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ABSTRACT. Let K, ) denote the family of double twist knots where
2m—1 and 2p are non-zero integers denoting the number of half-twists in
each region. Using a result of Takata, we prove a formula for the colored
Jones polynomial of K(_,, _p) and K(_, ;). The latter case leads to new
families of g-hypergeometric series generalizing the Kontsevich-Zagier
series. These generalized Kontsevich-Zagier series are conjectured to
be quantum modular forms. We also use Bailey pairs and formulas of
Walsh to find Habiro-type expansions for the colored Jones polynomials
of K(myp) and K(m’,m.
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1. Introduction

Let K be a knot and Jy(K; q) be the usual Nth colored Jones polynomial,
normalized to be 1 for the unknot. Formulas for Jy(K;¢q) in terms of g-
hypergeometric series have been proved for several families of knots [14, 16,
17, 23, 26, 32]; these have played a prominent role in numerous studies in
quantum topology and modular forms [6, 13, 18, 19, 20, 21, 35]. In recent
work [24], the authors used a theorem of Takata [30] to find ¢-hypergeometric
expressions for the colored Jones polynomial of double twist knots where
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each of the two regions consisted of an even number of half-twists. This led
to a doubly infinite family of g-series generalizing the famous Kontsevich-
Zagier series [34, 35],

Flg) =) (1-g)(1—g¢*)--(1—¢"). (1.1)

n>0

These generalized Kontsevich-Zagier series are conjectured to be new fam-
ilies of quantum modular forms. Comparing with previously known ex-
pressions for the colored Jones polynomials of double twist knots due to
Lauridsen [22] led to generalizations of a g-series “identity” involving F'(q)
due to Bryson, Ono, Pitman, and Rhoades [7] — namely, for any root of
unity ¢ one has

Figh)=> ¢ 1-¢q? - (1-q">% (1.2)

n>0

For a complete description of these results, see [24].
Here we turn our attention to double twist knots where one region has an
odd number of half-twists. Recall the standard ¢-hypergeometric notation

n—1

(@)n = (a;0)n == [] (1 — ag")

k=0

and the usual g-binomial coefficient

KR =

Consider the family of double twist knots K, ,) where 2m — 1 and 2p
are non-zero integers denoting the number of half-twists in each respective
region of Figure 1. Positive integers correspond to right-handed half-twists
and negative integers correspond to left-handed half-twists.

2m-1

2p

FiGUurE 1. Double twist knots
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To state the case K(_,, _p), we define the functions €; j» and v;, by

1, ifj=—ior—i—1 (mod2m+1),
€jm=14—1, ifj=iori—1 (mod 2m + 1), (1.4)
0, otherwise
where 1 <i<j < (2m+1)p—1with (2m+1){iand j Zm (mod 2m+1)
and
1, ifi=1,...,m—1 (mod2m+1),
Yim=4—1 ifi=0m+1,...,2m (mod 2m + 1), (1.5)
0 ifi=m (mod2m+1)
where 1 <14 < (2m + 1)p — 2. Our first main result is the following.

Theorem 1.1. For positive integers m and p, we have
JN(K(fm,fp); q)

_ -1)(N-1) 1N
- q (q )n(2m+1)p_1
N_lzn(?nrkl)pfl2"'2”120
n(9m _q1+1
X (—1)"<2m+1)p—1q_( Gt H geiammin
1<i<j<(2m+1)p—1
(2m+1)fi

j#m (mod 2m+1)
(2m+1)p—2

X 1T (—1)migVrit("e")

i=1
i=m, 2m~+1 (mod 2m+1)

(2m+1)p—2
X H g T Yem [n;;d] ) (1.6)
i=1

For an example of Theorem 1.1, take m = 3 and p = 1. We then have

IN(K(—3-1);q) = Z (@M )ng

N—-1>ng>n5>ng4>n3>n2>n1>0
X (—1)n3+"6 qN”3+(n32+1)_(n62+1)

% qnl (n5+ne)+n2(na+ns)—nins—nanz—nans—nsne

an1+n2—n4—n5 Ne| |N5| |M4| N3 |12 )
ns| |n4| |M3| (N2 |11

For the case of K(_,, ), define the functions A; j , and f3; m by

1, ifj=—ior—i+1 (mod2m+1),
Aijm=19-1, ifj=diori+1 (mod2m+ 1), (1.7)
0, otherwise
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where 1 <i < j < (2m+1)p with 2m+1){iand j Zm+1 (mod 2m+1)
and

1, ifi=1,...,m (mod2m+1),
Bim=<{—1 ifi=m+1,....2m (mod 2m + 1), (1.8)
0, ifi=0 (mod2m+1)
where 1 < ¢ < (2m + 1)p — 1. For convenience, we define ;o = 0 for
1 <i<p-—1. Our second main result is the following.

Theorem 1.2. For a nonnegative integer m and positive integer p, we have
JN(K(—m,p); q)

- - —("e@mt+1)pTL
= qp(l M Z (ql N)"(2m+1)p(_1)n(27'L+1>pq ( 2 )
N=12n@mi1)p>2n120

(2m+1)p—1 .
% H in’j,mmnj H (—1)niq_Nni+(n22 )
.. i1
lgz?;n%fln)?;l—l)p iEm+1,2m—f~1 (mod 2m+1)
jZm+1 (mod 2m+1)
(2m+1)p—1
Bimni | TVi+1
X H1 q [ " ] : (1.9)
1=

The case m = 0 of Theorem 1.2 was proved by Hikami [16]. Here
Kop) = T(2,2p41), the family of right-handed torus knots. Thus, one re-
covers Jn (T(2,2p+1); ¢) by taking m = 0 in (1.9). To see this, we first rewrite
(1.9) as

n +1
— oP(=N 1-N Nn(am —2("@mtp
= ¢ > e I I
N=12n@2m41)p>>n12>0

(2m—+1)p _—
% H in,j,mninj H (_1)7’qu—Nn,L+( i )
. 1
lngzjé—(fln;;l)p i=m+1 (Zmod 2m+1)
jZm~+1 (mod 2m+1)
(2m+1)p ( +1) (2m+1)p—1
1\ Nni+ (" Bimni | Thi+1
X 11 (—1)"q ) ] « [n,, }
=1 =1
i=2m+1 (mod 2m+1)
(1.10)

For m = 0, the first product in (1.10) is empty while the second and third
products in (1.10) are equal. Taking 3; o = 0 in (1.8), we have (cf. Proposi-
tion 9 in [16])



1316 JEREMY LOVEJOY AND ROBERT OSBURN

IN(T(2,2p+1):9) = =) Z (qlfN)nquN"p
N—1>np>>n1>0

p—1
v H qni(ni+1—2N) |:ni+1:| _ (1‘11)

N
i=1 ¢

For another example of Theorem 1.2, consider m = p = 2. We then have

IN(K(—22);9)
_ q2(17N) Z (qlfN)n10

N—1>n19>n9>ng>nr>ng>ns>ng>n3>n2>n1 >0

% (_1)n3+n5+n8+n10 *N(n3+n5+ns)*("1%+1)+("82+1)+("52+1)+("32+1)

q

x g™ (—n2+na+ns—ne—nr+ng+nig)+n2(na—nr+ng)
« qn3(—n4+n7—n9)+n4(—n5+n6+n7—n9—n1o)+n6(—n7+n9+mo)

X q7wn9 —ngng—mngnio+ni+n2—n3—ns+ne+nr—ng—ng

Lo Be) B ) ] B ] ] )
ng ns nr Ng ns Ny ns n9g n1

IN(K;q7h) = In(K7;q), (1.12)

where K™ denotes the mirror image of the knot K. Thus, since K(_,, )

is the mirror image of K(;;, 1) and K(gyp_1) is the mirror image of K _p),

equations (1.6) and (1.9) cover all of the double twist knots in this family,

up to a substitution of ¢ by ¢~!. Combined with Theorems 1.1 and 1.2 in

[24], we have ¢-hypergeometric series expressions of this type for all double
twist knots.

Another type of g-hypergeometric formula for the colored Jones polyno-

mial can be deduced from formulas of Walsh [32] together with the theory
of Bailey pairs. These formulas are our third main result.

Recall that

Theorem 1.3. For positive integers m and p, we have

p(1-N2) Z (q1+N)n(q1_N)nqn

N=Nm>Nm—12--2n12>0
n=sp>sp_1>:->51>0

m—1 p—1
24n; [Tt s24s; [Sj+1
% qm+nz |: 1 ] q%i T { ] (1.13)

JN(K(m,p); Q) =q

and

JN (K(m,fp); Q)
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—p(1-N?) Z (qlJrN();)(qlN)” (_1)”(]_(”;1)
n>0 "

N=Nm >Nm—12->2n12>0
n=sp>sp—1>-->51>0

m—1 p—1
y H qn?+nz~ [”;;;1] Hq*SrSjHS:‘ [Sgl} . (1.14)
j=1

i=1

=4q

In view of (1.9) and (1.14), we define the g-series I, ,(¢) for m > 0 and
p > 1 and Uy, p(z; q) for m,p > 1 by

_("(2m+1)pt!
Fm,p(Q) :qp Z (q)n(2m+l)p(_1)n(2m+l)pq ( 5T )
N(2m+1)p>-2n120
(2m+1)p—1
AN: oM P (7Ll'+1)
X 11 gRiammins 11 (—1)"ig\
1§i?5§i2$jl)p i=m+1, Qmi?l(mod 2m+1)
jZm+1 (mod 2m+1)
(2m+1)p—1
Bimmni | TVi+1
< ] « [ m ] (1.15)
=1
and
— _ 1 n
Unglri) =g Y O ey (1)
n>0 (@)ny

M= >N —1 >+ >0 >0
n=sp>sp—12:25120

m—1 p—1
2 o T+1 —§i—841184 Sj+1
x ] ¢mitm [ ' ] q TS [ ] (1.16)
il;[l n; ]1;[1 Sj

Note that neither F,, ,(¢) nor Uy, p(z;q) is defined anywhere except at roots
of unity. In this case, we have

Frnp(Cn) = IN(K(—mp)i CN) (1.17)
and
Unp(=15Cn) = IN(K(m,—p); () (1.18)
for any Nth root of unity (x. By (1.12), (1.17) and (1.18) and since the
mirror image of K(_,, p) 18 K(,41,—p), we immediately have the following.

Corollary 1.4. If (y is any root Nth root of unity, then we have
Funp(Cn) = Ump1p(—15¢5")- (1.19)

Similar “dualities” involving g-hypergeometric series at roots of unity can
be found in [7, 9, 10, 20, 24]. As the case Fo1(g) is equal to ¢ times
the Kontsevich-Zagier series (1.1), we refer to the g-series F,, ,(¢q) as the
Kontsevich-Zagier series for odd double twist knots.
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Similarly, motivated by (1.6) and (1.13), we define the g-series §pm p(q)
and h,, ,(z;¢q) for m,p > 1 by

gm,p(Q)

_ ql—p Z (q)n@mﬂ)pil(71)n(2m+1)p—1q_(

N(2m+1)p—1272n1 20

"(2m+1)p—1+1)
2

(2m—+1)p—2

% H qﬁi,j,mning‘ H (_1)niq(ni2+1)

15i<{§ﬁ"};};)p -1 i=m, 2m+1 (mod 2m-+1)
j#m (mod 2m+1)
(2m+1)p—2

% —nini+1+7i,mni n7‘+1 120

H . [ i (1.20)

and
—1
—x2q)n(—27"1q
Wnp(z5q) = ¢° > S )nqn
n>0 (@),

n=nm2nmj12---2nl >0
n=sp>sp—1>-->81>0

m—1 -1
n24n; |Thi+1 s24s; |Sj+1
x ] ¢ [nJHqﬂ J[SJ. (1.21)
i=1 j=1
Here, 4, p(z;¢q) is well-defined for |¢| < 1 and for ¢ a root of unity when
x = —1 while §, ,(q) is only defined at roots of unity. Then

Smp(CN) = IN(K(—m,—p); CN) (1.22)
and
Unnp(=15¢N) = IN(K (i p); CN) (1.23)
for any Nth root of unity (n, giving the following.

Corollary 1.5. If (y is any root Nth root of unity, then we have
Fmp(Cn) = i1 (— 1 ¢ (1.24)

The rest of this paper is organized as follows. In Section 2, we recall
Takata’s main theorem and provide some preliminaries. In Sections 3 and
4, we prove Theorems 1.1 and 1.2. In Section 5, we prove Theorem 1.3. In
Section 6, we conclude with some remarks.

2. Preliminaries

We begin by recalling the setup from [30]. Let [ and ¢t be coprime odd
integers with [ > ¢ > 1 and p' := 5. For 1 < j < p/, define integers
r(j) such that r(j) = (2§ — 1)t (mod 2{) and —I < r(j) < . We put

o; = (—)IFTEL () = O ang i = (and thus iy = j if
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and only if 7/(j) = k). For an integer i, sgn(z) denotes the sign of i. Let

n=(ng,...,ny) and ng = 0 for s <O0. Flnally, define
N —an/ if Op = —1,
) ={ oM ) (21)
and

(—1)ma—m-1 i oy = —1,

T(j) = { LY g o= 1. (22)

Consider the family of 2-bridge knots b(l,¢) (see [8] or [25]). The main
result in [30] is an explicit formula for the colored Jones polynomial of b(l, t)*.

Theorem 2.1. We have

IS = 3 by 23)

N—lan/ >..2n12>0
where!

/

a(n) = Z( > (oi,+0i,,, k)) (nj —nj-1)
7j=1 \k=

' (5)
15 1
~3 Y (g1 + api-g)n; — 5oy +1)n Z%
j=1
it .
2
1-— 1 —|— o;
bi(n) = —a(n) + 2 mk 1— Z Niy—1+ Z 2T %,
k=1 k= l—t—f—l i
12!
= (L +op)ny + 5 > (o1 —oj)n;
j=1
p'—1 p . )
1+ sgniig — g/
iy oy T Y i) g, i)
k 1k =k+1
P’ 7 (5)
+ Z ( nzk — nikfl))nj,l,
7j=1 k=1

INote that there is a misprint in the definition of X (n) in [30]. Each g in the prefactor
should be gq.
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t—1
=R
1
Z +2UZ’“ Nip—1 if 1 < 2t,
k=t
ba(n) = Ry
2
1 .
— +20-Zk M —1 if 1 > 2t,
k=141

X(w) = (<1 g0

(@)N-1(2)n,, ﬁ ()

(Q)N*nplfl i=1 (q)nj*nj—l'

Our interest will be to apply Theorem 2.1 to the case of the double twist
knots K1) = b(4mp +2p —1,4mp — 1) and K1, —p) = b(dmp + 2p +
1,4mp+1), whose mirror images are K(_, _,) and K(_, ,, respectively (cf.
[31]). In order to facilitate these computations, we need the following results
concerning o, iy and o;,. We omit the proofs as they are straightforward
generalizations of Lemmas 6-9 in [30].

Lemma 2.2. Forl=4mp+2p—1 and t = 4mp — 1, we have

(i) oj = 1 ifj=1,2,...,m (mod 2m+1),
T -1 ifj=0,m+1,...,2m (mod 2m + 1).

(ii) To compute ik, apply the following algorithm. Divide the integers
from 1 to p’' into 2m intervals, each of length p, and a final interval
of length p—1. The value of iy is (2m+1)(k—1)+m+1 in the first
interval and (2m—+1)(2p—k)+m in the second. If j > 1 is odd, then
to obtain the value of iy, in the jth interval, subtract 2(2m + 1)p —1
from the formula for iy in the (j — 2)th interval. If j > 2 is even,
then to obtain the value of iy in the jth interval, add 2(2m+1)p—1
to the formula for iy in the (j — 2)th interval.

(iii) To compute o;,, apply the following algorithm. Divide the integers
from 1 to p’ into 2m intervals, each of length p, and a final interval
of length p—1. The value of 0;, alternates between —1 and 1 starting
with —1 in the first interval.

Lemma 2.3. Letl=4mp+2p—1 andt = 4mp — 1. Then for 1 <k <p’
and 1 < j <p' —1 we have
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2 difip+1<k<(i+1lp-1
fori=1,3,...,2m —1,

(1) o), + i = =2 ifip+1<k<(i+1)p—1
fori=20,2,...,2m,

0 ifk=1ip fori=1,2,...,2m.

L [ =2 ifj=m (mod 2m +1),
(i) o1+ opt1-5 = { 0 otherwise.

Lemma 2.4. Forl=4mp+2p+1 andt = 4mp + 1, we have

777 -1 ifj=0,m+2,...,2m (mod 2m + 1).

(ii) To compute ik, apply the following algorithm. Divide the integers
from 1 to p' into 2m+1 intervals, each of length p. The value of i, is
(2m+1)(k—1)4+m+1 in the first interval and (2m-+1)(2p—k)+m+2
in the second. If j > 1 is odd, then to obtain the value of i in the
jth interval, subtract 2(2m + 1)p + 1 from the formula for iy in the
(j — 2)th interval. If j > 2 is even, then to obtain the value of i
in the jth interval, add 2(2m + 1)p + 1 to the formula for iy in the
(j — 2)th interval.

(iii) To compute oy, , apply the following algorithm. Divide the integers
from 1 to p' into 2m+ 1 intervals, each of length p. The value of oy,
alternates between 1 and —1 starting with 1 in the first interval.

Lemma 2.5. Letl=4mp+2p+ 1 and t = 4mp + 1. Then for 1 <k <p’
and 1 < j <p' —1 we have

2 ifip+1<k<(i+1l)p
fori=20,2,...,2m,
(1) O-’L'k +O-ip/+1—k =
=2 ifip+1<Ek<(i+1)p
fori=1,3,...,2m — 1.

N 2 4fj=0 (mod 2m + 1),
() o1+ op1y = { 0 otherwise.

We now illustrate the computation of a(n) and by (n)+b2(n) for I = 10p+1
and t = 8p + 1. The routine evaluation of X (n) is left to the reader. First,
we take m = 2 in Lemmas 2.4 and 2.5 to obtain
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[ 1 ifj=1,23 (mod5),
TT -1 ifj=0,4 (mod 5),

5k—1)+3 if1<k<p,
52p—k)+4 ifp+1<k<2p,
=14 Bk—10p—3 if2+1<k<3p, (2.5)
p—5k+5 if3p+1<k<Adp,
Bk—20p—4 ifdp+1<k<5p,

1 if1<k<p,
-1 ifp+1<k<2p,
o, =4 1 if2p4+1<k < 3p, (2.6)
—1 if3p+1<k<dp,
1 ifdp+1<k < b5p,

2 if1<k<p,
-2 ifp+1<k<2p,
Oip +Tig, =4 2 if2p+1<Fk<3p, (2.7)
=2 if3p+1<k <d4p,
2 itdp+1<k<5p,
and
2 ifj=0 (mod5),

i1+ Opri—j = { 0 otherwise. (2:8)

Applying (2.4), (2.5), (2.7), (2.8), reindexing and after considerable simpli-
fication, we obtain that a(n) equals

1[2 5p
= _5 Z (Ulk + Oispt1 k) (n5j - 77,5]_1)
=1 \k=dp—j+1
5p
+ Z ( Z (O-Zk + 015p+1k)> (77/5],4 n5]*5)
7j=1 \k=4p+j
4 5p
+ Z < (U% + Oispt1 k)) (n5j—3 - n5]—4)
=1 \k=2p+j
5p
+) ( (i), + Ui5p+1k)> (n5j—2 — nsj-3)
Jj=1 \k=j
P 5p
+> < (o4, + Uz‘spﬂk)) (n5j—1 — nsj-2)
=1 \k=2p—j+1
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= Z n5j_2 — Z n5j —p. (29)

J
By (2.4) and (2.6), the second and fifth sums in b (n) are zero. We then use
(2.4)—(2.6) and reindex to obtain

5p 2p 3p 4p 5p
- Z nik1:_< Z Mij—1 + Z Mij—1 + Z Njj—1 + E Mjj,—1

k=p+1 k=p+1 k=2p+1 k=3p+1 k=4p+1
P
= — (Z(n5j_2 + n5j—4 + N5j-1 + n5j_5)> , (2.10)
j=1
5p 1+ 0 3p 5p p
D = D mat D m = (nys+msa), (211)
k=p+1 k=2p+1 k=4p+1 j=1
1 5p—1 p—1 P
3 Y (041 —oj)n; =Y nsj— Y nsj-a (2.12)
j=1 j=1 j=1
and
AN + o 7 u
bg(@) = Z 9 Le nik_l = Z nik_l = Zn5]’_4. (213)
k=p+1 k=2p+1 j=1
By (2.9)—(2.13), the sum of by(n) and the first six terms in b;(n) equals
p—1 p
p+ Z ns; + Z(n5j_4 + n5j-3 —nsj_2 — n5j_1). (2.14)
j=1 j=1

To compute the seventh term in by (n), we use (2.5) and (2.6) to observe that
k <k and o;, # Tiy if and only if either 1 <k <pandp+1 <k <2por
I1<k<pand3p+1<k <4dporp+1<k<2pand2p+1<Ek <3por
p+1<k<2pand4p+1<Kk <bpor2p+1<k<3pand3p+1<Ek <4p
or3p+1<k<d4panddp+ 1<Kk <5p. Also, sgn(iy — i) =1 if and only
if 4, > iy and either 7, = 5k — 2 for 1 < k < p and 4y = 10p — 5k’ + 4 for
pr+1<k <2porip=>5k—2forl<k<pandipy = 20p—5k+5 for
3p+1 < k <4pori, =20p—5k+4for p+1 < k < 2por iy = 5k'—10p—3 for
2p+1 < k' <3porip =20p—5k+4forp+1 <k <2pandiy = 5bk'—20p—4
fordp+1 < k < b5pori =5k—10p—3for2p+1 < k < 3p and
i = 20p—5k'+5 for 3p+1 < k <4por i, = 20p—5k+5 for 3p+1 < k < 4p
and i = 5k’ — 20p — 4 for 4p+1 < k < 5p. Taking these cases into account
and reindexing, we have
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5p—1 b5p . .
1 14+ sgn(zk — Zk/)
—532 > (01, = i) (i = i) (i = i)
k=1 k'=k+1

P 2p
- Z Z (nlk - nik_l)(nik/ - nik/—l)

k=1k'=2p—k+2

p 4p
- Z Z (nlk - nikfl)(nik/ - niklfl)

k=1 k/=4dp—k+2
dp—k+1

2p
+ E g (nzk - mk—l)(mk, - nik/—l)
k=p+1k’'=2p+1
2p  6p—k+1

+ 3> (= ma1) (s — i)

k=p+1 k’'=4p+1

3p 4p
- E E (nlk - nik—l)(nik/ - nik/—l)
k=2p+1 k'=6p—k-+2
4p  8p—k+1

+ 3 DT (s — i) (i — iy 1)

k=3p+1 k' =4p+1

P J
= - Z Z(nw*z — n5;-3)(N55—6 — N557—7)

j=1j'=1

J
Z(n5j—2 - n5j—3)(n5j’*5 - ”53"*6)
14

|
.
I M@
I
()

(n5j—1 — n5j—2) (N5j1—3 — N5/ —4)

+
.M@
MQ

<
Il
-
<.
%
I
—

+
.Mﬁ
MQ

<
I
—
.
%
Il
-

(n5j—1 — ns5j—2) (55 —4 — N5j7—5)

(n55-3 — n5j—a) (N5 —5 — N7 —6)

-
M=

<
Il
—
<.
%
I
—

+

.M%
MQ

<
Il
-

<

(n5j — nsj—1)(nsj—4 — nsjr—s). (2.15)

5/

I
_

Finally, using (2.4) and (2.5), then reindexing and simplifying gives the
eighth term in b1 (n),
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'@

)
(niy, — nik—l))nj—l
k=1

<.
—
Q
/N

p 4p+ p 2p+j
= § E (ng, — nik—l))n5j—5 + § 05]‘—4( E (ng, — nik—1)>n5j—4
j=1 k= 7j=1 k=1
p—1 J D 4p—j+1
+ E 0552 E (ng), — Njp— 1))715; 3+ E 053( § (ng, — nik—l))nSj—l
j=1 k= j=1 k=1
P 2p—j+1
+ E 05 1( E (ni), — niy, 1))”53 2
J=1 k=1
D p 2p
E E Nsk—2 — N5k—3) + E (P10p—5k+4 — N10p—5k+3)
j=1 \k=1 k=p+1
3p 4p
+ E (n5k710p73 - n5k710p74) + E (n20p75k’+5 - n20p75k+4)
k=2p+1 k=3p+1
dp+j
+ E (N5k—20p—a — N5k—20p—5) | M55—5
k=4p+1
2p
+ E § (N5k—2 — N5K—3) + E (P10p—5k+4 — N10p—5k+3)
=1 \k= k=p+1
2p+7 J
+ E (N5k—10p—3 — N5k—10p—4) | N5j—4 + E E (nsk—2 — NsK—3) |N55-3
k=2p+1 j=1 \k=1
p p 2p
- E E (nsg—2 — Nsk—3) + E (N10p—5k+4 — N10p—5k+3)
j=1 \k=1 k=p+1
3p 4p—j+1
+ E (n5k—10p—3 - n5k—10p—4) + E (nQOp—5k+5 - n20p—5k+4) n5j—1
k=2p+1 k=3p+1
P p 2p—j+1
E E Nsk—2 — N5k—3) + § (P10p—5k+4 — N10p—5k+3) | M5j—2
j=1 \k=1 k=p+1

p p
=D | D (nsy —nsj—a) +155) |55

=j+1
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D J P
+ E E n5]/_1 — n5]/_4) + E (n5j/_1 — n5j/_3) n5j_4
J=1\j'=1 J'=j+1
P J
+ E E (n5jr—2 — n5j1—3) | n5i—3
J=1 \j'=1
p [j-1 D
- E E (nsj—1 — nsjr—a) + E ()7 — nsjr—a) |Msj-1
=1 \j'=1 J'=i
p /j—1 P
- E (n5j’—2 - n5j’—3) + E (nSj’—l - nsj’—S) n5j—2.
=1 \j'=1 J'=3

Thus, combining (2.9)—(2.16) implies that bi(n) + b2(n) equals

p—1 D
p+ E ns; + § (n5j—a + n5j—3 — N5j—2 — N5j—1)
—1 =1

J
> (nsj—2 = n5j-3)(ns50—6 — nsjr 1)

v/

M@ o

1

.
Il
<.
Il

-

(n5j—2 — n5j—3) (N5 —5 — N5 —6)

.Mﬁ
M-

<
Il
-
=
Il
—

+
'M“
M)~

<
I
—_
=
Il
_

(n5j—1 — n5j—2)(N557—3 — N5jr—4)

(n5j—1 — n5j—2) (5514 — M55 —5)

+
.Mﬁ
M-

<
I
—_
=
Il
-

M-
NE

<
Il
-
=
Il
—

(n5j—3 — n5j—4) (N5 —5 — M50 —6)

(n5j — nsj—1) (55 —4 — N5 —5)

+
'M“
M-

Jj=14'=1
p p
+ Z( Z Mg — Nsji—4) + n5j)> n5j—5
=1 \y'=j+1
p J p
+ Z (Z Nsjr—1 — Njr—4) + Z (nsjr—1 — n5j’3)) n5j—4
j=1 \j/=1 §'=j+1

(2.16)
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NE

J
+ (Z (nsjr—2 — n5j'—3)> n5j—3
=1 \j'=1
p [/j—1 D
- Z (Z(nSJ’—l - nsg/—4 Z Nn5j — n5j’—4)) n55—1
=1 \j'=1 j'=j

M@

—1 p
( § n5j'72 — M55/ — E n5ju1 - n5j/3)) n5j—2-
J'=1

1 Jj'=j

J

3. Proof of Theorem 1.1

Proof of Theorem 1.1. Using Lemmas 2.2 and 2.3, one can check that
forl=4mp+2p—1and t =4mp —1

p

p—1
a(n) =Y nemin; + > Memi)j—(min) +p— 1 (3.1)
j=1 j=1

and by (n) + b2(n) equals

P m—1 2m
L =p+n@miip-1+ Z (Z N(2m+1)j—2m+i—1 — Z n(2m+1)j2m+i1>

j=1 \i=1 i=m+1

J m k
Z Z Z (N@m+1)j—k = N(@m+1)j—k—1)

j'=1k=1k=1

M@

_l’_

<.
I

—
<.

N

X (N 2mA1)j/+h—2m—k' — T(2mt1)j +h—2m—k'—1)
41

N

m—

M’B
M-
NE

H
<
i
I
i

(n(2m+1)j—m—k - n(2m+1)j—m—k—1)

1 k'=1

<

X (n(2m+1)j’72mfk/ - n(2m+1)j’72mfk’fl)

Jj—1
<Z N(2m41)j'—s — n(2m+1)j’—2m+s—1)

n
NE
Mﬁ

s=1 j=1 \j'=1
p
+ Z( N(2m+41)j'—s — n(2m+1)j’—2m+s—2)> N (2m41)j—2m-4s—2
J'=j
p—1 4
Z (2m41)j/—1 — n(2m+1)j’—(2m+1)) + n(2m+1)j> N(2m+1)j—1
J=1 \j'=j+1

Ms
Mﬁ

J
Z(n(Qm—l—l)j’—m-l—s—l - n(2m+1)j’—m—s) (32)
1 \j'=1

Vo)
I

14



1328 JEREMY LOVEJOY AND ROBERT OSBURN

+ E N(2m+1)5'—m+s—2 — (2m+1)j’ms))n(2m+1)jm+32'
]+1

Also, by (2.1) and (2.2), X (n) equals

(_l)n(2m+1>p,1qun(2m+1)P,1 (q)N_l(q)n(Qﬁrkl)P*l
(q)N—n(2m+1)p 1—1

S .
p (_1)”(2m+1)j 1~ 2m+1)j—m— 1q2521 (mJS)
X H 2m
=1
’ H(q)n(2m+l)jf2m+571_n(2m+1)j72'm+572
s=1
p—1 L .
(_1)”(2m+1)] Ne2m+1)j—1
<[] @ (3.3)
j=1 q”(2m+1)j*”(2m+1)j—1
where
S(m, j,s) = (n(2m+1)jf2m+371 - n(2m+1)j72m+372)
X (N (2mt1)j—2m+s—1 — N(2m+1)j—2m+s—2 T 1) (3.4)

We first consider the case m = 1. Upon comparing (2.3) and (3.1)—(3.4)
with (1.6) and then simplifying, it suffices to prove that

p J
Z Z n3j—1 — nzj—2)(ngj—2 — N3j—3)

j=1j=1
p J
=D > (ngj—2 —ngj-3)(ngy—s — nzjr—a)
j=1j=1
p /j—1 D
+ Z <Z(n3j’—1 —ngj_g) + Z(n?)j’—l - n3j’—3)> n3;j—3
J=1\j'=1 J'=j
p—1 P pJ
- ( Z (n3j’71 - n3j’73) + n3j> n3j—1 — Z Z(n?;j’fl - n3j’72)n3j—2
J=1 \j'=j+1 J=1j'=1

p
— > naj-anzjp (3.5)
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3p—2
E ei,jvlnmj - E TiMNi4+1 (36)
1<i<j<3p—1 i=1
3t
j#1 (mod 3)

where €; ., is given by (1.4). Here, we have used the fact that

3p—2

- Zn:aj 1= Z Vi1 + Znsu (3.7)

where 7; ., is given by (1.5), together Wlth the 1dent1t1es

1 P . P n3j—3 P ngj—2 + 1
5 Z S(l,], 1) = Z 9 + Z 9 — N3j—2N3;5-3 (38)

j=1 j=1 j=1
where S(m, j,s) is given by (3.4) and

n3;—3 nz; +1
Z< >—I—Zn31—z< ) > (3.9)
7j=1 =1
We now explain how to proceed from (3.5) to (3.6). After taking out the
j' = j term from the fourth sum in the fourth line of (3.5) and simplifying,
we obtain

P J p j—1 p j—1
Z Z n3j—1Mn3j'—2 + Z Z M35 —1M3j—3 — Z Z N3 —2M35—3
j=1j'=1 j=1 j’:l j=1j'=1
p—1 p p p
Z n3j'—1M3j-1 — Zn?)]n?)] 1- Zn3j72n3j73 - Zn3jfln3j72-
Jj=lj'=j+1 J=1 J=1

(3.10)

The first line of (3.10) and the first sum in the second line of (3.10) cor-
respond to the first sum in (3.6); namely, the first two sums correspond
o (i,j) = (i,—i) (mod 3) and (i,j) = (i,—i — 1) (mod 3), respectively,
while the second two sums correspond to (i,5) = (i, — 1) (mod 3) and
(i,7) = (4,7) (mod 3), respectively. The last three sums in the second line
of (3.10) match the second sum of (3.6). Thus, we have proven that (3.5)
equals (3.6).

We now turn to the general case m > 2. Upon comparing (2.3) and
(3.1)—(3.4) with (1.6) and then simplifying, it suffices to prove that

k

P Jj m
Z Z Z (”(2m+1)j—k - n(2m+1)j—k—1)

j=1j'=1k=1k'=1
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X (n(2m+1)j’+k72mfk’ - n(2m+1)j/+k72mfk’fl)

p J m
N Z Z Z (n(2m+1)j—m—k - n(2m+1)j—m—k—1)

X (n(2m+1)j’—2m—k’ - n(2m+1)j’—2m—k’—1)

m p [/j—1
+ Z Z( (N(2m+41)j'—s = M(2m+1)j/—2m+s—1)

p—1 P
- ( Z (n(2m+1)j’—1 - n(2m+1)j’—(2m+1)) + n(2m+1)j> N(2m41)j-1
jl

m p J
- Z Z (Z(n(2m+l)j’m+sl - 77‘(2m+1)j’fmfs) (3'11)

/=1

+ E N(2m+1)j' —m+s—2 — (2m+1)j/ms)) N(2m+1)j—m+s—2

’*J+1
P
2

(n(2m+1)j—2m +1 n(2m+1)j—m—2>
1

9 > = N(©2m+1)j—2m"(2m+1)j—2m—1 T ( 9

<.
Il

1 m—1 .
= N(©2m+1)j—m—1T2m+1)j—m—2 T B Z S(m, j, 3)]
s=2

equals

(2m+1)p—2

Z €ijmTiltj — Z MiNi+1- (3.12)

1<i<j<(2m+1)p—1 i=1
(2mA+1)fi
jZm (mod 2m+1)

Here, we have used the fact that

p m—1 2m—1 p—1
E E N(2m+1)j—2m+i—1 — E (2m41)j—2m+i—1 | — E (2m+1)j-1
J=1

7j=1 \:i=1 i=m+1
(2m+1)p—2 p—1
= E Yi,mMi + E N(2m+1)i>
i=1 i=1

(3.13)
together with the identities
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1
522 S(m.js)
j=1s=1
-3 (et (et )
. 2 2
7j=1
P n + 1
2m+1)j—2
+ < (2m+ )-72 m ) — Neem+1)j—2mN(2m+1)j—2m—1
j=1
. ' 17n—1
+ < (2m+12)3m2> = N(©2m+1)j—m—1T(2m+1)j—m—2 T 9 Z S(m, j, S)]
s=2
(3.14)
and

£ N(2m+1)j—2m—1 — — n@em+1)i +1
3 ( y ) +) nemini = ( ) ) (3.15)

j=1 i=1 i=1

We now sketch how to proceed from (3.11) to (3.12). For 1 <i <11, let
L; denote the ith line of (3.11). First note that

p—1m—1 p—1 m
Lot L =3 3 nomanyri = D 2 "emsnjtifeminjsioi - (3.16)
=0 i=1 =0 i=1

Next, the sums over &’ in both L and Ly and L3 and L4 telescope. Thus,
we obtain that L and Lo equal

m p J
Z Z Z(n(2m+1)j—k - n(2m+1)j—k;—1)n(2m+1)j/+k—2m—1
(3.17)

m p J
- Z Z Z (n(2m+1)jfk - n(2m+1)jfk71)n(2m+1)j’72m71

and L3 and L4 equal

m p J
- Z Z Z(n(2m+1)j—m—k - n(2m+1)j—m—k—1)n(2m+1)j’—2m—1
k=1j=1j'=1

mop
+ Z Z Z (T (2m41)j—m—k — N@mt1)j—m—k—1)T(2m+1)j'—3m+k—2-

k=1 j=1j/=1
(3.18)
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Now the sum over k in the second line of (3.17) and the first line of (3.18)
both telescope and so L and Ly equal

J

m p
E Z Z N©2m+1)j—kT(2m~+1)j/+k—2m—1

k=1 j=1j/=1

m J
§ E E (2m4+1)j—k—1T(2m+1)j'+k—2m—1

k=1 J:l =1

p
+ E E N(2m+1)j—m—1T(2m+1)j—2m—1

Jj=15'=1

P J
ZZ (2m+1)j—17(2m+1)j—2m—1

and L3 and Ly equal

m P J
Z Z Z NE2m+1)j—m—k"(2m+1)j' —3m-+k—2

k=1 j=1j'=1

(3.19)

(3.20)

P J
- Z Z N2m+1)j—m—11(2m+1)j/—2m—1-

Observe that the third sum in (3.19) and the fourth sum in (3.20) cancel.
Moreover, if we take s = 1 in the triple sum in Lg,

m p p
DD (emityi—s — Memit)—2mis—2)N@mi1)j—2mis—2  (3.21)

s=1j=1 j'=j

and exchange j and j’ we see that this cancels with the fourth sum in (3.19)
and the third sum in (3.20). Putting this and (3.16) together and expanding
all of the sums we find that (3.11) equals
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_l’_

J
E N(2m4-1)j—m—kT(2m41)5' —3m+k—2

v

1j

.
i M@
I
)

J
Zn@m—i—l)] —m—k—1T(2m+1)j/—3m+k—2

<
Il
—_
S
|
L

M T T
:Mrs 'M@

@
I
—_
<
Il
—
<
%
I
—-

N(2m41)5' —sT(2m~+1)j—2m+s—2

<.
|
—

T (2m41)j —2m+s—1T(2m+1)j—2m+s—2

M-
M-

@
I
—
<
Il
-
<
%
I
—_

+

LM 11

<.
Il
—_

N2m+1)5 —sT(2m+1)j—2m—+s—2

M“@
-M@

~

<
Il
—

<
Il

<.

Ms
M*@

N(2m+1)j’—2m+s—2"1(2m+1)j—2m+s—2

v

J

Il
<.

p—1 p
E N(2m+1)5/—11(2m+1)j—1 T E E N(2m+1)5'—(2m+1) "V (2m+1)j—1
J=1j'=j+1 Jj=1j'=j+1
p—1
- N(2m41); 1V (2m+1)j—
j=1

J
E N 2m+1)j —m+s—11(2m+1)j—m+s5—2
j'=1

M-
M=

N

w
Il
-
<.
Il
a

n
NE
M*@
Mu

(2m41)j —m—s"(2m+1)j—m+s—2

@
I
—_
<
Il
—
<
%

-
-
M*@ I

©
Il
—
<
Il
—
<
%
Il
<

N(2m+1)j' —m+s—2T(2m+1)j—m+s—2
j+1

N(2m+1)5 —m—s"(2m41)j—m—+s—2

_l’_
NE
M-
M=

s=1 j=1 j/'=j+1
p—1m—1 p—1 m

+ Mo 1)jri = D D TM2m1)j+iM2m1)j+in1- (3.22)
]:O =1 ]: =1

In the sum on the eighth line of (3.22), we exchange j and j' and reindex to
obtain
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m

P J
- Z Z Z N(2m+1)j—2m+s—2"(2m+1)5' —2m+s—2-

s=2 j=1j'=1

We then take out the term j' = j and shift the indices in this term by
j—j+1and s = s+ 1 to cancel with the first sum on the last line of
(3.22). In the third and fourth lines of (3.22), perform the shift j/ — ;' +1
and start the sum at 5/ =1 (as j/ = 0 gives 0) to obtain

m p j—1

ZZZ”(Zm—H] —m— kn(2m+1)j —m+k—1

k=1 j=1j4'=
m p j—l1
ZZZ”‘Zm—&-l] —m—k—1"(2m+1)j' —m+k—1- (323)
k=1 j=1j'=1

Now, in the sum of the penultimate line of (3.22), we exchange j and j' and
reindex, shift by s — s + 1, then remove the s = 0 term. Note that what
remains cancels with the second sum in (3.23) after removing the &k = m
term. In total, this yields that (3.11) equals

m J
Zzzn(zmﬂ)j kT (2m+1)j/+k—2m—1
=1j

k=1 j=1j'=1

m p J
E E E n2m+1] E—11(2m+1)j/+k—2m—1

‘] l

)_l

-1

E (2m4-1)j—m—kT(2m41)j —m-+k—1

. .

M- T

= IMs I
[l
? [

QAQ

E N(2m41)j—2m—17(2m41)5/—1
J

<.
Il

—
||

-

<.
|
—

n
NE
M-

@
I
—_
<
Il
—
<
%
Il
—-

N (2m41)5' —sT(2m~+1)j—2m+s—2

<.
|
—

T (2m41)j' —2m+s—1T(2m+1)j—2m+s—2

M-
M-

@
I
—
<
Il
-
<
%
I
—_

n

NE
M-
M-

w
/|
N
<
Il
_
<
%
Il
<

N2m+1)5 —sT(2m+1)j—2m—+s—2
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m p j—1
E E N(2m+1)5' —2m~+s—2"1(2m41)j—2m+s—2
s=2 j=14'=1
p—1 p
E n2m+1 —1M(2m+1)j— 1+§ E N(2m+1)5'—(2m+1) "V (2m+1)j—1
J=lj'=j+ J=1j'=j+1
p—1
- n2m+1);1(2m~+1)j-1
J=1

p J
Z Z N(2m4-1)5 —m+s—11(2m+1)j —m+s—2
Jj=14

1

II
—

n
NE
M@
Mb

N (2m41)j —m—s"(2m+1)j—m+s—2

@
I
—_
<
Il
—
<
%

-
[~ 1
M*@ I

N(2m+1)j' —m+s—2"(2m+1)j—m+s—2

v

J

w
Il
a

Jj+1

o S,
ol
—_

4
Mws

nNeEem+1)j—m—11(2m+1)j —m—1
1

Il
—_
<

M-

=S,
|

N(2m41)j4+iT(2m+1)j+i—1- (3.24)
1

i
o

7

We now simplify further. The s = 1 term of the sum in the thirteenth line
cancels with the sum in the fourteenth line. Remove the j* = j term from
the sum in the eleventh line and write it in the last line. The s = 1 term
of the remaining triple sum cancels with the £ = 1 term of the sum on the
third line. The sum on the seventh line cancels with the sum of the second
line once we remove the &k = m term. This £k = m term then cancels with
the s = 1 term of the sum of the twelfth line. The first sum in the ninth line
is the s = m + 1 term of the sum in the thirteenth line. The second sum in
the ninth line cancels with the sum in the fourth line. Finally, the sum in
the tenth line is the ¢ = 0 term in the last line. Thus, (3.11) equals

m p J
E E E (2m4-1)j—kTY(2m~+1) 5/ +k—2m—1

k=1 j=1 ]/=1

m p
+ Z Z T(2mA1)j—m—k"(2m+1)5 —m+k—1
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<.
|
—

N(2m+1)j—sT(2m+1)j—2m+s—2

n
NE
M-

©
Il
—
<
I
—
<
Il
-

+

M 1M
yh
M-

N(2m+1)j' —m—s"(2m+1)j—m+s—2

<.
|
—_

T(2m41)j —2m+s—11(2m+1)j—2m+s—2

M-
™

@
Il
_
<
Il
—_
<. =
L Il
—

-
(]

T (2m41)5’ —2m+s—2"T(2m+1)j—2m+s—2

<.
|
—

M 11z
M~ T

N(em+1)j' —m+s—11(2m+1)j—m+s—2

©
||
o

<
I
—

<

12
=1
M- L

(2m41)j —m—+s—11(2m+1)j—m+s—1

s=1 j=1j'=j+1
m P p—1 m

- Z Z (2m4-1)j—m4s—1"(2m+1)j—m+s—2 — Z Z (2m4-1)j+iT(2m+1)j+i—1-
s=1j=1 j=0i=0

(3.25)

Now we see that this is equal to (3.12) as follows. The first eight lines of
(3.25) correspond to the first term in (3.12); namely, the first and second
lines of (3.25) correspond to (i,j) = (i, —i) (mod 2m + 1) while the third
and fourth lines correspond to (i,7) = (i, —i — 1) (mod 2m + 1). The sums
in the fifth and seventh lines correspond to (i,75) = (4,4 — 1) (mod 2m + 1)
while the sums in the sixth and eighth lines correspond to (i,j) = (4,1)
(mod 2m + 1). Finally, the last line of (3.25) matches the second sum of
(3.12). Thus, we have proven that (3.11) equals (3.12).

([

4. Proof of Theorem 1.2

Proof of Theorem 1.2. As (1.9) reduces to (1.11) when m = 0 and this
case was proven in [16], we assume that m > 1. Using Lemmas 2.4 and 2.5,
one can check that for [ =4mp+2p+1and t =4mp + 1

P
Zn 2m+1)j Z” 2m+1)j—(m) — P (4.1)
7j=1

and by (n) + ba2(n) equals
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p—1 P m 2m

P+ Z N(2m+1); + Z (Z N(2m+1)j—2m+i—1 — Z n(2m+1)j—2m+i—1>
=1 j=1 \i= i=m+1
p Jj m k

+ Z Z Z Z N(2m41)j—k+1 — T(2m+1)j—k)

/

||
—

=1 j/=1k=1k'=1

<.

X (M(2meA1)j/+h—2m—k' — T (2mt1)j/+k—2m—k'—1)
m—k+1

7 m
ZZ Z Em+1)j—m—k+1 — (2m+1)j—m—k)

1j/=1k=1 k'=1

i M*@

Bl

J

X (n(2m+1)j/72mfk/ - n(2m+1)j’72mfk/fl)

J
Z 2m+1 )i’ —s n(2m+1)j’—2m+s—1)
J'=1

+
NE
ﬁﬁ

(n(2m+1)j’—s - n(2m+1)j’—2m+s)> (2m41)j—2m+s—1

(n(2m+1)j’ - n(2m+1)j’—2m) + n(2m+1)j) n(2m+1)j—(2m+1)

/:

p
E E T 2m41)j'—s — (2m+1)j' —2m+s— 1)
Jj=

J'=1

+ Z N(2m+1)5/—s+1 — T(2m+1)j7 2m+31)> N(2m+1)j—s- (4.2)

J'=j

Also, by (2.1) and (2.2), X (n) equals

(_1)n(2m+1)pq*Nm2m+1)p (@)1 (q)"<2m+1)p

9)N—n(2pmi1)p—1
m+1

3 > S(myj,s)

n(2m+1)]7n(2m+1)] mq s=1

(4.3)

s

’:1+

(q)n(2m+1)j72m+571 —NE2em41)j—2m+s—2

Il
-

S

where S(m, j, s) is given by (3.4).
Upon comparing (2.3) and (4.1)—(4.3) with (1.9) and then simplifying, it
suffices to prove that for m > 1
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p j m k
Z Z Z Z (R@m41)j—k+1 = N2mt1)j-k)

X (N(2mt1)j'+h—2m—k' — T(2m+1)j/+k—2m—k/—1)

P J m
B Z Z Z (”(2m+1)j—m—k+1 - ”(2m+1)j—m—k)

X (n(2m+1)j’—2m—k’ - n(2m+1)j’—2m—k’—l)

m P 7
T Z Z (Z(”(2m+1)y"—s - ”(2m+1)j'—2m+s—1)

p
+ Z (N(2m+1)j'—s — n(2m+1)j’—2m+s)) N(2m—+1)j—2m+s—1

p p
+ Z Z (N(2m+1)j” — M@mt1)j—2m) + n(2m+1)j> N(2m+1)5—(2m—+1)

J=1 \j'=j+1

m p [j—1

E E E n(2m+1)j’—s - n(2m+1)j’—2m+s—l>
s=1 j=1 \j'=1

+ Z N(2m41)j/—s+1 — (2m+1)j/2m+51)> N(2m+1)j—s
Jj'=J
p
+ Z

N(2m+1)j—m—1 Ly )
+ < ( 2)3 > = PEmeA1)j-m@mt1)j-m-1F 5 E;S(m,.% 8)] (4.4)

N(2m+1) g om 1
— Nem+1)j—2m(2m+1)j—2m—1

equals

Z Ai7j7mnmj (45)
1<i<j<(2m+1)p
(2m+1)fi
jZm~+1 (mod 2m+1)

where A, ;,,, is given by (1.7). Here, we have used (3.15),

» m+1

S st

j=1 s=1
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_ i (2m+1) ] 2m—1 + (2m41)j—m +1
2
. <n(2m+1)] om + 1>
3

Mo 1 & .
+ < @ HQ)J 1> ~ N2mA1)j-m"(2m+1)j—m-1 T 2 ZS(m,j,S)]

5=2
(4.6)

— N(2m41)j—2mM(2m+1)j—2m—1

and the fact that

P m 2m (2m+1)p—1
E E N(em+1)j—2m+i—1 — E Nm+1)j—2m+i—1 | = E Bimni
j=1 i=1

i=1 i=m+1
(4.7)
where f; ,, is given by (1.8). We now sketch how to proceed from (4.4) to
(4.5). For 1 <4 <11, let L; denote the ith line of (4.4). First, note that

p—1 m p—1m+1
LlO + L1 = Z Z n%Qm—i—l)j—i—i - Z Z N(2m41)j+i"(2m+1)j+i—1- (48>
7=0 i=1 7=0 =1

Next, the sums over &’ in both ﬁl and ﬁg and ﬁs and f/4 telescope. Thus,
we obtain that L and Lo equal

m p J
Z Z Z(n(2m+1)jfk+1 - n(2m+1)jfk)n(2m+1)j’+k72m71
(4.9)

m p
- Z Z Z(n(2m+1)j—k+1 - n(2m+1)j—k)n(2m+1)j’—2m—1

(4.10)
Now the sum over & in the second line of (4.9) and the first line of (4.10)
both telescope and so L; and Lo equal
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m p
E E E N(2m4-1)j—k+11(2m+1)§/+k—2m—1

k=1j=1j'=1
m J
Z Z Z N (2m+1)j—k"(2m+1)5'+k—2m—1
k=1 j=1j5'=1
P J P J
Z Z N(2m—+1)j—m"(2m+1)j/ —2m—1 — Z Z N (2m+1);1(2m~+1)j—2m—1
j=14'=1 j=1j'=1

(4.11)
and Ls and Ly equal

P
E Zn 2m—+1)j—m—k+1"(2m+1)j'—3m+k—2
1j=1j'=1

J
Z Z NEm+1)j—m—k"(2m+1)5' —3m-+k—2

Jj=lj'=1

NE

x>
Il

umw 1M

J
E nEem+1)j—2mT(2m+1)j' —2m—1 — E E (2m+1)j—m"(2m+1)j —2m—1-
= Jj=14'=1

(4.12)
Observe that the first sum in the third line of (4.11) cancels with the second
sum in the third line of (4.12). Combine the remaining double sums, then
remove the 7/ = j term to obtain cancellation with the double sum in L.
The second sum in this j/ = j term then cancels with the remaining sum in
L7. Next, the i = 1 term of the second sum of (4.8) cancels with the first
sum in this 7/ = j term. Putting this together and expanding sums, we now
have that (4.4) equals

NE
Mu.

)

k=1

N(2m+1)j—k+17(2m+1)5/ +k—2m—1

>/

1 1

<.
Il
<.
Il

M: TM: T
7

J
E N(2m+1)j—kT(2m+1)j/+k—2m—1

y/

1j

oL
1
Il
;

J
E N(2m41)j—m—k+1T(2m+1)5/ —3m+-k—2

<
I
—_
=
Il
-

N(2m41)j—m—k"(2m+1)5' —3m+k—2

NE
M-

£
Il
—
.
Il
—_
h\
Il
—
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+ N(2m+1)5'—sTU(2m—+1)j—2m—+s—1

WE
M=
M-

1

Vo)
Il
—
.
I
—
Q\
Il

M
M=
M~

N(2m41)5' —2m+s—1T(2m+1)j—2m+s—1

Vo)
Il
—_
.
Il
—_
Q\

T (2m41)5/ —sT(2m~+1)j—2m+s—1
1

M 11
- 10

(2m+1)j —2m+sT(2m+1)j—2m+s—1

»
Il
—_
<
Il
—
. <. .
I Il
. " . N =
+

@
Il
—
<
Il
—
k)\
I
<

+1

<.
|
—

M
¥
M

V)
I
-
<
Il
—
Q\
Il
—

N(2m+1)5/ —s"(2m+1)j—s

<.
|
—

+
NE
M’U

N 2m+1)5' —2m+s—11(2m+1)j—s

Vo)
Il
—
<
I
—
Q\
Il
—

M-
M-
-

W
I
—
<
Il
—
b\
I
<

N(2m+1)j —s+17(2m+1)j—s

n
NE
M-
M=

N(2m+1)j' —2m4+s—11(2m+1)j—s

s=1j=1j4'=j
p—l m p—l m—+1
2
+ E :n(2m+1)j+i - E E N(2m+1)j+iT(2m+1)j+i—1- (4.13)
Jj=0i=1 j=0 i=2

We combine the j/ = j term from the sum on the fifth line in (4.13) with
the sum in the seventh line and then cancel with the sum in the second line.

Next, the j/ = 7 term in the sum of the sixth line cancels with the first sum
in the last line. Thus, (4.13) equals

m P J
Z Z Z N(2m+1)j—k+1T(2m+1)5/ +k—2m—1
k=1j=1j=1
m p J
+ Z Z Z N(2m+1)j—m—k+1"(2m+1)j/ —3m+k—2

k=1 j=1j'=1

m p
- Z Z Z N(2m4-1)j—m—k"(2m41)j' —3m+k—2

J
—1

Bl
Il
—
.
Il
_
<
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7j—1

E T 2m+1)5' —sT(2m+1)j—2m+s—1
14=1j=

NE

+

»
Il
—

<
—

.

N(2m4-1)j' —2m+s—1T(2m+1)j—2m+s—1

M-
M-

w
Il
-
<
Il
_
<
%
Il
—

-
-
M'ﬁ

@
Il
—
<
Il
-
<
%
I
<

T (2m41)5’ —2m+sT(2m+1)j—2m+s—1
1

<.
|
_

M-
M-

w
Il
-
<
I
—
<
%
Il
—

E T 2m+1)5' —sT(2m+1)j—s

<.
I
_

+
NE
M-

w
Il
-
<
Il
_
h\
Il
-

N(2m41)j' —2m+s—11(2m+1)j—s

M-
M-
-

@
Il
—
<
I
—_
<
%
Il
<

(2m4-1)5/ —s+11(2m+1)j—s

n

NE
M-
M-

(2m41)j —2m+s—11(2m+1)j—s

i
—_
<

Il
—_

<
X

I

<

+1

- N(2m+1)j 4T (2m41)j+i—1- (4.14)
0 =2

S
3

.
Il

Now, the last line of (4.14) is the j' = j term of the sixth line. In the second
and third lines, perform the shift j* — j' 4+ 1 and start the sum at j' = 1.
The sum in the third line then cancels with the sum in the tenth line, except
for the j/ = j term. But this term now becomes the j' = j term for the sum
in the eighth line. After simplifying and gathering terms, we have

m p
E ZE Nem+1)j—k+17(2m+1)5/ +k—2m—1

k=1j=1j=1

—_

j—

M*@

+ N(2m+1)j—m—k+1T(2m+1)j —m+k—1

<.
|
l—',_.

Mz T0M: S
M1

w
Il
-
<
I
—
<
%
Il
—

_|_

T 2m+1)5' —sT(2m+1)j—2m4s—1

+

NE
M-
M-

w
Il
-
<
Il
—
h\
Il
-

N(2m41)j' —2m+s—11(2m+1)j—s
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—_

<.

M-
M-

@
Il
-
<
I
—_
<
%
Il
—

E (2m+1)5 —2m+s—11(2m+1)j—2m+s—1

M-
M-
-

(2m41)5’ —2m+sT(2m+1)j—2m+s—1

s=1 j=1j'=j
m p j—l1 m p
- E E (2m+41)5/ —sT(2m+1); § E E (2m41)j —s+1T(2m+1)j—s-
s=1j=1j'=1 s=1j=1j'=j
(4.15)

Now we see that this is equal to (4.5) as follows. The first and second lines
of (4.15) correspond to (i, —i + 1) (mod 2m + 1) while the third and fourth
lines correspond to (i, —i) (mod 2m + 1). The sum in the fifth line and the
first sum in the seventh line correspond to (i,7) (mod 2m + 1) while the
sum in the sixth line and the second sum in the seventh line correspond to
(¢,7+1) (mod 2m + 1). Thus, we have proven that (4.4) equals (4.5).

O

5. Proof of Theorem 1.3

Before proving Theorem 1.3, we briefly review the theory of Bailey pairs
[3, 4]. Two sequences (ay, 8,) are said to form a Bailey pair relative to a if

n

_ g
Bn=_ @ : (5.1)

k=0 n—k(a’Q)n-‘rk

The Bailey lemma says that if («,, 8,) form a Bailey pair relative to a, then
so do (o, 3], where

o = (PUn(p2)n(ag/prp2)"

(aa/p)n(ag/p)n " (5.2)
and
;= (p0)k(p2)k(ag/ p1p2)n—i(ag/p1p2)*
" kZO (aq/p1)n(aq/p2)n(@)n—k B- (5.3)

Iterating (5.2) and (5.3) gives what is called the Bailey chain.
We shall not require the full power of the Bailey chain, but only two
special cases. First, take the Bailey pair relative to g [27, p.468, B(3)],
(_1)nqn(3n+1)/2(1 _ q2n+1)

n = A4
o — (5.4)

and

Bn = - (5'5)
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Iterating (5.4) and (5.5) using (5.2) and (5.3) with p1, po — oo at each step,
we find that (agp ), q(lp )) is a Bailey pair relative to g, where

B o VL ol et e

— (5.6)

-t x el e

n=np>np_12>-->n12>0 j=1
Next take the Bailey pair relative to ¢ [33, Eq. (4.12)],
2
qn (1 _ q2n+1)

and

and
1

Performing the same iteration as above to (5.8) and (5.9), we find that

(5.9)

( a%p)7 57(11’)) is a Bailey pair relative to ¢, where

qpn2+(p71)n(1 o q2n+1) (5 10)

a%p) —

1-¢
and

D

n+n nj+1
) an e [] e
" n=np>n, 1 >>n1>0 j

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. We began by recalling a formula of Walsh [32
Cor 4.2.4, corrected]. Namely, for m > 1 and p # 0, we have

NZ [N +n]! o (G020 + 11n)!
N] vt N-—-n—-1]2n+1' ™" {1}(a —a=1)?n (5.12)

s 2k + 1] 2m=1
8 kz [t k+ 1l[n— kF2e
=0
where L . .
:U’i:az j2L2%7 {n}:an_ainv [n] = %7
{n}={nH{n—-1}-- {1}, [n]!=[n][n—1]---1]
and
/ 1 - [n]!

o = oty 2 YRR A
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2p(1-N?)

We note that the prefactor a and the normalization factor [1

v are
both missing in [32]°.
Some routine (but tedious) simplification shows that (5.12) can be written

as

IN(K (. p); 9) p(l Zq 1+N e N)ncp,n(Q)dm,n(q), (5.13)
n>0
where ) 2
z
and n mk2+(m71)k(1_q2k+1)
tna0) = (e 3 (515)

Here, we have used that a? = ¢q. Now, recalling (5.1) and comparing (5.14)
o (5.6) and (5.7), we have that for p > 0,

cpn(q) = > Hq"ﬁ’” [nﬁl} . (5.16)

n=np>ny_1>-->n1>0 j=1
Similarly, comparing (5.15) to (5.10) and (5.11), we have that for m > 0,
i 2
() = > H it ["3“] . (5.17)
n=nm>np-1>:->n1>0 (q j=1

Inserting (5.16) and (5.17) in (5.13) gives (1.13).
For the case p < 0, a calculation using the fact that (1/¢;1/q), =

(Q)n(—l)"q_(ngl) shows that

cpn(1/4) = (=1)"q" " 2y 0 (q). (5.18)
Using (5.18) together with the fact that

1,
& 1/q k q
gives that for p > 0,

p—1
copn(e) = (1) 2 2. [Ta e [“} .

nj
n=np>np_12>-->n1>0 j=1

(5.19)
Inserting (5.19) and (5.15) in (5.13) gives (1.14), which completes the proof.
]

2We thank Katherine Walsh Hall for providing us with the corrected version.
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6. Concluding remarks

Recall that Habiro [15] showed that for a knot K, the colored Jones
polynomial has a cyclotomic expansion of the form

IN(K;q) =Y (6" ™)nlg ™M )nCu(K; 9), (6.1)

n>0

where the cyclotomic coefficients Cy,(K;q) are Laurent polynomials inde-
pendent of N. The formulas in (1.13) and (1.14) for Jy(K(y,p);q) and
IN(K(m,—p); q) closely resemble the expansion in (6.1), but the coefficients
are neither polynomials nor independent of N. It would be highly desirable
to find the correct cyclotomic expansions for these knots. We note that this
has already been done by Hikami and the first author in the case of the
left-handed torus knots K(; _p), where we have [20, Prop. 3.2]

Cn(K(l,—p); Q)

t—1 3 i—1
n+l—p Z quf [ki+1 +ki—i+2 E;’:l k’j ‘

—1 ki1 — kK

ntl=kp>kp_1>- >k >1i=1

(6.2)

Another topic for future study would be to generalize facts about the
Kontsevich-Zagier series (1.1) to the generalized Kontsevich-Zagier series
Fpp(q) (and/or for §pp(q)) . First, given the relation to the colored Jones
polynomial in (1.17), we conjecture that the [y, ,(¢) are quantum modular
forms. Second, as the coefficients of F'(1 — q) enjoy a wide variety of com-
binatorial interpretations (see A022493 in [28]) and interesting congruence
properties [1, 2, 5, 11, 12, 29|, it would be of great interest to determine if
the same is true for Fy, ,(1 — ¢q).

Finally, can one prove Theorems 1.1 and 1.2 using difference equations?
This approach was used in [16, 17] to compute (1.11).
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