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Geometry of semi-invariant lightlike
product manifolds

Garima Gupta, Rakesh Kumar*
and Rakesh Kumar Nagaich

ABSTRACT. We study the geometry of semi-invariant lightlike submani-
folds of an indefinite Kachler manifold M admitting a quarter-symmetric
non-metric connection D. We establish conditions for a proper totally
umbilical semi-invariant lightlike submanifold of M admitting D to be a
totally geodesic semi-invariant lightlike submanifold. We further derive
some characterization theorems for a semi-invariant lightlike submani-
fold of M admitting D to be a semi-invariant lightlike product mani-
fold. Finally, we obtain some necessary and sufficient conditions for a
semi-invariant lightlike submanifold of M admitting D to be a minimal
lightlike submanifold.
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1. Introduction

It is known that there are many similarities between the geometry of non-
degenerate submanifolds and Riemannian submanifolds of a semi-Riemannian
manifold. When the induced metric on the submanifold is degenerate, then
the geometry of submanifolds becomes remarkably different from the ge-
ometry of non-degenerate submanifolds. Moreover, with respect to the ca-
sual character of a curve, there are spacelike curves, timelike curves, and
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lightlike curves. Analogous to the similarity between Riemannian and non-
degenerate submanifolds, spacelike and timelike curves also have several
similarities with Riemannian curves. But the geometry of lightlike curves
is remarkably different from the geometry of non-degenerate curves. As a
generalization of the geometry of lightlike curves, the geometry of light-
like submanifolds of semi-Riemannian manifolds was established by Duggal
and Bejancu in [7]. Since in the geometry of lightlike submanifolds, the
tangent and normal bundles have a non-empty intersection, therefore the
geometry of lightlike submanifolds becomes more complicated than that of
non-degenerate submanifolds of semi-Riemannian manifolds. Duggal and
Bejancu [7] used this geometry to fill an important missing part in the
general theory of submanifolds. Since the screen distribution of a light-
like submanifold is not unique, therefore, it is not possible to generalize all
the concepts of the classical theory of submanifolds to lightlike submani-
folds. Hence, to establish unique screen distribution, we recently explored
the concept of screen conformal lightlike submanifolds of a semi-Riemannian
manifold in [12].

It is well known that most of the branches of physics and mathematics use
the geometry of manifolds and their submanifolds endowed with indefinite
metric (metric with non-zero index), so the classical theory of submani-
folds endowed with definite metric may not be useful there. Moreover, the
geometry of lightlike submanifolds is important in the general theory of rel-
ativity, as lightlike submanifolds act as models of various types of horizons,
namely Killing horizons, dynamical and conformal horizons etc. Lightlike
geodesics are also interpreted as the worldline of photons in the general the-
ory of relativity, and hence, a lightlike submanifold is taken as a photon
surface [6]. Furthermore, the concept of lightlike submanifolds has potential
applications in the study of asymptotically flat spacetimes, radiation and
electromagnetic fields, event horizons of the Kerr and Kruskal black holes
etc., see [7], [10]. Hence, the notion of lightlike submanifolds has become of
remarkable importance in the present scenario.

Golab [11] introduced a quarter-symmetric linear connection V on a dif-
ferentiable manifold as a linear connection whose torsion tensor 7' is of the
form

T(X,Y) =m(Y)p(X) — m(X)o(Y), (1)

for any vector fields X,Y on a manifold, where 7 is a 1-form and ¢ is a
tensor of the type (1,1). If the quarter-symmetric linear connection V is
not a metric connection, then V is called a quarter-symmetric non-metric
connection. Kilic and Bahadir [14] studied screen semi-invariant lightlike
hypersurfaces of a semi-Riemannian product manifold admitting a quarter-
symmetric non-metric connection. Recently in [13], we also studied radical
screen transversal lightlike submanifolds of an indefinite Kaehler manifold
admitting a quarter-symmetric non-metric connection. In the process of
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development of geometry of lightlike submanifolds, we contribute to estab-
lish the geometry of semi-invariant lightlike submanifolds of an indefinite
Kaehler manifold admitting a quarter-symmetric non-metric connection.

2. Lightlike submanifolds

Let (M, §) be a real (m + n)—dimensional semi-Riemannian manifold of
constant index ¢ such that m,n >1,1<¢g <m+n —1. Let (M,g) be an
m—dimensional submanifold of M and ¢ be the induced metric of § on M. If
g is degenerate on the tangent bundle T'M of M, then M is called a lightlike
submanifold of M. For a degenerate metric g on M, T, M~ is also a de-
generate n—dimensional subspace of T, M. Thus, both T, M and T, M~ are
degenerate orthogonal subspaces, but no longer complementary. In this case,
there exists a subspace Rad(T,M) = T, M N T, M=, which is known as the
radical (null) subspace. If the mapping Rad(TM) : x € M — Rad(T,M),
defines a smooth distribution on M of rank r > 0, then the submanifold M
of M is called an r—lightlike submanifold [7], and Rad(TM) is called the
radical distribution on M. The screen distribution, denoted by S(T'M), is a
semi-Riemannian complementary distribution of Rad(TM) in TM, that is,
TM = Rad(TM)LS(TM). Let S(TM*) be a complementary vector sub-
bundle to Rad(TM) in TM+, which is non-degenerate with respect to §.
Let tr(T'M) be a complementary (but not orthogonal) vector bundle to T'M
in TM |y, then tr(TM) = ltr(TM)LS(TM™), where ltr(TM) is comple-
mentary to Rad(TM) in S(TM*)* and is an arbitrary lightlike transversal
vector bundle of M. Hence

TM |y=TM & tr(TM) = (Rad(TM) & ltr(TM))LS(TM)LS(TM?').

Let U be a local coordinate neighbourhood of M, then the local quasi-
orthonormal field of frames on M along M is

{517 "'7§T7XT+17 "'7X7TL7 N17 ceey er WT+17 ceey Wn}7

where {&}7_,, {N;}i_, are lightlike basis of I'(Rad(T'M)|y), T'(ltr(TM)|u),
respectively and {Xq}i%, 1, {Wa}a_,, are orthonormal basis of I'(S(T'M)|y),
['(S(TM™)|y), respectively. These local quasi-orthonormal field of frames

on M satisfy
g(Nlagj) = 6;7 .é(NlaN]) = g(Ni?Xll) = g(va Wa) = 0. (2)

Let V be the Levi-Civita connection on M, then the Gauss and Weingarten
formulas are VxY = VxY + h(X,Y) and VxU = —ApX + V4. U, where
{VxY, Ay X} and {h(X,Y), V4 U} belongs to I'(T'M) and I'(tr(TM)), re-
spectively. Here, V is a torsion-free linear connection on M, h is a symmetric
bilinear form on T'M, which is known as the second fundamental form, Ay
is a linear operator on M and known as the shape operator. Considering
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the projection morphisms L and S of tr(TM) on ltr(TM) and S(TM*),
respectively, then we have

VxY = VxY+h (X, Y)+h*(X,Y), VxU=—-ApX+D\U+D5%U, (3)

where h/(X,Y) = L(h(X,Y)), R*(X,Y) = S(h(X,Y)), DU = L(VU),
DU =S (V)L( ).

As h! and h® are T'(itr(TM))—valued and T'(S(TM~))—valued respec-
tively, therefore, they are respectively known as the lightlike second funda-
mental form and the screen second fundamental form on M. In particular,
we have

VxN = —ANX+V5N+D3(X,N), VxW = —Aw X+VW+DYX, W),

(@)
where X € I'(TM),N € T(ltr(TM)) and W € T'(S(TM+1)). Then, using
(3) and (4), we obtain

§(h*(X,Y), W) + §(Y, D'(X,W)) = G(Aw X, Y). (5)

We can induce some new geometric objects on the screen distribution S(7'M)
of M. Let P be the projection morphism of 7'M on S(T'M), then

VxPY = V4 PY +h*(X,PY), Vx¢=-ALX + Vi, (6)

{VXPY, A{ X} and {h*(X,Y), Vi) belongs to I'(S(T'M)) and I'(Rad(T'M)),
respectively. V* and V** are linear connections on complementary distribu-
tions S(T'M) and Rad(T M), respectively. h* and A* are Rad(T M )—valued
and S(7T'M)—valued bilinear forms and are known as the screen second fun-

damental form and the screen shape operator of S(T'M), respectively. Using
(3) and (6), we obtain

§(h' (X, PY),€) = g(A;X, PY), §(h*(X,PY),N) = g(ANX, PY), (7)

forany X, Y e T'(TM), £ € T'(Rad(TM)) and N € T'(ltr(TM)).

From the geometry of non-degenerate submanifolds, it is known that the
induced connection V on a non-degenerate submanifold is a metric connec-
tion. Unfortunately, this is not true for lightlike submanifolds, as

(ng)(KZ):g(hl(X’Y)7Z)+§(hl(XvZ)7Y)’ (8)

for any X,Y,Z e I'(TM).
Next, Barros and Romero [3] defined indefinite Kaehler manifolds as be-
low:

Definition 2.1. Let (M, J,3) be an indefinite almost Hermitian manifold
and V be the Levi-Ciita connection on M with respect to g. Then, M us
called an indefinite Kaehler manifold if J is parallel with respect to V, that
s, VJ = 0.

Recently, Atcen and Kilic [1] defined semi-invariant lightlike submani-
folds of semi-Riemannian product manifolds. Later, Bahadir and Kilic [2]
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defined semi-invariant lightlike submanifolds of indefinite Kaehler manifolds
as below:

Definition 2.2. Let (M,g,S(T]\{),S(TML)) be a lightlike submanifold of
an indefinite Kaehler manifold (M, J,g). If

J(Rad(TM)) c S(TM), J(ltr(TM)) c S(TM), J(S(TM™1))c S(TM),
then M s called a semi-invariant lightlike submanifold of an indefinite

Kaehler manifold (M, J, §).
If we set Ly = J(Rad(TM)), Ly = J(itr(TM)) and Lz = J(S(TM1))
then
S(TM) = LoJ_(Ll D LQ)J_Lg,
where Ly is a (m — n — 2r)—dimensional distribution of M and hence
TM = LoL(L1 & Ly) L L3 1 Rad(TM).
Thus, we have the following decomposition
TM = Lo L(Ly @ Ly) LL3 LS(TM*) L(Rad(TM) & ltr(TM)).

Denote L = Ly L L1 L Rad(TM) and L' = Lyl Lg, then TM = L& L', where
L and L' are invariant and anti-invariant distributions with respect to J,
respectively.

Let (M,g,S(TM),S(TM=)) be a semi-invariant lightlike submanifold of
an indefinite Kaehler manifold (M ,J,g), then for each X tangent to M, JX
can be written as

JX =7X +wX +w X =7X +wX, 9)

where w; and w; are projections of tr(TM) on ltr(TM) and S(TM™), re-
spectively. Therefore, 7.X and wX are the tangential and the transversal
parts of JX, respectively. In addition, for any V € I'(tr(T'M)), JV can be
written as

JV =vV, (10)
where vV is the tangential part of JV.

Ezample 1. Let M = RZ be a 8—dimensional manifold with signature (—, —,

+, 4, —, =+, +) and {2;}5_, be the standard coordinate system of R§. If
we take J(ﬂ:l, T2, T3, T4,T5,T6, L7, CCS) - (—.’172, L1, —T4,T3, —T6, L5, — I8, .'L‘7),
then J?> = —I and J is an almost complex structure on RS. Assume that

the submanifold M of M is defined by x1 = —V/2ty + V24 + V25 — V25,
T = V2t; — \/2t3 — 2ty + V25 + 3V2t, 13 =t — ta + t3 — t5 + g,
Ty =t ity —t3+ts+tg, T35 = —V2ts + 2ty — V/2t5 — 3V2tg, 16 =
V2t + V2t + V2t + V2t — 3V 2tg, 7 = —t1 — to + t3 + 3ty — 2t5 — bty
xg = t1 —to+t3+ 2ty +3t5 —tg. Then, M becomes a semi-invariant lightlike
submanifold of RS, for complete proof see [2].
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3. Quarter symmetric non-metric connection

Let V be a Levi-Civita connection on an indefinite Kaehler manifold
(M, J,g). If we set
DxY =VxY +7(Y)JX, (11)
for any X,Y € T'(T'M), then using the fact that V is a torsion-free metric
connection, we obtain

(Dx9)(Y. Z) = —n(Y)§(J X, Z) — n(Z)§(JX,Y ), (12)

and
TP(X,Y) = n(Y)JX — n(X)JY, (13)

for any X,Y, Z € F(TM ), where TP is a torsion tensor of the connection D
and 7 is a 1-form associated with the vector field U on M, that is, 7(X) =
G(X,U). From (12) and (13), D becomes a quarter symmetric non-metric
connection on M. Moreover, M admits a tensor field J of the type (1,1),
therefore for any X,Y € I(T'M), we have

DxJY = JDxY 4+ n(JY)JX +n(Y)X. (14)

Remark 1. Throughout in this paper, we suppose M as an indefinite Kaehler
manifold admitting a quarter-symmetric non-metric connection D, unless
otherwise stated.

Let M be a semi-invariant lightlike submanifold of M and D be the in-
duced linear connection on M from D. Then, the Gauss formula is

DxY = DxY + h{(X,Y) + h*(X,Y), (15)

for any X,Y € I'(T'M), where DxY € I'(TM) and h!, h* are the lightlike
second fundamental form, the screen second fundamental form of M, respec-
tively. On substituting (3), (15) in (11) and on comparing the tangential
and transversal components both sides, we obtain

DxY =VxY +7(Y)7X, (16)
RU(X,Y)=h(X,Y) +7(Y)w X, (17)
RE(X,Y) =h(X,Y) + 7(Y)ws X. (18)

Further, using (8), (12), (13) and (15)-(18), we get
(Dxg)(Y, Z) = (Vxg)(Y, Z) = n(Y)g(7X, Z) = m(Z)g(7X,Y),  (19)
and
TP(X,Y) = n(Y)TX — n(X)1Y, (20)

for any X,Y,Z € T'(T M), where TP is the induced torsion tensor of the in-
duced connection D on M. Hence, from (19) and (20), we have the following
observation immediately.
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Theorem 3.1. Let M be a semi-invariant lightlike submanifold of M. Then,
the induced connection D is also a quarter symmetric non-metric connection
on M.

Next, the Weingarten formulas with respect to the quarter symmetric
non-metric connection D are given as

DxN = —AyX + V4N +D*(X, N), (21)

DxW = —Aw X + VW +DY(X, W), (22)

for any X,Y € T(TM), N € T'(itr(TM)) and W € I'(S(TM™)), where V*
and V* are the linear connections on ltr(TM) and S(TM<1), respectively,
and both Ay, Ay are linear operators on I'(T'M). Using (4), (9), (11), (21),
(22) and on comparing the tangential components, we obtain

ANX = ANX —n(N)7X, AwX =AwX —7(W)7TX. (23)

Now, define differential 1—forms 7; locally on T'M as n;(X) = g(X, V;), for
any X € I'(T'M). Let P be the projection of TM on S(T'M), then any
X € I(TM), can be written as X = PX + > "7, ;(X)&;, where {¢}]_; isa
basis for Rad(TM). Therefore

DxPY = DXPY + I*(X,PY), Dx¢=-AX+Vie,  (24)

where {D% PY, AZX} belongs to T'(S(TM)) and {h*(X, PY), VL&) belongs
to I'(Rad(TM)). Using (16) and (24), we also obtain

D% PY = V%PY +n(PY)PrX, (25)
WX, PY) = 0*(X,PY) + n(PY) Y ni(rX)&, (26)
=1

AX = ALX —m(OPTX, VIE=VE+7()D m(rX)&.  (27)
=1

Further, using (7), (17), (23), (26), and (27), we have
g(h*(X, PY),Nj) = g(Ax, X, PY) +7(N;)g(PTX, PY)
+7(PY )n;(tX). (28)

Since the induced connection V* of V is a metric connection on the screen
distribution, then using (25), the induced connection D* of D on the screen
distribution S(7T'M) satisfies

(Dx9)(PY,PZ) = —n(PY)g(PTX,PZ) — n(PZ)g(PY,PTX),  (29)
and the induced torsion tensor T of D* is given by

T*(PX,PY) = n(PY)PrX —n(PX)P7Y + h*(Y, PX) — h*(X, PY). (30)
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Let {&}i_; be a lightlike basis of I'(Rad(TM)|y/) on a coordinate neighbour-
hood U of M, then locally, (24) can be written as

DxPY =DyPY + Y hi(X,PY), (31)
=1
Dx& = —Ag X+ Z pij (X)Ej, (32)
7=1

where b (X, PY) = g(h*(X, PY), N;) and p;;(X) = §(Vi&i, Nj) = —pji( X).
Next, we recall the following theorem from [7] for later uses.
Theorem 3.2. Let M be an r—lightlike submanifold with r < min{m,n} of

a semi-Riemannian manifold M. Then, the following assertions are equiv-
alent

(i) S(T'M) is integrable.
(ii) h* is symmetric on T'(S(TM)).
(iii) An is self-adjoint on I'(S(T'M)) with respect to g.
Using the Theorem 3.2, we obtain a necessary and sufficient condition for

the integrability of screen distribution of a semi-invariant lightlike subman-
ifold of M as below:

Theorem 3.3. Let M be a semi-invariant lightlike submanifold ofM. Then,
the screen distribution S(TM) is integrable, if and only if, 1—forms n;, 1 <
i <, are closed forms on S(TM).

Proof. Since the torsion tensor 17" of D does not vanish, then using (20),
(31), and (32), we get

[X,Y] =D4LPY - DYPX+Z{m VALY — mi(YV) AL X)
=1

+ > ABI(X, PY) = hi (Y, PX) + X(1;(Y) = Y (0:(X))}&

i=1

+ Z {771 Mzg 772 )Mzg( }'g]

i,j=1

+ Z{m(X)PTY — (V)P X (&)

+ Z {e(X)mi(7Y) — e (Y )i (7X) b (&) &

i,k=1

+ D {m(PX)ni(rY) = m(PY )ni(rX) };
=1
+m(PX)PTY — n(PY)PTX.
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On taking scalar product both sides with N;, we obtain
g([(X. Y], N) = hi(X, PY) = hi (Y, PX) + X(m(Y)) = Y (m(X))

+> (V) pa(X) = mi(X) (V) }
=1

+) e (X)m(Y) — (V) (rX) b (&)
k=1

+r(PX)m(tY) — w(PY )i (7X). (33)
Let X,Y € I'(S(TM)) then using the definition of n; in (33), we obtain
2dni(X,Y) = hi(Y, PX) — h}(X, PY), (34)
where 1 <14 <r. By using (26), for any X,Y € I'(S(T'M)), we have
hi(Y,PX) — hi(X,PY)=hi(Y,PX)— h!(X,PY). (35)
Hence, using the Theorem 3.2 with (34) and (35), the result follows directly.
(]

Thus, using the Theorem 3.2 and the Theorem 3.3 with (29) and (30), we
have the following result immediately.

Theorem 3.4. Let M be a semi-invariant lightlike submanifold of M. Then,
the induced connection D* is also a quarter symmetric non-metric connec-
tion on the screen distribution S(TM) if 1—forms n;,1 < i < r, are closed
forms on S(T'M).

Now, after differentiating (9) and (10), we have the following lemmas for
further uses.

Lemma 3.5. Let M be a semi-invariant lightlike submanifold of M. Then

(Dx7)Y = Apy X +vh(X,Y) 4+ n(JY)7X +7(Y)X, (36)
(Dxw)Y = —h(X,7Y) — DY X,wY) 4+ n(JY)wX, (37)

for any X, Y € T(T M), where
(Dx7)Y = Dx7Y —mDxY, (Dxw)Y = ViwY —w(DxY). (38)

4. Totally umbilical semi-invariant lightlike submanifolds

Definition 4.1. A lightlike submanifold (M, g) of a semi-Riemannian man-
ifold (M, g) is called a totally umbilical lightlike submanifold [8], if there
exists a smooth transversal curvature vector field H € T'(tr(TM)) on M,
such that h(X,Y) = Hg(X,Y), for X,Y € I'(TM). Further using (3), M
is a totally umbilical lightlike submanifold, if and only if, on each coordi-
nate neighbourhood U, there exist smooth vector fields H' € T'(Itr(TM)) and
H® € T(S(TM™)) such that

M(X,Y)=H'gX,Y), hX,Y)=HGX,Y), (39)
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for any X, Y € T(TM). A lightlike submanifold is said to be totally geodesic
if h(X,Y) = 0, or equivalently if H* = 0 and H® = 0, for any X,Y €
N(TM).

Theorem 4.2. Let M be a proper totally umbilical semi-invariant lightlike
submanifold of M such that the distribution Lo is integrable. Then, M is a
totally geodesic semi-invariant lightlike submanifold of M with respect to D.

Proof. Using (37) for any X,Y € I'(Lg), we derive wDxY = h(X,7Y).
Since M is a totally umbilical semi-invariant lightlike submanifold, then

w(DxY —DyX)=g(X,JY)H —g(Y,JX)H.
As XY € I'(Ly), then w(7X) = w(rY) = 0. Hence using (20), we obtain
w[X, Y] = g(X,JY)H — (Y, JX)H. Further for X = JY, the integrability
of the distribution Ly implies 2¢(X, X)H = 0. Hence, the non-degeneracy
of the distribution Lg gives H = 0. Thus, the assertion is complete. U

Theorem 4.3. Let M be a proper totally umbilical semi-invariant lightlike
submanifold of M, then H' = 0.

Proof. Using the Kaehlerian property of M for Z € I'(L3), we have Vz(J Z)
= J(VzZ). On using (3), (4), (9), (10), and equating tangential components
of the resulting equation on both sides, we obtain

—AjzZ =1V2Z +v(hZ,2)) + v(h¥(Z, Z)).

Further, on taking inner product both sides with J¢, for any £ € I'(Rad(T M)),
we get

9(AszZ,JE) + §(h(Z,2),€) = 0. (40)

Take Y = J&, X € I'(L3) in (5) and on using the totally umbilical property
of M, we get

9(Aw X, JE) = g(h*(X, J§), W) = g(X, J§)g(H*, W) = 0,

for W € T'(S(TM+1)). Using this result in (40), it follows that §(h!(Z, Z), )
= 0, further using (17), we obtain §(h'(Z, Z),£) = 0. Since M is a totally
umbilical semi-invariant lightlike submanifold, therefore §(Z, Z)g(H', &) =
0. Hence, the non-degeneracy of L3 and (2) give H' = 0. O

Theorem 4.4. Let M be a proper totally umbilical semi-invariant lightlike
submanifold of M. Let the screen distribution S(TM) be a parallel distribu-
tion with respect to V, then H® = 0.

Proof. Assume that the screen distribution S(7T'M) be a parallel distribu-
tion with respect to V, that is, VxY € I'(S(T'M)), for any X € I'(T'M) and
Y e I'(S(T'M)). Using (6), it implies h*(X, PY’) = 0, further from (7), Ay is
a Rad(TM)—valued operator. Let W € T'(S(TM™1)), then g(VxY, W) =0
implies

f](@XY, W) —g(h*(X,Y),W) = 0. (41)
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Choose Y = JN € D'(Jitr(TM)), then §(VxY,W) = §(AnX, JW). Since
Ay is a Rad(TM)—valued operator, we get §(VxY,W) = 0. Using this
result in (41), it follows that g(h%(X,Y),W) = 0, further (18) implies
G(h*(X,Y),W) = 0. Since M is a totally umbilical lightlike submanifold

of M, therefore §(X,Y)§(H*,W) = 0. As X € I'(TM), Y = JN €
D(Jitr(T'M)), then g(X,Y) does not vanish and therefore g(H*, W) = 0.
Hence, the non-degeneracy of S(T M=) gives H*® = 0. O

Thus, from the Theorem 4.3 and the Theorem 4.4, we have the following
important observation.

Theorem 4.5. Let M be a proper totally umbilical semi-invariant lightlike
submanifold of M. Let the screen distribution S(T'M) be a parallel distribu-
tion with respect to V. Then M is a totally geodesic semi-invariant lightlike

submanifold of M.

Theorem 4.6. Let M be a proper totally umbilical semi-invariant lightlike
submanifold of M. Then either 7(X) = 0, for any X ¢ T'(Ls) or the
dim Lz = dim S(TM*) = 1.
Proof. Let X,Y € I'(L3) = T'(J(S(TM~))) then from (36), it follows that
—mDxY = Ay X + Jh(X,Y) +7(Y)X.
On taking inner product both sides with respect to X, we get
Ay X, X) = —§(Jh*(X,Y), X) = n(¥Y)3(X, X).

Using (18) and (23), we have g(A;v X, X) = g(h*(X,Y), JX), further using
(5), it implies g(h*(X,X),JY) = g(h*(X,Y),JX). Then using (18), we
obtain

§(h* (X, X),JY) = n(X)§(X,Y) = §(h*(X,Y), JX) — n(Y)g(X, X).
Since M is a totally umbilical lightlike submanifold, therefore
9(X, X)§(H*,JY) = n(X)§(X,Y) = §(X,Y)§(H* JX)
—m(Y)g(X, X). (42)
On interchanging the role of X and Y in the last equation, we have
G, Y)G(H?, JX)—m(Y)§(X,Y) = §(X,Y)g(H*, JY)—m(X)g(Y,Y). (43)
Hence from (42) and (43), we obtain

{atir,Jx) + w(X)}{g(X’ X)g(;’)?yg I&X, V)" b =o.

(44)
Since 1—form 7(X), associated with the vector field U on M, is given by
m(X) = g(X,U), therefore (44) becomes

R e T B

(45)
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As Ls is a non-degenerate distribution, therefore for non-null vector fields
X and Y from Lg, (45) implies either U = JH* € T'(J(S(TM™'))), that
is, 7(Z) = g(JH®*,Z) = 0, for any Z ¢ T'(L3) or X and Y are linearly
dependent. Thus, the proof is complete. ([l

Corollary 4.7. Let M be a proper totally umbilical semi-invariant lightlike
submanifold of M such that dim L3 # 1, then H® = 2H?®.

Proof. Let dim Lz # 1 then from (45), we have
G(JH® —U,X) =0, (46)
for any X € I'(L3). Since M is a proper totally umbilical semi-invariant
lightlike submanifold, then from (18), we derive
~ m(X)
H* = H° + -
9(X, X)
On using above expression in (46), it follows that 0 = g(JH®, X) —2n(X) =
g(JH*®—2U, X), then the non-degeneracy of L gives JH* = 2U. Moreover,
from the Theorem 4.6, we have JH® = U. Hence, the proof is complete. [J

JX.

5. Semi-invariant lightlike product manifolds

Definition 5.1. A semi-invariant lightlike submanifold M of an indefinite
Kaehler manifold M is called a semi-invariant lightlike product manifold if
the distributions L and L' define totally geodesic foliations in M.

Theorem 5.2. Let M be a semi-invariant lightlike submanifold of M. Then
the distribution L defines a totally geodesic foliation in M, if and only if,
hMX,JY) =0, or equivalently (Dxw)Y =0, for any X,Y € T'(L).

Proof. Using the definition of a semi-invariant lightlike submanifold, the
distribution L defines a totally geodesic foliation in M, if and only if, DxY €
I'(L), for any X, Y € I'(L), or equivalently §(DxY, J§) = 0 and §(DxY, JW)
=0, for any ¢ € I'(Rad(TM)) and W € T'(S(TM~)). Suppose X,Y € I'(L),
then from (14), it follows that

9(DxY, JE) = —§(JDxY,€) = —§(Dx JY,€) = —§(h'(X, JY),€),
for any £ € I'(Rad(T'M)) and similarly
9(DxY, JW) = —g(h*(X,JY), W),

for any W € T'(S(TM™)). Hence, the distribution L defines a totally geo-
desic foliation in M, if and only if, h(X, JY') = 0, or using (37), (Pxw)Y =0,
for any X, Y € I'(L). O

Theorem 5.3. Let M be a semi-invariant lightlike submanifold of M. Then
the distribution L' defines a totally geodesic foliation in M, if and only if,
h*(X,Y) =0 and Ajy X has no component in T'(LoLJRad(TM)), for any
X, Y e I(L).
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Proof. Using the definition of a semi-invariant lightlike submanifold, the
distribution L’ defines a totally geodesic foliation in M, if and only if, DxY €
(L), for any X,Y € I'(L), or equivalently g(DxY,N) =0, g(DxY,Z) =
0, and §(DxY,JN) = 0, for any N € I'(ltr(TM)) and Z € T'(Lg). Using
(11), (15), (21), (22), and (28), we derive

§(DxY,N) = §(DxY,N) = —§(Y,VxN) = g(Y, Ay X) = g(h*(X,Y), N),
g(DxY,Z) = §(DxY,Z) = §(JVxY,JZ) = §(DxJY,JZ) = —§(A;y X, J Z),
g(DxY,JN) = —§(VxJY,N) = —§(DxJY,N) = §(A;y X, N).

Hence, the proof is complete. [l

We know that for a C'R-submanifold of a Kaehler manifold, Chen [5]
proved the following important characterization theorem.

Theorem 5.4. A C'R-submanifold of a Kaehler manifold is a C R-product,
if and only if, T is parallel, that is, VT = 0.

~ We generalize similar result for a semi-invariant lightlike submanifold of
M as below:

Theorem 5.5. Let M be a semi-invariant lightlike submanifold of M. Then
M is a semi-invariant lightlike product manifold, if T is parallel with respect
to connection D, that is, (Dx7)Y =0, for any X, Y € I'(TM).

Proof. Let M be a semi-invariant lightlike submanifold of M such that
(Dx7)Y =0, for any X,Y € I'(T'M). Suppose X,Y € I'(L’), then 7Y = 0,
further from (Dx7)Y = 0, we get 7DxY = 0. Hence, L’ defines a totally
geodesic foliation in M. Next, assume that X, Y € I'(L), then wY = 0, and
further from (36), we obtain

vh(X,Y) = —7(tY)7X — n(Y)X. (47)
From the Theorem 5.2, the distribution L defines a totally geodesic foliation
in M, if and only if, h(X,7Y) = 0, or equivalently g (X,7Y), &) =0
and g(h®*(X,7Y),W) = 0, for any X,Y € I'(L), £ € I'(Rad(TM)) and
W € T'(S(TM+*)). Using (47), we have
gN(X,7Y),€) = g(IN' (X, 7Y), JE)

= —m(r*Y)g(rX, J€) — n(7¥)3(X, J€)

=0,
similarly, §(h*(X,7Y), W) = 0. Hence, the distribution L defines a totally

geodesic foliation in M, consequently, M is a semi-invariant lightlike product
manifold. O

Remark 2. The converse of the above theorem does not hold.
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Proof. Let the distribution L’ defines a totally geodesic foliation in M, then
DxY =0, for any X,Y € I'(L/). Also for Y € T'(L'), we have 7Y = 0,
this implies Dx7Y = 0. Hence using (38), we obtain (Dx7)Y = 0, for any
X, Y eT(L).

Next, let the distribution L defines a totally geodesic foliation in M, then
from the Theorem 5.2, h(X,7Y) = 0, for any X,Y e T'(L). Since M is a
Kaehler manifold, therefore from (3), it follows that h(X,JY) = Jh(X,Y),
and further using (17) and (18), we have h(X,JY) = Jh(X,Y), for any
X,Y € I'(L). Hence from (14), we obtain (Dx7)Y = Dx7Y — mDxY # 0.
Thus, the proof is complete. [l

Theorem 5.6. Let M be a semi-invariant lightlike submanifold of M such
that (Dxw)Y =0, for any X, Y € T(T'M). Suppose there exists a transver-
sal vector bundle of M, which is parallel along L' with respect to quarter
symmetric non-metric connection on M, that is, DxV € T'(tr(TM)), for
any V € T(tr(T'M)) and X € I'(L"). Then M is a semi-invariant lightlike
product manifold.

Proof. From the hypothesis of the theorem and the Theorem 5.2, it is
obvious that the distribution L defines a totally geodesic foliation in M.
Let DxV € I(tr(TM)), for any V € T'(tr(TM)) and X € I'(L'), then from
(21) and (22), we have Ay X = 0. Further, using the Theorem 5.3, we derive

9(DxY,N) = g(Y,AnX) =0, g(DxY,2)=g(JZ A;yX)=0
and
9(DxY,JN) = g(N, A;y X) = 0.
Hence, L’ defines a totally geodesic foliation in M, consequently, M is a
semi-invariant lightlike product manifold. ([

Theorem 5.7. Let M be a totally umbilical semi-invariant lightlike sub-
manifold of M. Then M is a semi-invariant lightlike product manifold, if
and only if, (X, JY) =0, for any X e T(TM) andY € T'(L).

Proof. Let M be a semi-invariant lightlike product manifold, then the dis-
tributions L and L’ define totally geodesic foliation in M. Hence, from the
Theorem 5.2, it follows that h(X, JY) =0, for any X,Y € I'(L). More-
over, M is totally umbilical, therefore h(X,JY) = g(X, JY)H = 0, for any
X eI(L) and Y € I(L). Thus, h(X,JY) = 0, for any X € I'(T'M) and
Y e '(L).

Conversely, let (X, JY) = 0, for any X,Y € I'(L), then from the Theo-
rem 5.2, the distribution L defines a totally geodesic foliation in M. Next,
let X,Y € I'(L), then the distribution L’ defines a totally geodesic foliation
in M, if and only if, 7DxY = 0. For Z € I'(Ly), using (11), (14), and (36),
we obtain

9(rDxY. Z) = —§(Auy X, Z) = §(JDxY, Z) = §(Y, Jh(X, Z)) = 0.
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Then, the non-degeneracy of the distribution Ly implies 7DxY = 0. Hence,
the proof is complete. O

When M is a hypersurface of a 4—dimensional Minkowski space, then
as a particular case, Duggal and Bejancu [7] defined a minimal lightlike
submanifold. A general notion of a minimal lightlike submanifold of a semi-
Riemannian manifold has been given by Bejan and Duggal[4] as follows:

Definition 5.8. Let M be a lightlike submanifold of a semi-Riemannian
manifold (M, g). Then M is said to be minimal if

(i) h* =0 on Rad(TM) and

(ii) trace h = 0, where trace is written with respect to g restricted to

S(TM).
Let M is a proper totally umbilical semi-invariant lightlike submanifold

of M such that Lg is integrable or S(T'M) is parallel with respect to V, then
from the Theorem 4.2 and the Theorem 4.5, it follows that M is minimal.

Lemma 5.9. Let M be a lightlike submanifold of M. Then k' = 0 on
Rad(TM).

Proof. Let V be the Levi-Civita connection on M, then from the Koszul
Formula, it follows that

25(VxY,2) = X§(Y,Z)+Y§(X,Z) - Z§(X,Y) — §(X,[Y, Z))
+3(Y, 2, X)) + §(Z,[X,Y)), (48)

for any X,Y,Z € T'(TM). Particularly, on taking X = £, Y = ¢, and
Z =¢" in (48), we obtain §(Ve&', &) = 0. Then from (11), we have

§(Det’,€") = m(€a(JE,€") = 0. (49)
Next, if £ is a local section of Rad(TM), then g(JE&, &) = 0, this further
implies, either J¢ € T'(S(TM)) or J¢ € T'(S(TM™)). Therefore, (49) be-
comes g(f)g’,g”) = 0, and on using (15), we get A'(£,€) = 0, for any
¢, & € T(Rad(TM)). Hence, the proof is complete. O

Theorem 5.10. Let M be a proper totally umbilical lightlike submanifold
of M. Then M is minimal, if and only if, M is totally geodesic.

Proof. Let M be a minimal lightlike submanifold of M, then h*(X,Y) =
0, for any X,Y € T'(Rad(TM)), and from the Lemma 5.9, h! = 0, on
Rad(TM). Let {ey, ..., em—r} be an orthonormal basis of S(7T'M), then using
(39), we obtain

m-—r

trace h(e;, e;) = Z{eig(ei, e)H' + €;g(ei, e) H'Y,

i=1
this further implies trace h(e;,e;) = (m —r)H' + (m — r)H®. Since M is
minimal and Itr(TM) N S(TM=+) = {0}, therefore H* = 0 and H® = 0.
Hence, M is totally geodesic and the converse is immediate. ([
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Theorem 5.11. Let M be a proper totally umbilical semi-invariant lightlike
submanifold of M. Then M is minimal, if and only if, trace h® = 0 on
Lol Ls.

Proof. Let M be a totally umbilical lightlike submanifold, then from (39),
we have h*(X,Y) = §(X,Y)H® = 0, for any X,Y € I'(Rad(T'M)). There-
fore, M is minimal, if and only if, trace h|g¢rar) = 0 or equivalently

a r r b
S Th(Xi Xo) + Y h(JE, TE) + D (TN, ING) + > h(JW, JWy) =0,
i=1 j=1 j=1 k=1

where a = dim(Lo) and b = dim(L3). Since M is totally umbilical, using
(39), we have h(JE;, J€;) = h(JN;, JN;) = 0. Therefore, using the Theorem
4.3, M is minimal, if and only if

a b
D ORN(X, Xi) + > RS (TWy, JWy) =0,
] k=1

or equivalently, trace h$ =0 on LyLLs. O

Remark 3. Let X,Y € T(TM) and W € T(S(TM™1)), then from (3), (4),
and (12), we obtain

g(AWXa Y) = g(ﬁs(Xv Y)? W) + g(Yv bl(Xa W))

—m(V)g(JX, W) —7(W)g(JX,Y). (50)
Particularly, put X =Y € I'(Lg), then (50) implies
§(h* (X, X), W) = §(Aw X, X). (51)
If we choose X =Y € I'(Ls), then (50) implies
G(h* (X, X), W) = §(Aw X, X) = m(X)§(J X, W). (52)

Thus, from (51) and (52), it does not follow that M is minimal, if and only
if, trace Aw =0 on Lol Ls.
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