickening (A
p−→ K) ∈

M(K) is a commutative diagram

A

p

��

fA // XA

��
K

f // X

such that fA is flat and the induced map XA qA K → X is a weak equiva-
lence.

A direct equivalence is given by a commutative diagram

A

gA
��

fA // XA

��
YA //

h
==

X

Two deformations are equivalent if they are so under the equivalence rela-
tion generated by direct equivalences.
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Notice that the assumption (A
p−→ K) ∈M(K) implies that the morphism

h in Definition 4.3 is a weak equivalence. In fact, the pushout along p gives
a commutative diagram

K

g′A
��

f ′A // XA qA K

��
YA qA K //

h′
77

X

and h′ is a weak equivalence by the 2 out of 3 axiom.

We denote either by Deff (A
p−→ K) or, with a little abuse of notation, by

Deff (A) the quotient class of deformations up to equivalence.
If every cofibration is flat we can also consider c-deformations, defined as

in Definition 4.3 by replacing flat morphisms with cofibrations. We denote
by cDeff (A) the quotient class of c-deformations up to equivalence.

Since flat morphisms and cofibrations areW-cofibrations (see Lemma 2.11)
according to Lemma 2.5 every morphism A→ B in M(K) induces two push-
out maps

Deff (A)→ Deff (B), cDeff (A)→ cDeff (B), XA 7→ XA qA B .

Lemma 4.4. In the above setup, if every cofibration is flat then:

(1) the natural morphism cDeff (A)→ Deff (A) is bijective,
(2) for every weak equivalence A → B in M(K) the induced morphism

Deff (A)→ Deff (B) is bijective.

Proof. 1) Replacing every deformation A
[−→ XA of f with a factorization

A
C−→ X̃A

FW−−→ XA, by Lemma 2.5 we have X̃AqAK
W−→ XAqAK, and this

proves that cDeff (A)→ Deff (A) is surjective. The injectivity is clear since

we can always assume X̃A = XA whenever A → XA is a cofibration, and
every direct equivalence of deformations

A

gA
��

fA // XA

��
YA //

W
==

X

lifts to a diagram

A

C
��

C // X̃A
FW // XA

��
ỸA

FW //

W
>>

YA //

W
>>

X

2) By the first part we may prove that if q : A → B is a weak equiv-
alence then cDeff (A) → cDeff (B) is bijective. For every c-deformation
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B → XB → X, taking a factorization

A

q

��

C // XA

FW
��

B // XB

since weak equivalences are preserved under pushouts along cofibrations we
get

A

q

��

C // XA

W
��

FW

%%
B // XA qA B

α // XB

where α is a weak equivalence of flat B-objects: this proves the surjectivity
of cDeff (A)→ cDeff (B).

By the lifting property it is immediate to see that if two c-deformations
B → XB → X and B → YB → X are directly equivalent, then also every
pair of factorizations

A
C−→ XA

WF−−→ XB → X, A
C−→ YA

WF−−→ YB → X

gives directly equivalent c-deformations overA. The injectivity of cDeff (A)→
cDeff (B) is now clear since for every c-deformation A

C−→ XA → X and ev-
ery factorization

A
C−→ XA

CW−−→ X ′A
FW−−→ XA qA B → X ,

the deformation A→ XA → X is equivalent to A→ X ′A → X. �

Thus in a strong left-proper model category we have cDeff = Deff .

Lemma 4.5. In a strong left-proper model category consider a commutative
diagram

A

}} �� !!
XA

!!

ZA
CWoo W //

��

YA

}}
X

(4.1)

of c-deformations A → XA → X, A → YA → X and A → ZA → X. Then
A→ XA qZA YA → X is a c-deformation.

Proof. Since the composite map A
C−→ YA

CW−−→ XA qZA YA is a cofibration
we only need to prove that

(XA qZA YA)qA K → X
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is a weak equivalence. Since YA → XAqZA YA is a weak equivalence between
flat A-objects, looking at the commutative diagram

YA qA K
W //

W
��

(XA qZA YA)qA K

uu
X

the statement follows from the 2 out of 3 property. �

Proposition 4.6. In a strong left-proper model category two c-deformations
A→ XA → X and A→ YA → X are equivalent if and only if there exists a
c-deformation A→ ZA → X and a commutative diagram

A

}} �� !!
XA

CW //

!!

ZA

��

YA
CWoo

}}
X

(4.2)

Proof. We need to prove that:
1) the relation ∼ defined by diagram (4.2) is an equivalence relation. This

follows immediately from Lemma 4.5.
2) if

A

}}   
XA

W //

!!

YA

~~
X

is a direct equivalence of c-deformations, then XA ∼ YA. To this end consider
a factorization

XA

W

��

C // XA qA YA
C
��

YA
Coo

Id

ss

ZA

FW
��
YA

and the morphism ZA qA K → YA qA K is a weak equivalence. �

Remark 4.7. In the diagram (4.2) it is not restrictive to assume that XAqA
YA → ZA is a cofibration: in fact we can always consider a factorization
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XA qA YA
C−→ QA

FW−−→ ZA and the map QA qA K → ZA qA K is a weak
equivalence.

5. Homotopy invariance of deformations

The aim of this section is to prove that the deformation theory of fibrant
objects is invariant under weak equivalences.

The following preliminary technical result is essentially contained in [5,
25].

Lemma 5.1 (Pullback of path objects). Let h : Q → X be a fibration of
fibrant objects in a model category and let

X
i−→ XI p=(p1,p2)−−−−−−−→ X ×X, p1i = p2i = idX , i ∈ W, p ∈ F ,

be a path object of X. Then the morphism

Q
α−→ Q×X XI ×X Q = lim


Q

h

��

XI

p1

~~

p2

  

Q

h

��
X X

 ,

of components α = (idQ, ih, idQ), extends to a commutative diagram

Q

h

��

CW //

α

&&

QI

β
��

FW // Q×X XI

π1

��
Q×X XI ×X Q

π2
��

π1 //

γ
66

Q

h
��

X
i

// XI
p1

// X

where: Q×XXI is the fibered product of h and p1; γ is the natural projection
on the first two factors; every πi denotes the projection on the i-th factor.

Proof. Define QI by taking a factorization of α as the composition of a
trivial cofibration and a fibration β : QI → Q×X XI ×X Q. Now we have a
pullback diagram

Q×X XI ×X Q

γ

��

π3 // Q

h

��
Q×X XI

p2π2
// X

and, since f is a fibration, also γ and the composition γβ : QI → Q×XXI are

fibrations. Finally, the projection Q×XXI π1−→ Q is a weak equivalence since
it is the pullback of the trivial fibration p1. Hence γβ is a weak equivalence
by the 2 out of 3 axiom. �
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Lemma 5.2. Let τ : X → Y be a trivial fibration of fibrant objects in a
model category M, and let

A

p

��

fA // Q

h
��

K
f // X

(5.1)

be a c-deformation of a morphism f : K → X along (A
p−→ K) ∈ M(K).

Then for every morphism k : Q → X such that τh = τk, kfA = fp, the
diagram

A

p

��

fA // Q

k
��

K
f // X

(5.2)

is a c-deformation equivalent to the previous one.

Proof. We have a diagram

X
τ

��
A

fA // Q

h

55

k
))

// QqA K
h′

::

k′

$$

Y

X

τ

??

and by the 2 out of 3 property k′ is a weak equivalence, i.e., the square (5.2)
is a c-deformation: we need to prove that it is equivalent to (5.1).

Taking possibly a (CW,F)-factorization of h, followed by an extension of
k:

Q
k //

CW
��

h

��

X

τ

��

Q′

F
��

88

X
τ // Y

it is not restrictive to assume that h is a fibration. Since τh = τk and τ is
a weak equivalence, the maps h and k are the same map in the homotopy
category Ho(MA). Thus, since A→ Q is a cofibration, the maps h and k are

right homotopic: in other words there exists a path object X → XI (p1,p2)−−−−→
X×X and a morphism φ : Q→ XI such that h = p1φ, k = p2φ. Taking the



1282 MARCO MANETTI AND FRANCESCO MEAZZINI

pullback of p1 along h we get the following commutative diagram in MA:

Q
ψ //

φ
((

idQ

&&
Q×X XI //

��

Q

h
��

XI
p1

// X

.

Applying Lemma 5.1 to the fibration h, we obtain the commutative diagram

QI

β
��

FW // Q×X XI

π1

��
Q×X XI ×X Q

π2
��

π1 //

γ
66

Q

h
��

XI
p1

// X

and, since Q is cofibrant, the morphism ψ lifts to a morphism ψ′ : Q→ QI .
Therefore we have a commutative diagram

Q ψ

''

βψ′=(Id,φ,η)

""

ψ′

&&
QI

β
��

FW // Q×X XI

π1

��
Q×X XI ×X Q

γ
66

π1 // Q

In particular hη = p2φ = k, and the morphism η gives the required equiva-
lence of deformations:

Q
h

��
A

fA
??

fA ��

X

Q
k

??η

OO

�

We are now ready to prove the main result of this section.

Theorem 5.3 (Homotopy invariance of deformations). Let K
f−→ X

τ−→ Y
be morphisms in a model category M and consider a map A→ K in M(K).
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If every cofibration is flat and τ is a weak equivalence of fibrant objects, then
the natural map

Deff (A)→ Defτf (A), (A→ XA → X) 7→ (A→ XA → X
τ−→ Y ),

is bijective.

Proof. By Ken Brown’s lemma it is not restrictive to assume that τ : X →
Y is a trivial fibration of fibrant objects. According to Lemma 4.4 we may
replace Def(A) with cDef(A) at any time.

In order to show the surjectivity of cDeff (A)→ cDefτf (A) observe that

if A → YA
h−→ Y is a c-deformation, then K → YA qA K is a cofibration.

Therefore the weak equivalence YA qA K
h′−→ Y lifts to a weak equivalence

YA qA K → X.
Next we prove the injectivity of cDeff (A) → cDefτf (A), i.e., that two

c-deformations of f , A → XA → X and A → ZA → X, are equivalent in
cDeff (A) if A → XA → X → Y and A → ZA → X → Y are equivalent in
cDefτf (A). By the argument used in the proof of the surjectivity it is not
restrictive to assume that A → XA → X → Y and A → ZA → X → Y are
are direct equivalent, i.e., that there exists a commutative diagram

XA
k //

η

��

X
τ

��
A

C
>>

C   

Y

ZA
h // X

τ

??

Now hη : XA → X is clearly equivalent to h : ZA → X, while k, hη : XA → X
are equivalent by Lemma 5.2. �

Remark 5.4. By Theorem 5.3 it makes sense to define deformations of a
morphism K → X even if X is not fibrant in MK . To this end it is sufficient

to consider a fibrant replacement X
W−→ Y

F−→ ∗ and define DefX = DefY .

The deformation functor is homotopy invariant also from the thickening
side, in the sense described in the following proposition (cf. the notion of
quasismoothness for extended deformation functors defined in [19]).

Proposition 5.5. Let K
f−→ X be a morphism in a strong left-proper model

category M, with X a fibrant object, and consider two maps A
h−→ B

p−→ K
with the maps p, ph thickenings and h a weak equivalence. Then the push-out
map

h : Deff (A
ph−→ K)→ Deff (B

p−→ K)

is bijective.
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Proof. Given any deformation B
fB−−→ XB → X there exists a diagram

A
h //

fA
��

B

fB
��

p // K

f
��

XA
q // XB

// X

with fA a cofibration and q a trivial fibration. The push-out of fA along h
gives a diagram

A
fA //

fA
��

XA

r

��

q

%%
B // XA qA B

s // XB

and since M is left proper, the map r (the push-out of h along the cofibration
fA) is a weak equivalence. By the 2 of 3 property also the map s is a weak
equivalence between B-flat objects. Finally, since weak equivalences between

flat objects are preserved under push-out, the diagram A
fA−→ XA → X is a

deformation mapped by h into a deformation equivalent to B
fB−−→ XB → X;

this proves the surjectivity of h.
In view of Lermma 4.4 and Proposition 4.6, for the proof of the injectivity

it is not restrictive to consider two c-deformations A
fA−→ XA → X, A

f ′A−→
X ′A → X related by a weak equivalence X ′A qA B

φ−→ XA qA B. We have
already noticed thatXA → XAqAB is a weak equivalence and then it admits

a factorization XA
gA−→ YA

p−→ XA qA B. The deformation A
gAfA−−−→ YA → X

is equivalent to A
fA−→ XA → X; since A → X ′A is a cofibration the weak

equivalence φ can be lifted to a weak equivalence X ′A → YA and then the

deformation A
f ′A−→ X ′A → X is equivalent to A

gAfA−−−→ YA → X. �

6. Lifting problems

Let M be a strong left-proper model category (i.e. a left-proper model
category where every cofibration is flat). The full subcategory of flat objects
[M inherits the model structure of M, meaning that [M is closed with
respect to every axiom even if it may not be complete and cocomplete; for the
axioms of a model structure we refer to [16]. For every morphism f : A→ B
in M the pushout −qA B defines a functor between the undercategories

f∗ : [MA → [MB

endowed with the model structures induced by M. Notice that in general
[(MA) 6= ([M)A; throughout all the paper we shall denote the category
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[(MA) of A-flat objects simply by [MA as above. By assumption f∗ pre-
serves cofibrations and weak equivalences. Therefore, whenever f∗ preserves
fibrations, it makes sense to study whether the following lifting problems
admit solutions.

• Lifting: Consider a commutative diagram of solid arrows

PA

gA !!

��

// SA
pA

!!
QA

��

//

hA

==

��

RA

��

PB

gB !!

// SB
pB

!!
QB //

hB

==

RB

in MA, where the upper square is in [MA and reduces to the bot-
tom square applying f∗, and moreover the map gA is a cofibration
(respectively: trivial cofibration) and the map pA is a trivial fibra-
tion (respectively: fibration). Then there exists a (dashed) lifting
hA : QA → SA which reduces to hB.
• (CW,F)-factorization: Given a morphism g : M → N in [MA,

together with a factorization M qA B
CW−−→ QB

F−→ N qA B of the
map f∗(g) = gqAB in MB, then there exists a commutative diagram

M

g

$$

��

CW
// QA

��

F
// N

��
M qA B // QB // N qA B

in MA, where the lower row is obtained by applying the functor f∗
to the upper row.
• (C,FW)-factorization: Given a morphism g : M → N in [MA,

together with a factorization M qA B
C−→ QB

FW−−→ N qA B of the
map f∗(g) = gqAB in MB, then there exists a commutative diagram

M

g

$$

��

C
// QA

��

FW
// N

��
M qA B // QB // N qA B
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in MA, where the lower row is obtained by applying the functor f∗
to the upper row.
• Weak retractions of cofibrations: Let gA : PA → RA be a cofi-

bration in [MA, and consider the diagram of solid arrows

QA

gA !!

��

jA // PA
gA

!!

qA // QA
gA

!!
SA

��

iA //

��

RA

��

pA //

��

SA

��

QB

gB !!

jB // PB
gB

!!

qB // QB
gB

!!
SB

iB // RB
pA // SB

in MA, where the bottom rectangle is a retraction of the map gB =
f∗(gA) in MB, all the horizontal arrows are weak equivalences and

the retraction QA
jA−→ PA

qA−→ QA reduces to QB
jB−→ PB

qB−→ QB
applying f∗. Then there exist dashed morphisms giving a retraction
of gA fitting the diagram above, where again all the horizontal arrows
are weak equivalences.

Remark 6.1 ((trivial) cofibrations). If the (CW,F)-factorization lifting prob-
lem is satisfied, then the following lifting problem is so. Given an object M
in [MA together with a (trivial) cofibration gB : M qA B → NB with NB

fibrant in MB, then there exists a commutative square

M

��

gA // NA

��
M qA B

gB // NB

in MA, where gA is a (trivial) cofibration and gB = f∗(gA).

Notice that for every surjective map f in CDGA≤0
K the functor f∗ pre-

serves fibrations. Motivated by geometric applications in Deformation The-
ory, the aim of the following subsections is to prove that given a surjective
morphism f : A→ B in DGArt≤0

K , the functor f∗ : CDGA≤0
A → CDGA≤0

B
satisfies the lifting problems introduced above. The main idea to prove the
claim relies on a technical lifting problem involving trivial idempotents, see
Subsection 6.2. By Lemma 1.2 this is equivalent to solve the weak retractions
of cofibrations lifting problem. The (CW,F)-factorization and the (C,FW)-

factorization lifting problems in CDGA≤0
K are solved in Theorem 6.15 and

Theorem 6.13 respectively. As a consequence, the lifting problem of (trivial)
cofibrations is solved in Corollary 6.16.
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All the lifting problems described above essentially deal with axioms of
model categories, except for the one on retractions where some additional
hypothesis have been assumed. Example 6.5 will show that if we drop the
assumption on the horizontal arrows, then the weak retractions of cofibra-
tions lifting problem may not admit solution even in the strong left-proper
model category CDGA≤0

K .

6.1. Lifting of liftings.

Lemma 6.2. Let A→ B be a surjective morphism in DGArt≤0
K and con-

sider a fibration (respectively: trivial fibration) p : S → R in CDGA≤0
A .

Then the natural morphism

S → R×R⊗AB (S ⊗A B)

is a fibration (respectively: trivial fibration).

Proof. Denote by J the kernel of A → B and fix i ≤ 0. If Si → Ri is
surjective the following commutative diagram

Si ⊗A J //

��

Si //

��

Si ⊗A B //

��

0

��
Ri ⊗A J //

��

Ri // Ri ⊗A B // 0

0

has exact rows and columns since the (graded) tensor product is right exact.
By diagram chasing, it immediately follows the surjectivity of

Si → Ri ×Ri⊗AB (Si ⊗A B).

If moreover p is a weak equivalence, then

R×R⊗AB (S ⊗A B)→ R

is so, since trivial fibrations are stable under pullbacks. The statement fol-
lows by the 2 out of 3 axiom. �
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Theorem 6.3. Let f : A → B be a surjective morphism in DGArt≤0
K .

Consider a commutative diagram of solid arrows

PA

gA !!

��

// SA
pA

!!
QA

��

//

hA

==

��

RA

��

PB

gB !!

// SB
pB

!!
QB //

hB

==

RB

in CDGA≤0
A , where the upper square reduces to the bottom square applying

f∗, and moreover the map gA is a cofibration (respectively: trivial cofibration)
and the map pA is a trivial fibration (respectively: fibration). Then there
exists a (dashed) lifting hA : QA → SA which reduces to hB.

Proof. Consider the commutative diagram

QA ϕ
//

��

**
SB ×RB RA

��

// RA

��
QB

hB // 44SB
pB // RB

in CDGA≤0
A , where the dashed morphism ϕ : QA → SB×RB RA is given by

the universal property of the pullback, which also ensures the existence of a
(unique) map SA → SB×RBRA commuting with both pA and the projection
SA → SB. By Lemma 6.2, the commutative square of solid arrows

PA //

��

SA

��
QA ϕ

//

hA

99

SB ×RB RA

admits the dashed lifting hA : QA → SA, whence the statement. �

Remark 6.4. Notice that the statement of Theorem 6.3 do not require any
flatness hypothesis. This is due to the fact that we already assumed the
existence of a fixed map hB : QB → SB. On the other hand, if PA, SA, QA, RA
are flat objects in CDGA≤0

A , then by Lemma 2.5 the functor f∗ preserves
weak equivalences between them. Therefore the statement of Theorem 6.3
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implies that for any dashed lifting hB : QB → SB in the square

PB //

��

SB

��
QB //

hB
==

RB

given by model category axioms, there exists a lifting hA : QA → SA

PA //

��

SA

��
QA //

hA
==

RA

which reduces to hB via f∗.

6.2. Lifting of trivial idempotents. The aim of this section can be ex-
plained as follows. Consider a map A → B in CDGA≤0

K together with a
commutative diagram of solid arrows

PA

eA !!

��

gA // RA
fA

!!
PA

��

gA //

��

RA

��

PB

eB !!

gB // RB
fB

!!
PB gB

// RB

in CDGA≤0
A , where gA is a cofibration, eA and fB are trivial idempotents

and the arrows in the lower square are obtained applying the functor −⊗AB
to the ones of the upper square. The goal of this section is to prove the
existence of a trivial idempotent fA : RA → RA fitting the diagram above.
In other terms, we are looking for a trivial idempotent fA whose reduction
is fB, and such that fAgA = gAeA, see Theorem 6.12.

The following example shows that if we do not assume the idempotent
fB to be a weak equivalence, then the lifting problem above may not admit
a solution.

Example 6.5. Let A = K [ε]�(ε2), let B = K , and consider RB = K [x, y] ∈

CDGA≤0
K where deg(x) = 0, deg(y) = 1, and dy = 0. Then define RA =

RB ⊗K A as a commutative graded algebra, endowed with the differential
dAy = εx. Clearly RA ⊗A B = RB. Moreover, consider the (non-trivial)
idempotent fB : RB → RB defined by fB(x) = x, fB(y) = 0; let PA =
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RA and assume the maps gA : RA → RA and eA : RA → RA to be the
identity morphism. By contradiction, assume the existence of an idempotent
fA : RA → RA lifting fB; then fA has to be defined by

fA :

{
x 7→ x+ εz

y 7→ εwy

for some w, z ∈ A. Now notice that the relations

fA(dAy) = fA(εx) = εx and dAfA(y) = dA(εwy) = 0

imply that such fA is not a morphism in CDGA≤0
A independently of the

choice of w, z.

The result explained above requires several preliminary results. Recall
that CGA≤0

K denotes the category of commutative graded algebras over K
concentrated in non-positive degrees.

Lemma 6.6. Given A ∈ CDGA≤0
K , consider a commutative diagram of

solid arrows

P
g //

i
��

E

p

��
C

f
//

>>

D

in CDGA≤0
A . If i is a cofibration and p is surjective, then there exists the

dotted lifting γ : C → E in the category CGA≤0
K .

Proof. Consider the killer algebra A[d−1] ∈ CDGA≤0
A . Recall that the

natural inclusion α : A→ A[d−1] is a morphism of DG-algebras and the nat-
ural projection β : A[d−1]→ A is a morphism of graded algebras; moreover
βα is the identity on A. Now, the morphism

E ⊗A A[d−1]
p⊗id−−−→ D ⊗A A[d−1]

is a trivial fibration and then there exists a commutative diagram

P
αg //

i

��

E ⊗A A[d−1]

p⊗id
��

C
αf
//

ϕ
66

D ⊗A A[d−1]

in CDGA≤0
A . It is now sufficient to take γ = βϕ. �

Proposition 6.7 (Algebraic lifting of idempotents). Let i : A → P be a

morphism in CGA≤0
K , and J ⊆ A a graded ideal satisfying J2 = 0. More-

over, consider a morphism g : P → P together with an idempotent e : A→ A
in CGA≤0

K such that e(J) ⊆ J and gi = ie. Denote by

g : P/i(J)P → P/i(J)P
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the factorization to the quotient, and assume that g2 = g. Then there exists
a morphism f : P → P in CGA≤0

K such that f2 = f , fi = ie, and f = g,
i.e. f ≡ g (mod i(J)P ).

Proof. First notice that the condition gi = ie implies that g(i(J)P ) ⊆
i(e(J))g(P ) ⊆ i(J)P , so that the induced morphism g is well defined. For
notational convenience, in the rest of the proof we shall write JP in place
of i(J)P , since no confusion occurs. Notice that for every x ∈ JP we have
g2(x) = g(x); in fact take x = i(a)p, with a ∈ J and p ∈ P , then

g2(i(a)p)− g(i(a)p) = i(e2(a))g2(p)− i(e(a))g(p)

= i(e(a))(g2(p)− g(p)) ∈ J2P = 0

since by assumption g2(p)− g(p) ∈ JP . Now denote by φ = g2− g : P → P .
By hypothesis we have

φi = g2i− gi = gie− ie = ie2 − ie = 0 ,

φ(P ) ⊆ JP, and gφ = φg .

Notice that the morphism φ is a g-derivation of degree 0; in fact for every
p, q ∈ P
φ(pq) = g2(p)g2(q)− g(p)g(q) = g2(p)φ(q) +φ(p)g(q) = g(p)φ(q) +φ(p)g(q),

where the last equality follows since g2(p)φ(q) = g(p)φ(q), being φ(p)φ(q) ∈
J2P = 0. Now, define ψ : P → JP as ψ = φ − gφ − φg = −g + 3g2 − 2g3,
and notice that

(1) ψ(J) = 0, ψi = 0 because φi = 0,
(2) ψ2 = 0 and g2ψ = gψ = ψg = ψg2 because φψ = ψφ = 0,
(3) ψ is a g-derivation,
(4) ψ − gψ − ψg = φ− 4gφ+ 4g2φ = φ+ 4φ2 = φ.

In particular,

(g + ψ)2 − (g + ψ) = g2 + gψ + ψg + ψ2 − g − ψ = φ+ gψ + ψg − ψ = 0

and
(g + ψ)i = 3g2i− 2g3i = 3ie2 − 2ie3 = 3ie− 2ie = ie .

Therefore, to obtain the statement it is sufficient to define f = g+ψ = 3g2−
2g3, which is a morphism in CGA≤0

K satisfying the required properties. �

Remark 6.8. The previous result actually holds even if we replace CGA≤0
K

with the category of unitary graded commutative rings.

For every morphism A → B in CDGA≤0
K and every M ∈ DGMod(B)

we shall denote by Der∗A(B,M) the differential graded B-module of A-

derivations B → M . For every pair of morphisms A → B
f−→ C of com-

mutative differential graded algebras we shall denote by Der∗A(B,C; f) the
module of derivations, where the B-module structure on C is induced by
the morphism f
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Remark 6.9. In the sequel we shall use in force the following basic facts:

(1) for every cofibrant A-algebra B ∈ CDGA≤0
A and every surjective

quasi-isomorphism M → N in DGMod(B) the induced morphism
Der∗A(B,M)→ Der∗A(B,N) is a surjective quasi-isomorphism;

(2) for every weak equivalence B → C of cofibrant objects in the model

category CDGA≤0
A and every M ∈ DGMod(C) the induced map

Der∗A(C,M)→ Der∗A(B,M) is a weak equivalence.

The above properties are well known [13, Sec.7] and in any case easy to
prove as the consequence of the following straightforward facts:

• A morphism in CDGA≤0
K is a weak equivalence (resp.: cofibration,

trivial fibration) if and only if it is a weak equivalence (resp.: cofi-
bration, trivial fibration) as a morphism in CDGAK ;
• for every n ∈ Z there is a natural bijection between Zn(Der∗A(B,M))

and the set of liftings in the obvious commutative solid diagram

A

��

// B ⊕M [n]

��
B

::

idB

// B

in CDGAK ;
• for every integer n there exists a natural bijection between DernA(B,M)

and the set of liftings in the obvious commutative solid diagram

A

��

// B ⊕ cone(idM [n−1])

��
B

77

idB

// B

;

in CDGAK , and the differential of Der∗A(B,M) is induced (up to
sign) by the natural morphisms of B-modules

cone(idM [n−1])→M [n]→ cone(idM [n]) .

Lemma 6.10. Consider a morphism of retractions in CDGA≤0
K

Q
j //

��

P
q //

��

Q

��
S

i // R
p // S
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and define f = ip : R → R and e = jq : P → P . Let α ∈ Der∗P (R,R; f) and
β ∈ Der∗Q(S, S) be derivations such that the diagram

R
p //

α
��

S
i //

β
��

R

α
��

R
p // S

i // R

commutes. Then iβp ∈ Der∗P (R,R; f) and, setting γ = α− 2iβp we have

γ − γf − fγ = α.

Conversely, given any γ ∈ Der∗P (R,R; f), the P -linear f -derivation α =
γ − γf − fγ satisfies

α(ker(p)) ⊆ ker(p), α(i(S)) ⊆ i(S)

and factors through a derivation β : S → S as above.

Proof. Observe that iβp is an f -derivation being f = ip. Moreover, since
pi = id we have

γ − γf − fγ = α− 2iβp− αip+ 2iβpip− ipα+ 2ipiβp =

= α− 2iβp+ 2iβp+ 2iβp− 2αip = α.

Conversely, take γ ∈ Der∗P (R,R; f) and define α = γ−γf−fγ. Now, observe
that ker(p) = ker(f), and since

fα(x) = fγ(x)− f2γ(x)− γf(x) = γf(x)

we have α(ker(p)) ⊆ ker(p). Similarly, since i(S) = f(R) the chain of equal-
ities

αf = γf − γf2 − fγf = −fγf
implies that α(i(S)) ⊆ i(S). Notice that β = pαi = −pγi, so that αf = iβp.
To conclude the proof recall that the restriction of f to S is the identity,
therefore β is a P -linear derivation. �

Proposition 6.11. Let e : P → P and f : R → R be trivial idempotents
in CDGA≤0

K , and consider a cofibration g : P → R in CDGA≤0
K such that

ge = fg. Then the subcomplex

D = {γ ∈ Der∗P (R,R; f) | γ = fγ + γf} ⊆ Der∗P (R,R; f)

is acyclic.

Proof. We can write f = ip and e = jq for a morphism between retractions
in CDGA≤0

K

Q
j //

g
��

P
q //

g

��

Q

g
��

S
i // R

p // S
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where both g and g are cofibrant objects. The pushout of g along j gives an
extension of the diagram above to

Q
j //

g

��

P

g̃

��

q //

g

##

Q

g

��
S

i

<<
ĩ // S ⊗Q P

τ // R
p // S

in CDGA≤0
K . Since i and p are retracts of f , they are weak equivalences;

in particular p is a trivial fibration. The same holds for j and q, so that ĩ
is a weak equivalence. It then follows that τ is a weak equivalence between
cofibrant objects in CDGA≤0

P . By Lemma 6.10 there exists a short exact
sequence

0→ D → Der∗P (R,R; f)
γ 7→(γf+fγ−γ,pγi)−−−−−−−−−−−−→ K → 0

of DG-modules over R, where

K =
{

(α, β) ∈ Der∗P (R,R; f)×Der∗Q(S, S) | βp = pα, iβ = αi
}
.

Since p is a trivial fibration and R is cofibrant, the map

p∗ : Der∗P (R,R; f)→ Der∗P (R,S; pf)

γ 7→ pγ

is a trivial fibration by Remark 6.9; here we should think of S as an object
in CDGA≤0

P via the map gq : P → S. Now recall that pf = p, and since τ

is a weak equivalence between cofibrant objects in CDGA≤0
P , then the map

τ∗ : Der∗P (R,S; pf) = Der∗P (R,S; p)→ Der∗P (S ⊗Q P, S; pτ) = Der∗Q(S, S; id)

γ 7→ γτ

is a weak equivalence. Therefore, in order to prove the statement it is suf-
ficient to prove that also the projection K → Der∗Q(S, S) is a weak equiv-
alence. Since every β ∈ Der∗Q(S, S) lifts to (iβp, β) ∈ K, we have a short
exact sequence

0→ H → K → Der∗Q(S, S)→ 0,

where

H = {α ∈ Der∗P (R,R; f) | αi = pα = 0} = {α ∈ Der∗P (R, ker{p}) | αi = 0} ,

where the R-module structure on ker{p} is induced via the morphism f .
Therefore we have a short exact sequence

0→ H → Der∗P (R, ker{p}) ĩ∗−→ Der∗P (S⊗QP, ker{p}) = Der∗Q(S, ker{p})→ 0

and the map ĩ∗ is a trivial fibration. It follows that H is an acyclic complex,
so that the projectionK → Der∗Q(S, S) is a weak equivalence as required. �
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Theorem 6.12 (Lifting of trivial idempotents). Let A → B be a sur-

jective morphism in DGArt≤0
K . Moreover, consider a cofibration gA : PA →

RA between flat objects in CDGA≤0
A , together with a trivial idempotent

eA : PA → PA; denote by

gB : PB = PA ⊗A B → RA ⊗A B = RB eB : PB → PB

the pushout cofibration and the pushout idempotent in CDGA≤0
B . Moreover,

let fB : RB → RB be a trivial idempotent in CDGA≤0
B satisfying fBgB =

gBeB. Then there exists a trivial idempotent fA : RA → RA in CDGA≤0
A

lifting fB such that fAgA = gAeA.

Proof. We proceed by induction on the length of A. First notice that it is
not restrictive to assume the morphism A→ B comes from a small extension

0→ K t→ A→ B → 0

in DGArt≤0
K , for some cocycle t in the maximal non-zero power of the

maximal ideal mA. Notice that K t is a complex concentrated in degree
i = deg(t), and K t → A is the inclusion. In fact, every surjective map in

DGArt≤0
K factors in a sequence of small extensions as above.

Since gA is a cofibration, the diagram of solid arrows

PA
eA //

gA
��

PA
gA // RA

��
RA //

r

66

RB
fB // RB

admits the dotted lifting in CGA≤0
K by Lemma 6.6. This means that fB

lifts to a morphism of graded algebras r : RA → RA satisfying rgA = gAeA.
Moreover, by Proposition 6.7 we may assume r2 = r. Now set P = PA⊗AK
and R = RA ⊗A K ; denote by d ∈ Hom1

A(RA, RA) the differential of RA.
Then

dr − rd = ιψπ, for some ψ ∈ Der1
P (R,R; f)

where ι : R[−i] · t → RA is the morphism induced by the small extension

while RA
π−→ R is the natural projection. It follows that ψ is a cocycle in

the complex D of Proposition 6.11. In fact, setting f = fB ⊗B K , we have
ιf = rι and πr = fπ by construction, so that

ι(dψ + ψd)π = d(dr − rd) + (dr − rd)d = 0,

ι(fψ + ψf)π = rdr − r2d+ dr2 − rdr = dr − rd = ιψπ.

Therefore there exists h ∈ Der0
P (R,R; f) such that

dh− hd = ψ, fh+ hf − h = 0.

Setting fA = r − ιhπ we have that fA is a morphism of graded algebras.
Moreover

f2
A−fA = ι(−fh−hf+h)π = 0 , dfA−fAd = ι(ψ−dh+hd)π = 0 ,
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and the image of πgA is contained in P , so that ihπgA = 0 being h a P -
linear derivation. It follows that fA is an idempotent in CDGA≤0

A satisfying
fAgA = gAeA. By Corollary 3.6 the morphism fA is a weak equivalence and
the statement follows. �

6.3. Lifting of factorizations. The main goal of this section is to show
that for every A ∈ DGArt≤0

K , for every flat object P ∈ CDGA≤0
A and

for every trivial cofibration f : P ⊗A K → Q in CDGA≤0
K , there exists a

trivial cofibration f : P → Q in CDGA≤0
A lifting f . Actually we shall prove

stronger results (see Theorem 6.13 and Theorem 6.15), and the required
statement will follow, see Corollary 6.16.

Theorem 6.13. Let A → B be a surjection in DGArt≤0
K and consider

a morphism f : P → M in CDGA≤0
A between flat objects. Then every

(C,FW)-factorization of the reduction

f = f ⊗A B : P = P ⊗A B →M = M ⊗A B

lifts to a factorization of f ; i.e. for every factorization P
C−→ Q

FW−−→M of f
there exists a commutative diagram

P

��

C // Q

��

FW // M

��
P

C // Q
FW // M

in CDGA≤0
A , where the upper row reduces to the bottom row applying the

functor −⊗A B and the vertical morphisms are the natural projections.

Proof. We have a commutative diagram

P
g //

��

f

$$
Q×M M

��

FW // M

��
P

C // Q
FW // M



FORMAL DEFORMATION IN LEFT-PROPER MODEL CATEGORIES 1297

in CDGA≤0
A . Taking a factorization of g we get

D

FW
��

FW

��
P

g //

��

C
11

Q×M M

��

FW // M

��
P

C // Q
FW // M

Notice that the composite map D → Q is surjective. Now D and M are A-
flat and therefore the morphism D = D ⊗A K → M is a weak equivalence,

and since it factors through D → Q
FW−−→M , the surjective map p : D → Q is

a trivial fibration. It follows the existence of a section s : Q→ D commuting
with the maps P → D and P → Q. Since P → D is a cofibration, by
Theorem 6.12 the idempotent e = sp : D → D lifts to an idempotent of
e : D → D. Setting Q = {x ∈ D | e(x) = x}, by Proposition 1.2 we have
that Q ⊗A K = Q and P → Q is a cofibration because it is a retract of
P → D. �

Corollary 6.14. Let A ∈ DGArt≤0
K and consider a morphism f : P →M

in CDGA≤0
A between flat objects. Then f is a cofibration if and only if its

reduction f : P ⊗A K →M ⊗A K is a cofibration in CDGA≤0
K .

Proof. First assume that f is a cofibration; by Theorem 6.13 there exists a
commutative diagram

P C //

f

''

��

Q FW //

��

M

��
P ⊗A K

f // M ⊗A K
id // M ⊗A K

in CDGA≤0
A , where the upper row reduces to the bottom row via the functor

−⊗AK . Moreover, by flatness, Corollary 3.6 implies that the trivial fibration
Q → M is in fact an isomorphism, so that f is obtained as a cofibration
followed by an isomorphism, whence the thesis. The converse holds since the
class of cofibrations is closed under pushouts. �

Theorem 6.15. Let A → B be a surjection in DGArt≤0
K and consider

a morphism f : P → M in CDGA≤0
A between flat objects. Then every

(CW,F)-factorization of the reduction

f = f ⊗A B : P = P ⊗A B →M = M ⊗A B
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lifts to a factorization of f ; i.e. for every factorization P
CW−−→ Q

F−→M of f
there exists a commutative diagram

P

��

CW // Q

��

F // M

��
P
CW // Q

F // M

in CDGA≤0
A , where the upper row reduces to the bottom row applying the

functor −⊗A B and the vertical morphisms are the natural projections.

Proof. The proof is essentially the same as in Theorem 6.13. We have a
commutative diagram

P
g //

F
��

f

$$
Q×M M

F
��

F // M

F
��

P
CW // Q

F // M

in CDGA≤0
A . Taking a factorization of g we get

D

F
��

F

��
P

g //

F
��

CW
11

Q×M M

F
��

F // M

F
��

P
CW // Q

F // M

Notice that the composite map D → Q is surjective in negative degrees
and hence a fibration. Moreover, the morphism P → D = D ⊗A K is a
trivial cofibration since P → D is so. Now since P → Q factors through
P → D, the map p : D → Q is a trivial fibration. It follows the existence of
a section s : Q → D commuting with the maps P → D and P → Q. Since
P → D is a cofibration, by Theorem 6.12 the idempotent e = sp : D → D
lifts to an idempotent of e : D → D. Setting Q = {x ∈ D | e(x) = x}, by
Proposition 1.2 we have that Q ⊗A K = Q and P → Q is a cofibration
because it is a retract of P → D. �

By Theorem 6.15 it follows the result that we claimed at the beginning
of the section.

Corollary 6.16. Let A ∈ DGArt≤0
K and consider a flat object P ∈ CDGA≤0

A .

For every trivial cofibration f : P = P ⊗A K → Q in CDGA≤0
K there exist
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a flat object Q ∈ CDGA≤0
A such that Q⊗A K = Q and a trivial cofibration

f : P → Q lifting f .

Proof. It is sufficient to apply Theorem 6.15 to the factorization P
CW−−→

Q
F−→ 0. �

Corollary 6.17. Let A ∈ DGArt≤0
K and consider a cofibrant object Q ∈

CDGA≤0
A . For every trivial cofibration f : P → Q = Q⊗A K in CDGA≤0

K
there exist a flat object P ∈ CDGA≤0

A such that P ⊗A K = P and a lifting

of f to a trivial cofibration f : P → Q.

Proof. Since P is fibrant the diagram of solid arrows

P

f
��

id // P

��
Q //

p

@@

0

admits the dotted lifting p : Q → P in CDGA≤0
K . In particular, P is the

fixed locus of the trivial idempotent e = f ◦ p : Q → Q. By Theorem 6.12
there exists a trivial idempotent e : Q→ Q whose fixed locus

P = {x ∈ Q | e(x) = x}

satisfies P ⊗A K = P , see Proposition 1.2. The lifting of f is given by
Theorem 6.15. �

7. Deformations of DG-algebras

According to the general construction described in Section 4, for every
R = (K → R) in CDGA≤0

K we can consider the functor DefR of its de-

formations in the strong left-proper model category CDGA≤0
K , defined in

the category M(K ). Recall that the above functor is homotopy invariant
(Theorem 5.3), i.e., for every weak equivalence R→ S and every A ∈M(K )
the natural map DefR(A) → DefS(A) is bijective. In order to prove some
additional interesting properties, in view of Corollary 3.6 and the results of
Section 6, we consider the restricted functor1

DefR : DGArt≤0
K → Set

of (set-valued) derived deformations of R. The main goal of this section is
to prove that:

1We shall see later that for every A ∈ DGArt≤0
K the class DefR(A) is not proper.
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(1) if R and A are concentrated in degree 0 then DefR(A) is naturally
isomorphic to the set of isomorphism classes of deformations defined
in the classical sense:

DefR(A) ∼=
{

commutative flat A-algebras RA together with
an isomorphism RA ⊗A K ∼= R of K -algebras

}
�isomorphism ;

(2) every deformation of a cofibrant DG-algebra may be obtained by a
perturbation of the differential;

(3) if S → R is a cofibrant resolution, then the DG-Lie algebra of deriva-
tions of S controls the functor DefR.

It is interesting to point out that the above point (3) requires DG-algebras
in non-positive degrees, and its analog fails in the category CDGAK . This
will be clarified in Remark 7.9; the main issue is that without the restriction
on the degrees, not every derivation satisfying Maurer-Cartan equation gives
a cofibrant deformation.

7.1. Strict deformations. In this subsection we introduce the notion of
strict deformations in CDGA≤0

K . It is a purely technical notion used in order
to study deformations of algebras of special type: as we shall see in Exam-
ple 7.4 strict deformations are not homotopy invariant and then unsuitable
to study deformations in full generality.

Definition 7.1. Given R ∈ CDGA≤0
K , the class of strict deformations of

R over A ∈ DGArt≤0
K is defined by

DR(A) =

{
morphisms RA → R in CDGA≤0

A such that RA is flat,
and the reduction RA ⊗A K → R is an isomorphism

}
�∼= .

Two strict deformations RA → R and R′A → R are isomorphic if and only if

there exists an isomorphism RA
∼=−→ R′A in CDGA≤0

A such that the diagram

RA
∼= //

  

R′A

~~
R

commutes.

It is plain that for every R ∈ CDGA≤0
K and every A ∈ DGArt≤0

K there
exists a natural map

ηA : DR(A) −→ DefR(A), (RA → X) 7→ (RA → X) .

Whenever A ∈ ArtK , by Corollary 3.3, the restriction to the grade 0 com-
ponent gives also a natural map DR(A)→ DR0(A).

Example 7.2 (Classical infinitesimal deformations as strict deformations).

Consider an object R in CDGA≤0
K together with an Artin ring A ∈ ArtK ,

and assume that R is concentrated in degree 0. The same argument used
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in the proof of Corollary 3.7 shows that every strict deformation RA → R
is concentrated in degree 0 and therefore DR(A) is naturally isomorphic to
the set of classical deformations of the commutative algebra R over the local
Artin ring A.

Proposition 7.3. Consider R ∈ CDGA≤0
K concentrated in degree 0. Then

for every A ∈ ArtK there natural map ηA : DR(A) → DefR(A) is bijective
with inverse

H0(−) : DefR(A)→ DR(A) .

Proof. For every A ∈ ArtK consider the map

H0 : DefR(A) −→ DR(A),

H0(RA → R) =
(
H0(RA)→ H0(RA)⊗A K = H0(RA ⊗A K )

'−→ R
)
,

that is properly defined since H0(RA) is flat over A by Corollary 3.7. On
the other side, the natural map ηA : DR(A) −→ DefR(A) is injective since
H0 ◦ ηA is the identity. Finally, again by Corollary 3.7, for every RA → R
in DefR(A) the map RA → H0(RA) is a weak equivalence and this implies
that also ηA ◦H0 is the identity in DefR(A). �

Example 7.4. Strict deformations are not homotopy invariant (in any rea-
sonable sense) for general DG-algebras. For instance, consider the algebra
R in degrees −1, 0, where

R0 =
C[x, y]

(x3, y2, x2y)
, R−1 = Ce, d(e) = x2 xe = ye = 0 ,

and notice that R → H0(R) =
C[x, y]

(x2, y2)
is a trivial fibration. We claim that

there exists a first order deformation of H0(R) that does not lift to R0, and
therefore that DR is not naturally isomorphic to DH0(R). If A = C[ε] ∈ ArtC
denotes the ring of dual numbers, then the deformation

A[x, y]

(x2, y2 + ε)
→ H0(R)

does not lift to a deformation of R0. In fact the ideal (x3, y2, x2y) is generated
by the determinants of the 2× 2 minors of the matrix

G =

(
x2 y 0
0 x y

)
and by Hilbert-Schaps Theorem [1, Thm. 5.1] every deformation of R0 is
induced by a deformation of the matrix G; in particular every first order
deformation of the ideal (x3, y2, x2y) is contained in the maximal ideal (x, y).
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7.2. Strict deformations of cofibrant DG-algebras. Throughout this
subsection we shall denote by X ∈ CDGA≤0

K a cofibrant DG-algebra; then
for every strict deformation

A
fA−→ XA

ψ−→ X, A ∈ DGArt≤0
K ,

the map ψ is surjective and then also a fibration. Moreover, since K →
XA ⊗A K ∼= X is a cofibration, according to Corollary 6.14 also fA is a
cofibration.

Theorem 7.5. Let A ∈ DGArt≤0
K and consider a cofibrant object X ∈

CDGA≤0
K . Then the map

ηA : DX(A)→ DefX(A)

is bijective.

Proof. Injectivity. Consider two strict deformations A → XA → X and
A → YA → X that are mapped in the same element of DefX . By Proposi-
tion 4.6 there exists A→ ZA → X in cDefX(A) together with a commuta-
tive diagram

A

��

 ��
XA

ι //

--

ZA

ϕ

��

YA
σoo

ψrrX

with σ, ι trivial cofibrations and ϕ,ψ fibrations.
In order to prove that A → XA → X is isomorphic to A → YA → X,

notice that the diagram of solid arrows

YA
id //

σ

��

YA

ψ
��

ZA
ϕ //

π
==

X

admits a lifting π : ZA → YA. Therefore, the diagram

A

}}   
XA

π◦ι //

F !!

YA

ψ~~
X

commutes, and the reduction πι : XA ⊗A K → YA ⊗A K is an isomorphism.
To conclude observe that by Corollary 3.6 the map π ◦ ι is an isomorphism
and the statement follows.
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Surjectivity. By Lemma 4.4 it is sufficient to prove that every c-deformation

XA → XA ⊗A K
π−→ X

is equivalent to a strict deformation. Consider the commutative diagram

K
C

~~

C

��
XA ⊗A K C //

π
//

(XA ⊗A K )⊗K X

ϕ

��

XCoo

idX
ppX

in CDGA≤0
A , and take a factorization of the map ϕ : (XA⊗AK )⊗K X → X

as a cofibration followed by a trivial fibration:

(XA ⊗A K )⊗K X
C−→ Z

p−→ X.

By the 2 out of 3 axiom we obtain the following commutative diagram of
solid arrows

XA

��

CW // ZA

��
XA ⊗A K CW //

π
//

Z

pFW
��

X
ι

CW
oo

idX
ppX

in CDGA≤0
A , where by Corollary 6.16 there exists a trivial cofibration

XA → ZA lifting XA ⊗A K → Z. Now observe that e = ιp : Z → Z is
a trivial idempotent, whose fixed locus coincides with X by Proposition 1.2.
Moreover, by Theorem 6.12 there exists a trivial idempotent ẽ : ZA → ZA

lifting e. Now consider the fixed locus X ′A = lim

{
ZA

id **

ẽ

44 ZA

}
of ẽ to-

gether with the natural morphism X ′A
ι̃−→ ZA, and observe that its reduction

X ′A ⊗A K → ZA ⊗A K is ι : X → Z again by Proposition 1.2. To conclude,
consider the following commutative diagram

ZA

��

X ′AWoo

��
Z

��

X
ι

CW
oo

idXooX
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which proves that X ′A → X
id−→ X is a c-deformation equivalent to ZA →

Z → X, and therefore to XA → XA ⊗A K → X. �

Remark 7.6. Strict deformations can be generalized to an abstract strong
left-proper model category M, simply replacing weak equivalence with iso-
morphism in Definition 4.3. Notice that in the model structure of CDGA≤0

K
every object is fibrant. Moreover, Theorem 7.5 essentially follows from The-
orem 6.12 and Corollary 6.16, which in turn can be rephrased in an abstract
model category. Therefore the statement of Theorem 7.5 can be proved in a
strong left-proper model category satisfying certain additional axioms.

7.3. Perturbation stability of cofibrations. Throughout all this sub-
section we shall denote by f : A→ B a fixed cofibration in the model cate-
gory CDGA≤0

K .

Recall that CGA≤0
K is the category of graded-commutative K -algebras

concentrated in non-positive degrees, and consider the natural forgetful func-
tor

#: CDGA≤0
K → CGA≤0

K , R 7→ R# .

In order to avoid possible ambiguities, in the next computations it is often
convenient to denote a DG-algebra R as a pair (R#, dR), where dR is the
differential: in particular the morphism f : A → B may be also denoted by
f : A→ (B#, dB).

Proposition 7.7. Let f : A→ B be a cofibration in CDGA≤0
K . Moreover,

let I ⊂ A be a differential graded nilpotent ideal and consider a derivation
η ∈ Der1

A(B, f(I)B) such that (dB + η)2 = [dB, η] + 1
2 [η, η] = 0. Then also

the morphism f : A→ (B#, dB + η) is a cofibration.

Proof. The result is clear if f is a semifree extension, since the semifree
condition is independent of the differential. In general we can write f as a
weak retract of a semifree extension, i.e.

B
i−→ S

p−→ B, pi = idB, if : A→ S semifree, i, p ∈ W .

For simplicity of exposition, for every ideal J ⊂ A denote JB = f(J)B,
JS = if(J)S , and

An =
A

In
, Bn = B ⊗A An =

B

InB
, Sn = S ⊗A An =

S

InS
.

Since i, p are weak equivalences between cofibrant objects, applying the func-
tor −⊗AAn, for every n we have a weak retraction of cofibrant An-algebras

Bn
in−→ Sn

pn−→ Bn ,
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together with morphisms of short exact sequences

0 // IkSn

pn
��

// Sn

pn

��

α // Sk //

pk

��

0

0 // IkBn // Bn // Bk // 0

1 ≤ k ≤ n (7.1)

and by the five lemma every vertical arrow is a surjective quasi-isomorphism.
For n ≥ 2 this gives the morphism of short exact sequences

0 // In−1Sn

��

// ISn

pn

��

α // ISn−1
//

pn−1

��

0

0 // In−1Bn // IBn // IBn−1
// 0

(7.2)

with the vertical arrows surjective quasi-isomorphisms.
Denote by Kn the kernel of pn : In−1Sn → In−1Bn. Notice that η induce

a coherent sequence ηn ∈ Der∗An(Bn, IBn) of solutions of the Maurer-Cartan
equation in Der∗K (Bn, Bn).

We now prove by induction on n that there exists a coherent sequence µn ∈
Der∗An(Sn, ISn) of solution of the Maurer-Cartan equation in Der∗K (Sn, Sn)
such that

inηn = µnin, pnµn = ηnpn .

This will imply that every ((Bn)#, dBn + ηn) is a retract of a semifree ex-
tension of An.

The case n = 1 is clear since IB1 = IS1 = 0. Now assume that n ≥ 2 and
that µn−1 ∈ Der1

An−1
(Sn−1, ISn−1) as above is constructed.

The first step is to lift µn−1 to a derivation τ ∈ Der1
An(Sn, ISn) such

that pnτ = ηnpn and ατ = µn−1α. The diagram (7.2) gives a surjective
quasi-isomorphism

ISn → ISn−1 ×IBn−1 IBn

and then, since Sn is cofibrant the derivation

(µn−1α, ηnpn) : Sn → ISn−1 ×IBn−1 IBn

can be lifted to a derivation τ ∈ Der1
An(Sn, ISn) by Remark 6.9.

We have pn(inηn − τin) = 0 and α(inηn − τin) = 0 and then σ := inηn −
τin ∈ Der1

An(Bn,Kn). Since in is a weak equivalence of cofibrant objects, by

Remark 6.9 the derivation σ extends to Der1
An(Sn,Kn): adding an extension

of σ to τ we can therefore assume

pnτ = ηnpn, τ in = inηn, ατ = µn−1α .

Finally we define

r = (dSn + τ)2 ∈ Der2
An(Sn,Kn) ;

notice that r is a cocycle in Der2
An(Sn, I

n−1Sn) since r(dSn +τ) = (dSn +τ)r
and rτ = τr = 0 by the vanishing of InSn = 0. Since Sn is cofibrant and Kn
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is acyclic the cocycle r is a coboundary, say r = dψ, and then µn = τ −ψ is
the required solution of the Maurer-Cartan equation. �

Remark 7.8. We shall use Proposition 7.7 in the situation where we have
a cofibration f : A → B, a morphism g : A → C in CDGA≤0

K , a nilpotent
differential ideal I ⊂ A and an isomorphism of graded algebras θ : B → C
such that θf = g and θ : B ⊗A A

I → C ⊗A A
I is a morphism in CDGA≤0

K .

Then g : A → C is isomorphic to f : A → (B#, θ
−1dCθ = dB + η) for some

η ∈ Der1
K (B, f(I)B). Finally, since

η(f(a)) = (dB + η)(f(a))− dB(f(a)) = (dB + η)(f(a))− f(dA(a)) = 0

for every a ∈ A we have η ∈ Der1
A(B, f(I)B) and by Proposition 7.7 also g

is a cofibration.

Remark 7.9. Both Examples 2.7 and 2.8 show that Proposition 7.7 is false
in the model category CDGAK of unbounded commutative DG-algebras.
In fact the morphism

K [x]→ K [y, x], x = 1, y = −1, dy = yx,

is not a W-cofibration although it can be seen as a small perturbation of
the cofibration

K [x]→ K [y, x], x = 1, y = −1, dy = 0 .

Philosophically this means that the general principle that derivations of
cofibrant resolutions controls deformations is not valid in CDGAK . This
was already pointed out in [14] and a slight modification of [14, Example
4.3] shows that the functor of strict deformations DR : ArtK → Set of the
unbounded cofibrant algebra

R = K [. . . , x−2, x−1, x0, x1, x2, . . .], xi = i, dxi = 0,

does not satisfy Schlessinger’s conditions (H1), (H2) of [27]. The result of
Proposition 7.7 is assumed in [14, 4.2.2] apparently without any additional
explanations.

7.4. DG-Lie algebra controlling deformations of DG-algebras. This
subsection aims to describe the differential graded Lie algebra controlling
derived deformations of a commutative DG-algebra concentrated in non-
positive degrees. To this aim, the first step is the study of strict deformations
of cofibrant objects; we begin by proving some preliminary results.

Let A ∈ DGArt≤0
K and consider a morphism A → RA ∈ CDGA≤0

K .
According to Corollary 6.14 we have that A → RA is a cofibration, if and
only if K → RA ⊗A K is a cofibration and A→ RA is flat.
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Proposition 7.10. Let fA : A → RA be a morphism in CDGA≤0
K with

A ∈ DGArt≤0
K , and consider the three pushout squares

A

fA
��

//

p

K //

f
�� p

A

g

��

//

p

K

f
��

RA
π // R // R⊗K A

p // R

where the morphism A → K in the upper row is the projection onto the
residue field. Then the following conditions are equivalent:

(1) the morphism fA is a cofibration;
(2) the morphism f is a cofibration and there exists an isomorphism

h̃ : (R ⊗K A)# → (RA)# of graded algebras such that πh̃ = p and

h̃g = fA.

Proof. (1)⇒ (2). First notice that f is a cofibration, since cofibrations are
stable under pushouts. Since π is surjective, by Lemma 6.6 the commutative
diagram of solid arrows

K //

��

RA

π
��

R
id //

h
==

R

admits the dashed lifting h : R→ RA, which is a morphism of unitary graded
K -algebras. By scalar extension, this gives a morphism h̃ : R ⊗K A → RA
of graded A-algebras such that πh̃ = p and h̃g = fA. We are only left with
the proof that h̃ is in fact an isomorphism.

Recall that CDGA≤0
K is a strong left-proper model category, so that in

particular fA is flat. By induction on the length of A, we shall prove that the
flatness of fA implies that h̃ is an isomorphism of graded algebras. To this
aim, consider a surjective morphism A → B in DGArt≤0

K , and recall that
choosing a cocycle t 6= 0 in the higher non-zero power of the maximal ideal
mA, we may assume the morphism A→ B comes from a small extension

0→ K t→ A→ B → 0

in DGArt≤0
K ; where K t is a complex concentrated in degree i = deg(t),

and K t → A is the inclusion. In fact, every surjective map in DGArt≤0
K

factors in a sequence of small extensions as above. Now consider the following
commutative diagram of graded A-modules

0 // R[−i]

id
��

// R⊗K A

h̃
��

// R⊗K B

∼=
��

// 0

0 // R[−i] // RA // RA ⊗A B // 0

where the rows are exact, being RA an A-flat object. The statement follows
by the five lemma.
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(2)⇒ (1). Let d and δ be the differentials of R⊗K A and RA respectively.
The same argument used in Remark 7.8 implies that

η = h̃−1δh̃− d ∈ Der1
A(R⊗K A,R⊗K mA) ,

and then fA is isomorphic, via h̃, to g : A→ ((R⊗K A)#, d+η) in CDGA≤0
A .

Since mA is a nilpotent ideal the conclusion follows by the assumption πh̃ = p
and Proposition 7.7. �

As already outlined above, we first deal with the functor of (derived) strict

deformations DR : DGArt≤0
K → Set associated to a cofibrant object R ∈

CDGA≤0
K . To this aim, recall that to every R ∈ CDGA≤0

K it is associated
the differential graded Lie algebra Der∗K (R,R) of derivations, which in turn
induces a deformation functor

DefDer∗K (R,R) : DGArt≤0
K → Set

as Maurer-Cartan solutions modulo gauge equivalence. In the following we
shall denote by MCDer∗K (R,R)(A) the set of Maurer-Cartan elements, i.e.

MCDer∗K (R,R)(A) =

{
η ∈ Der1

K (R,R)⊗K mA | dη +
1

2
[η, η] = 0

}
.

Theorem 7.11. Let R ∈ CDGA≤0
K be a cofibrant DG-algebra. Then there

exists a natural isomorphism of functors

ψ1 : DefDer∗K (R,R) → DR

induced by ψ1(ξA) = ((R⊗K A)#, dR + ξA) for every ξA ∈ MCDer∗K (R,R)(A),

A ∈ DGArt≤0
K .

Proof. Fix A ∈ DGArt≤0
K and notice that for any strict deformation

A→ RA → R in DR(A) the map A→ RA is a cofibration. Moreover, Propo-
sition 7.10 implies that the datum of a strict deformation A → RA → R
in DR(A) is equivalent to a perturbation dR + ξA of the differential dR ∈
Der1

K (R,R); which in turn corresponds to an element ξA ∈ Der1
K (R,R)⊗K

mA such that (dR + ξA)2 = 0. Moreover, the integrability condition (dR +
ξA)2 = 0 can be written in terms of the Lie structure of Der∗K (R,R)⊗K mA:

0 = (dR + ξA)2 = dRξA + ξAdR + ξAξA = δ(ξA) +
1

2
[ξA, ξA]

where we denoted by δ and [−,−] the differential and the bracket of the
DG-Lie algebra Der∗K (R,R)⊗K mA respectively.

The statement follows by observing that the gauge equivalence corre-
sponds to isomorphisms of graded A-algebras whose reduction to the residue
field is the identity on R. In fact, given such an isomorphism ϕA : RA → R′A
we can write ϕA = id +ηA for some ηA ∈ Hom0

K (R,R) ⊗K mA. Now, since
K has characteristic 0, we can take the logarithm to obtain ϕA = eθA for
some θA ∈ Der0

K (R,R)⊗K mA, see e.g. [19, Sec. 4]. �
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Corollary 7.12. Consider X ∈ CDGA≤0
K together with a cofibrant replace-

ment K → R
π−→ X in CDGA≤0

K . Then there exists a natural isomorphism

of functors DefDer∗K (R,R)
∼= DefX , which is defined on every A ∈ DGArt≤0

K
by

ψA : DefDer∗K (R,R)(A)→ DefX(A)

[ξA] 7→
[
A→ ((R⊗K A)#, dR + ξA)

π◦p−−→ X
]

where p : R⊗K A→ R is the natural projection.
In particular the tangent-obstruction complex of DefX is Ext∗X(LX/K , X),

where LX/K ∈ Ho(DGMod(X)) denotes the cotangent complex of X.

Proof. The first part is an immediate consequence of Theorem 7.11, Theo-
rem 7.5 and Theorem 5.3. Since the cotangent complex of X may be defined
as LX/K = ΩR/K ⊗R X ([13, 26]), the second part follows by the trivial
fibration

Der∗K (R,R) = Hom∗R(ΩR/K , R)
FW−−→ Hom∗R(ΩR/K , X) .

and by the base change formula Hom∗R(ΩR/K , X) = Hom∗X(ΩR/K ⊗RX,X).
�

For readers convenience we briefly recall the geometric meaning of the
tangent-obstruction complex for the functor DefX : DGArt≤0

K → Set, for
details see [19]: if u is a variable of degree i annihilated by the maximal
ideal then DefX(K [u]) = Ext1−i

X (LX/K , X), while the obstructions to lifting
deformations along a small extension 0 → Ku → A → B → 0 belong to
Ext2−i

X (LX/K , X).
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