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Computations of de Rham cohomology
rings of classifying stacks
at torsion primes
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ABSTRACT. We compute the de Rham cohomology rings of BG2 and
BSpin(n) for 7 < n < 11 over base fields of characteristic 2.
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Introduction

Let G be a smooth affine algebraic group over a commutative ring R. In
[17], Totaro defines the Hodge cohomology group H!(BG, V) for i,j > 0
to be the ith étale cohomology group of the sheaf of differential forms Q7
over R on the big étale site of the classifying stack BG. For n > 0, let
HE(BG/R) = ®&;HI(BG,Q"7) denote the total Hodge cohomology group
of degree n. De Rham cohomology groups Hj,(BG/R) are defined to be
the étale cohomology groups of the de Rham complex of BG. Let g denote
the Lie algebra associated to G and let O(g) = S(g*) denote the ring of
polynomial functions on g. In [17, Corollary 2.2], Totaro showed that the
Hodge cohomology of BG is related to the representation theory of G:

H'(BG, ) =~ H™(G, 5 (g%)).

Let G be a split reductive group defined over Z. From the work of Bhatt-
Morrow-Scholze in p-adic Hodge theory [1, Theorem 1.1], one might expect
that
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dimg, H} (BGr, /F,) > dimg, H'(BGc,F)) (1)
for all primes p and ¢ > 0. The results from [1] do not immediately apply
to BG since BG is not proper as a stack over Z. For p a non-torsion prime
of a split reductive group G defined over Z, Totaro showed that

HSR(BGIFP/FP) = H*(BGC,FP) (2)

[17, Theorem 9.2]. It remains to compare Hj, (BGr,/F,) with H*(BGc, Fp)
for p a torsion prime of GG. For n > 3, 2 is a torsion prime for the split group
SO(n). Totaro showed that

HSR(BSO(R)FQ/FQ) = H*(BSO(TL)(C,FQ) = ]FQ[’LUQ, ey wn]

as graded rings where wo, ..., w, are the Stiefel-Whitney classes [17, The-
orem 11.1]. In general, the rings HJ (BGF,/F,) and H*(BGc,F)) are dif-
ferent though. For example,

dimp, H3% (BSpin(11)g, /Fy) > dimg, H3*(BSpin(11)c, Fa)

[17, Theorem 12.1].
In this paper, we verify inequality (1) for more examples. For the torsion
prime 2 of the split reductive group G2 over Z, we show that

Hir(B(Ga)r,/F2) = H*(B(G2)c, F2) = Fays, ys, y7]
as graded rings where |y;| = i for ¢ = 4,6,7. For the spin groups, we show
that
Hjr (BSpin(n)r, /F2) = H*(BSpin(n)c, F2) (3)

for 7 < n < 10. Note that 2 is a torsion prime for Spin(n) for n > 7. The
isomorphism (3) holds for 1 < n < 6 by the “accidental” isomorphisms for
spin groups along with (2).

For n = 11, we make a full computation of the de Rham cohomology ring
of BSpin(n)p, :

Higr (BSpin(11)r, /F2) = Falya, Y6, y7, ¥s, Y10, Y11, Ys2)/ (Y7y10 + Yey11)
where |y;| = i for all i. We can compare this result with the computation of
the singular cohomology of BSpin(11)c¢ given by Quillen [14]:

H*(BSpin(11)c, Fa) = Falwy, we, wr, ws, w10, w11, wea] / (wrwio + wewi1,

w3 + wHwrwy + wiiwsw?)
where |w;| =i for all i. Equivalently,
H*(BSpin(11)c,Fy) = H*(BSO(11)¢,F2)/J @ Fao[wea]
where J is the ideal generated by the regular sequence
wa, Sq* (w2), S¢*Sq* (wa), ..., 5¢"°Sq® - -+ Sqtws.

Thus, the rings Hjy (BSpin(n)r,/F2) and H*(BSpin(n)c,F2) are not iso-
morphic in general even though Hjy(BSO(n)r,/F2) = H*(BSO(n)c,F2)
for all n. Steenrod squares on de Rham cohomology over a base field of
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characteristic 2 have not yet been constructed. If they exist, our calcula-
tion suggests that their action on Hji (BSO(n)r,/Fo) = H*(BSO(n)c, F2)
would have to be different from the action of the topological Steenrod oper-
ations.
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1. Preliminaries

In this section, we recall results from [17] that will be used in our com-
putations. These results were also used by Totaro in [17, Theorem 11.1] to
compute the de Rham cohomology of BSO(n)j, for k a field of characteristic
2.

The first result we mention [17, Proposition 9.3] is an analogue of the
Leray-Serre spectral sequence from topology.

Proposition 1.1. Let G be a split reductive group defined over a field F
and let P be a parabolic subgroup of G with Levi quotient L (this means that
P = R, (P)x L where R, (P) is the unipotent radical of P [2, 14.19]). There
exists a spectral sequence of algebras

Ey = Hy(BG/F) @ HL((G/P)/F) = Hi7(BL/F).

Proposition 1.1 is the main tool that we will use to compute Hodge coho-
mology rings of classifying stacks. To apply Proposition 1.1, we will choose
a parabolic subgroup P for which Hjj(BL/F') is a polynomial ring.

To fill in the Oth column of the Es page in Proposition 1.1, we use a result
of Srinivas [15].

Proposition 1.2. Let G be split reductive over a field F' and let P be a
parabolic subgroup of G. The cycle class map

CH*(G/P)®z F — Hy((G/P)/F)
s an isomorphism.

Under the cycle class map, CH(G/P) ®z F maps to H(G/P, ). From
the work of Chevalley [5] and Demazure [6], CH*(G/P) is independent of
the field F' and is isomorphic to the singular cohomology ring H*(G¢/Pc,Z).

The last piece of information we will use to compute Hy;(BG/F) is the
ring of G-invariants O(g)% = @; H'(BG, Q). Let T be a maximal torus in G
with Lie algebra t and Weyl group W. There is a restriction homomorphism

O(g)" = 0()". (4)
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We will need the following theorem which is due to Chaput and Romagny
[4, Theorem 1.1]. For the following theorem, a split algebraic group G over
a field F' is simple if every proper smooth normal connected subgroup of G
is trivial.

Theorem 1.3. Assume that G is simple over a field F. Then the restriction
homomorphism (4) is an isomorphism unless char(F) = 2 and Gz is a
product of copies of Sp(2n) for some n € N.

From the rings O(g)¢, CH*(G/P), Hi;(BL/F), we will be able to deter-
mine the F, terms of the spectral sequence in Proposition 1.1. This will
allow us to determine Hy;(BG/F') by using the following version of the Zee-
man comparison theorem [12, Theorem VII.2.4].

Theorem 1.4. Fiz a field F. Let {EXY,{E} be first quadrant (cohomo-
logical) spectral sequences of F-vector spaces such that E;’j = E;’O QF Eg’j
and E’;’j = E;’O Rp Eg’j for alli,j. Let {fﬁ’j g D Eﬁ’j} be a morphism
of spectral sequences such that fgj = fé’o ® fé”j for alli,j. Fiz N,Q € N.
Assume that féo] is an isomorphism for all i,j with i+ j < N and an injec-
tion for i+ j = N. If fg’i is an isomorphism for all i < Q) and an injection
for i = Q, then f;’o is an isomorphism for all i < min (N,Q + 1) and an
injection for i = min (N, Q + 1).

We recall a result from [17, Section 11] on the degeneration of the Hodge
spectral sequence for split reductive groups, under some assumptions. The
result in [17, Section 11] was proved for the special orthogonal groups but
the proof works more generally.

Proposition 1.5. Let G be a split reductive group over a field F' and assume
that the Hodge cohomology ring of BG is generated as an F'-algebra by classes
in ®;H(BG, Q) and ®;H (BG, Q). Then the Hodge spectral sequence

Ey = H(BG, QY = HY (BG/F) (5)
for BG degenerates at the E1 page.
Proof. From [17, Lemma 8.2], there are natural maps
H'(BG,Q') — Hit(BG/F)
and
H"Y(BG, Q") — H3P (BG/F)

for all # > 0. These maps are compatible with products. Let T denote a
maximal torus of G. From the group homomorphism 7" — G, we have the
commuting square
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®;H(BG,Q) —— &;H% (BG/F)

| | ©

®;H (BT, ) —=— H2,(BT/F).
The restriction homomorphism (4) induces an injection
©;H'(BG,Q) — ©;H' (BT, Q")
[17, Lemma 8.2]. Hence, from diagram (6), we get that the natural map
@, H'(BG,Q") — @;H3,(BG/F)

is an injection. Hence, any differentials into the diagonal in the spectral
sequence (5) must be 0. Then all classes in ©;H'"'(BT, Q) must be perma-
nent cycles (an element z in the Es page of a spectral sequence E, is called
a permanent cycle if d;(x) = 0 for all i > 2) in (5). Classes in &; H*(BT, Q)
must be permanent cycles in the spectral sequence (5) since H'(BG, ) = 0
fori < j by [17, Corollary 2.2]. This proves that the Hodge spectral sequence
for BG degenerates. O

The following definition will be used later to describe the Hodge coho-
mology of flag varieties.

Definition 1.6. Let F' be a field. For variables z1,...,z, let A(zq,...,2zy)
denote the F-vector space with basis given by the products z;, - - - z;, for
1<y <o < <1 <.

2. G,

Let k be a field of characteristic 2 and let G denote the split form of G,
over k.

Theorem 2.1. The Hodge cohomology ring of BG is freely generated as a
commutative k-algebra by generators yy € H?*(BG,0?), y¢ € H3(BG,Q3),
and y; € H*(BG,Q3). The Hodge spectral sequence for BG degenerates at
FEy and we have

Hir(BG/k) = Hi(BG/k) = klya, ye, y7]-

From the computation [12, Corollary VII.6.3] of the singular cohomol-
ogy ring of B(Ga)c with Fa-coefficients, we then have H*(B(G2)c, k) =
H3ir (BG/E).

Proof. We first choose a suitable parabolic subgroup of G. Let P be the
parabolic subgroup of G corresponding to inclusion of the long root.

e————0
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From Proposition 1.2, CH*(G/P) is independent of the field & and the
characteristic of k. As discussed in [9, §23.3], if we consider (G2)c over
C along with the corresponding parabolic subgroup Pg, (G2)c/Pc is iso-
morphic to a smooth quadric @5 in P®. Hence, by [8, Chapter XIII],
H{((G/P)/k) is isomorphic to

CH*(Qs) ®z k = kv, w]/ (0%, w?, v® — 2w) = k[v, w]/(v?, w?)
where |v| = 2 and |w| = 6 in H5((G/P)/k) .

We next show that the Levi quotient L of P is isomorphic to GL(2)y.
This can be seen by constructing an isomorphism from the root datum of
GL(2)) to the root datum of the Levi quotient. Let (X1, Ry, X, RY) be
the usual root datum of GL(2); where X1 = Zx1 + Zx2, R1 = Z(x1 — x2),
and we take our torus to be the set of diagonal matrices in GL(2);. We
take (X2, Ro, X3/, RY) to be the root datum of G as described in [3, Plate
IX]. Here, X5 = {(a,b,c) € Z3 | a+ b+ c = 0}. The long root « for G is
then (—2,1,1) and the root datum of P/R,(P) is (X2, +a, Xy, +1a). An
isomorphism from the root datum of GL(2) to the root datum of G can
then be obtained from the isomorphism

X1 = Xo
X1+ (=1,1,0), x2 — (1,0, -1).
Thus, L = GL(2).
We now analyze the spectral sequence
Ey’ = Hy(BG/k) © H}y(G/P)/k) = Hy” (BL/k) (7)
from Proposition 1.1. From [7, Proposition| and [10, 11.4.22],
Hiy(BL/K) = §*(g1) % = §%(6)% = kfwy, 2]

where 21 € HY(BL,Q') and x5 € H?(BL,Q?). Here, t is the space of all
diagonal matrices in gl, and S acts on t by permuting the diagonal entries.

In order to compute Hjj(BG/k) from the spectral sequence above, we
must first compute the ring of invariants of S*(g2)®. From Theorem 1.3,
S*(g2)¢ = S*(t,)"V where t, is the Lie algebra of a maximal torus 7 in G
and W is the corresponding Weyl group of G. By [17, Corollary 2.2],

HY(BG, Q") = Si(t,)"
for i > 0.

Proposition 2.2. The ring of invariants S*(t,)V is equal to k[ys, ys] where
lyal = 2 and |ys| = 3 in S*(t,)V .

Proof. Following the notation in [3, Plate IX], W = Z; x S3 acts on the
root lattice Xo = {(a,b,c) € Z® | a+b+c = 0} by multiplication by —1 and
by permuting the coordinates. Hence, since we are working in characteristic
2, W acts on S*(t,) = k[t1,t2,t3]/(t1 + t2 + t3) by permuting ¢;, to, and t3.
We then have S* (fo)W = k‘[tltg + t1t3 + t2t3, tltgtg] = k[y4, y6]- O
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We can now carry out the computation of Hfj(BG/k). First, we show
that the class v € Eg’g is a permanent cycle. Consider the filtration on
HZ(BL/k) = k-v given by (7): HA(BL/k) +> E%, where HZ(BL/k)/E2 =
Eggf. Here, Egl’1 =0 and

E20 = E3° = HR(BG/k) = H'(BG,Q")

(we have H?(BG, O) = 0 since H*(BL, ) = 0 and there are no differentials
entering E3" ) since Hy((G/P)/k) = ®;H'(G/P, Q") is concentrated in even
degrees. Hence,

E%Y = H3(BG/k) = HY(BG, Q") =0,

by Proposition 2.2. It follows that ng & Eg’Q = k - v which implies that
ds(v) = 0. As (7) is a spectral sequence of algebras, it follows that v and
v? are permanent cycles. Using that Hj;(BL/k) is concentrated in even

degrees, we then get that H3(BG/k) = Eg”o = B2’ =0 and H3(BG/k) =
EYY =EX =o.

Next, we show that w € H5((G/P)/k) = EYY is transgressive with 0 #
dr7(w) € E;’O. Note that dimy HS(BL/k) = 2. As v is a permanent cycle in
FE., we observe that EY o~ E;"’z 2 kysRrk-v = kand ESQ ~ ]5’26’0 2 koye =
k. Hence, dimH{(BL/k) = 2 = dimy, B + dimy, ES. From the filtration
on HY(BL/k) given by the spectral sequence (7), it follows that EXS = 0.
As H3(BG/k) = B3 = EX* = 0 and HY(BG/k) = ES° = EZ = 0,
we then get that 0 # dr(w) € E;’O and dr(w) lifts to a non-zero element
yr € HY(BG,Q3) C H(BG/k).

k 0 0 0 k-ya 0 k- ye k-yz
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Now, we can determine the Ey terms in (7). For n odd, EX™" = 0
since Hjj(BL/k) is concentrated in even degrees. Let n € N be even. The
k-dimension of H{j(BL/k) is equal to the cardinality of the set

Sp = {(a,b) S ZZO X ZZO 1 2a+4b = n}
For i = 0,1,2, set V;,, == H®2)/2(BG, Q"=2)/2) For i = 0,1, 2, dimyV; ,
is equal to the cardinality of the set S;,, = {(a,b) € Z>o X Z>¢ : 4a + 6b =
n —2i}. As v is a permanent cycle in (7), By~ *"* = EI7** for § = 0,1,2.
As yr € HY(BG,Q?) and HY(BG, V) =0 for i < j,
y7-x ¢ & H (BG, )
for all « € H{;(BG/k). Hence,
H(n72i)/2<BG, Q(n72i)/2) Qp k - vl C E;L—Qi,Zi o E?_Qi’%

injects into B 2% for i = 0,1, 2.
Define a bijection f;, : S;, — So U S1,, U Sa,, by
(b,a/3) € Soif a=0 mod 3,
Jn(a,b) = ¢ (b,(a—1)/3) € S1,ifa=1 mod 3,
(b,(a—2)/3) € Sapifa=2 mod 3.
Then
dimg Hjj(BL/k) = |Sn| = [Son| + [S1,n] + [S2,n]
< dimp B0 + dim, B 22 + dimy, B 44
where the inequality follows from the fact proved above that
H"=20/2(B@G, n=20/2)
injects into E% 2"* for i = 0,1,2. From the filtration on HE(BL/k) de-
fined by the spectral sequence (7), it follows that H("~29/2(BG, Qn—2)/2) =~
E%9% for i =0,1,2 and E%2%% =0 for i > 3.
We can now finish the computation of the Hodge cohomology of BG
by using Zeeman’s comparison theorem. Let F,. denote the cohomological

spectral sequence of k-vector spaces concentrated on the Oth column with
FEs page given by

kifi=0,
k-vifi=2,
E-ov?ifi=4,
0ifi+#0, 2, 4.
Aswv e ES’Z in the spectral sequence (7) is transgressive with d,(v) = 0 for
all r > 2, there exists a map of of spectral sequences F, — F, that takes
UNS FQO’2 towv € Eg’2 and v? € FQO’4 to v? € ESA.

Fixing a variable y, let H, denote the cohomological spectral sequence
with Es page given by Hy = A(w) ® k[y] where w is of bidegree (0,6), y is

04
Fy =
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of bidegree (7,0), and w is transgressive with d7(wy') = y**! for all i > 0.
As w € Eg’G is transgressive with d7(w) = yr € E;O, there exists a map
of spectral sequence H, — E, such that w € Hg’ﬁ maps to w € Eg’ﬁ and
Y€ H27’O maps to y7 € E27’0. Elements of the ring of G-invariants k[yy, ys] are
permanent cycles in the spectral sequence (7) since they are concentrated
on the Oth row. Thus, by tensoring the previous maps of spectral sequences,
we get a map
a: I, =F,H,® k[y4,y6] — B,

of spectral sequences.

As shown above, the map « induces an isomorphism I, = Fo®k[ya, ye] —
FE, on E, pages. The 0th columns of the Es pages of the spectral sequences
I, and E, are both isomorphic to k[v,w]/(v®, w?) and « induces an isomor-
phism on the Oth columns of the E5 pages. Thus, by Theorem 1.4, o induces
an isomorphism on the Oth rows of the E5 pages. Hence,

Hiy(BG/k) = klya, ye, y7)-

From Proposition 1.5, the Hodge spectral sequence for BG degenerates.
O

Corollary 2.3. Let G be a k-form of Gy. Then
Hy(BG/k) = klza, x6, v7]
where |x;| =i fori=4,6,7.
Proof. Letting ks denote the separable closure of k, we have BG x Spec(ks) =
B(Ga9)g,. From Theorem 2.1, Hi(B(Go)r,)/ks) = ks[zy, x4, 25] for some

Ty, g, g € Hi(B(Go)p,/ks) with |;| = i for all 4. As Hodge cohomology
commutes with extensions of the base field,

Hiy(BG x4, Spec(ky))/ks) = Hi (BG/k) @ k.

It follows that Hy;(BG/k) = k[x4, xe, x7] for some x4, z6, 27 € H{j(BG/k).
([

3. Spin groups

Let k& be a field of characteristic 2 and let G denote the split group
Spin(n)g over k for n > 7.

Let Py C SO(n) denote a parabolic subgroup that stabilizes a maximal
isotropic subspace. Let P C G denote the inverse image of Py under the
double cover map G — SO(n)k. The Hodge cohomology of G/ P is given by
Proposition 1.2 and [12, Theorem II1.6.11].

Proposition 3.1. There is an isomorphism

H(G/P)/K) = Mlew, .. es]/ (€2 = 21,
where s = [(n —1)/2], em =0 for m > s, and |e;| = 2i for all i.
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The Levi quotient of Py is isomorphic to GL(r)y where r = |n/2|. Hence,
the Levi quotient L of P is a double cover of GL(r)y.
Proposition 3.2. The torsion index of L is equal to 1.

Proof. We show that the torsion index of the corresponding compact con-
nected Lie group M is equal to 1. As M is a double cover of U(r), M is
isomorphic to (S x SU(r))/27Z where k € Z acts on S' x SU(r) by

(Z,A) — (Zeka/r,e_ZMk/rA).

Hence, the derived subgroup [M, M| of M is isomorphic to SU(r). As SU(r)
has torsion index 1, M has torsion index 1 by [16, Lemma 2.1]. Thus, L has
torsion index equal to 1. O

Corollary 3.3. We have
Hi(BL/E) = O()F = k[A, ca, ..., ¢/
where |c;| = 2i in Hjy(BL/k) for all i and |A| = 2.
Proof. From Proposition 3.2 and [17, Theorem 9.1],
Hy(BL/k) = O(1)L.

Let T be a maximal torus in L with Lie algebra t and Weyl group W. From
Theorem 1.3, O(I)* =2 O(t)W. To compute O(t)", we use that L is a double
cover of GL(r);. We have

S(XNT) @ k) 2 Zlay,....x0 AlJQA =121+ +2,) @ k

= Eklxy, ...,z Al /(1 + - + ).

The Weyl group W of L is isomorphic to the symmetric group S, and acts
on S(X*(T') ® k) by permuting z1,...,z,. From [13, Proposition 4.1],

(klx1,..., 20, Al/(x1+ - +2,)% = Kk[A, ¢, ..., ¢
where ¢y, ..., c, are the elementary symmetric polynomials in the variables
TlyeeeyTp.

O

For our calculations, we will need to know the Hodge cohomology of
BSO(n)y [17, Theorem 11.1].

Theorem 3.4. The Hodge spectral sequence for BSO(n)y degenerates and
H{i(BSO(n)k/k) = klug, ..., up]

where ug; € H(BSO(n)g, Q%) and ugir1 € HTHBSO(n)g, Q) for all rele-
vant 1.

We'll also need to know the ring of invariants of G = Spin(n); for all
n > 6. This can be found in [17, Section 12].
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Lemma 3.5. Forn > 6,

klca,...,crympoa] if n=2r+1
O(g)G = k[ea, ... ¢ry pip—1] if n = 2r and r is even
klca, ..., crypuy] if n=2r and r is odd
where |¢;| = i, |nj| = 27, and |uj| = 2971 in O(g)¥ for all i and j.

Note that under the inclusion O(g)® C Hj(BG/k), the degree of an
invariant function in Hj;(BG/k) is twice its degree in O(g).

Theorem 3.6. Let n = 7. The Hodge spectral sequence for BG degenerates
and

Hir(BG/k) = Hi(BG/k) = k[ys, ys, y7, ys]
where |y;| =i fori=4,6,7,8.

Proof. From Lemma 3.5,

O(g)G = k[y47 Ye, yS]
where |y;| = i in Hj;(BG/k), viewing O(g)® as a subring of Hj;(BG/k).
Consider the spectral sequence
By’ = Hy(BG/k) @ H}y(G/P)/k) = Hy (BL/k) (8)
from Proposition 1.1. From Proposition 3.1 and Corollary 3.3,
H{i((G/P)/k) = kler, e2,e3]/ (e = eni) = klex, e3]/ (1, €3)
and
Hﬁ(BL//{) = k‘[A, C2, 03].

First, we show that e; € Eg’2 is a permanent cycle. From the filtration

on H3(BL/k) =k - A given by (8), we have
1 = dimz E9? + dim E2° = dimg E%2 + dimy, B3,

As Hi(BL/k) = ®;H(BL,), E3° = H'(BG,Q') = 0. Hence, EX? =
ES’Z = k - e; which implies that e; is a permanent cycle. As es = e%, it
follows that es is a permanent cycle. Hence, Faz 2 E§’2 >k (ys®e1) and

6,0 ~v 16,0 ~
Ex = Ey" =k - ye.

We next show that e3 € ES’G is transgressive with dy(e3) # 0. As e; is
a permanent cycle and H}(BL/k) = 0 for i odd, the spectral sequence (8)
implies that ES’O = E25’0 = 0. Consider the filtration of (8) on HS(BL/k).
We have

dim, H(BL/k) = 3 = dim ES0 + dimy, L2 + dimy, B28 = 2 4 dim E2S
which implies that E% =~ k- ereq. As ES”O = ES’O = 0, we must then have
e3 € E$76 and 0 # dy(e3) € E;70. The class dr(es) lifts to a non-zero class
yr € HY(BG, ) C E}° = HY(BG/k).
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k-eiea Dk-es

k 0 0 0 k-yq 0 k-ys k-yz

We can now determine the Eo, page of (8). For n odd, ES"™" = 0 since
H{(BL/k) is concentrated in even degrees. Assume that n € N is even.
The k-dimension of H{}(BL/k) is equal to the cardinality of the set

Sy = {(a,b,c) € Zzo X Zzo X Zzo :2a + 4b + 6¢ = TL}
For i = 0,1,2,3, set Vi, == H"2)/2(BG,Q"=2)/2), For i = 0,1,2,3,
dimyV; 5, is equal to the cardinality of the set S; ,, = {(a,b,¢) € Z>g X Z>( %
Z>o : 4a+ 6b+ 8c =n — 2i}. As e; is a permanent cycle in (8),
Vin & Vip @ k- €] C EL 2%

fort=0,1,2,3.
Define a bijection f, : S,, = So,n U S1,, U S22, US3, by

(b,c,a/4) € Son if a=0 mod 4,
folabc) = (bye,(a—1)/4) € S1pn %f a=1 mod 4,
(b,c,(a—2)/4) € Sgp if a =2 mod 4,
(b,c,(a—3)/4) € S3pif a =3 mod 4.
Then
As

dimy H2(BL/k) > E%° + En-22 4 protd 4 pn=66
and V;, C EN#2 for § = 0,1,2,3, it follows that V;, = E22 for
i=0,1,2,3 and E%*"* =0 for i > 4.

We now use Theorem 1.4 to finish the computation of the Hodge cohomol-
ogy of BG. Let F, denote the cohomological spectral sequence of k-vector
spaces concentrated on the Oth column given by Fy = A(ey,e2) where e;
is of bidegree (0,2i) for i = 1,2. As ey is a permanent cycle in (8) , there
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is a map of spectral sequences F, — FE, taking e; € on 2to e € Eg’zl for
i = 1,2. Fix a variable y. Let H, be the spectral sequence with Es page
given by Hy = A(e3) ® k[y| where es is of bidegree (0,6), y is of bidegree
(7,0), and e3 is transgressive with dr(esy’) = y**! for all 5. As e3 € Eg’6
is transgressive with dr(es) = yr7, there exists a map of spectral sequences
H, — E, taking e3 € HS’G to ez € Egﬁ and y € H27’O to yr € E;O.

Elements in the ring of G-invariants k[y4, ¥, ys| are permanent cycles in
the spectral sequence (8). Tensoring maps of spectral sequences, we get a
map

a: I, =F,® H, ® klya, ys, ys] — Fx

of spectral sequences. As I, = F» ® k[ya, Y6, ys], o induces isomorphisms
on F, terms and on the Oth columns of the Fy pages. Hence, by Theorem
1.4, o induces an isomorphism on the Oth rows of the Fy pages. Thus,

Hi(BG/k) = klya, ys, yr, ys]-
The Hodge spectral sequence for BG degenerates by Proposition 1.5. ([

As Hodge cohomology commutes with extensions of the base field, we
have the following result.

Corollary 3.7. Let k be a field of characteristic 2 and let G be a k-form of
Spin(7). Then

Hy(BG/k) = klzy, w6, v7, 3]
where |z;| =i for all i.

Theorem 3.8. Let n = 8. The Hodge spectral sequence for BG degenerates
and

Hig(BG/k) = Hiy(BG/k) = klys, ye, y7. ys, y&]
where |y;| =i fori=4,6,7,8 and |y§| = 8.

Proof. From Lemma 3.5,

O(g)G = k[y4) Y6, Y8, yé]

where |y;| = i and |y4| = 8 in Hjj(BG/k), viewing O(g)“ as a subring of
H{(BG/k). Consider the spectral sequence

By’ = Hy(BG/k) @ H}y(G/P)/k) = Hy (BL/k) (9)
from Proposition 1.1. From Proposition 3.1 and Corollary 3.3,

H}i((G/P)/k) = ke, e2,e3/ (€} = e2:) = klex, e3]/ (el €3)
and
Hi(BL/k) =2 k[A, o, c3, c4].

Calculations similar to those performed in the proof of Proposition 3.6 show
that e; is a permanent cycle in (9) and e3 € ES’G is transgressive with
0 # dr(e3) = y7 € HY(BG,Q3). We have H?(BG/k) = H?(BSpin(7)x/k)
for m < 8 and Hy(BG/k) =k - ys ® k - y§.
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We can now determine the Eo, terms for (9). For n odd, EX'™" = 0 since
H{(BL/k) is concentrated in even degrees. Assume that n € N is even.
The k-dimension of H{j(BL/k) is equal to the cardinality of the set

S, = {(a,b,c,d) S ZZO X ZZO X ZZO X ZZO : 2a—|—4b+6c+8d:n}.
For i = 0,1,2,3, set Vi, = H"2)/2(BG,Q"=2)/2) For i = 0,1,2,3,
dimVj,, is equal to the cardinality of the set S;, = {(a,b,¢c,d) € Z>¢ x
L>o X L0 X Z>0 : 4a + 6b+ 8¢ + 8d = n — 2i}. As e is a permanent cycle
in (9),

Vin 2 Vip®@k- e} C Bl 202
fori=0,1,2,3.
Define a bijection f, : S, — So,n U S1,n U S2, US3, by

(b,c,d,a/4) € Sopifa=0 mod 4,

(b,c,d,(a—1)/4) € S1pifa=1 mod 4,
(b,e,d,(a—2)/4) € Sap if a=2 mod 4,
(b,e,d,(a—3)/4) € S3,, if a=3 mod 4.

fn(a,b,c,d) =

Then

dimp Hij(BL/k) = |Sn| = [Son| + [S1n] + [S2.n] + +]53,n]-

As
dim, HE(BL/k) > EX° + E722 4 Erott - pris6.6

and Vi, C E% " for i = 0,1,2,3, it follows that Vi, = E% *"* for
i=0,1,2,3 and E5 2% =0 for i > 4.

Let F, denote the spectral sequence concentrated on the Oth column with
Fy = A(eq, ez, e4) where ¢; is of bidegree (0,2¢). There is a map of spectral
sequences F, — FE, taking e; to e; for i = 1,2,4. Fix a variable y. Let
H, denote the spectral sequence with Fy page Ho = A(es) ® k[y] where
e is of bidegree (0,6), y is of bidegree (7,0), and e3 is transgressive with
d7(esy’) = y'*! for all i. There is an obvious map of spectral sequences
H, — FE,. Classes in the ring of G-invariants are permanent cycles in the
spectral sequence (9). Tensoring these maps, we get a map of spectral
sequences

a:l,=F,® H, ® k[ys, vs, ys, ys] — Ex.
The map « induces an isomorphism on F., terms and on the Oth columns

of the E5 pages. Theorem 1.4 then implies that « induces an isomorphism
on the Oth rows of the Fy pages. Thus,

Hﬁ(BG/k’) = k[y4a Y6, Y7, Y8, yé]

Proposition 1.5 implies that the Hodge spectral sequence for BG degener-
ates.
(|
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Corollary 3.9. Let k be a field of characteristic 2 and let G be a k-form
for Spin(8). Then
HE(BG/k) = k[y4) Ye,Y7,Ys, yé]
where |y;| =i fori=4,6,7,8 and |y§| = 8.

Theorem 3.10. Letn = 9. The Hodge spectral sequence for BG degenerates
and

Hag(BG/k) = Hi(BG/k) = k[ys, ys, y7, ys, Y16
where |y;| =i for i =4,6,7,8,16.

Proof. From Lemma, 3.5,

O(9) = k[ys, ys, ys, y16]
where |y;| = i in Hj;(BG/k), viewing O(g)¢ as a subring of H};(BG/k).
Consider the spectral sequence
Ey = Hjy(BG/k) @ H}((G/P)/k) = Hi/(BL/k) (10)
from Proposition 1.1. From Proposition 3.1 and Corollary 3.3,
H}5((G/P)/k) = kler, e2,e3,ea]/(¢F = e2;) = klex, 3]/ (€], €3)

and
Hi(BL/k) 2 k[A, o, c3, c4].

Calculations similar to those performed in the proof of Proposition 3.6 show
that e; is a permanent cycle in (10) and e3 € Eg’ﬁ is transgressive with
0 # dr(e3) = y7 € HY(BG,Q3). We have H(BG/k) = H?(BSpin(7)x/k)
for m < 10. o

We now determine the Eo, terms for (10). For n odd, Ex'™* = 0 since
H{{(BL/E) is concentrated in even degrees. Assume that n € N is even.
The k-dimension of H{j(BL/k) is equal to the cardinality of the set

Sn:{(a,b,c,d) GZzoXZzoXZEQXZEOIQQ+4b+6C—|-8d:TL}.

For 0 <4 < 7,set Vi, == H® 2)/2(BG, Q"=29/2) For 0 < i < 7, dimy V;, is
equal to the cardinality of the set S;,, = {(a, b, ¢,d) € Z>0XZL>0XL>oXL>p :
4a + 6b + 8¢ + 16d = n — 2i}. As e; is a permanent cycle in (10),

Vi = Vip @ k- € C ET20%
for 0 << 7.
Define a bijection f,, : S, — L7J Sin by fn(a,b,c,d) = (b,c,d,(a—1)/8) €
Sin for a =14 mod (8). Then =

dimy HE(BL/k) = |S,| = Z\Sml
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7
dimy H(BL/k) > Y EL 0%
i=0
and V; , C Eg{%’% for 0 <14 <7, it follows that V; ,, = E&*Qi’% for0<i<7
and B 292 = 0 for i > 8.

Let F, denote the cohomological spectral sequence concentrated on the
Oth column with Fs page given by Fy = A(ey, ea, e4) where e; has bidegree
(0,2i) for i = 1,2,4. As e; is a permanent cycle in the spectral sequence
(10), there exists a map F, — E, of spectral sequences taking e; to e; for
1 =1,2,4. Let y be a free variable and let H, denote the spectral sequence
with Fy page Hy = A(es) ® k[y] where es is of bidegree (0,6), y is of
bidegree (7,0), and e3 is transgressive with dr(esy’) = y'™! for all i. As e3
is transgressive in the spectral sequence (10) with d7(es) = y7, there exists
a map of spectral sequences H, — F, taking e3 to e3 and y to y7.

Elements in the ring of G-invariants k[y4, Y6, ys, y16] are permanent cycles
in the spectral sequence (10). Tensoring maps of spectral sequences, we get
a map

(7N I* = F* & H* & k?[y4,y67y87916] - E*

The map a induces an isomorphism on F terms and on the Oth columns of
the Ey pages. Hence, Theorem 1.4 implies that a induces an isomorphism
on the Oth rows of the Es pages. Thus,

Hi(BG/k) = klya, Y6, Y7, Ys: Yi6)-

Proposition 5 implies that the Hodge spectral sequence for BG degenerates.
O

Corollary 3.11. Let k be a field of characteristic 2 and let G be a k-form
for Spin(9). Then

Hy(BG/k) = klya, ye, y7. ys, Y1e]
where |y;| =1 fori=4,6,7,8,16.

Remark 3.12. Assume that k is perfect. Let po denote the group scheme
of the 2nd roots of unity over k. For n > 10, the Hodge cohomology of
BG is no longer a polynomial ring. To determine the relations that hold in
H{{(BG/k), we will restrict cohomology classes to the classifying stack of a
certain subgroup of G considered in [17, Section 12]. Let r = [n/2| and let
T = Gj, denote a split maximal torus of G. Assume that n # 2 mod 4 so
that the Weyl group W of G contains —1, acting by inversion on 7. Then
—1 acts by the identity on T'[2] = ub (for n € N, T'[n] C T is the kernel
of the nth power map 7' — T') and G contains a subgroup @ = ub x Z/2.
Under the double cover G — SO(n)y, the image of @ is isomorphic to
K= ug_l X Z/2 and @ — K is a split surjection. We will need to know
the Hodge cohomology rings of the classifying stacks of these groups. For a
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commutative ring R, we let rad C R denote the ideal of nilpotent elements.
From [17, Proposition 10.1],

H{;(Buz/k)/rad = klt]
where t € H(Bpug, Q). From [17, Lemma 10.2],
Hy((BZ/2)/k) = k[s]

where s € H'(BZ/2,Q°). The Kiinneth formula [17, Proposition 5.1] then
lets us calculate the Hodge cohomology ring of Bub x B(Z/2)? for any i,j >
0. Fix ¢,5 > 0. Then

Hiy(Buby x B(Z/2)7)/k)/rad = klty,. .. ti, 51, .., 8]

where t; € HY(Bub x B(Z/2)7,Q) for all l and s; € HY (B4 x B(Z/2)7,Q0)
for all .

Theorem 3.13. Let n = 10. The Hodge spectral sequence for BG degener-
ates and

Hir(BG/k) = Hy(BG/k) = klys, e, y7, Ys, Y10, Y32]/ (Y7y10)
where |y;| =1 fori=4,6,7,8,10,32.

Proof. We may assume that kK = Fy so that Remark 3.12 applies. From
Lemma 3.5,

O(a)¢ = klya, ys, ys, Y10, Y32
where |y;| = i in Hy(BG/k), viewing O(g)“ as a subring of Hy;(BG/k).
Consider the spectral sequence

Ey’ = Hiy(BG/k) @ Hy((G/P)/k) = Hy” (BL/k) (11)
from Proposition 1.1. From Proposition 3.1 and Corollary 3.3,

H}i((G/P)/k) = kler, ea, €3, €]/ (¢F = e2;) = klen, 3]/ (€], €3)
and
Hf'.}(BL/k) = ]{Z[A, C9,C3,C4, 65].
Calculations similar to those performed in the proof of Proposition 3.6 show
that e; is a permanent cycle in (11) and e3 € Eg’6 is transgressive with
0 # dr(e3) = yr € HY(BG,Q3). We have H}(BG/k) = H?(BSpin(9)x/k)
for m < 10.

Let F, be the spectral sequence concentrated on the Oth column with
Ey page given by Iy = A(eq, ez, e4) where e; has bidegree (0,2i) for all i.
As e; is a permanent cycle in (11), there exists a map of spectral sequence
F, — E, taking e; to e; for i = 1,2,4. Fix a variable y. Let H, denote the
spectral sequence with Ey page Ho = A(e3) ® kly] where e3 has bidegree
(0,6), y has bidegree (7,0), and e3 is transgressive with dr(esy’) = y** for
all i. As eg is transgessive in (11) with d7(e3) = y7, there exists a map of
spectral sequences H, — E, taking e3 to es and y to y7. Elements in the ring
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of G-invariants k[y4, s, ys, Y10, Y32] are permanent cycles in (11). Tensoring
maps of spectral sequences, we get a map

a:l, = F,® H, ® klys, Ys, ys, Y10, Y32] — Ex (12)

which induces an isomorphism on the Oth columns of the Es pages.
Let n be even. The k-dimension of H{j(BL/k) is equal to the cardinality
of the set

Sn ={(a,b,c,d,e) € Zgo :2a + 4b + 6¢ + 8d + 10e = n}.
For 0 < i < 15, set Vi, = H" 2)/2(BG,Q"=2)/2) For 0 < i < 15,
dimyV; ,, is equal to the cardinality of the set S;, = {(a,b,c,d,e) € 2520 :
4a + 6b + 8¢ + 10d + 32e = n — 2i}. As e; € H3((G/P)/k) is a permanent
cycle in (11),
‘/im = in QFk- eli - Ego_%’zi

for 0 <4 < 7. Hence, the map « in (12) induces injections on all Ew, terms.
For n odd, a induces isomorphisms 0 = I, "' = E5 " = 0 for all i since
H{{(BL/E) is concentrated in even degrees.

15
Define a bijection f,, : S, = |J Sin by fn(a,b,c,d,e) = (b,c,d,e,(a —
i=0
i)/16) € S, for a =i mod (16). Then

15 15
dimp Hi (BL/k) = |Sn| = Y |Sim| =Y dimgVip. (13)
i=0 i=0
Now assume that n < 14. Then f,, gives a bijection
7
Sn — U Si,n-
i=0

7
dim Hij(BL/k) > Y EL 9%
i=0

and V; ,, C Eg{%’% for 0 <14 <7, it follows that V; ,, = E&*Qi’% for0<i<7
and EQO_%’% = 0 for ¢ > 8. As a induces injections on all F, terms, Theorem
1.4 implies that « in (12) induces an isomorphism IS’O — Eg’o for n < 16.

Now we consider the filtration on H{f(BL/k) given by (11). From the
bijection fig defined in the previous paragraph, we have

7 7
dimp Hif (BL/k) =1+ ) [Sinl =1+ Y dimpVip @ k€.
i=0 i=0

As eg is a permanent cycle and « induces isomorphisms on 0th row terms
of the Fs pages in degrees less than 16, we must then have

EXC = (A (BG/k) @k €)@ (k- 2@k -e3)
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for some 0 # 2 € H(BG/k). Hence, y7zz = 0 in Hy;(BG/k). Write 2z =
ay4ye + by for some a,b € k.

We now show that a = 0 by restricting y72 = 0 to the Hodge coho-
mology of the classifying stack of the subgroup Spin(8); of G. Under the
isomorphism

H;I(Bspln(8)k/k) = k[y4> Ye,Y7,Ys, ylG]

of Theorem 3.10, the pullback from Hj;(BG/k) to Hy;(BSpin(8);/k) maps
Y1, Y6, Y10 € Hiy(BG/k) to ya,ye, and 0 respectively in Hjj(BSpin(8)/k).
Hence, to show that a = 0, it suffices to show that y; € Hj;(BG/k) restricts
to y7 € H{;(BSpin(8);/k). From the isomorphism

H(BSO(m)/k) = klus, . . ., tp]

of Theorem 3.4 for m > 0, the class u7 € Hj3(BSO(10),/k) restricts to uz €
HT(BSO(8)y/k). Thus, we are reduced to showing that u; € H(BSO(8)/k)
pulls back to a non-zero multiple of y; € H{;(BSpin(8);/k).

Consider the subgroups pj x Z/2 = Q C Spin(8); and u3 x Z/2 =2 K C
SO(8), defined in Remark 3.12. As the morphism @ — K is split surjective,
if we can show that wuy restricts to a nonzero class in Hjj(BK/k), then uy
would restrict to a nonzero class in H{;(BSpin(8)y/k). From the inclusion
O(2)¢ C O(8)k, O(8)y contains a subgroup of the form uj x (Z/2)*. As
SO(8) is the kernel of the Dickson determinant (also called the Dickson
invariant in some sources [11, §23]) O(8)r — Z/2, it follows that SO(8)x
contains a subgroup H = ui x (Z/2)3. Write

Hﬁ(BH/k:)/rad = k:[tl,...,t4,81,...,84]/(81 + S9 + 83 +S4)

using Remark 3.12. From the proof of [17, Lemma 11.4], the pullback of w7y
to Hjj(BH/k)/rad followed by pullback to

Hﬁ(BK/k)/I‘ad = k‘[tl,...,t4,8]/(t1 =+ .. +t4)

is given by

3

3
U7 Z Sj(tj +t4) Z ti ti, — Z 8<tj +t4) Z i tiy

j=1 1<i1<ia<3 j=1 1<i1<ia<3
i1,i27] i1,i2#]

=5 D> (tiy +tiy)titiy # 0.

1<41<2<3

Thus, ur € Hj(BSO(8);/k) pulls back to a nonzero multiple of

yr € H;(BSpin(8),/k)
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which implies that y7yi10 = 0 in Hjj(BG/k).

uz € Hi(BSO(10),/k) yr € Hy(BG/k)
u7 € HG(BSO(8)x/k) y7 € HY(BSpin(8)y/k)
S0y s(ty + ta) Zl§i1<;‘z§3 titi, € HY(BK/k) — " H}(BQ/k)

Using the relation y7yi10 = 0, we now modify the spectral sequence I,
defined above to define a new spectral sequence J, that better approximates
(and will actually be isomorphic to) the spectral sequence (11). Let

(yy10) = Io ® (Ales) @ yk[y]) ® y10k[ya, ve, ys, Y10, y32)-

Define the Fs page of J, by Jo = I/ (yy10). Define the differentials d),, of J.
so that Is — Jo induces a map I, — J, of cohomological spectral sequences
of k-vector spaces and d],, = 0 for m > 7. This means that d;(f ®e3®@y109) =
f®y®ypg =0 and d,(f ® e3 @ y1og) = 0 for m > 7, f € Fy, and
9 € k[ys, Y6, ys, Y10, y32]. The Eos page of J, is given by

Joo = (Fo ® klya, Ys, Ys, Y10, Y32]) B (F2 ® e3 & yi0k[ya, Ys, Y3, Y10, Y32])-

As yry10 = 0 in Hj;3(BG/k), o induces a map o' : J, — E, of spectral
sequences. To finish the calculation, we will show that o/ induces an isomor-
phism on E,, terms so that Theorem 1.4 will apply. For n odd, E5, "' = 0
for all ¢ since Hjj(BL/k) is concentrated in even degrees. Now assume that
n is even. For 0 < ¢ < 7,

Vi & H(H—Qi)/Q(BG7 Q(n—zz’)/Z) ® eil C Ego—Qin"
For 8 <i <15,
Vin = yioH"22(BG,Q02/%) @ e[Sy C B 21102710,

Hence, from the description of the F, terms of J, given above, it follows
that o/ induces an injection J2 **** — E2 " for all i. Equation (13) then
implies that Jg{%’% = EQ{Mm for all 7.

Thus, o induces an isomorphism on E,, pages and an isomorphism on
the Oth columns of the Ey pages of the 2 spectral sequences. Theorem 1.4
then implies that

H{(BG/k) = klya, ye, y7, Y3, Y10, y32]/ (yry10)-

From Proposition 5, the Hodge spectral sequence for BG degenerates.
O

Corollary 3.14. Let G be a k-form of Spin(10). Then
Hy(BG/k) = klya, ys, y7, Ys, Y10, Y321/ (y7910)
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where |y;| =i for all .

Theorem 3.15. Let n = 11. The Hodge spectral sequence for BG degener-
ates and

Hir(BG/k) = Hjj(BG/k) = klya, 6, Y7, s, Y10, Y11, Y32l /(Y7910 + Y6y11)

where |y;| =i for i =4,6,7,8,10,11, 32.
Proof. We may assume that k& = Fy so that Remark 3.12 applies. From
Lemma 3.5,
O(9) = klya, ys, ys, Y10, y32]
where |y;| = i in Hy(BG/k), viewing O(g)® as a subring of Hy;(BG/k).
Consider the spectral sequence
Ey’ = Hyy(BG/k) @ Hy((G/P)/k) = Hy ' (BL/K) (14)
from Proposition 1.1. From Proposition 3.1 and Corollary 3.3,

H;I((G/P)/k) = k[elv €2, €3, ¢4, 65]/(612 = 62i) = k[el’ €3, 65]/(651;’ 6%: 6%)

and
Hy(BL/k) = k[A, 2, c3, cu, 5]

Using Theorem 3.4, write H{;(BSO(11)x/k) = k[ua, ..., u11]. From the in-
clusions O(2); C O(10), C SO(11)g, SO(11), contains a subgroup H 2 u3 x
(Z/2)>. Write Hjj(BH/k)/rad = k[t1,...,t5,51,...,5) as described in Re-
mark 3.12. Under the pullback map Hjj(BSO(11),/k) — Hjj(BH/k)/rad,
ugm, pulls back to the mth elementary symmetric polynomial

Sty ety (15)
1<i1 < <im <5
and ugm, 41 pulls back to
5

50Xt
1

1< < <im <5
one equal to j

Jj=

for 1 <m <5 [17, Lemma 11.4]. To be concise, from now on we will write
u2m to denote the image of ugy, under pullback maps to Hjj(BH/k)/rad or
H{(BK/E)/rad whenever we are dealing with these two rings.

Let Q = (u3xZ/2) C G and K = (udx7Z/2) C SO(11); be the subgroups
described in Remark 3.12. Write H{;(BK /k)/rad = k[t1, ..., t5,s]/(t1+-- -+
t5). Under the pullback map H{;(BSO(11);/k) — H{;(BK/k)/rad, uy maps
to sug # 0 and w11 maps to suig # 0. As Q — K is split, it follows that
u7,u1; Testrict to nonzero classes y; € H(BG/k) and y11 € Hi(BG/k).
Also, y4y7 and yi1 are linearly independent in H (BG/k).

Returning to the spectral sequence (14), calculations similar to those per-
formed in the proof of Proposition 3.6 show that e; is a permanent cycle in
(14) and e3 € ES° is transgressive with 0 # dy(e3) = y; € HY(BG,Q3). We
have H{{'(BG/k) = H{{(BSpin(10)/k) for m < 10.
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Let F, be the spectral sequence concentrated on the Oth column with Fs
page given by A(eq, e, eq) with e; of bidegree (0,2i) for i = 1,2,4. Fix a
variable y and let H, be the spectral sequence with Hy = A(e3) ® k[y] where
es is of bidegree (0,6), y is of bidegree (7,0), and es is transgressive with
d7(esy’) = y**! for all i. There exists a map of spectral sequence

a:l,=F,® H, ®k[ys, ys, s, Y10, Y32] — Ex

taking e; to e; for i = 1,2,3,4 and taking y to y7. The Ew, page of I, is given
by Iso = Fy ® k[ys, Y6, s, Y10, y32] and o induces an injection I5) — E5J for
all i, j with i 4+ j < 17. For n odd, « induces an isomorphism 0 = 15 o
EZ"" =0 for all i since Hy;(BL/k) is concentrated in even degrees.

Let n be even. The k—dimension of Hij(BL/k) is equal to the cardinality
of the set

Sn={(a,b,c,d,e) € Z; : 2a+ 4b + 6¢ + 8d + 10e = n}.
For 0 < i < 15, set Vi, == H"2)/2(BG,Q"=2)/2) For 0 < i < 15,
dimyV; ,, is equal to the cardinality of the set S;, = {(a,b,c,d,e) € Z;O :

4a + 6b + 8¢ + 10d + 32e = n — 2i}. As e; € H3((G/P)/k) is a permanent
cycle in (14),

Vin 2Vip®@k-e C B2
for 0 <i<7andn <16.
Define a bijection f, : S, — U Sin by fn(a,b,c,d,e) = (b,c,d, e, (a —
i)/16) € S, for a =i mod (16). Then

dimy HE(BL/k) = |S,| = Z|Sm| Zdlmkvzn (16)

Now assume that n < 14. Then f,, gives a bijection

7
Sn — U Si,n-
=0

7
dim Hiy(BL/k) > Y EL 9%
i=0
and Vi, C Bl "% for 0 < i < 7, it follows that V;,, & Ex " for 0 < i < 7
and B %% — 0 for 4 > 8. In particular, EY0 ~ f e?. As mentioned
above, we have H{{ (BG/k) = 0 for m = 3,5,9. After adding a k-multiple of

eze? to es, we can assume that d7(e5) = 0. Then the isomorphism EQL0 ~
k - €9 implies that di;(e5) # 0. Hence, e is transgressive in (14) and yi; €
HS(BG, Q%) is a lifting of dy;(es) to E3"°.
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Fix a variable x. Let J, denote the spectral sequence with Es page Jo =
A(es) ® k[z] where e5 has bidegree (0,10), = has bidegree (11,0), and e is
transgressive with dij(esz’) = 2! for all i.

k-esx

k-65
XH) w‘
0 k-x k

As e5 is transgressive in (14), there exists a map of spectral sequences
J« — F, taking es to e and x to y;11. Tensoring with the map a defined
above, we get a map

.2

o K, =1,®J, — E,

which induces an isomorphism on the Oth columns of the Fo pages. The E,
page of K, is given by

Koo = Ioo = Fy ® klya, Y6, Ys, Y10, Y32]-
As mentioned above, o and hence o’ induce isomorphisms on E%5 terms
for n < 16 and injections on all F,, terms on or below the line i 4+ j = 17.
Theorem 1.4 implies that o/ induces an isomorphism K 0 Ey 0 for n <
16.

Next, we consider the filtration on HiS(BL/k) given by (14). From (16),
7 7 A
dimg Hif (BL/E) =14 Y [Sinel =1+ dimgVii6 @k - }.
i=0 =0
We must then have either dr(esf) = yrf = 0 € HY (BG/k) for some 0 #
f € HP(BG/k) or di1(esg) = y119 = dr(es3)h = yrh € HY (BG/k) for some
0 # g € H(BG/k) and h € H?(BG/k). Let a,b,c € k, not all zero, such
that ay11ye + byryio + cyryaye = 0 € HY (BG/k).
The class aujiug + buruig + curugug € Hllf(BSO(ll)k/k‘) pulls back to
ay11Y6 + byryio + cyryaye = 0 € HY (BG/k). Under the pullback map

Hi(BSO(11),/k) — Hij(BK/k) /rad 2 k[t1, . .. t5,8]/(t1 + -+ + t5),

auiiug + buruig + curugug maps to asuigug + bsuglio + csugugug, which
equals 0 since Q — K is split. Then ¢ = 0 and a = b since the elementary
symmetric polynomials (15) in

klt1,...,t5]/(t1 + -+ + t5)
generate a polynomial subring.

auy1ug + buruig + curugug € H11{7(BSO(11)k/I€) — 0€ H11{7(BG/]€)

! |

asuipug + bsuguig + csugugug € HE' (BK/k)/rad —— 0 € H (BQ/k)/rad
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Thus, the relation y7y10 + yey11 = 0 holds in Hy(BG/k) and ESM0 =~ (k-
ye @ e5) @ (k- ye @ €7). We now use the relation y7y10 + yey11 = 0 to define
a new spectral sequence L, from K,. Let (y¢x + yyi0) C Ko denote the
ideal generated by yez + yyio and let Lo := Ks/(ysx + yyi10). Define the
differentials d], of L, so that Ky — Ly induces a map of spectral sequences
K. — L, and d, = 0 for m > 11. Then o : K, — E, induces a map of
spectral sequences o : L, — E,. The E,, page of L, is given by

Lo = (F2 ® klya, Y6, Ys, Y10, Y32]) & (F2 @ yek[ya, Y6, Us, Y10, Y32] ® €5).

We now show by induction that o induces an isomorphism Lg’o — Ey 0
for all n. For n < 16, we have shown that L;Z’O = Eg’o. Now let n > 16
and assume that o” induces an isomorphism L;n’o — Ey' 0 for all m < n.

~

First, suppose that n is even. As L’QT”’0 = E;n’o for m < n, yr;g # 0 €
H{(BG/k) for all 0 # g € Hj3(BG/k) with |g| < n — 7. Hence, for any
0 # g € HP(BG/k) with [g] = m < n—7, g®ezes € B! = B0 g
not in the kernel of the differential d7 : E;n’m — E;"Jr?’lo = E;n+7,10' As
yr € HYBG,0?) and y11 € H%(BG,0%), yrz,y112 € ®;H(BG, Q) for all

z € Hjy(BG/k). It follows that o’ induces an injection Ly — E% for all
h,jwithm=1i+j<n:
LgnO—Qi,Qi ~ ‘/z',m ® e’i C EOTZ—Qi,Zi
for 0 <i <4,
202 o (7 i v =5,y  gm—2i2i
% = (Vim @e1) @ (yoViesm ®e] “e5) C B
for 5 <9 <7, and
L2062 o2 eV @ € Pey C B2

for 8 < i < 12. The equality in (16) then implies that o’ induces iso-
morphisms LY — EY for all 4, j with i + 7 < n. As mentioned above,
o induces isomorphisms 0 = L% 5 EEHITH — 0 for all i since
n + 1 is odd. Theorem 1.4 then implies that o” induces an isomorphism
Ly? = g0 = HX(BG/k).

Now assume that n is odd. We have 0 = LY = E% = 0 for all 1,7 with
1+ j = n. An argument similar to the one used above for when n is even
shows that o induces injections Ly — E% for all 4, j with i +j < n+ 1.
Equation (16) then implies that o’ induces isomorphisms L — E5 for all
1,7 with ¢ + j < n + 1. It follows that o’ induces an isomorphism Lg’o =
E3Y = H2(BG/k) by an application of Theorem 1.4. Thus, by induction,
we have obtained that the Oth row of Lo is isomorphic to the Oth row of Fs :

Hi(BG/k) = klya, Y6, 7, Ys, Y10, Y11, Y32]/ (Y7410 + Y6y11)-
The Hodge spectral sequence for BG degenerates by Proposition 5.
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Corollary 3.16. Let G be a k-form of Spin(11). Then

H{i(BG/k) = klya, y6, Y7, Ys, Y10, Y11, Y32) / (Y7y10 + Yeyi1)

where |y;| =1 fori=4,6,7,8,10,11, 32.
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