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Evolution of the first eigenvalue of
weighted p-Laplacian along the
Ricci-Bourguignon flow

Shahroud Azami

ABSTRACT. Let M be an n-dimensional closed Riemannian manifold
with metric g, du = e~ *@dv be the weighted measure and A, 4 be the
weighted p-Laplacian. In this article we will investigate monotonicity
for the first eigenvalue problem of the weighted p-Laplace operator act-
ing on the space of functions along the Ricci-Bourguignon flow on closed
Riemannian manifolds. We find the first variation formula for the eigen-
values of the weighted p-Laplacian on a closed Riemannian manifold
evolving by the Ricci-Bourguignon flow and we obtain various mono-
tonic quantities. At the end we find some applications in 2-dimensional
and 3-dimensional manifolds and give an example.
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1. Introduction

A smooth metric measure space is a triple (M, g, du), where g is a metric,
dp = e~ ?@dy is the weighted volume measure on (M, g) related to func-
tion ¢ € C*°(M) and dv is the Riemannian volume measure. Such spaces
have been used more widely in the work of mathematicians, for instance,
Perelman used it in [13]. Let M be an n-dimensional closed Riemannian
manifold with metric g.

Over the last few years the geometric flows as the Ricci-Bourguignon
flow have been a topic of active research interest in both mathematics and
physics. A geometric flow is an evolution of a geometric structure under a
differential equation related to a functional on a manifold, usually associated
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with some curvature. The family g(¢) of Riemannian metrics on M is called
a Ricci-Bourguignon flow when it satisfies the equations

79(t) = —2Ric(g(t)) + 2pR(g(t))g(t) = —2(Ric — pRyg), (1.1)

with the initial condition
9(0) = g0

where Ric is the Ricci tensor of g(t), R is the scalar curvature and p is
a real constant. When p = 0, p = %, p = % and p = ﬁ, the tensor
Ric — pRg corresponds to the Ricci tensor, Einstein tensor, the traceless
Ricci tensor and Schouten tensor respectively. In fact the Ricci-Bourguignon
flow is a system of partial differential equations which was introduced by
Bourguignon for the first time in 1981 (see [3]). Short time existence and
uniqueness for solution to the Ricci-Bourguignon flow on [0,7") have been
shown by Catino et al. in [6] for p < ﬁ When p = 0, the Ricci-
Bourguignon flow is the Ricci flow.

Let f: M — R, f € W'P(M) where W'P(M) is the Sobolev space. For

p € [1,+00), the p-Laplacian of f defined as

Apf = div([VfP2Vf) = [VfP2Af + (p = 2)|V 1P (Hess [)(V [,V f).
(1.2)
The Witten-Laplacian is defined by Ay = A — V.V, which is a symmetric
diffusion operator on L2(M, 1) and is self-adjoint. Now, for p € [1, +00) and
any smooth function f on M, we define the weighted p-Laplacian on M by

Apof = e?div (ﬁ\v fIP2v f) = A f — VP2V VY. (1.3)

In the weighted p-Laplacian when ¢ is a constant function, the weighted
p-Laplace operator is just the p-Laplace operator and when p = 2, the
weighted p-Laplace operator is the Witten-Laplace operator.

Let A satisfies in —A, »f = A|f|P72f, for some f € WP(M), in this case
we say A is an eigenvalue of the weighted p-Laplacian A, 4 at time ¢t € [0,7").
Notice that A equivalently satisfies in

- [ $petau=n [ |fian (1.4)
M M
where dy = e ?@dy and dv is the Riemannian volume measure Using
integration by parts, it results that
[vsran=a [ isran (15)
M M

in above equation, f(z,t) called eigenfunction corresponding to eigenvalue
A(t). The first non-zero eigenvalue A(t) = A(M, g(t), du) is defined as follows

= in p Pdy = .
A=t { [wivaws [ pan=t. e
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where VVO1 P(M) is the completion of C§°(M) with respect to the Sobolev

norm
fllwie = flPdp + V fPdp " e

The eigenvalue problem for weighted p-Laplacian has been extensively stud-
ied in the literature [14, 15].

The problem of monotonicity of the eigenvalue of geometric operator is
a known and an intrinsic problem. Recently many mathematicians study
properties of evolution of the eigenvalue of geometric operators (for instance,
Laplace, p-Laplace, Witten-Laplace) along various geometric flows (for ex-
ample, Yamabe flow, Ricci flow, Ricci-Bourguignon flow, Ricci-harmonic
flow and mean curvature flow). The main study of evolution of the eigen-
value of geometric operator along the geometric flow began when Perelman
in [13] showed that the first eigenvalue of the geometric operator —4A + R
is nondecreasing along the Ricci flow, where R is scalar curvature.

Then Cao [5] and Chen et al. [7] extended the geometric operator —4A+R
to the operator —A + cR on closed Riemannian manifolds, and investigated
the monotonicity of eigenvalues of the operator —A 4 cR under the Ricci
flow and the Ricci-Bourguignon flow, respectively.

Author in [2] studied the monotonicity of the first eigenvalue of Witten-
Laplace operator —A along the Ricci-Bourguignon flow with some assump-
tions and in [1] investigated the evolution for the first eigenvalue of the
p-Laplacian along the Yamabe flow.

In [11] and [10] have been studied the evolution for the first eigenvalue
of geometric operator —A, + % along the Yamabe flow and the Ricci flow,
respectively. For the other recent research in this subject, see [9, 8, 17].

Motivated by the described above works, in this paper, we will study the
evolution of the first eigenvalue of the weighted p-Laplace operator whose
metric satisfying the Ricci-Bourguignon flow (1.1) and ¢ evolves by %t =Ag
that is (M™, g(t), ¢(t)) satisfying in following system

Lg(t) = —2Ric(g(t)) + 2pR(g(t))g(t) = —2(Ric — pRg), g(0) = go,
% — Ag ¢(0) = ¢
(

where A is Laplace operator of metric g(t).

2. Preliminaries

In this section, we will discuss the differentiable (of first nonzero eigen-
value and its corresponding eigenfunction of the weighted p-Laplacian A, 4
along the flow (1.8). Let M be a closed oriented Riemannian n-manifold
and (M, g(t), #(t)) be a smooth solution of the evolution equations system
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(1.8) for t € [0, 7).

In what follows, we assume that A(¢) exists and is C'!-differentiable under
the flow (1.8) in the given interval ¢t € [0,7). The first nonzero eigenvalue
of weighted p-Laplacian and its corresponding eigenfunction are not known
to be Cl-differentiable. For this reason, we apply techniques of Cao [4] and
Wu [17] to study the evolution and monotonicity of A(t) = A(¢, f(t)), where
A(t, f(t)) and f(t) are assumed to be smooth. For this end, we assume that
at time tg, fo = f(to) is the eigenfunction for the first eigenvalue A(tg) of
A, 4. Then we have

[ 150 dirgey = 1. (21)
Suppose that
1
det(gz‘j(to))] 231

ht) == fo | =290 , 2.2
()= fo| sy (22)

along the Ricci-Bourguignon flow ¢(¢). We assume that

h(t

£lt) = — (23)

19
(s R [Pdp)
which f(t) is smooth function along the Ricci-Bourguignon flow, satisfied in
Jas [ fIPdp =1 and at time to, f is the eigenfunction for X of A, 4. Therefore,
if [y, 1fIPdp =1 and

A, f(t) =— /M TApsfdu, (2.4)
then /\(to, f(t())) = )\(to).

3. Variation of A(t)

In this section, we will find some useful evolution formulas for A(t) along
the flow (1.8). We first recall some evolution of geometric structure along
the Ricci-Bourguignon flow and then give a useful proposition about the
variation of eigenvalues of the weighted p-Laplacian under the flow (1.8).
From [6], we have:

Lemma 3.1. Under the Ricci-Bourguignon flow equation (1.1), we get
(1) 59" = 2(RY — pRg"),

(2) $(dv) = (np—1)Rdv,

&

(dp) = (=¢¢ + (np — 1)R)dp,

(rgfj) = —V,RF - viRg? + VER;; + p(V,; RSk + ViRéf — V*Rgij),

o S

t

R=1[1-2(n—1)p]AR + 2|Ric|> — 2pR?,

—
ot

N’

Sl
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where R s scalar curvature.

Lemma 3.2. Let (M,q(t),¢(t)), t € [0,T) be a solution to the flow (1.8)
on a closed oriented Riemannain manifold for p < ﬁ Let f € C*(M)

be a smooth function on (M, g(t)). Then we have the following evolutions:

o y y
&'W’Q = 2RIV, fV,;f — 2pR|Vf|* + 24"V, fV; fi, (3.1)

DIV IP 2 = (0~ )|V IPHRIVY, S~ pRIVIP + oIV ), (32)
0

57 (AF) = 2RV f + Afi = 2pRAf — (2 = n)pV RV f, (3.3)

O (Ap) = BRIVIZY, )~ 2pRAf + IV Z,1) (3.4
+97Vi(ZVfi) + p(n—2)Zg7 VRV f,

O (Bpof) = 2RIVAZV ) + VL) + VAL (35)

—2pRA, s f + p(n —2)Zg"N RV ; f — ZN .V f
—2ZRY9N ¢V, f — ZNG.Nf — ZNG.V [y,

where Z := |V f|P~2 and f; = %{.

Proof. By direct computation in local coordinates we have

O g — 9 v ro.
SIVIE = S (g )
89” ij
= ot Viijf—i-Qg Vz‘fvj'ft

= 2RUN,fV;f — 2pRIVfI* 4+ 29"V, fV, fi,

which exactly (3.1). We prove (3.2) by using (3.1) as follows

0 o 0 9\ 252
SV = (V)
_ p—2 21’7*4Q 2
= 2wy S (i)
= DA 2RIV, 2RIV + 267V 51}
= (p= 2|V {RINfV;f — pRIVI* + g"VifV;fie}
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which is (3.2). Now previous lemma and 2V'R;; = V; R result that

8 8 4 0% f e Of
dg”7  f _Fk.ﬁ) +gij< 0 fi _rk Oft of

= i = (Tky 2L
or Bwiom L aak owiart g "9 o) g
= RV, V,; f — 20RAf + Af, — { VRN - viR§+kaij}ka
— g"p(V;RSF + VRS — v’“Rgij)vk f
= 2RI,V f + Afy — 20RAf — (2 — n)pV* RV f.
Let Z = |V f[P~2 we get
0 0 o, .
51 Bf) = (div( VP V) = 5 97Vi(2V,))

50 9"ViZVf + 92V, f)

ij
- 8{; ViZVf + ¢INGIN f + NIV
0
+Z A f + Z (Af)
= zRUvizvjf — 2pRg N ZN i f + g9 TN f
+9 N ZN j fi + ZiAS
+Z{2RINV,V ;i f + Afi — 2pRAf — (2 —n)pVF* RV, f}
= 2RINI(ZV,f) = 2pRALf + gV ZiV; f)
+¢""N(ZV i f1) + p(n — 2)Zg" VRV f.
We have A, 4 f = Apf — |V f|IP~2V¢.V f. Taking derivative with respect to
time of both sides of last equation and (3.4) imply that

0 0 8 gl
S (Bpof) = S(AS) = 25 ViV, f — 2ig ViV f — ZgVi6V i
—Zgijvz‘¢vjft

= 2RYV{(ZV;f) = 20RALf + g7V ZiVf) + g9V 2V f1)
+p(n—2)Zg" ViRV ;f —2ZRN ¢V f +2pZRg"’ V¢V ; f
~Zug"NioVif — Zg7Vin N[ — Zg7ViV i fr,
it results (3.5). O
Proposition 3.3. Let (M, g(t),¢(t)), t € [0,T) be a solution of the flow

(1.8) on the smooth closed oriented Riemannain manifold (M™, go, o) for
p < ( . If X(t) denotes the evolution the first non-zero eigenvalue of the

wezghtedp Laplacian Ay 4 corresponding to the eigenfunction f(t) under the
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flow (1.8), then

A (Dlemty = Meo)(1 = 0) [ RIFPd= (15 pp =) [ RIV P
o [ ZRVV fap N [ BOliPdn (30
M M
- [ @oNvspan
M

Proof. Let f(t) be a smooth function where f(ty) is the corresponding
eigenfunction to A(tg) = A(to, f(to)). A(t, f(t)) is a smooth function and
taking derivative of both sides A(t, f(t)) = — [,; fAp ¢S dp with respect to
time, we get

0 0
NSOty == [ F8gerdn (37)

Now by applying condition [, |f[Pdy = 1 and the time derivative, we can
have

9 N — Q —2 £2
5 [ Ardn=0= 5 [ 11 (3.8)
0
= [ o= vifr 2 idu [ 1P ),

hence
[ e - Dt gy | <o (3.9

On the other hand, using (3.5), we obtain
o [ ietdn= [ Senfdut [ Bpuf o dn
8t M p7¢ lu_ M 8t p7¢ /.,L M p7¢ 8t M
—2 [ RIVAZV,Ddu-20 [ RAuffdu
M M
+ [ SB[ GV (310)
M M
+p(n—2)/ ZVR.fodu—/ ZNONff du
M M
—/ ZNG Vffdu —/ ZN N fof du
M M
0,0
2 [ RIZVievfdn— [ NP ).
M M
By the application of integration by parts, we can conclude that

/gijvi(ztvjf)fduz—/ Zt|Vf|2d,u—|—/ oNfNofdu.  (3.11)
M M M
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Similarly, integration by parts implies that
| diviavisasan == [ 295N [ 2VESoran (312)
M M M
and
| RN(Z9nran = ~ [ ZRIVYdu [ 2RIV 1968 d
M M M
— / ZNR9Nf f dp. (3.13)
M
But, we can write
2/ ZViRUNffdu = 2/ ZgikglejfviRklfd/LZ/ Zg"' VI Rf du
M M M
= — [ Bt sau- [ RSP (3.14)
M M
Putting (3.14) in (3.13), yields
2/ RIN(ZVf)fdu = —2/ ZRijViijfd,u—l—2/ ZRYN ; fVof du
M M M
—/ )\R]f|pdu+/ RIVf[Pdy. (3.15)
M M
Now, replacing (3.11), (3.12) and (3.15) in (3.10), we obtain
o [ iderdu=-2 [ 2RV au- [ ARt [ RIGIPA
ot Ju M M M
+2p/ )\R]f|pdu+p(n—2)/ ZVRNffdu
M M

- [ zvitdn- [ 2v5Stan- [ 296098 fan
o . o (3.16)

0
— | AP (fdp).
)
On the other hand of Lemma 3.2, we have

o g g
7= S (V1P72) = (0= DIV HRIVISV,f — pRIVI + §9Vif Vi),
(3.17)
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Therefore, putting this into (3.16), we get

) )

G SOy = =0 [ ZRIVV fdu Mo - 1) [ RIFP

(14 pp— 2p)/ RIVf1Pdp + p(n — 2) / ZVRNffdu

M M
~(p—1) /M ZV .V f dp— /M ZNV .V f fdpu
)

—A(to) /M \flp”fa(fdu)- (3.18)

Also,

~0=1) [ 290V du==1) [ V@D 0=1) [ 291905

=(p-1) /M JiDpgfdu=—(p—1) /M NfIP2f fedp.
(3.19)

Then we arrive at

0

g N @Olimsy = p [ ZRITV fdus N2 1) [ RIFPd

+(1+pp—2p)/ RV f[Pdu
M
+p(n—2) / ZVRNffdpu — / ZV¢ NV f fdu (3.20)
M M
0
~Xo) [ 172 (0= D+ 5 (am).
Hence, (3.9) yields
NSOy = —p [ ZRIVV; e X o- 1) [ RifPd
ot ) t=tp — p " i) V] al 0)\2p " L
H1+pp—20) [ RIVIPd (3.21)
M
+p(n—2)/ ZVR.fodu—/ 2V f fdp.
M M

By integration by parts, we get
[ 2905 fan= [ Nip@o)dn- [ @ovipa @2
M M M
and
/ ZVRNf fdy = / AR|fIP dp —/ RIVflPdu.  (3.23)
M M M
Plug in (3.22) and (3.23) into (3.21) imply that (3.6). O
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Corollary 3.4. Let (M, g(t)), t € [0,T), be a solution of the flow (1.1) on
the smooth closed oriented Riemannain manifold (M™,go) for p < ﬁ

If \(t) denotes the evolution the first non-zero eigenvalue of the weighted
p-Laplacian A, 4 corresponding to the eigenfunction f(x,t) under the Ricci-
Bourguignon flow where ¢ is independent of t, then

G Dlimty = Ne0) 1 = o) [ RIFP = (1 pp =) [ RIV P

+p / ZRU9N, fV; f dp. (3.24)
M

We can get the evolution for the first eigenvalue of the geometric operator
A, under the Ricci-Bourguignon flow (1.1) and along the Ricci flow, which
was studied in [17]. Also, in Corollary 3.4, if p = 2 then we can obtain the
evolution for the first eigenvalue of the Witten-Laplace operator along the
the Ricci-Bourguignon flow (1.1), which was investigated in [2].

Theorem 3.5. Let (M, g(t),¢(t)), t €[0,T) be a solution of the flow (1.8)
on the smooth closed oriented Riemannain manifold (M™, go) for p < m
Let Rijj — (BR+vA¢)gi; >0, B> W and vy > % along the flow (1.8)
and R < A¢ in M x [0,T). Suppose that A(t) denotes the evolution the first
non-zero eigenvalue of the weighted p-Laplacian A, 4 then

(1) If Rmin(0) > 0, A(t) is nondecreasing along the Ricci-Bourguignon

flow for any t € [0,T).
(2) If Rmin(0) > 0, then the quantity A(t)(n — 2Rmin(0)t)% is mnonde-

creasing along the Ricci-Bourguignon flow for T < ﬁ.

(3) If Rmin(0) < 0, then the quantity A(t)(n — 2Runin(0)t)= is nonde-
creasing along the Ricci-Bourguignon flow for any t € [0,T).

—~

[

Proof. According to (3.6) of Proposition 3.3, we have

G (D]t = Meo)(1 = 0) [ RIFPd= (15 pp = o) [ RIV AP

B / RIVAP du + py / (AG)|V 1 [Pdy (3.25)
M M
Py — A P
1 A(to) /MRIfI dy /M< OV fIPdu
— A(t0)(2 — np) / RIfP d + (py — 1) / RIVS[Pdy
M M

+[pB — (1+ pp — pn)] /M RIV f[Pdy.

On the other hand, the scalar curvature along the Ricci-Bourguignon flow

evolves by

%]f = (1 —2(n—1)p)AR + 2|Ric|* — 2pR*. (3.26)
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The inequality |Ric|?> > R% yields
OR
ot

Since the solution to the corresponding ODE ¢/ = 2(% — p)y? with initial
value ¢ = mlj\r/l[ R(0) = Rpin(0) is
TEe

> (1—2(n—1)p)AR + 2(% e (3.27)

B ne

o(t) = n—2(1 —np)ct
Notice that o(t) defined on [0,7”") where 77 = min{T, m} when ¢ > 0
and on [0,7) when ¢ < 0. Using the maximum principle to (3.27), we have
Ry > o(t). Therefore, (3.25) becomes

I F(1)) =ty > AN(to)o (10),

where A = p(S+7) — p(p+2n) and this results that in any sufficiently small
neighborhood of tg as Iy, we obtain

%)\(t, (1) = AN(f, D)o (b).

Integrating both sides of the last inequality with respect to ¢ on [t1,ty] C Ip,

(3.28)

we have Ato, £t0) 21 »
0, J (to n— —np)cty | omd_
8 NFt),h) (= 2(1 — np)cto) e
Since A(to, f(to)) = A(to) and A(f(t1),t1) > A(t1), we conclude that
Alto) n—2(1—mnp)cty, _na
n A(t1) > ln(71—2(1 —np)cto) ),

nA
that is, the quantity \(¢)(n — 2(1 — np)ct)20-7r) is strictly increasing in any
sufficiently small neighborhood of ty. Since tg is arbitrary, then A(¢)(n —
nA
2(1 — np)ct)20-r0) is strictly increasing along the flow (1.8) on [0,7"). Now
we have,

(1) If Rmin(0) > 0, by the non-negatively of Ry preserved along the
Ricci-Bourguignon flow hence %)\(t, f(t)) > 0, consequently A(¢) is
strictly increasing along the flow (1.1) on [0,7).

(2) If Rmin(0) >0 then o(t) defined on [0,7”), thus the quantity A(¢)(n—

2(1 — np)ct)20-ro T s nondecreasing along the flow (1.1) on [0,7”).
(3) If Rmin(0) <0 then o(t) defined on [0, T"), thus the quantity A(t)(n—
2(1 — np)ct) WD s nondecreasing along the flow (1.1) on [0,7").
]

Theorem 3.6. Let (M"™,g(t),#(t)), t € [0,T) be a solution of the flow (1.8)
on a closed Riemannian manifold (M™, go) with R(0) > 0 for p < D) 1 I

Let \(t) be the first eigenvalue of the weighted p-Laplacian A, 4, then A(t) —
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+00 in finite time for p > 2 where Ric—V¢®@V¢ > BRg in M x[0,T) and
B €0,2] is a constant.

Proof. The weighted p-Reilly formula on closed Riemannian manifolds (see
[16]) as follows

[ (o = 9P ress 1] d

= [ VAP Ric+ V20 (V.Y N dp, (329)
M

where f € C*°(M) and

—2|VIVfPfPP | (p—2° <V, VIVfP>?
Hess f% = |Hess f|> +© : .
|Hess f|4 = |Hess f|° + 5 VI + 1 L

(3.30)
By a straightforward computation, we have the following inequality:

_ 1 _ 2
VPP Hess fla = — (Dpof + VI < V6, VS >)

1
> —(A 2 P4V Vf2 (3.31
2 T Beel)” - IVIPTIV.VAT (3.31)
Recall that A, »f = —A|f|P72f, which implies
[ g =32 [ 1rPr-2dp (3:32)
M M
Combining (3.31) and (3.32), we can write
| [(Bnof) = [V~ | Hess fI4] du
<

(= [ 152 [ V909 R, (339
putting (3. 33) in (3.29) yields
(=¥ [ P2t [ 9P V0.9 P>
/ VS Rie(V [,V f) du +/ VPPNV 1,V ) dp. (3.34)
M M
By identifying Vo ® Vo(V £, Vf) with [Vé.V f|? (see [12]), we obtain

/ VP V@ VOV, V) dy = / VPPV S Pdp. (3.35)
M M
Therefore, it and Ric — V¢ @ V¢ > SRg yield that

1 2 2p—2
(=¥ [ 1P
> 4 / RIVf272dp + / V242V V) dpr. (3.36)
M M
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Now, since ¢ satisfies in ¢ = A¢, we get
1

\/ﬁ|¢t|- (3.37)

1
IV2¢| > —=|Ag| =
n
Hence,
1 1
1—)\2/ =2, > /RV r—2g / il
( 1Jrn) M\f\ w> 3 y IV £l u+\/ﬁ M\@H fl "

> (BRmin(t) + ;ﬁ min |¢r]) /M |V £~ 2dp.
(3.38)

Multiplying A, 4 f = =A|f|P72f by |f|P~2f on both sides, we obtain

P2 Apof = =ALFIPP72 .

Then integrating by parts and using the Holder inequality for p > 2, we
obtain

2p—25., _ _ P2 A — (i — p| £|p—2
A /Mw du /lel FBpof d = (p— 1) /MIVfI P 2dp

—(p—1) [ I |Vf|2p—2du] w [ / |f\2p—2du] =

So, we can conclude that

2p—2

_ A » _
[z (20) 7 [ i
M b= M
which implies

1
1——— )\ =2
< 1+n) /M!f\ 1t
2p

A\
> <5Rmin<t> +—=min w) <p_1> [ 1272

or, more precisely,

! 2 : imin A 22 2p—2
(0 2 = BRun) + i o) 25| [ 172z 0

Since [}, |f|?P~2du > 0, for p > 2 we get

P
1+ na ]2 1

1 .
A(t) > [(BRmin(t) + % ffélj\l} 1)) l+na—a) (p—1)e-D"
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Since Rmin(t) — 400 (see [6]) and mlj\r} |¢¢| is finite, then A(t) — 4o00. For
S
p =2, (3.38) yields that

1 2 2 . R 2
(U= ¥ [ 1P (3 Rain(t) + = maig 02 [ 11

hence,
1 . 1+ na
A(t) = (BRmin(t) + i |¢t’)m-

This implies that A(¢) — 4o0. O

Corollary 3.7. Let (M, g(t)), t € [0,T), be a solution of the flow (1.1) on
the smooth closed Riemannnian manifold (M3, go), ¢ is independent of t,
% <p< i and \(t) be the first eigenvalue of the weighted p-Laplacian A 4.

If Ri; > Hp;%?’pRgij on M™ x {0} and ¢ = Rpmin(0) > 0 then the quantity
At)(3—2(1— 3p)ct)% is nondecreasing along the flow (1.1) for p > 3.

Proof. The pinching inequality R;; > WR%]- for % <p< % and p > 3
is preserved along the Ricci-Bourguignon flow. Therefore, we have

1 -3
Rij > MRQU, on [O,T) X M.
p

Now according to Corollary 3.4, we get

0

G SOty = Ne) (1 =) [ RIFP d

hence, similar to the proof of Theorem 3.5, we have Ry > o(t) on [0,7)
and then 5

5 & f(O)le=to = Alto) (1 = np)o(to)
thus we arrive at the the quantity A\(¢)(3—2(1 —Sp)ct)% is nondecreasing. [

Theorem 3.8. Let (M, g(t),¢(t)), t €[0,T) be a solution of the flow (1.8)

on the smooth closed oriented Riemannain manifold (M™, go) for p < m

Let 0 < Rij < PP Rg,; on M™ x [0,T) and R < A¢ in M x [0,T).
Suppose that \(t) denotes the evolution the first non-zero eigenvalue of the
weighted p-Laplacian A, 4 and C = Runax(0) then the quantity A(t)(1 —
C’At)%Tl is strictly decreasing along the flow (1.8) on [0,T") where T" =
min{T, 75} and A = 2(n(17(7;%p)p)2 —p).

Proof. The proof is similar to proof of Theorem 3.5 with the difference that
we need to estimate the upper bound of the right hand (3.6). Notice that
R;j < Hp’;%"pRgij implies that |Ric|? < n(%)qﬁ. So, the evolution
of the scalar curvature under the Ricci-Bourguignon flow evolve by (3.26)
and it yields

OR

< (1=2(n-1)p)AR + 2(n(1+pg_””)2 )R (3.39)



EVOLUTION OF THE FIRST EIGENVALUE OF WEIGHTED p-LAPLACIAN 749

Applying the maximum principle to (3.39), we have 0 < Ry < v(t) where

-1

vty =|C7! = 2(71(w)2 —p)t on [0,7").

D T 1-CAt
Replacing 0 < Ry < 7(t) and R;; < wR‘qij into equation (3.6), we
can write $A(t, f(t)) < (tng)\(t, f(t)) in any sufficiently small neighbor-
hood of ty. Hence, with a sequence of calculation, the quantity A(t)(1 —
C’At)%71 is strictly decreasing. O

Theorem 3.9. Let (M, g(t)), t € [0,T) be a solution of the Ricci-Bourguignon
flow (1.1) on a closed manifold M™ and p < ﬁ Let A(t) be the first
nonzero eigenvalue of the weighted p-Laplacian of the metric g(t) and ¢ be

independent of t. If there is a non-negative constant a such that

1—(n—
Ri; — MRQU > —ag;; in M" x[0,T) (3.40)
and
R> P anp in M" x {0} (3.41)

then \(t) is strictly monotone increasing along the Ricci-Bourguignon flow.

Proof. By Corollary 3.4, we write evolution of first eigenvalue as follows

NSOy = (= np)Ato) [ R P

+P/M(Rz‘j - 1(T;ﬁo)pRgm‘)\VflpQViijf du
(3.42)

= (1 —=np)A(to) /M R f2du— ap /M IV fPdp =0

combining (3.40), (3.41) and (3.42), we arrive at $A(f(t),£) > 0 in any
sufficiently small neighborhood of ty3. Since to is arbitrary, then A(¢) is
strictly increasing along the Ricci-Bourguignon flow on [0, 7). O

3.1. Variation of A(t) on a surface. Now, we rewrite Proposition 3.3
and Corollary 3.4 in some remarkable particular cases.

Corollary 3.10. Let (M?,g(t)), t € [0,T) be a solution of the Ricci-
Bourguignon flow on a closed Riemannnian surface (M?,go) for p < % If
A(t) denotes the evolution of the first eigenvalue of the weighted p-Laplacian
under the Ricci-Bourguignon flow, then:
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(1) If 22 = Ag then
D F(E)lmte = (1 — 20)A\(to) / R fPdu + Ato) / (Ag)| PP
PTG t=to = pIA) | i o) | L

p
~(+po-2-5) [ RIVIPau— [ (20)VsPan
(3.43)
(2) If ¢ is independent of t then

d p
GNES Oty = 1=200(t0) [ RIfPdu— (14 po=20-5) [ 1917
M M
(3.44)
Proof. In dimension n = 2, we have Ric = $Rg, then (3.6) and (3.24)
imply that (3.43) and (3.44) respectively. O

Lemma 3.11. Let (M?,g(t)), t € [0,T), be a solution of the Ricci-Bourguig-
non flow on a closed surface (M?,go) with nonnegative scalar curvature for
p < %, ¢ be independent of t and p > 2. If A(t) denotes the evolution of
the first eigenvalue of the weighted p-Laplacian under the Ricci-Bourguignon
flow, then
MO <
(1—c(1—2p)0)5

on (0.") where ¢ = min R(0) and T’ = min {7, 155 }.

Proof. On a surface, we have Ric = %Rg, and for the scalar curvature R
on a closed surface M along the Ricci-Bourguignon flow, we get

C
- - < T 4
e =21 = R, on [0,7") (3.45)

where T" = min{T,ﬁ}. According to (3.44) and [, |f[Pdu = 1, we

e (1 - 20\t (1) _ d

pc(l—2p)A(2, f(t

= < =X, f(t 3.46

2 1—c(l—2p)t _dt(’f()) (3.46)
in any small enough neighborhood of #y. After integrating the above in-
equality with respect to time ¢, this becomes

A0, £(0))
(1= (1208
Now, A(0, f(0)) > A(0) yields that MO < A(to). Since tg is arbi-
(1=c(1=2p)t)2

B, () S /
trary, then a2 = A(t) on (0, 7). O

< )\(to).

Lemma 3.12. Let (M2, go) be a closed surface with nonnegative scalar cur-
vature and ¢ be independent of t, then the eigenvalues of the weighted p-
Laplacian are increasing under the Ricc-Bourguignon flow for p < %
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Proof. Along the Ricci-Bourguignon flow on a surface, we have

Or _ (1—2p)(AR+ R?)

ot
by the scalar maximum principle, the nonnegativity of the scalar curvature
is preserved along the Ricci-Bourguignon flow (see [6]). Then (3.44) implies
that %)\(t, f(t))|t=t, > 0, this results that in any sufficiently small neighbor-
hood of tg as Iy, we get %)\(t, f(t)) > 0. Hence, by integrating on the interval
[tl,tg] C Io, we have )\(tl,f(tl)) < )\(to,f(to)). Since )\(to,f(to)) = )\(to)
and A(t1, f(t1)) > A(t1), we conclude that A(t1) < A(tp). Therefore, the
quantity A(t) is strictly increasing in any sufficiently small neighborhood
of tg, but ty is arbitrary, then A(¢) is strictly increasing along the Ricci-
Bourguignon flow on [0,7). O

3.2. Variation of A(t) on homogeneous manifolds. In this section,
we consider the behavior of the first eigenvalue when we evolve an initial
homogeneous metric along the flow (1.8).

Proposition 3.13. Let (M™,g(t)) be a solution of the Ricci-Bourguignon

flow on the smooth closed homogeneous manifold (M™, go) for p < m

Let \(t) denote the evaluation of an eigenvalue under the Ricci-Bourguignon
flow, then

(1) If 22 = Ag then
d

2 F )=t = —ppRA(t0) +p/M ZRIN, [V f dp

+ Alto) /M(Acb)lflpdu— /M(A¢)|Vf|pdu- (3.47)

(2) If ¢ is independent of t then
d g
A F()le=to = —ppRA(t0) +p/M ZRYN; Vi f dp. (3.48)

Proof. Since the evolving metric remains homogeneous and a homogeneous
manifold has constant scalar curvature. Therefore (3.6) implies that

d

ENE T )ity = (1= np)A(t0) R /M F2dp+ ((n - p)p— DR /M IV fPdp

+ p/M ZRUIN,fV; f du + Ato) /M(A¢)|f|p dp
- [ @ovspdn
M

But [,, f?dp =1 and [,, |V f[?du = 1 therefore last equation results that
(3.47) and (3.48). O
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3.3. Variation of A(t) on 3-dimensional manifolds. In this section,
we consider the behavior of A(t) on 3-dimensional manifolds.

Proposition 3.14. Let (M3,g(t)) be a solution of the Ricci-Bourguignon
flow (1.1) for p < % on a closed Riemannian manifold M? whose Ricci

curvature is initially positive and there exists 0 < e < % such that
Ric > €eRg.

If ¢ is independent of t and \(t) denotes the evolution of the first eigenvalue
of the weighted p-Laplacian under the Ricci-Bourguignon flow then the quan-

tity e~ I AT \(t) is nondecreasing along the Ricci-Bourguignon flow (1.1)
for p < 3, where

3c(1 —3p)

Al = 3= 2(1— 3p)ct

1 —1
+ (3p + pe — 1 — pp) (—2(1—p)t+c> :

C = Rpax(0) and ¢ = Rpyin(0).

Proof. In [6], it has been shown that the pinching inequality Ric > eRg
and nonnegative scalar curvature are preserved along the Ricci-Bourguignon
flow (1.1) on closed manifold M?. Then using (3.24), we obtain

d
GOy = (1 =30)\00) [ RPdu+ Gp—1=pm) [ B9 fPd
RIVf|?d
e [ RIVSPa
= (1—3p)A(to)/ Rdeu+(3p+pe—1—pp)/ RIV f[*dp.
M M

On the other hand, the scalar curvature under the Ricci-Bourguignon flow
evolves by (3.26) for n = 3. By |Ric|> < R? we have

%1: < (1 —4p)AR+2(1 — p)R%

Let v(t) be the solution to the ODE 3/ = 2(1 — p)y? with initial value
C' = Rpax(0). By the maximum principle, we have

—1
R(t) < A(1) = <_2(1 o)t é) (3.49)

on [0,7"), where T = min{T, W} Also, similar to proof of Theorem

3.5, we have

R(t) > o(t) = ?)_2(130_3;))(% on [0,7). (3.50)
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Hence,

d 3¢
aA(tv F (@) le=to (1 =3p)A(t0) 3 —2(1 — 3p)cto

Y

1\ !
+(p -1+ 26))\(t0) (—2(1 — p)to + C)
= A(to)A(to)-
This yields that in any sufficiently small neighborhood of ¢y as Iy, we obtain
d
Integrating both sides of the last inequality with respect to ¢ on [t1,to] C Ip,
we can write .
A(t t 0
In Mo, /{to)) > / A(T)dr.
t1

Aty f(t1))
Since A(to, f(to)) = A(to) and A(t1, f(t1)) > A(t1), we conclude that

Alto) o
) > 3 A(r)dr.

That is, the quantity A(¢)e™ Jo AT strictly increasing in any sufficiently

In

small neighborhood of ty. Since tg is arbitrary, then A(¢)e™ Jo Almyr i strictly
increasing along the Ricci-Bourguignon flow on [0, 7). O

Proposition 3.15. Let (M3, g(t)) be a solution to the Ricci-Bourguignon
flow for p < 0 on a closed homogeneous 3-manifold whose Ricci curvature
is tnitially nonnegative and ¢ be independent of t then the first eigenvalues
of the weighted p-Laplacian is increasing.

Proof. In dimension three, the Ricci-Bourguignon flow preseves the non-
negativity of the Ricci curvature is preserved. From (3.48), its implies that
A(t) is increasing. O

4. Example

In this section, we consider the initial Riemannian manifold (M™, go) is
Einstein manifold and then find evolving first eigenvalue of the weighted
p-Laplace operator along the Ricci-Bourguignon flow.

Example 4.1. Let (M™, go) be an Einstein manifold i.e. there exists a
constant a such that Ric(gg) = agp. Assume that a solution to the Ricci-
Bourguignon flow is of the form

g9(t) =u(t)go, u(0)=1
where u(t) is a positive function. By a straightforward computation, we
have

P ‘ . a an
5 = (D90, Ric(g(t)) = Ric(go) = ago = —<g(t), Ry = =
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for this to be a solution of the Ricci-Bourguignon flow, we require
u'(t)go = —2Ric(g(t)) + 2pRy1)9(t) = (—2a + 2pan)go.
This shows that
u(t) = (—2a + 2pan)t + 1,
so g(t) is an Einstein metric. Using formula (3.24) for evolution of first
eigenvalue along the Ricci-Bourguignon flow, we obtain the following relation

a

d an
— At ()=, = (11— —A\(t ) 2—— Pd
TS Oy = (=) dt) [ \Pdn+ 2 [ v sa
an pa(l —np)A(to)
—((p=—m)p—1 / ViPdu = ,
((p—m)p )u(to) M\ fPdp alto)
. This yields that in any sufficiently small neighborhood of ¢y as Iy, we get
d pa(l = np)A(t, £(1)
—At, f(t)) = .
dt (& £(6) (—2a + 2pan)t + 1
Integrating the last inequality with respect to t on [t1,t9] C Iy, we have

Ato, f(to)) _ [ pa(l—np) oy —2a(l—np)ti+1.p
S ) /t oot 2pan)r 110~ M Sed o+ 1

»

Since A(to, f(to)) = A(to) and A(t1, f(t1)) > A(t1), we conclude that
)\(to) —2&(1 — ’I”Lp)tl +1.»
e T M S Tt 1)

That is, the quantity A(£)[—2a(1 —np)t + 1]7 is strictly increasing along the
Ricci-Bourguignon flow on [0, 7).

References

[1] Azami, SHAHROUD. Eigenvalue variation of the p-Laplacian under the Yamabe
flow. Cogent Math. 3 (2016), Art. ID 1236566, 10 pp. MR3625386, Zbl 07074345,
doi: 10.1080/23311835.2016.1236566. 737

[2] AzAMI, SHAHROUD. Monotonicity of eigenvalues of Witten—Laplace operator along

the Ricci-Bourguignon flow. AIMS Math. 2 (2017), no. 2, 230-243. Zbl 1427.53107

doi: 10.3934/Math.2017.2.230. 737, 744

BOURGUIGNON, JEAN-PIERRE. Ricci curvature and Einstein metrics. Global dif-

ferential geometry and global analysis (Berlin, 1979), 42-63. Lecture Notes in

Math., 838, Springer, Berlin-New York, 1981. MR0636265, Zbl 0437.53029,

doi: 10.1007/BFb0088841. 736

[4] Cao, X1a0DONG. Eigenvalues of (—A + £) on manifolds with nonnegative curva-
ture operator. Math. Ann. 337 (2007), no. 2, 435-442. MR2262792, Zbl 1105.53051,
doi: 10.1007/s00208-006-0043-5. 738

[6] CA0, XI1AODONG. First eigenvalues of geometric operators under the Ricci flow.

Proc. Amer. Math. Soc. 136 (2008), no. 11, 4075-4078. MR2425749, Zbl 1166.58007,

arXiv:0710.3947, doi: 10.1090/50002-9939-08-09533-6. 737

CATINO, GIOVANNI; CREMASCHI, LAURA; DJADLI, ZINDINE; MANTEGAZZA,

CARLO; MAZzIERI, LORENZO. The Ricci-Bourguignon flow. Pacific J. Math.

287 (2017), mno. 2, 337-370. MR3632891, Zbl 1371.53061, arXiv:1507.00324,

doi: 10.2140/pjm.2017.287.337. 736, 738, 748, 751, 752

3

6


http://www.ams.org/mathscinet-getitem?mr=3625386
http://www.emis.de/cgi-bin/MATH-item?07074345
http://dx.doi.org/10.1080/23311835.2016.1236566
http://www.emis.de/cgi-bin/MATH-item?1427.53107
http://dx.doi.org/10.3934/Math.2017.2.230
http://www.ams.org/mathscinet-getitem?mr=0636265
http://www.emis.de/cgi-bin/MATH-item?0437.53029
http://dx.doi.org/10.1007/BFb0088841
http://www.ams.org/mathscinet-getitem?mr=2262792
http://www.emis.de/cgi-bin/MATH-item?1105.53051
http://dx.doi.org/10.1007/s00208-006-0043-5
http://www.ams.org/mathscinet-getitem?mr=2425749
http://www.emis.de/cgi-bin/MATH-item?1166.58007
http://arXiv.org/abs/0710.3947
http://dx.doi.org/10.1090/S0002-9939-08-09533-6
http://www.ams.org/mathscinet-getitem?mr=3632891
http://www.emis.de/cgi-bin/MATH-item?1371.53061
http://arXiv.org/abs/1507.00324
http://dx.doi.org/10.2140/pjm.2017.287.337

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

[16]

(17]

EVOLUTION OF THE FIRST EIGENVALUE OF WEIGHTED p-LAPLACIAN 755

CHEN, BIN; HE, QUN; ZENG, FANQI. Monotonicity of eigenvalues of geometric op-
erators along the Ricci-Bourguignon flow. Pacific J. Math. 296 (2018), no. 1, 1-20.
MR3803719, Zbl 1396.53062, doi: 10.2140/pjm.2018.296.1. 737

CHENG, QING-MING; YANG, HONGCANG. Estimates on eigenvalues of Lapla-
cian. Math. Ann. 331 (2005), no. 2, 445-460. MR2115463, Zbl 1122.35086,
doi: 10.1007/s00208-004-0589-z. 737

D1 CeErBO, LucA FaABRIzIO. Eigenvalues of the Laplacian under the Ricci flow.
Rend. Mat. Appl. VII. 27 (2007), no. 2, 183-195. MR2361028, Zbl 1144.53056,
arXiv:math/0702740. 737

FANG, SHOUWEN; Xu, HAIFENG; ZHU, PENG. Evolution and monotonicity of
eigenvalues under the Ricci flow. Sci. China Math. 58 (2015), no. 8, 1737-1744.
MR3368179, Zbl 1327.53084, doi: 10.1007/s11425-014-4943-7. 737

FANG, SHOUWEN; YANG, FEI. First eigenvalues of geometric operators under the
Yamabe flow. Bull. Korean Math. Soc. 53 (2016), no. 4, 1113-1122. MR3534307, Zbl
1350.53051, doi: 10.4134/BKMS.b150530. 737

L1, X1ANG-DONG. Liouville theorems for symmetric diffusion operators on com-
plete Riemannian manifolds. J. Math. Pures Appl. 84 (2005), no. 10, 1295-1361.
MR2170766, Zbl 1082.58036, doi: 10.1016/j.matpur.2005.04.002. 746

PERELMAN, GRISHA. The entropy formula for the Ricci flow and its geometric appli-
cations. Preprint, 2002. arXiv:math/0211159. 735, 737

WANG, LIN FENG. Eigenvalue estimate for the weighted p-Laplacian. Ann.
Mat. Pura Appl. (4) 191 (2012), no. 3, 539-550. MR2958348, Zbl 1267.53041,
doi: 10.1007/s10231-011-0195-0. 737

WaNG, LN FENG. Gradient estimates on the weighted p-Laplace heat equation.
J. Differential equations 264 (2018), no. 1, 506-524. MR3712949, Zbl 1381.58011,
doi: 10.1016/j.jde.2017.09.012. 737

WANG, YU-ZHAO; L1, HUAI-QIAN. Lower bound estimates for the first eigenvalue of
the weighted p-lapacian on smooth metric measure spaces. Differential Geom. Appl.
45 (2016), 23-42. MR3457386, Zbl 1334.58020, doi: 10.1016/j.difgeo.2015.11.008. 746
Wu, Jia YoONG. First eigenvalue monotonicity for the p-Laplace operator under the
Ricci flow. Acta Math. Sin. (English Ser.) 27 (2011), no. 8, 1591-1598. MR2822831,
Zbl 1306.58003, doi: 10.1007/s10114-011-8565-5. 737, 738, 744

(Shahroud Azami) DEPARTMENT OF PURE MATHEMATICS, FACULTY OF SCIENCE, IMAM
KHOMEINI INTERNATIONAL UNIVERSITY, QAZVIN, IRAN
azami@sci.ikiu.ac.ir

This paper is available via http://nyjm.albany.edu/j/2020/26-33.html.


http://www.ams.org/mathscinet-getitem?mr=3803719
http://www.emis.de/cgi-bin/MATH-item?1396.53062
http://dx.doi.org/10.2140/pjm.2018.296.1
http://www.ams.org/mathscinet-getitem?mr=2115463
http://www.emis.de/cgi-bin/MATH-item?1122.35086
http://dx.doi.org/10.1007/s00208-004-0589-z
http://www.ams.org/mathscinet-getitem?mr=2361028
http://www.emis.de/cgi-bin/MATH-item?1144.53056
http://arXiv.org/abs/math/0702740
http://www.ams.org/mathscinet-getitem?mr=3368179
http://www.emis.de/cgi-bin/MATH-item?1327.53084
http://dx.doi.org/10.1007/s11425-014-4943-7
http://www.ams.org/mathscinet-getitem?mr=3534307
http://www.emis.de/cgi-bin/MATH-item?1350.53051
http://www.emis.de/cgi-bin/MATH-item?1350.53051
http://dx.doi.org/10.4134/BKMS.b150530
http://www.ams.org/mathscinet-getitem?mr=2170766
http://www.emis.de/cgi-bin/MATH-item?1082.58036
http://dx.doi.org/10.1016/j.matpur.2005.04.002
http://arXiv.org/abs/math/0211159
http://www.ams.org/mathscinet-getitem?mr=2958348
http://www.emis.de/cgi-bin/MATH-item?1267.53041
http://dx.doi.org/10.1007/s10231-011-0195-0
http://www.ams.org/mathscinet-getitem?mr=3712949
http://www.emis.de/cgi-bin/MATH-item?1381.58011
http://dx.doi.org/10.1016/j.jde.2017.09.012
http://www.ams.org/mathscinet-getitem?mr=3457386
http://www.emis.de/cgi-bin/MATH-item?1334.58020
http://dx.doi.org/10.1016/j.difgeo.2015.11.008
http://www.ams.org/mathscinet-getitem?mr=2822831
http://www.emis.de/cgi-bin/MATH-item?1306.58003
http://dx.doi.org/10.1007/s10114-011-8565-5
mailto:azami@sci.ikiu.ac.ir
http://nyjm.albany.edu/j/2020/26-33.html

	1. Introduction
	2. Preliminaries
	3. Variation of (t)
	4. Example
	References

