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A sparse quadratic T'(1) theorem

Gianmarco Brocchi

ABSTRACT. We show that any Littlewood—Paley square function S sat-
isfying a minimal Carleson condition is dominated by a sparse form,

(S5)%9) < C SNl
Ies
This implies strong weighted L? estimates for all A, weights with sharp
dependence on the A, characteristic. In particular, the Carleson condi-
tion and the sparse domination are equivalent. The proof uses random
dyadic grids, decomposition in the Haar basis, and a stopping time ar-

gument.
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1. Introduction

1.1. Setting. Let {0;};~0 be a family of integral operators given by 0, f (z) =
Jra ke(x,y) f(y) dy for which there exists C' > 0 and « € (0,1] such that for
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all z,y,2’,y € R® and t > 0 the kernels k; satisfy the following size and
regularity conditions:
toé
(t+ |z —y|)otd
[z —a'|* + |y — |
(t+ |z —y[)ote

(C1)

|ki(z,y) — k(2! )] < C if [z —a'| + ly —y/| < t.

(C2)

Let S be the vertical square function

516 = ([Torerd) " (1)

By the T'(1) theorem of Christ and Journé [ChJ87] it is known that S is
bounded on L?(RY) if §; applied to the constant function 1 gives rise to
a Carleson measure v = |0;1(z)|?dt/tdz on the upper half space Rffrl.
A Carleson measure on Rffrl is a measure which acts like a d-dimensional
measure in the following sense. Let @ be a cube in R? with sides parallel
to the coordinate axes. Denote by ¢Q and |Q| the side length and the
Lebesgue measure of @, so that (£Q)?¢ = |Q|. Consider the Carleson box
Bg = Q x (0,£Q). Then v is a Carleson measure if v(Bg)/|Q)| is finite for
any cube Q.

Let 1g be the indicator function on Q. It has been shown [Hof08, Hof10,
LM17a] that S is bounded in L?(RY) if there exists a constant Ct > 0 such
that the following local testing condition holds for any cube Q:

Q
| e ar < crial (™)

A standard example for which these conditions hold is 0; f = f * ¢, where
V() = t~%)(t~'z) and 1 is the mean zero Schwartz function which gives
rise to the Littlewood—Paley square function [Gral4, §6.1]. In particular,
conditions (C1) and (C2) are off-diagonal conditions compatible with the
scaling while (T) is the cancellation condition [ ¢ = 0.

The aim of this paper is to show that this Carleson condition (T) is
equivalent to a sparse domination.

1.2. Main result. A collection of dyadic cubes . is 7-sparse if for any
Q) € .7 there exists a subset Eg C @ with the property that {Eg}ge.s are
pairwise disjoint and the ratio |Eg|/|Q| > 7 for a fixed 7 € (0,1).

In this paper we say that S admits a sparse domination if for any pair of
compactly supported functions f, g € L>(R?) there exists a sparse collection

. such that
(@/Q'f ')2 <@ /Q |g|) Qa2

‘/Rd(Sf)dix‘ <cy

Qes
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where C' = C(a, d) is a positive constant independent of f and g.
We are now ready to state our main result.

Theorem 1. Let S be the vertical square function in (1.1). Then S admits
a sparse domination if and only if the Carleson condition (T) holds.

Remark 1.1. Tt is possible to relax the L? testing condition (T) to the follow-
ing weak L° condition: there is a non-increasing function ¢: (0,00) — [0, 1)
vanishing at infinity such that for all cubes @ and A > 0 it holds that

Hzx e @ : S(1g)(z) > A} <o) (To)
Q| R

See [MMV19, Theorem 1.6] and the remarks after it, where the measure vg
appearing there can be replaced by 1gdz. In particular, conditions (Ty)
and (T) are equivalent, as each one is a necessary and sufficient condition
for the L? boundedness of S.

1.2.1. Sharp weighted inequalities. Under condition (T) the square
function S is bounded on the weighted space LP(w) for p € (1,00), pro-
vided that w belongs to the A, class of weights for which

inimep () (& o)<

For p € (1,00) and w in Ay, let a(p) be the best exponent in the inequality

W) < o5 s (13)
1£0 1|l ze(w) P
When p = 2, Buckley [Buc93] showed the upper bound «(2) < 3/2. Later
Wittwer improved it to a(2) = 1 and showed that it’s sharp for the dyadic
and the continuous square functions [Wit02, Theorem 3.1-3.2]. The same
result was obtained independently by Hukovic, Treil and Volberg using Bell-
man functions [HTV00, Theorem 0.1-0.4].

Andrei Lerner was the first to prove that a(p) = max{i, -1

27 p—1
be improved [Ler06, Theorem 1.2] and to conjecture estimate (1.3) for
Littlewood—Paley square functions. After improving the best known ex-

ponent for p > 2 [Ler08, Corollary 1.3], Lerner proved the estimate
1/2
1S F sy < Clold 1 o) (1.4)

for Littlewood—Paley square functions pointwise controlled by the intrinsic
square function [Ler1l, Theorem 1.1]. Lerner achieved this by applying the
local mean oscillation formula to a dyadic variant of the Wilson intrinsic
square function [Wil07]. Then the sharp estimate (1.3) for all 1 < p < oo
follows from (1.4) by the sharp extrapolation theorem [Dra+05], see also
[Grald, Theorem 7.5.3]. A proof of the sharp bound (1.3) for the dyadic
square function using local mean oscillation can be found in [CrMP12, The-
orem 1.8].

} cannot
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While Lerner’s result relies on a pointwise control of the square function
S, our Theorem 1 implies the weighted estimate (1.4) by duality, and so
the estimate (1.3) in the full range with optimal dependence on the A,
characteristic.

Other estimates for square functions have been studied using sparse dom-

ination, as the weak type estimates [LS12] and mixed A, — A, estimates
[LL16, DLR16].
After the solution of the Ay conjecture by Hytonen [Hyt12], sparse domi-
nation has been used to obtain a simpler proof of the Ay theorem [Lerl3,
Lacl7] and to deduce weighted estimates for a plethora of different oper-
ators including: Calderén—Zygmund operators [Con+17, ConR16, Lerl6,
CuDO18b], bilinear Hilbert transform [CuDO18a], variational Carleson op-
erators [DDU18], oscillatory and random singular integrals [LS17], pseudo-
differential operators [BelC17], Stein’s square function [CD17], and singular
Radon transforms [Ober19].

The sparse paradigm has already been extended beyond the classical
Calderén—Zygmund theory to control more general bilinear forms [BerFP16]
and to obtain weighted estimates for Bochner—Riesz multipliers [LMR19,
BenBL17].

Another take on sparse domination, which inspired this work, is the sparse
T1 theorem for Calder6n—Zygmund operators [LM17b], where Lacey and
Mena obtained a sparse domination under a minimal testing assumption.

1.3. Structure of the paper. In §2 we introduce shifted random dyadic
grids and the associated Haar basis. Furthermore we use the classical reduc-
tion to good cubes. In §3 we start the proof of Theorem 1 by decomposing
the operator into off-diagonal and diagonal parts. These are split further
each one into two terms

((S£)%,9) < (1) + (A1) + (ITL,) + (IT) .
—_— —m————

off-diagonal diagonal

The off-diagonal part is bounded by a dyadic form using standard techniques
in §4 and off-diagonal estimates in §5. The dyadic form is dominated by a
sparse form in §8.

Terms (I1I,) and (III;) come from a Calderén-Zygmund decomposition
g = a+ b, where a is the average part and b is the bad part of g.

In §6 we introduce the stopping cubes used to control the diagonal part.
We reduce (I1I,) to a telescopic sum on stopping cubes plus off-diagonal
terms. We remark that the stopping family depends only on the functions
f and g. Furthermore, the testing condition (T) is used only in this section
and only once.

In §7 we deal with (III;). We exploit the zero average property of b
together with the regularity of the kernel (C2) to restore a setting in which
off-diagonal estimates can be applied as in the previous sections, see §7.1.
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In §9 we collect some of the proofs postponed to ease the reading. In
Appendix A we recall some known results about conditional expectations
and Haar projections which are used in §7.

Notation. For two positive quantities X and Y the notation X < Y means
that there exists a constant C' > 0 such that X < CY. The dependence
of C on other parameters will be indicated by subscripts X <Sg,0 Y when
appropriate.

Given a cube @ in R?, the quantities Q, £Q and |@Q| denote, respectively,
boundary, size length, and the Lebesgue measure of (). We also denote by
3Q the (non-dyadic) cube with the same centre of @) and side length 34Q).

The average of a function f over a cube @ will be denoted by

(g = ]é = @ /Q £(y) dy.

We consider R? with the £ metric || = max;|x;|. The distance between
two cubes P and R will be denoted by d(P, R), while

D(P,R) :=(P+d(P,R)+ (R
is the “long distance”, as defined in [NTV03, Definition 6.3].

2. Preliminaries

2.1. Dyadic cubes. The standard dyadic grid @ on R? is a collection of
nested cubes organised in generations

P; = {277([0, 1) + m),m € Z%}.

Each generation 9, is a partition of the whole space and @ = Ujcz®;. Any
cube @ € 9; has 2¢ children in ;1 and one parent in %;_1. For k € N we
denote by Q%) the k-ancestor of @, that is the unique cube R in the same
grid @ such that R D Q and (R = 2¥/Q. We also denote by chy(Q) the set
of the k-grandchildren of @, so that if P € chy(Q) then P*) = Q.

2.2. Haar functions. Given a dyadic system @ on R?, Haar functions are
an orthonormal basis of L?(R?) given by linear combinations of indicator
functions supported on cubes in 9.

On R, for a given interval I € @ let I~ and I™ be the left and the right
dyadic child of I. Consider the functions hY == |[I|7%/21; and h} == (1;- —
1;+)|[I|7"2. Then {h}}sce is an orthonormal complete system of L?(R).
In higher dimensions, as a cube I is the product of intervals I7 x --- x I,
a non-constant Haar function h§ is the product hﬁ X oee X h;j , where ¢ =
()i € {0,137\ {0}".

A function f in L? can be written in the Haar basis:

F= > (fihhg

1€ {0,134\ {0}
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=2 > Dly=> Adf.
1eD Jechy (1) 1€
In this paper the sum over € is not important, so both the superscript and

the sum will be omitted and h; will denote a non-constant Haar function.
Two bounds that will be used are

1Al < U BITIV? < / £l
(2.1)

|A e < (BT < ]fm.

2.3. Good and bad cubes. A cube is called good if it is distant from the
boundary of any much larger cube. More precisely, we have the following

Definition 2.1 (Good cubes). Given two parameters r € N and 7 € (0, 3),
a cube R € D is r-good if d(R,dP) > ((R)Y((P)'~7 for any P € & with
(P > 2"(R.

A cube which is not good is a bad cube.
It is useful to fix v = a/(4a + 4d). This is just a convenient choice and
any other value of  strictly between 0 and o/ (2 + 2d) would work as well.

2.4. Shifted dyadic cubes. Given a sequence w = {wi}iez € ({0, 1}4)%
and a cube R € 9; of length 277, the translation of R by w is defined by

R+w:=R+ xj where 1z, = Zwﬂ_i.
i>j
For a fixed w, let @“ be the collection of dyadic cubes in & translated by
w. The standard dyadic grid corresponds to @° where w; = 0 for all i € Z.
Shifted dyadic grids enjoy the same nested properties of the standard grid
Y, together with other properties that will be useful later, see Remark 4.5.
For more on dyadic grids, we refer the reader to the beautiful survey [Per19,

§3].
2.5. Random shifts. Let P be the unique probability measure on 2 =
({0,1}%)% such that the coordinate projections are independent and uni-
formly distributed. Fix R € @° with /R = 277 and consider J € @° with
¢J > (R. The translated cube J+4w is
Jtw=J+ Z w27+ Z w2~
2-i<(R (RL27i<AT
Riw=R+ Z w27
27i<UR
The position of R-+w depends on the i such that 27¢ < ¢R while the goodness
of R+w, since R and J are translated by the same w, depends on the i such

that 27 > (R. Then position and goodness of a cube are independent
random variables, see [Hyt12].
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Let 1g00q be the function on 9% which takes value 0 on bad cubes and
1 on good cubes. The probability of a cube R to be good is mgooa =
P(R+wis good) = E,[lgeod(R+w)], where E, is the expectation with re-
spect to P. The probability mgo0q > 0 provided to choose r large enough,
see [Hyt17, Lemma 2.3]. The indicator function 1 () depends only on
the position of R+w, so by the independence of goodness and position, for
any cube R € @° we have

Eu[Tgooa(R+w)] - Eu[l g1y ()] = Eull{Rriw gooay (+)]- (2.2)

2.6. Calder6n—Zygmund decomposition on dyadic grandchildren.
Let R be a dyadic cube. For r € N we denote by R, a r-dyadic child of R

in ch,(R), so that R{") = R.

Proposition 2.2 (Calderén-Zygmund decomposition on r-grandchildren).
Let r € N and f be a function in L'(R?). For any A\ > 0 there exists a
collection of maximal dyadic cubes &£ and two functions a and b such that
f=a+b, with |ja]| L=~ < 24D\ and

b= Z Z br,, where b, = (f— <f>LT>1LT-
LEZ Lyech, (L)

Remark 2.3. When r = 0, this is the usual Calderén—Zygmund decomposi-
tion of f, see [Gral4, Theorem 5.3.1].

Proof. Given A > 0, let & be the collection of maximal dyadic cubes L
covering the set

E = {x eR? : sup (| f)olo(r) > /\} -tz
QED Lex
so that {|f])r € (\,29)\] for each L € £. Let
a=flge+> Y (Nl b=f-a
LEZ L,ech, (L)

The cubes in ch, (L) are a partition of L. Since the cubes L in & are disjoint,
we have

lallpe <A+sup  sup  [(f)z,|-
LEZ Lyech, (L)

Let L) be the dyadic parent of L. Then the average of f is controlled by

1 || d
- <] < 2dr+1) )\
Iz /LTf‘ ST A
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3. Proof of Theorem 1

First, the sparse domination (1.2) implies that S is bounded in L?, which
in turn implies the Carleson condition (T), see also [MM14, Remark 1.6].
Thus in the rest of the paper we will focus on the other implication. We
start by decomposing the dual form ((Sf)?, g).

3.1. Decomposition. For any fixed w € €2 the upper half space R‘f’l can

be decomposed in the Whitney regions

Wg = R x [?,m), R e~

Thus we can write
2\ _ o dt _ o dt
(6170 = [ 0P o) > I, s o ae

Then we decompose f = pcgw Apf. Given R € D¢, we distinguish two
collections of P:

P ={Pe2”: PO>RM} and D*\PL.

We shall sometimes omit the superscript w in the following. Bound the
operator:

dt
> I, @ o
522//% (I Y oapff+] Y GtApf\Q)lgl%dw-

Re Pe2\Pr PePp

(3.1)

Consider the second term in (3.1). Let Pr be the dyadic child of P containing
R. Then Apflp = Apflp\p, + (Apf)pslp, and we split the operator
accordingly as before to obtain:

> ws@r ot s

Rew
2 dt
> // > etAPf’ gl d (I)
Rep " WER ' peg\op
2 dt
T // > OAP[Ipyp,| gl de (11)
Rea " Wr ' pegy
2 dt
> // > 0(Apf)pLpy| lgl— da. (1)
w

ReD R Pe9Pg

In each term, without loss of generality, we can assume g to be supported
on R. We write |g| = a + b using the Calder6n—Zygmund decomposition in
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Proposition 2.2 at height A = A(|g|)r for A > 1. Then the bad part b is
decomposed in the Haar basis.

(IIT) Z//W > 0Apf)pylpy,

ReD R pcPp

+ Z //W Z 0:(Apf)pylpy,

Re9 R Pe%gr

%a(az) dzx (I11,,)

dt
ZAQb ) dw. (IIL)

QCR

3.2. Good reduction. Averaging over all dyadic grids 2“ we have

Lt F =g 35 [ st o

Rew
SE,[I+ I+ I} = E, [T+ 11+ 1I1,] + E,, [11L)]

because all the integrands are non-negative and the expectation E,, is linear.
By using the identity (2.2) and writing 1 as WgOOdE [Lgood( - +w)], one can
turn a sum over all cubes in @ into a sum over good cubes, in particular:

Eo [T+ 0+ 111, ] = 7, 4o [Lgooa(RFw) (T+ T+ 111,) ], (3.2)

£ [111) = 7 o (Lo (@-H2) (11

We refer the reader to [MM14, §2.2] for an expanded version of (3.2) with

g=1.

From now on, the cubes @ in (III;) and the cubes R in all other cases
are considered to be good cubes. The superscript in 2%, as well as the
expectation E, and the probability mgo0q Will be omitted.

4. Reduction of (I) to a dyadic form
We start by showing that

=S //W > abefPlol S e £ Y0 TB o, f)

ReD R Pe\Pgr JEN
R good

for ¢ > 0, where B?(g, f) is the dyadic form given by

BY(9,) = (lgbsx D (fhe)” (4.1)
Ke2 PcD
PC3K
IP=2"I/K

We remark that the function g barely plays any role in this section.
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4.1. Different cases for P. Given R € 9, the cubes P are grouped ac-
cording to their length and position with respect to R. This decomposition
also appeared in [MM15, §4.3].

Table 4.1. Different cases for P given R according to their lengths
(first row) and position.

(P> 2+ YR | (R<(P<2UR| (P<I(R
PoR PAR
gbsubscale
BP\PDR|3P)pPR|3P)PR|3PDR|PC3R|P¢3R
P near P far P close inside far
Pp P\ P

Remark 4.1. Since 3P is the union of 3¢ cubes in @, the condition 3P % R
is equivalent to 3PN R = (), which implies that d(P, R) > ¢P. The condition
(P > 2"1/R allows to exploit the goodness of R also with dyadic children
of P.

We decompose the sum over P € & \ Pg in four terms.

S LS ataen| 1ol o

Rea ' WER' pea\o,

S Z // ‘ Z at(APf)ﬁg’% dx (near)

Rea P WR ' p.gp>oreRr

3P\PSR
2 dt
+ > 0uaen)| Il de (far)
Rea ™V WR ' p.op>iR
d(P,R)>(P
2 dt
Y @[l e
Rea”WRr' p.3poR
¢R<IP<2"(R
2 dt
+Z Z Qt(APf)‘ |9|7d$- (subscale)
rRea ”WR p.up<ir

4.2. Estimates case by case. We start with a well-known bound.

Lemma 4.2. Let P,R € & with R good. If one of the following conditions
holds:

(1) LP > LR and P and R are disjoint;

(2) LP < LR;
then for (x,t) € Wr we have

(VIRIP)®

0:(Apf)(2)] S D(R, Pyotd

AP fllLr-
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The proof uses the goodness of R in case (1) and the zero average of
Apf in case (2), see also [LM17a, §5],[MM14, §2.4]. Details of the proof are
deferred to §9.

We apply Lemma 4.2 for P in &; with i € {near, far, close, subscale} and
estimate |[Apf| ;1 as in (2.1). Then we apply Cauchy—Schwarz in /2.

z//w > aarn)| 1ol dr

ReD R pPePp;
2

<> // S ke Y sz ) 11 (4.2)

R P)a+d
RED PeP;
TRIP)® VIRIP)™ at
he)? X e
I%ZQBﬂW P, f P> (R P)a-i-d Z D R, Pa.t,_d’ ’ ’g’ ¢ x

The quantity in parenthesis in (4.2) does not depend on ¢, so we bound
f (R/2 dt/t < 1 by taking the supremum in ¢. The second factor after
Cauchy—Schwarz is finite in all cases.

Lemma 4.3. Let i € {near, far, close, subscale}, then

EREP
Z DRpaer‘ IS

Details of the proof are in §9. We proceed with studying

Z/R (f, hp)? (7%613)& lg| da:

+d
ReD Pe%; (R’ P)a

for i € {near, far, close, subscale}. When P and R are disjoint, it’s useful
to rearrange the sums using a common ancestor of P and R.

Lemma 4.4 (Common ancestor). Let R,P € 9 be disjoint cubes with R
good. If d(R,P) > max({R,{P)""7"min({R,{P)Y then there exists K D

P U R such that
min(¢P,(R)\"
AN ) < or .
EK( K > < 2"d(R, P)

A proof in the case /P > (R can be found in [Hyt17, Lemma 3.7]. When
(P < {R, the same ideas carry over, see §9 for a proof of this case.

Remark 4.5. For any P,R € 9% there exists (almost surely) a common
ancestor K € @%. Indeed, dyadic grids (like the standard grid @°) without
this property have zero measure in the probability space (€2, P), see [Perl9,
§3.1.1 and Example 3.2].
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4.3. P far from R. In this case d(P,R) > (P and (P = max(¢{P,(R), so
the hypotheses of Lemma 4.4 are satisfied. Let K be the common ancestor
of P and R given by Lemma 4.4. Since /P > 2""/R, let /P = 277/K and
(R =2"""J(K for some i,j € Z,, with i > r + 1. We have

VIRLP)
Z/R’g’ > <f7hP>2(§Wl

ReD Pe%Py,,
=D 3D S SN A7) SERTAIL LS
Ke® ij R:Rck ‘B p.pck (R, P)
(R=2"""I(K (P=2-J(K

d(P,R)>tP

By using the lower bound d(P, R) 2, (¢(K)'™7((R)Y with v = a/(4a + 4d),
we estimate

VIPIR _ 2797/2K

d(P,R) ~" (K2-(i+i

so that
« —(J+i/2)a —(3j+i)a/4
(VeptrRe 2 _ 2 (4.3)
d(P, R)otd ~PEE o= (iti)ylatd) | K| K|

For any fixed integer m, the set {R C K : /R = 2""/K} is a partition of
K, so we bound

, (VIRIP)®
XY, /R|9| > (fhe) c'<l(R,P)a+d

Ke® i,j R:RCK P:PCK
(R=27""1IK LP=2"IIK
d(P,R)>tP
IR CDSERUD N AT SR
jEN i>r+1 ke 'K p.pck

LP=2"1{K

We can sum in ¢, then we have

D 2N gk DY (fhe)?

jEN Ke PCK
IP=2"9¢K

<3N 27BN (lglax > (fihe)”

JEN Ke PC3K
IP=2"I(K

d s

=343 " 27% B2 (g, f).
JEN

A sparse domination of B]gz’ (g, f) is proved in §8.
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4.4. P near R. Recall that P € Py, if 3P\ P D R and (P > 2'+1/R. By
the goodness of R, we have that d(P, R) > ((P)!=7(¢R)". So the hypotheses
of Lemma 4.4 are satisfied and there exists K O PU R such that d(P, R) =,
(¢K)'=7(¢R)Y. Arguing as in the far term leads to

2 (VIRIP)® ~3jo/d D
Z/M( fhP>W 522 7B (9, f)-
RED PEPncar jeN

4.5. P comparable and close to R. In this case /R < /P < (/R and
3P D R. Using the trivial bound D(P, R) > ¢R we have

(V ERZP <f7 hP>2
g f7 hP>27a Nra / |g| :
ORI I R g

ZR<€P<2’“€R

Rearrange the sum in groups of P such that £P = 2¥(R for k € {0,...,r}.
Then

r

Z/\g\z > fhPQEZZfahP ;d > /!g!

RED k=0 P:3POR k=0 PED RC3P
(P=2F(R (R=2"F¢pP
SPNE |P|/ o
k=0 P9
< 2 3¢
PeD
=31 (f, hp>2<\g\>sp~
Pe®
We define
B (g, f) =Y _{f,hp)*{|gl)sp. (4.4)
PeD

Then B (g, f) is bounded by a sparse form in §8.

4.6. Subscale. When /P < (R we distinguish two subcases, as shown in
Table 4.1.

4.6.1. Inside : P C 3R. The leading term in the long-distance D(R, P)
is /R, so we bound

9 (VIRLP)“
>, '9'<p 2 D<RaP>“+d>

PC3R
(P\*/?
< Z f\9| (f.hp)? (ER)
ReP P:(P<(R
PC3R
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=Y 272 N ghr Y (f.he)

jJEN ReD P:PC3R
¢(P=2"7/R
—7a/2 D
Sa Y 277°7B2(g, ).
JEN

See §8 for the sparse domination of BJQ’ (9, f).

4.6.2. Far : P ¢ 3R. In this case d(P, R) > (R > (P, so the hypotheses
of Lemma 4.4 are satisfied. After Cauchy—Schwarz, rearrange the sum using
the common ancestor K, then let /P = 27™/R = 27 /K and estimate
the decay factor as in (4.3):

S [la X tnher

D(P, R)o+d
ReD PAP<(/R
d(P,R)>(R
» (VIPIR)°
<22 X /ngl D R N
i,m Ke®» RCK PCK
{R=2"YUK (P=2"""Y"YK

, 9—(m+i)a/dg—ic/2

SY Y S [ X ) e

ieN meN K€% PCK
(P=2""""YK
—ia/2 —ja/4 2
SRS SEELED DE AV SRR AT
ieN jEN Keap 'K PCK
IP=2"I¢K

where j := m + ¢ and we bounded by the sum over all j > 0, since all terms
are non-negative. After summing in 4, what is left is bounded by B?(g, f)-
This concludes this case and the reduction of (I) to a dyadic form. (]

5. Reduction of (II) to a dyadic form

In this section we prove the following bound

2d
S el X a@ennn)| FasBgen 6D

ReD P:PDOR()

The dyadic form B (g, f) defined in (4.4) is controlled by a sparse form in
§8.

Remark 5.1. The goodness of R gives the lower bound on the distance
d(R,0P) > ((P)' =7 (¢R).

As will be clear from the proof, inequality (5.1) holds if one replaces
the indicator 1p\p, with 1x\ p, where K is R? or any other larger cube
containing P.

To prove (5.1), we use a classical estimate for the Poisson kernel.
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Lemma 5.2 (Poisson off-diagonal estimates). Let 8 € (0,1],7 € N and v as
in the introduction and let Q,P € D such that Q) C P and Q is r-good.

Then
/ (€Q)” dy < (M)"
RI\ P d(y, Q)+ v tpP

where n = — (8 + d).

Proof. Decompose R?\ P in annuli Ay = 3*¥*1P\ 3*P for k € N. Then on
each annulus d(y, Q) > d(8(3*P), Q). Since £P > 274Q, use the goodness
of ) to obtain the bound. O

Proof of (5.1). When (z,t) € Wg the size condition (C1) and Lemma 5.2
give

LR)“
OL(Ap fLp\pg) () S [[APS| L /P\P (€R+<d(y) R))atd dy

_ k)| (LR
~ 1P|z \ (P

where 7 = a — y(a 4+ d) > 0. The sum ) p pe) (CR/(PR)" is a geometric
series. An application of Cauchy—Schwarz gives

2
= |5 e (o
fe MW R(r) |P|1/2 \ (PR 2

> Z f’|7;|3 <€PR> Jjolas

ReD pHR(T)

IERDSELEND S I

i>r+1 PeD RCP
{R=2""P

—i ,h 2

i>r+1 Pe%

Z/\

We sum in i and then we bound by the dyadic form Bg(g, f). O

6. Reduction of (III,) to a sparse form

In this section we prove that there exists ¢ > 0 and a sparse family . C 9

such that
2 dt
() £ > (lgh= | > (Apf) PRHtHPR\
RE@Z)

Wr Pe%Pgr

JEN
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where Ay (g, f) = Y gesr(l9))s(|f1)%]S|. We remind the reader that Pg
is the dyadic child of P which contains R, and %Pg is the collection of P
containing R(".

Remark 6.1 (Bound on a). Recall that a is the good part of g in the
Calderén-Zygmund decomposition of Proposition 2.2 with A = A(|g|)r. So
|alloo <29+t A(|g|) g and the first inequality in (6.1) follows.

6.1. Stopping cubes. Given two functions f and g and a cube Q C R?,
consider the collections:

dp(@Q)={5€92,5CQ : (|fl)s > A(fa}
de(Q) ={S €D, 5 CQ : (lgh)s > A(lgl)a}-
Let o4*(Q) be the maximal dyadic components of the set

A(Q) = d(Q) U dhy(Q).

The weak (1,1) bound for the dyadic maximal function ensures that there
exists a constant A > 1 such that |4(Q)| < 3|Q| and so

U s|= X Isi<lel

Sed*(Q) Sed*(Q)

Fix Qo in @ containing the support of f and g. The stopping family .7
is defined iteratively:

Fo={Q},  Fwn= {J 2@, 7= %

QES neN

Remark 6.2. The family .7 is %—sparse, since for any S € . the set Fg =
S\ Ugrear(s) S has measure |Eg| > $IS| and {Eg}se.» are disjoint.

In the same way, taking 90*(Q) to be the maximal dyadic components of
d4(Q) produces a sparse family that we denote with ;. It will be used
later when only the stopping cubes related to g are needed.

For a given @ € &, denote by @ the minimal stopping cube S € .¥ such
that S O Q.

For S € .7 let Tree(S) be the family of dyadic cubes contained in S, but
not in any S’ € o*(S)

Tree(S) ={Re€D : R=5}.

Also, we define Tree,(S) == {R € @ : R(") = S}. Note that the maximal
cubes in Tree,(S) are the r-grandchildren of S. See Figure 1 in the appendix.

6.2. Reduction to a telescoping sum. We follow the decomposition in
[LM17a, MM14] where the sum } pcg (Apf)p,lp, is decomposed in a
telescopic sum plus off-diagonal terms. The off-diagonal terms are then
bounded by a sum of the dyadic forms B? (g, f) or directly by a sparse
form.
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Given S € . such that S D Pg, the indicator function 1p, can be written

as 1g — 1g\ p,. Recall that ]/31\% is the minimal stopping cube containing Pg.
Then

(Apf)p 1y = (Apf)palp = (Apf)plp p, PRES (6.2)
PHPREER T (AR f) it Pre. (6.3)
and in the latter case we have

(Apf)plp, =15 (f)pr = 15, (f)p = (L5 (f)pr — 15(f)P) + 15 5, () P

The term (Apf)pg15- -\ Pr
diagonal estimates as in (5.1). Also notice that in the bound (5.1) and in its
proof one can replace |g| by (|g|)z. In the same way, off-diagonal estimates
are used for 15 P\Pr (f)p as shown in Lemma 6.4 below.

The terms (Apf)p,1 7, and 15 <f)pR 15(f)p left from (6.2) and (6.3)
are rearranged to obtain a telescoplc series. We have
15 (Apf)pp =15 (fipr =15 (f)p ~ when Pp¢.%
and ]1151\%<f>pR—]lﬁ<f>p when Pr € ..

is supported away from R, so one can use off-

If Pr .7 then P and Ppg are contained in the same minimal stopping cube
P. So Pr = P and the two cases add up to 2(1 5. (f)pr — 1p(f)p) which
leads to the telescopic sum

Yo 15N —1p0p = 1o (Nro — 15, (HNae- (6:4)
R(T)PCGEQQO

Since f is supported on a fixed @)y, the average on larger cubes Q[()n)
containing Qg decreases:

<fQ(> (n / f< |QO HfHL1—>O as n — 0o.

Thus when the sum in (6.4) extends to all P > R("), the term 15 () re
is the only one remaining.
We have then identified three terms

D (Arfeelea= >, =)+ )

PeD telescopic far sparse
PDR(™)
where
§ : 2 : APf prl PR\Pg’ Z = Z Hﬁ\PR<f>P
far P:POR( sparse P:PHR™

Prey

and ) = ) 215{fr, — 1)) = 1 (Fpo-

telescopic POR™)
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Since the case with ) is done in (5.1), we show how to deal with the
remaining two cases.

6.3. Bound by a sparse form. We bound the operator applied to HR(T) (f) R
and ]lP\PR<f>p.

Lemma 6.3. Let . be the sparse collection defined in §6.1, then

S ] ottt g P S 3 abs D3

ReD Ses
Proof. The set {Tree,(S): S € ./} is a partition of D, so we write

dt
S ), st g @Y 5
Re9
=Y D 2%glhgn (r)// 0:15(x |2

S€Y R.RN=5

Sea S UahstlinE S0 // () L

Ses R:RCS
LS dt
= S absf3 [ [ 15 @) da
Ses
<Cr Y (abs(Uf31s]
Ses

where we used the stopping conditions for f and g, and the testing condition

(T). O
Lemma 6.4. Let . be the sparse collection defined in §6.1, then

Z//WR Z at(lﬁ\PR fir

ReD P:PHOR(M™
Pres

2
|g|fdx< > (D& UglslS) (6.5)

Ses’

where /" is the sparse collection of dyadic parents of ..

Proof. Since P > R, the dyadic child P = R® for some integer
k > r. For (x,t) € Wg, an application of Poisson off-diagonal estimates
(Lemma 5.2) gives

Ht(]lﬁ\pR)(x) = et(]l@)\R(k))(x) S (KR/ER(k))n =27,

After applying Cauchy—Schwarz the sums are rearranged using P as the
common ancestor:

S X wp(g) =X X owmk X [l

Re2 P:PORM k>r Pe® R: RCP
PR Pr with Pre.s ¢R=2"k—1yp
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—Y ot ST (3 /P 1l

k>r P:Pre
< > 4 [l
P:Pre.s P

Let .’ be the collection {P € @ : P D S, (P = 2(S for some S € .¥}. If
.7 is T-sparse, then .’ is 72~ %-sparse. This establishes (6.5) and concludes
the proof. O

The sparse collection in (6.1) can be taken as the union of ./ and the
stopping family in §6.1.
7. Reduction of (IIl,) to a sparse form

In this section we show that there exists ¢ > 0 and a sparse family 2
such that

Z//W ’ Z 0:(Apf)pylpy

2 dt
> Agb(w)— da

ReD R peog QED
Q good,QCR
—ci D
<SS 279BY (g, f) + A s, ).
JEN

In order to exploit the goodness of (), for example via Poisson off-diagonal
estimates as in Lemma 5.2, we need a gap of at least r generations between
@ and Pg. This motivates the Calderén—Zygmund decomposition in Propo-
sition 2.2. In particular, since b is the bad part of g at height A = A(|g|)r
given by Proposition 2.2, we have that

D Agb=> > > Aghs,.

QED LeZ Lyech, (L) QED

QCR QCL,
Since A > 1, the cubes in & are strictly contained in R. If we choose the
constant A as in the construction of the stopping family in §6.1, then the
cubes in & are also stopping cubes in .%;. We can regroup the dyadic cubes
@ C L, in the stopping trees Tree,(S) for all S € . inside R.

Y D Agb=) ) S Agbs,.

LeZ Lyech,(L) QED SeSy Srech,(S) QeTree, (S)
QCL, SCR QC

=r

The last sum is the Haar projection of b on Span{hg : @ € Tree,(5),Q C
Sy}. We denote this quantity by

?Sr (b) = Z AQbS,«-
QETree,(S)
QCSy
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Remark 7.1. The Haar projection Pg, b is supported on S, and equals Pg, (|g|).
Indeed bg, = 1, (]g|—(|g])s,) and for Q C S, the Haar coefficient (bs, , hq) =

(lg], hq)-
We have then proved the following identity

M= Y 5 [ 1Y tarnirtn P o) do

Sey Srech,.(S) R:RDS R pPePg
Sr good
With a slight abuse of notation, we omit the subscript in the stopping family
/4 in the following.

Remark 7.2 (Estimates for Pg.). The Haar projection Pg.(|g|) has zero av-
erage and satisfies the following bound

15,91l < 1Sr|(lgl)s- (7.1)

A proof of (7.1) is in Appendix A.4. In particular, summing over all S, €
ch,.(S) gives

S 1Psgln s S IS H(hs < / . (7.2)
(S) S

Srech,(S) Sréech,

7.1. Recover decay and telescopic sum. Let Pg be the dyadic child of
P containing S. Then

> {Apflpgley = Y (Apflpslpg— Y (Apf)pslpg.

P:PDOR() P:PD>S P:SCPCR(™)

The second term can be handled as in the subscale case (§4.6), while the
first can be reduced to a telescopic sum which equals (f)g1s.

If one tries to reduce (Apf)pslpg to a telescopic term plus off-diagonal
terms as in §6.2, the off-diagonal factor which should provide decay is the

quantity
(4R)*
————dy.
/Rd\PS d(ya Sr)aer Y

Here the scale (numerator) and the distance (denominator) don’t match
and Lemma 5.2 seems unable to provide enough decay in order to handle
the integral and the sum over R. But the zero average property of Pg (g)
comes to the rescue bringing a factor (£5,.)%/2 at the numerator by exploiting
the smoothness condition of the kernel. We will explain how.

Let zg, be the centre of the S, and consider the sublinear operator

(tlz — zs,)*

Sr —
K@) = [ el dy

Since the Haar projection Pg, (g) is supported on S,., we have the following
bound.
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Lemma 7.3. Let S, and R be dyadic cubes with S, C R, then

// 10,f (x |2dtﬂ>5 dx<// (K5 1( it|Tsr(g)(x)\dx.

(7.3)

Proof. The idea is to use the zero average of Pg, (g) to exploit the smooth-
ness condition (C2). We recall that Pg, (g) is supported on S, C R. Consider

the operator
{R
w = [ [ s

so that the left hand side of (7.3) equals [ X f(z)Pg,g(x) dz. Let xg, be the
centre of S,.. Then

/ K f (2)Ps, g(x) da = / (9 (x) — Hf(xs,))Ps,g(x) da

and the difference & f ( xg,) can be factorlsed as

‘R

dt
/ /kt(xy ydy| ‘/ktmsm y) dy
(R/2

t

_ /m (/[kt(w,y) — ki(zs,, 9))f (y) dy) </[k‘t(~’5ay) +ke(zs,, y)lf(y) dy) %

2 at

(R/2

(R
_ dt

(R/2

For x € S,, since S, C R and t € ((R/2,(R), the distance |z — zg,| <
0S,/2 < IR/2 < t, so by conditions (C2) and (C1) we have

|z — xg,|*

s, 1) K f@) S [ i@y [ e )l

r— a/2 2
- </ TheE —SL||;a+d|f<y>|dy> = (K7 f(@))".

O
The operator Kts’” satisfies Poisson-like off-diagonal estimates.

Lemma 7.4 (Estimates for K"). Let z € S, C R and t € ({R/2,(R). Let
Q € D such that Q DO S,. Then there exists n > 0 such that the following
£S,

estimates hold:

t Rd\Q(UC)N<rM> s t Q( )N ]R| ( > .
Remark 7.5. Notice that the first estimate is better than the one in Lemma 5.2
on smaller scale (when Q) < ZR(")). For the second one, since ¢S, < (R, we

can also estimate Q
Ko lp(z) < =21
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provided that z € S, and t € ({R/2,(R).

Proof of Lemma 7.4. For the second estimate, by forgetting the distance
in the denominator, we simply have

KST O¢/2

7))

(S, LR)/? Q|
K (1 < (£5: <o
T3 | s iy sy = [

For the first estimate, when Q > R use (a+b)* = (a+b)>*/? > (2ab)*/?
in order to apply off-diagonal estimates. For z € S, and ¢t € (¢R/2,¢R) we
bound

(S, LR)"/?
K21 < (£5;
t Rd\Q(x) ~ /R'i\Q (€R+d(y,5r))o‘+d
L
~ Jrang (ER-d(y, S7))°2 d(y, S1)2 ~ Jrarg d(y, 5,272+
(7.4)

Then apply Lemma 5.2 with 5 = «/2

/2 n
ra\@ d(y, Sr)/2H (Q

When S, ¢ Q ¢ R™, split lra\g as ]le\R(r) + ILR(T)\Q. Estimate

KtST(]le\R(T)) as in (7.4). Then applying Lemma 5.2 with § = «/2 gives

S \"
K (lgay g (@) S <£R(’")>

where 7 is positive and equals § —v(§+d) < §. For KtST(IlR(r)\Q) we bound

s, (0S,LR)/?
Kt (HR(T)\Q)(x) g/R“) (6R)a/2(€R>a/2+d

r a2 /2 /2
RO (SN SN (4, |
=Rl \tr) ~4\IR (R

Adding the two bounds gives

¢S, \" S, \*/? ¢S, \"
Sy < T T 7”

since £S, < (R and min(n, a/2) = 7. O

7.2. Reduction to telescopic: different terms. Apply Lemma 7.3 with
> (Apf)p,lpg, in place of f to obtain

2
dt
(I1,) < Z Z Z // <KST (APf>PR:H-PR> 7|3’sr9|dl’.
P:POR(T)

Se Syech,(S) R:RDS
Sr good



1254 GIANMARCO BROCCHI

We split the sum in P to obtain a telescopic sum as in §6.2, with an extra
subscale term:

> Beflelen= 3 =X ) = )
PHOR() telescopic far sparse  subscale
where

Soo=2 Y ((Neslg — (Hrlp) =2f)sls

telescopic P:PDS

Z = Z <f>P]l]3\pS

sparse P:PDS
Pses

Z = Z (Apf)pslpg

subscale P:PCR(M
P>S

do= > (Apf)Pslp, py-

far P:PDS
Then we bound
IS D I SRS RN DS EI I S
telescopic far sparse  subscale telescopic far sparse subscale

We estimate KtS " applied to each term by using sublinearity and Lemma 7.4.
Then take the supremum in ¢t on the Whitney region Wg to bound the

remaining integral |, 6815/2 dt/t by 1.
We give the details in each case.

7.3. Telescopic term. This case is bounded by the sparse form A »(f, g) =
S ser (1% [5lgl, where .7 is the stopping family of g.

Lemma 7.6. It holds that

> X 2 () Srsdin s Ao

Se.# Syech,(S) R: RDS

Proof. For z € S, and ¢t € ((R/2,(R) we estimate K" (15)(z) < |S|/|R]
and féR/2 dt/t < 1. Then by using (7.2) for the Haar projection we have

DR //W (5515(2))” L v, g0 da

SE.7 Spechy(S) RRDS
S
VD ILLDS (1) 19s.sl
Se.s Srech R‘RDS’
S
< Y (' ') ol < X003 [ 1ol
Se.s R:ROS Se.s s
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7.4. Subscale term. This term is bounded in a similar way as in the sub-
scale case in §4.6.1.

Lemma 7.7. It holds that

DD // (k5 2 ) Lipslde < 3274820, ).

Se.7 Spech,(S) R: RDS subscale jeN

Proof. First, since K" is sublinear, we bound

K5(OD )= Y KArhrlKS (k).

subscale P.:PCR(™
P>S

Then for z € S, and t € ((R/2,(R) we estimate K;"1p, using Lemma 7.4

P\ (05,\*
S < [ HS T
Bound ¢Ps < (P and |(Apf)ps| < |(f, hp)||P|~'/?, then we apply Cauchy—
Schwarz

D DD Sl A G i T e i 3 RS

Se.# S.ech.(S) R: RDS P:PCR(™
P>S

£ohp)? P\ /65,\°

<> > oy (3 (s B () s
Se€ Srech.(S) RDS \ p. pCR(™) PCR()

P>S

DD G

Se.# Spech,(S) RDS

(f hp)? (P [P (1PN

P:PD>S CR(™
PCR™ -

The second factor after Cauchy—Schwarz is controlled as in subscale case in
Lemma 4.3 where P C 3R. Then bound ||Pg, ¢|/;1 as in (7.2) to obtain

Sl g @, %, )

Ses P:SCPCR(™)

- Z/m( )Q/Q ) <f,hp>2(f;)a/4.

Re@b SGY P:ScPCR()
SCR -
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For i,j € N, let ¢P = 279¢/R(") and ¢S = 2~/ R. Extend the sum over all P
such that P C R(") and rearrange

S [a(E)Y s ()"

R 9; s 7 : (r
€ se P:SCPCR
— za/2 2 ro/4
-yt ¥ [l e () 2
1,j RED SCR PCR(T)
5=2""R ¢P=2-1¢R(")
Sra LS VA SRR
Re® PCR(™)
LP=2"3¢R(")
Sa> 2N Y f (. hp)?
JEN R(MecP PCR(T)
(P=2"9¢R(")
< 31N 27 BY(g, f).
jEN

0

7.5. Far and Sparse terms. In this subsection we show that the quantity

> oz L, (S 320)) Fissias

Ses Srechy( far sparse

is bounded, up to a constant, by the sum of B (g, f) and A.»(f, g).
Since Kgg " is sublinear and positive, we bound

KEF (343 )< 3 HArhRIES (5 p)

far sparse P:PDS

+ Z ‘ P’KS p\ps)

P:POS
Pses

< 3 (PRl + KNP pyesy ) KT (Trapy):
P:PDS
Then split the sum over P and consider the two cases:

o= >+ D> =)+ ).

P:PDS  p:POR(MN  p.pCR™
P>S

Lemma 7.8 (Bound for (i)). Let Fp be either (Apf)p, or (f)plipses}-
Then the quantity

Z Z Z // Z |Fp|- K} " LRay pg (@ ))2%\?&9“195

Se Syech,(S) R:RDS P:POR(M)
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is bounded by the sparse form Ao (f,g) up to a constant.

Lemma 7.9 (Bound for (ii)). Let Fp be either (Apf)ps or (f)plipses}-
Then

Z Z Z // Z |FP|'KET]le\PS(@)Q%W’SrgMﬁ

Ses Syech.(S) R: RDS P:P>S
PCR™M

Proof of Lemma 7.8. In this case P D R D S, so the dyadic child Pg
equals Pr. Using Lemma 7.4, since £S, < /S, we have

05, \" S\ [ (R
Sy < )<= —
K Trape () S (EPR) = <€R> (EPR>
We bound f;RR/Q dt/t <1 and then apply Cauchy—Schwarz

> X Z( )3 IFP|<Z§>W(£)")2||?M||LI

Se.# Spech,(S) R:RDS \ p: pHR(r)

<> > 2 % B(g) () ml

Se Spech,(S) R:RDS p. poR(M)

since Y p. ppe) (CR/{PR)" < 1. Bound the sum of Haar projections as in
(7.2):

> 2 v x am) () s

Se” Spech,(S) R:RDS p:PHR(™)
Y X (S (B [
Se# R:RDS p:PoR() tPr

Rearrange the sums

DD IED DD IS

Se€e” RED PeD ReD p.poR(M iEN  Se&
RDS pHR(™ SCR
05=2""YR

then we continue as in the proof of (5.1).

S % m(p) S X (ﬁf%)%/g'g'

ReD p.PHR(T) iEN  Sev
SCR
£S=2""YR

<Y ¥ #(m) el

ReD p.poR(M €N
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(R\"
2
=Y Y () [l
Pe k>r R:RCP
¢R=2"F-1¢p

<Yt < Sl

Pe k>r Pe

Now we distinguish the two cases for Fp.

If Fp= <APf>PR If F'p = <f>Pﬂ{pR€y}
fa hP
ZFP/H— |P| H ZFP/IQI /|9|
Pe PeD PeD P:Pg ey
f3dBO (gvf)' —AY’(fa )
Then ng (9, f) is bounded by where .’ is the sparse collec-
a sparse form in Lemma 8.4. tion of dyadic parents of ..

O

Proof of Lemma 7.9. For z € S, and ¢t € ((R/2,{R), since S, C S C P C

R by Lemma 7.4
(s, \"
Sy r
K () @) 5 ()

Then we distribute the decay factor which is bounded as following

¢S, \" ¢S \"? [ eS\"? [ P \"?
T < (22 o I )
(i) < (o) (i) (i)

Estimate the integral f;RR/Q dt/t <1 and the sum of Haar projections as in

(7.2).
s, \"\ 7 at
> 5 (2 5 (me)") Feses
Se Spechy(S) RDS 5S
PCR“)
05 \" es\"? 1 op "2\’
<Z Z HfPS gHLl Z (W) Z Fp <€P> <€R(’”)>
Se.” S,ech, (S R:RDS P:PD(S;
PCR("

2
¢S \" ¢S\"? 1 op \"?
<Y [l ¥ () (Z () () )
R:RDS P:PD>S

Ses
PCR(M
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Apply Cauchy—Schwarz.

2
¢S \" ¢S\"? 1 op \"?
> [ ¥ () [ £ ()" (i)
Ses R:RDS ﬁR() P:PDS tp eR()

PCR(™)

S \" S\" P\
> o 2 () 2 () 2 ()
Se;ﬂ/ R:RDS (R P:P>S p P:PDS (R

PCR™ PCR(™

The last sum is finite: since P O S there is only one ancestor for each
generation. Since all terms are non-negative, we bound by removing the

restriction P ¢ R in the sum in P.
E /’9 | <ZS>
P
P:P>S

é;/‘m R:RDS <€£%>WP;S ( > Ses
-y Ayt Y [

Pcw 1€N Ses
£S=2""¢P
<> #p Loy 2
Pe 1€EN

The two cases for Fp are as at the end of the proof of Lemma 7.8. O

8. Sparse domination of the dyadic form

In this section we prove a sparse domination of the dyadic form B? (9, 1)
defined in (4.1).
Writing 1 as (1p)p we have

2
9 f)= / Z (l9])3r Z <f’|]}i]|3> 1p(x)de.

Ke® PcD
PC3K
(P=2"1¢K

Let Qo be a dyadic cube containing the support of f and g. On the
complement of Qg the form is controlled.

Lemma 8.1. Let ng-b [Qg (g, f) be the restriction of B? (g, f) to the comple-
0
ment (Qo)C, then

B e (9, £) a 277 gl) o (1 f ), | Qol-

Proof. Decompose (QO) in the union of Q (k+1) \Q(()k) for k € Z,. The non-

zero terms in ng-z' [Qc (g, f) are the ones where P intersects Qo and ( (()k))c.
0

Then P D Q(()k) and in particular P = Q(()m) for m > k. There is only one
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ancestor for each m, so we have

2
h
By [ U+ oo (95 f) —/(M)\Q(k) > lghsx > <<|];|1Z>> 1p(z)ds

€D PC3K

LP=2"04K
PoQ
e}
S D0 (gD agueen (D216
m=k-+1 0
e -
= 3 37 ghg, 27 )8, 2 Qul
m=k-+1
] o
< 279%glao(1 5|l D 27
m=k+1

The last sum is bounded by 27%¢ and summing over k € Z, concludes the
proof. O

It’s enough to construct a sparse family inside Q9. Taking the supremum
of (|g])sx over all K € @ we have

B2(g, f) < / M¥2g(z) - (S32 f(2))? dz

where M3 and 5’?9) denote the maximal function and the square function
given by

 hp)?
M2 f = sup (| f|)30 130, (S2f@) =Y Y i/ PP> 1p(z).
Qe RE® Pe 17
PC3R

(P=2"74R
(8.1)
As we see below, 539’ is pointwise controlled by the square function SQ’ f(z)

given by
,hp)?
rof=3 ¥ Etie
Qez  be2 7]
pPcQ
(P=2-94Q

Proposition 8.2 (Pointwise control). Let f € L?>(R?) and j € Ng. For all
x € R it holds that

S7 f(x) < S37 f(w) < 39257 f(x)

Proof. The enlarged cube 3R is the union of 3¢ cubes {R,}, in the same
dyadic grid &. So

T 5 e

RE® P:PC3R
(P=2"9(R
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34 1
PN

ReEDa=1 P: PCRa
{P=2"7¢R,

3d
=3 (874@)" <8¢ (75 @)”.
a=1

0

We show that the square function S? satisfies a weak (1,1) bound. The

proof follows the one for dyadic shifts without separation of scales [Hyt+14,
Theorem 5.2] and [LM17b, Lemma 4.4].

Proposition 8.3. Let j € Z,. There exists C > 0 such that for any
f € LY(R?) it holds that

iulg/\\{x eR?: SPf(x) > M < CA+)If |2
>

In particular ||S?||L1HL1,OO grows at most polynomially in j.

Proof. First, SJQ’ is bounded in L? with norm independent of j.
We want to show that for any A > 0 we have

{z eR?: SPf(z) > N} < c”f”l

Let f = g+b be the Calderén—Zygmund decomposition of f at height A > 0.
Then [|g]joc < 29\ and in particular ||g||2 < Al f|l1, while b = >-0cz bQ:
where bg is supported on @ and [ bg = 0. The cubes Q in & are maximal
dyadic cubes such that A < (|f])o < 2.

Let E be the union of the cubes in £. Then |E| = 5.4|Q[ < A Y
S0 it is enough to estimate the superlevel sets on the complement of E. Using
the decomposition of f we have

{z € EE: 87 f(z) > AY| < Hm SPg(x) > ;}‘ + erEC: S?b(x) > /\}'

2
f 2

The last bound follows by using Chebyshev’s inequality for the good part:

A lgll3 — ILf1lx
95 9b 2 < N2

and Markov’s inequality for the bad part. The sublinearity of SJQ’ and the
triangle inequality imply that

HS?bHLl(Ec) < Z HSjgbeHLl(EC)
Qe
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For each Q € 2, only dyadic cubes K D @ contribute to the HSJQ’bQHLl(Ec),
since if K C @, then K would be inside E. Thus K is an ancestor of @), so
K = QW for some integer k > 1. For k > j each j-child P C K contains
Q, and so (bg, hp) vanishes, by the zero average of bg. Thus we estimate

p(z)
||S bQHLl EO) / Z Z [{bq, hp)l ‘P’1/2d

Ke» PCK
LP=2"1(K

> > oo, he)|IPIM?

1 KDQ PCK
PK=0Q*) LP=277LK

Y Y ol

k=1 KDQ PCK
LK =0Q*) £P=27 K

J J
Z Z \bQHLl(K) = ZHbQHLl-
k=1

k=1 K>DQ
LK =0Q®*)

M~

i

Since [|bgl| L1 (k) = llbgllrr S AQ| < fQ|f|, and there is only one ancestor of
Q for each k, we have

i j
>lbolle Y [ 113 [ 111
k=1 —17@Q Q
Summing over all Q € & gives the bound
S ISP ballpi sty S 3 Al @) < Gl -
Qe QeZ
0

The operator M3? defined in (8.1) is also weak (1, 1) as it is bounded by
the Hardy—-Littlewood maximal function, which is weakly bounded.

The following lemma exploits the weak boundedness of the operators M3?
and S]@ to construct a sparse collection .. The proof adapts the one in
[LM17b, Lemma 4.5] to our square function. We include the details for the
convenience of the reader.

Lemma 8.4 (Sparse domination of B?). Let j € Zy. For any pair of

compactly supported functions f,g € LOO(Rd) there exists a sparse collection
< such that

B?(g. ) < / Mg (521)2 < (14 )2 S UFD 2l s1S]

Ses
where the implicit constant does not depend on j.
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Proof of Lemma 8.4. Fix a cube Qp € & containing the union of the
supports of f and g. By Lemma 8.1 it is enough to construct a sparse
family inside Q9. Consider the set F(Qp) given by

{z € Qo : M*g(z) > C{lgl)g,} U{z € Qo : S f(z) > C(L+ 1) f)g0}-
By the weak boundedness of M3? and S?, there exists C' > 0 such that
|F(Qo)| < 3Qol- Then

Mg (PP [ Mg s [ Mg (87
Qo Qo\F(Qo) F(Qo)
< C3(1+ )X g0 ()2, Qol + 3 / Mg (52 f)?
QEF

where F is the collection of maximal dyadic cubes covering F'(Q). Iterating
on each @ € F produces a sparse family of cubes ., since {Eg = @ \
F(Q)}ges are pairwise disjoint and |Eg| > £|Q| for each @ in .. O

9. Proofs for the reduction to a dyadic form

Proof of Lemma 4.2. We distinguish three cases: ¢P > 2"/R, where the
goodness is used; /P € [({R,2"¢R|, where {P and /R are comparable; and
(P < LR, where we use the zero-average of Ap f and the regularity condition
(C2).
(/P > 2"¢R): Using the size condition (C1) and taking the supremum
in (z,t) € Wg

0arN@) % [ Gl Arl W)l dy
(R
(5 +d(R, Pt

If d(R, P) > (P, since {P > 2"(R the conclusion follows. Otherwise,
by the goodness of R, we have that /P < d(R, P) (%)7. The same
bound holds for /R, so

< ||Apfllz

9.1)

y(a+d)
(P R)O{+d < 3a+d d(P R)C%+d <£P>

(R
which implies
KR a/2 ER —y(a+d)+a/2
P a+d P a-+d
< d(P,R)**d
since /R/(P < 1 and /2 —y(a + d) is non-negative for v < Sy

Then multiply and divide (9.1) by D(P, R)**¢(¢P)=*/2({R)*/? to
conclude.
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(/R < {P < 2"(R): The lengths of P and R are comparable and the
conclusion follows.
(/P < LR): Let zp be the centre of P. Then

/ e, y) Ap f(y) dy = / (ke ) — ke, 2p)) Apf(y) dy

ly —ap|
< [ il @)y

by the smoothness condition (C2), since |y —zp| < 7P < % <t To
conclude, note that

(eP)* (£P)* < qotd (VEIRIP)Y
(% +d(R, P))otd (% + ETP +d(R, P))o+d ~ D(R, P)otd

O

9.1. Counting close cubes. In both cases “near” and “close”, given a
fixed R we estimate the number of P such that 3P D R.

Lemma 9.1. For k € N let Z,(R) .= {P : 3P D R, (P = 2¥(R}. Then
| Zk(R)| = 37.

Proof. Let R be the k-ancestor of R. Then R®) belongs to &7 (R).
There are 3% — 1 cubes P adjacent to R*®) with ¢P = ¢R"%). Each of them
is such that 3P > R®), so in particular 3P D R.

On the other hand, if P is not adjacent to R*) and ¢P = ¢R®) then
d(P,R®)) > (P, so 3P does not contain R*), nor R.

This shows that the P in 22 (R) are exactly the cubes contained in 3R*)
with ¢P = ¢R®), and there are 3% of such cubes. ([

Proof of Lemma 4.3. We present each case separately.

r: (P > 2""YR and d(P,R) > ¢P. The largest term in D(P, R)
is d(P,R). Fix R and k € N. Given m € N there are at most 2%
cubes P with length 2¥/R such that 2™¢P < d(P, R) < 2™"YP, so
rearranging the sum

Z (VIRLP)™ Pl =
a+d

P:LP>(R d(R P) "

d(R,P)>(P

7§:i 5 ( mzp)c“( P )d
m=1 k=r P£P=2k+1fR d(R7 P) d(P’ R)
2m+1>d(P,R)/(P>2™

[e.9]

Z i gmdo—a k/2+m)2—md < 22 k/2+m)

m=1 k=0 k,m
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near : For P such that 3P\ P D R and ¢P > 2"*/R, the decay
comes from d(P, R), which is bounded below by ¢P(¢R/¢P)”, and
v = o/ (4o + 4d). Then

> (VIRIP)® Pl— Z 5 Pl (ViPIR\"
) d(R, P)otd d(P,R)4 \ d(P, R)
P:3P\PDR k=r+1 P:3P\PDR
(P>27 YR (P=2F¢R
S,d Z kaa/ll
k=r+1

where, by Lemma 9.1, the P in the sum are at most 3¢ for each k.
close : For /R < (P < (R and 3P > R, the leading term in the
long-distance is £R, so

(V KRKP) ’ ’ (2T/2£R) |P| < 2(17‘/2@
D(R, P)o+d ((R)> |R| |R|
We fix a scale k for P, such that 0 < k£ < r, then we estimate
(VIR(P)” \P \ kd
YDIECIESIE DR YD M
P:3PDOR P:3PDOR k=0 P:3PDR
CR<LP</R(™) éRgZPgéR(T) 0P=2F/R

T
<23 |{P : 3P D R, (P = 2"(R}| < 23%(r 4 1).
k=0
Where to estimate the number of P we used Lemma 9.1.
subscale, P C 3R : The leading term in the long-distance D(R, P) is
again ¢R. For any k € N, there are 372 cubes P such that P C 3R
and 2¥¢/P = (R, so

3 (VIRIP)~ EEDS (fp)a/ﬂd

D(R, P)o+d (R

P:PC3R PC3R

_ Z Z 2 +527h <, 3 9k < oo,
k=1

subscale, P ¢ 3R : In this case d(P7 R) > (R > (P. Regroup the P
according to length and distance:

VIRIP)* v (RN hapn( (R
2 DRPa+d|| 2. > 2 <D(P,R)>2 D(P,R)

P:P¢Z3R kEN p.2kyp—¢R
{P<(R d(P,R)>(R

< Z Z Q_k(d"‘a/Q)Q—mdQ—mOé < ZQ—/M/?Q—ma'

P:2k¢P=(R k,m
2m+1>d(P R)/tR>2™

:
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This because there are at most 2™? cubes R in the range given by the
distance, which means at most 2™¢ . 2¥¢ cubes P with ¢P = 27*/R.

O
Proof of Lemma 4.4 (for (P < (R). Recall that v € (0,3). Let K be
the minimal cube K D R such that /K > 2"/R and d(P,R) < (K (5—2)7.
(The set of such cubes is not empty since (K (%)7 equals £P (%) ™7 which
goes to infinity as /K — oo.) First, observe that P C K. Suppose not, then

P\ IR\ Pckt
- <
K <€K> <ItK <£K> <d(R,0K) < d(R,P)

which is absurd because of the second condition on K. It remains to show
the upper bound for /K. By minimality of K, one of the following conditions

holds: either
K (K [ ¢P
— < 2R or — T
UK

5 5 > < d(P, R).

Since by hypothesis d(P, R) > (/R)*~7(¢P)", the first implies

/P 8l /P v /P Y
- < T - < ' - T .
€K(€> _2@(6) _2m<”J < 2"d(P, R)
The latter gives: (K ((P/(K)Y <2d(P,R) < 2"d(P,R). O

Appendix A. Conditional expectation and Haar projections

In this appendix we recall some known bounds for the Haar projection.
These involve conditional expectation and martingales related to the Haar
system, see also [Gral4, §6.4].

Let . be the stopping family defined in §6.1. Given S € ., let 4*(.S) be
the maximal stopping cubes inside S. Let ¥g be the o-algebra generated by
sA*(S). A function is measurable with respect the o-algebra ¥s if and only
if it is constant on any cube in d*(.5).

A.1. Conditional expectation. Denote by E[-|¥s] the projection on the
space of measurable functions with respect to the o-algebra ¥s.

f(z) ifxzeS\d(S)
FUsI) = {<f>S' if x € S’ for some S’ € A*(S).

For more details about this operator, we refer the reader to [Hyt+16, §2.6].
Let . be a stopping family for f. The supremum of E[f|¥s] in S is ei-
ther f(x) (if A(S) is empty), or (f)s for some S’ € of*(S). In both cases
IE[f15%s]ll o (s) Sa (f)s, since (f)s < 27A(f)s by the stopping condi-
tions.
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A.2. Haar projection. Given S € .7, let Tree(S) = {Q € D : Q = S} be
the collection of cubes @ such that .S is the minimal stopping cube containing

Q

The Haar projection on S is given by

Psf= > Af= Y. > (L hhS

I€Tree(S) IcTree(S) ec{0,1}4\{0}¢

where {h$}c are the Haar functions on I. Being a sum of Haar functions on
cubes in Tree(S), the Haar projection Pgf is constant on any S’ € #*(S),
so it’s measurable on ¥s. It also holds that Pgf = PsE[f15]¥s].

The Haar projection Pgf can be seen as a martingale transform, and so
it satisfies the following

Lemma A.1 (LP bound for martingale transform [Bur84]). For 1 < p < oo
we have

IPsE[f1s|s]llp < Cpl[E[fLs[Fs]lp- (A1)
Combining (A.1) with the estimate for the supremum of E[f15|¥s] one
obtains that

[Psfllp Sp {f)s-

A.3. Richer o—algebras and r-Haar projections. The same idea works
with slight modifications when S is the minimal stopping cube containing
the r-ancestor of (). Let Tree,(S) be the collection of cubes () such that

—

Q") = S. Define the r-Haar projection on S as
sf= Y, Aof
QETree,(S)

Remark A.2. The projection Py f is not measurable on ¥s in general, but
it is measurable with respect to the richer o-algebra generated by the r-
grandchildren of S’ € of*(S), which is

G5 = a({(S’)T € ch, ('), 5" € 9&1*(5)}).
Then PG f = PLE[f15|¥4¢] and we have the following

Lemma A.3. Given a function f, let S be a stopping cube in ./} as defined
in §6.1. Then

IE[f1s195] [ Loo(s) Sar (f)s-
Proof. Either |f(z)] < A(f)gs for all z € S, or there exists S’ € o4*(S) with
xo € (8'), and E[f15]95](z0) = (f)(s),- Let P be the dyadic parent of
(S")y. Then P € Tree,(S) and we have

(Fsn, < 24f)p <2929 (f)pr < 24T A(f)g

where we used the stopping condition in the last inequality. ([
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S

Figure 1. An example of stopping tree Tree(S) and the maximal
stopping cubes in *(S). Below, shifted by r genera-
tions, there is the stopping tree Tree,.(S). The cubes @
in Tree,(S) contained in a specific r-grandchild S, are
highlighted.

A.4. Haar projection on maximal cubes. For S € .7 the r-grandchildren
ch,(S) are the maximal cubes in Tree,(S). Then the restriction of Haar pro-
jection Pg on a S, € ch,(5) is

Ps, [ = Z Aqgf and satisfies  (|Ps, fl)s, < (|f])s- (7.1)

QETree,(S)
QCSr

Proof of (7.1). The Haar projector Pg, f is measurable with respect to the
o-algebra ¢, then

/S P, f] = /S 1Ps EL/ L, 1950 < 115, |1 [P ELf L, 195 s,

by (A1) S (s, [l o IELf Ls, 1951 e (s,
i ,
< [Sr[7 [ Se |7 [E[f L5, |5 ]]l oo
by Lemma A.3 < |S,[(f)s.
Divide by |S;| both sides to conclude. O
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