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Comparability in the graph monoid

Roozbeh Hazrat and Lia Vas

ABSTRACT. Let I' be the infinite cyclic group on a generator x. To avoid
confusion when working with Z-modules which also have an additional
Z-action, we consider the Z-action to be a I'-action instead.

Starting from a directed graph E, one can define a cancellative com-
mutative monoid Mp with a I-action which agrees with the monoid
structure and a natural order. The order and the action enable one to
label each nonzero element as being exactly one of the following: com-
parable (periodic or aperiodic) or incomparable. We comprehensively
pair up these element features with the graph-theoretic properties of the
generators of the element. We also characterize graphs such that every
element of ML is comparable, periodic, graphs such that every nonzero
element of ME is aperiodic, incomparable, graphs such that no nonzero
element of MY is periodic, and graphs such that no element of ML is
aperiodic.

The Graded Classification Conjecture can be formulated to state that
MTE; is a complete invariant of the Leavitt path algebra Lk (FE) of E over
a field K. Our characterizations indicate that the Graded Classification
Conjecture may have a positive answer since the properties of E are
well reflected by the structure of ML. Our work also implies that some
results of [11] hold without requiring the graph to be row-finite.
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0. Introduction

There are several different ways to associate an algebra over a field K to
a directed graph E. For example, one can form the path algebra Pk (FE)
which is a vector space over K based on paths multiplied using concatena-
tion. If one wants to add a natural involutive structure to this algebra (as,
for example, when completing the path algebra over complex numbers to
obtain the graph C*-algebra C*(E)), then every vertex naturally becomes
a self-adjoint idempotent, a projection, and every edge e becomes a partial
isometry making the projections ee* and e*e equivalent. If s and r are the
source and range maps of F respectively, and s(e) = v, then ve = e so that
vee* = ee* and, hence, v > ee* (recall that the projections are ordered by
p < q if pg = p). On the other hand, if w = r(e), then ew = e and so
w > e*e. The requirement that w = e*e is called the (CK1) axiom. One also
aims to have that the projections v and w are equivalent if e is the only edge
from v to w and if v does not emit any other edges. This is achieved by an
additional requirement, the (CK2) axiom, stating that v =3 ¢ 1(,) ee” if
v emits at least one and only finitely many edges. The axioms (CK1) and
(CK2) imposed on the involutive closure of the path algebra produce the
Leavitt path algebra L (E). If V(Lg(F)) is the monoid of the isomorphism
classes of finitely generated projective modules (or conjugation classes of
idempotent matrices), the (CK1) and (CK2) axioms imply that

pl= ) [r(e)]

e€s—1(v)

holds in V(Lk(E)) for every vertex v which emits at least one and only
finitely many edges. If E is such that every vertex emits only finitely many
edges, in which case we say that F is row-finite, one of the first papers on
Leavitt path algebras [5] shows that elements [v] generate V(Lg(F)) and
that the above relations are the only relations which hold on V(L (FE)).
Thus, to capture V(Lg(F)) entirely, it is sufficient to consider a free com-
mutative monoid Mg, called the graph monoid, generated by [v] where v is
a vertex of E subject to the above relations. In [3], the authors generalized
this construction to arbitrary graphs. To handle vertices which emit infin-
itely many edges (infinite emitters), one adds two natural relations to the
one listed above (the details are reviewed in Section 1.5) to obtain M.

The monoid Mg is not necessarily cancellative which is easy to see: if
v is a vertex emitting two edges to itself, then the relation [v] + [v] = [v]
holds in the monoid but the generator [v] is nonzero. So, when one forms
the Grothendieck group Gg of the monoid Mg a lot of information can get
lost. In particular, if F is a graph consisting only of the vertex and edges
from the previous example, then Gg = 0.

In addition to the above mentioned downside, very different graphs give
rise to isomorphic monoids and, consequently, isomorphic Grothendieck
groups. For example, e and e Q . In addition, consider the graphs FEj
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and F5 below, for example.
oVl — > QWi o2 — > 0 —> o2

The relation [v1] = [w1] holds in the first and the relation [vs] = [ws] holds
in the second graph monoid regardless of the fact that the length of the only
path from vy to wy is 1 in F; while the length of the only path from wve to
wy is 2 in Es. So, this type of information is also lost in the Grothendieck
group.

These downsides can be avoided by taking the natural grading of a Leavitt
path algebra into consideration. Namely, the elements pg* where p and g
are paths, generate the entire algebra as a K-vector space and if p and ¢
are such that the difference of the length of p and the length of ¢ is an
integer n, the generator pg* is considered to be in the n-th component of
Li(FE). This produces a Z-graded structure of L (E) where Z is the set
of integers. For a ring R graded by a group I', the monoid V'(R) of the
graded isomorphism classes of finitely generated graded projective modules
(or conjugation classes of certain homogeneous idempotent matrices) is a
natural analogue of V(R). The monoid V'(R) has a canonical I'-action and
we refer to a monoid with this type of structure as a I'-monoid.

To avoid confusion when working with structures which are Z-modules
but also have an additional Z-action, we let I' = {z" | n € Z} and consider
the Z-action to be a I'-action instead. The T'-action on V' (L (E)) is such
that the relation [v] = > cs-1(,[r(e)] becomes

1= Y alr(e)

e€s—1(v)

if s71(v) is nonempty and finite. The power 1 of z in this relation indicates
the length of the path e from v to r(e). With analogous modifications of
the other defining relations, we let the graph I'-monoid M g be the quotient
of a free I'-monoid FE with basis elements labeled by the vertices and the
elements related to the infinite emitters subject to the defining relations
(Section 1.6 contains more details). Alternatively, if —; is a binary relation
of FL given by these defining relations, — is the reflexive and transitive
closure of —1, and ~ is the congruence closure of —, then Mg is the quotient
[-monoid F}/ ~ . The I'-monoid M} is naturally isomorphic to V! (L (E)).
The monoid M g has several important advantages over Mg. First, it is
always cancellative by [4, Corollary 5.8] (we give an alternative proof in
Proposition 3.1) and so it is exactly the positive cone of its Grothendieck
group G, This group inherits the I'-action from M} so we refer to it as the
Grothendieck I'-group. Second, the information on the lengths of paths from
a vertex to vertex is not lost. For example, if 4 and Es are the above two
graphs, the relations [v1] = [w1] and [vs] = [w2] of Mg, and Mg, become
2
[

[v1] = z[w1] and [ve] = x*[w2]
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in Mllz:l and M 52 respectively. Here, the powers of z indicate that the length
of the (only) path from v; to wy is 1 in E; and that the length of the (only)
path from vy to wo is 2 in Es. In addition, very different graphs e and e
have different Grothendieck I'-groups: G% of the first graph is isomorphic to
Z[I'] with the natural action of I' while G, of the second graph is isomorphic
to Z with the trivial action of T'.

Because of these favorable properties of Mg and GE, it was conjectured
in [9] that G, considered with a natural pre-order and an order-unit, is a
complete invariant of a row-finite graph E. Since the monoid Mg is always
cancellative, this conjecture can also be phrased in terms of Mg instead of
Gg. In addition, the restriction on row-finiteness can be deleted and we refer
to the following statement as the Graded Classification Conjecture.

For any two graphs E and F and any field K, Lg(F) and Lk (F)
are isomorphic as I'-graded algebras if and only if ME and M 11; are
isomorphic as pre-ordered I'-monoids with order-units.

Since Mg is cancellative, the natural pre-order is, in fact, an order. In
[11], the authors show that the relation a < 2"a is impossible for any a € ML,
and any positive integer n if E is row-finite. In Proposition 3.4, we show
that this holds for all graphs E. Hence, there are two remaining cases.

(1) @ > x"a for some positive integer n. In this case, we say that a is
comparable.

(2) @ and z™a incomparable for any positive integer n. In this case, we
say that a is incomparable.

If a is comparable, there are two possibilities.

(1li) @ = z™a for some positive integer n. In this case, we say that a is

periodic.

(lii) @ > 2"a for some positive integer n. In this case, we say that a is

aperiodic.

In this paper, we provide complete characterizations of all four types of
elements (comparable, incomparable, periodic and aperiodic) in terms of
the graph-theoretic properties of the generators of an element. We obtain
this by three groups of results. First, in Section 2, we obtain a graph-
theoretic characterization of the relation — (Proposition 2.2). Second, in
Sections 3.4 and 3.5, we introduce and study certain well-behaved building
blocks of comparable elements, the stationary elements. Third, in Section
3.6, we produce a graph-theoretic characterization of a stationary element
(Proposition 3.17). This enables us to prove Theorem 3.19, the main result
of Section 3, which characterizes a comparable element in terms of the graph-
theoretic properties of its generators.

In Section 4, we characterize periodic and aperiodic elements in Theo-
rems 4.1 and 4.4. We have already found a use of Theorem 4.1: it was
used in [13, Theorem 3.1] to characterize Leavitt path algebras which are
crossed products in terms of the properties of the underlying graphs. We also
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characterize graphs such that every element of M g is comparable (Theorem
3.21), periodic (Theorem 4.2), graphs such that every nonzero element of
MY, is aperiodic (Theorem 4.5), incomparable (Corollary 4.7), graphs such
that no nonzero element of Mg is periodic (Corollary 4.3), and graphs such
that no element of MY, is aperiodic (Corollary 4.6). These characterizations
comprehensively pair up the monoid and the graph properties and are sum-
marized in the table below. In the table, c¢(a), p(a), ap(a), ic(a) shorten the
statements that a € Mg is comparable, periodic, aperiodic, and incompara-
ble respectively. The formula “(Ja # 0) c(a)”, for example, shortens “There
is a nonzero comparable element in Mg”.

’ Property of the graph I'-monoid \ Property of the graph ‘

(3a #0) c(a) = (Ja #0) not ic(a) | There is a cycle.

(Va #0) ic(a) = (VYa # 0) not c¢(a) | There is no cycle.

(Ja #0) p(a) There is a cycle with no exits.

(Ja) ap(a) There is a cycle with an exit.

(Va) c(a) = (Va) not ic(a) Condition from Thm 3.21 holds.

(Va) p(a) Condition from Thm 4.2 holds.

(Va # 0) ap(a) Condition from Thm 3.21 holds
and every cycle has an exit.

(Va # 0) not p(a) Every cycle has exits.

(Va) not ap(a) No cycle has exits.

(Ja) ic(a) = (Ja) not c(a) Condition from Thm 3.21 fails.

(Ja) not p(a Condition from Thm 4.2 fails.

(Ja # 0) not ap(a) Condition from Thm 3.21 fails
or there is a cycle with no exits.

In Section 4.1, we relax the assumptions of statements in [11]. In par-
ticular, we show that the main results of [11] hold without the requirement
that the graph is row-finite (Corollaries 4.8, 4.9, 4.10 and the first part of
Corollary 4.11). The second part of Corollary 4.11 lists further properties
of graphs which are preserved if the graph I'-monoids are isomorphic.

Our work focuses on graphs and their graph I'-monoids. Leavitt path
algebras, often mentioned in the introduction to illustrate wider context, do
not appear often in the rest of the paper and no prior knowledge of Leavitt
path algebras is needed for understanding our main results.

1. Prerequisites, notation and preliminaries

In this section only, we use I' to denote an arbitrary group with mul-
tiplicative notation. In the other sections of the paper, I' stands for the
infinite cyclic group generated by an element x.

1.1. Pre-ordered I'-monoids and I'-groups. If M is an additive monoid
with a left action of I' which agrees with the monoid operation, we say that
M is a I'-monoid. If G an abelian group with a left action of I which agrees
with the group operation, we say that G is a ['-group. Such action of I’
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uniquely determines a left Z[I'l-module structure on G, so G is also a left
Z[T']-module.

Let > be a reflexive and transitive relation (a pre-order) on a I'-monoid
M (I-group G) such that g1 > g9 implies g1 +h > g2 + h and vg1 > 792
for all g1,92,h in M (in G) and v € T'. We say that such monoid M is a
pre-ordered I'-monoid and that such a group G is a pre-ordered I'-group.

If G is a pre-ordered I'-group, the set Gt = {x € G | z > 0}, called
the positive cone of G, is a I'monoid. Any additively closed subset M
of G which contains 0 and is closed under the action of I', defines a pre-
order I'-group structure on G such that G* = M. Such set G* is strict
if GT N (=GT) = {0} and this condition is equivalent with the pre-order
being a partial order. In this case, we say that G is an ordered I'-group. For
example, Z[['] is an ordered I'-group with the positive cone Z*[['] consisting
of elements a = Y ;" | k;7y; € Z[I'] such that k; >0 foralli =1,...,n.

An element u of a pre-ordered I'-monoid M is an order-unit if for any
x € M, there is a nonzero a € Z"[['] such that z < au. An element u of a
pre-ordered I'-group G is an order-unit if w € GT and for any x € G, there
is a nonzero a € Z"[['] such that z < au.

If G and H are pre-ordered I'-groups, a Z[[']-module homomorphism
f: G — H is order-preserving or positive if f(G*) C H*. If G and H
are pre-ordered I'-groups with order-units v and v respectively, an order-
preserving Z[I'l-module homomorphism f: G — H is order-unit-preserving
if f(u)=w.

A T-order-ideal of a pre-ordered I'-monoid M is a I'-submonoid I of M
such that ¢« < b and b € [ implies a € I. If G is a pre-ordered I'-group,
a I-subgroup J of G is a I'-order-ideal of G if J N GT is a I'-order-ideal
of Gt and J ={z —y | 2,y € JNG"} (equivalently, J is a directed and
convex ['-subgroup of G using definitions of a directed set and a convex set
from [8]). The lattices of T-order-ideals of G* and I'-order-ideals of G are
isomorphic by the map I — {x —y | z,y € I} with the inverse J — JNGT.

1.2. Graded rings. We briefly review the concept of graded rings for con-
text only. Other than a part of the statement of Corollary 4.10, no result of
this paper refers to graded rings or requires any knowledge of their proper-
ties.

A ring R is I'-graded if R = @ver R, where R, is an additive subgroup of
R and R,Rs C Rs for all 7,6 € I'. The standard definitions of graded right
R-modules, graded module homomorphisms and isomorphisms, and graded
projective right modules can be found in [15] and [10]. If M is a graded right
R-module and v € I, the v-shifted graded right R-module ()M is defined
as the module M with the I'-grading given by (y)M;s = M,s for all 6 € T,

If R is a I-graded ring, let VI'(R) denote the monoid of graded isomor-
phism classes [P] of finitely generated graded projective right R-modules P
with the direct sum as the addition operation and the left I'-action given
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by (v,[P]) = [(y~')P].} In particular, the definitions and results of [10,
§3.2] carry to the case when I is not necessarily abelian as it is explained in
[18, Section 1.3]. The Grothendieck I'-group K} (R) is defined as the group
completion of the I'-monoid V' (R) which naturally inherits the action of I'
from VI'(R). The monoid V'(R) is a pre-ordered I'-monoid and the group
K} (R) is a pre-ordered I'-group for any I'-graded ring R. If T is the trivial
group, Kg (R) is the usual Ky-group.

1.3. Graphs. If E is a directed graph, let E° denote the set of vertices,
E' the set of edges and s and r the source and the range maps of E. The
graph E is finite if both E? and E' are finite and E is row-finite if s~1(v) is
finite for every v € E°. A vertex v € EY is a sink if s71(v) = () and a source
if r=1(v) = 0. A vertex of E is regular if s~ (v) is finite and nonempty.

We use the standard definitions of a path, a closed simple path and a cycle
(see [1, Definitions 1.2.2. and 2.0.2]). A path ¢ is a prefiz of a path p if
p = qr for some path r. If ¢ = s(p), then ¢ is a trivial prefix. If r # r(p),
then ¢ is a proper prefix. If E has no cycles, E is acyclic. A cycle ¢ has
an exit if a vertex on ¢ emits an edge outside of ¢. The graph F satisfies
Condition (NE) (and E is a no-ezit graph in this case) if v emits just one
edge for every vertex v of every cycle. The graph E satisfies Condition (L)
if every cycle has an exit (equivalently if every closed simple path has an
exit) and E satisfies Condition (K) if for each vertex v which lies on a closed
simple path, there are at least two different closed simple paths based at v.
An infinite path is a sequence of edges ejes ... such that r(e;) = s(e;4+1) for
1 =1,2,.... Such infinite path ends in a cycle if there is a positive integer
n and a cycle ¢ such that epent1 ... is equal to cc. ...

If F is a finite and acyclic graph, it is well-established that it has a source.
Since we were not aware of a reference for this fact and we use it in the proof
of Lemma 3.13, we provide a quick proof for it.

Lemma 1.1. If F is a finite and acyclic graph, it has a source.

Proof. If the graph F does not have any edges, then each of its vertices
is both a source and a sink. If E has edges, pick any of them, say eg. If
r~!(s(ep)) is empty, then s(eg) is a source. If r~!(s(ep)) is nonempty, take
e1 € r7!(s(eg)). Then ey # e; since otherwise r(eg) = s(eg) and ey would
be a cycle. If r~!(s(e1)) is empty, then s(ej) is a source. If r='(s(e;)) is
nonempty, continue the process. At any step of the process, we obtain a
different edge than any of the edges considered previously otherwise E has
a cycle. Since F is finite, this process eventually ends. If it ends at the n-th
step, then s(ey) is a source. O

Hf M is a graded left R-module and v € T', the v-shifted graded left R-module M (v)
is the module M with the I'-grading given by M (v)s = Ms, for all § € I'. The monoid
VI'(R) can be represented using the classes of left modules in which case the corresponding
formula is (v, [P]) = [P(7)]. Two representations are equivalent (see [15, Section 2.4] or
[10, Section 1.2.3]).
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1.4. Leavitt path algebras. We review the concept of a Leavitt path al-
gebra for context only. No result of this paper except one part of Theorem
4.2 refers to Leavitt path algebras or requires any knowledge of these alge-
bras. If K is any field, the Leavitt path algebra Ly (FE) of E over K is a free
K-algebra generated by the set EY U E' U {e* | e € E'} such that, for all
vertices v, w and edges e, f,

(V) vw =0 if v # w and vv = v,

(E1) s(e)e = er(e) = e,

(E2) r(e)e” = es(e) = e,

(CK1) *f—Olfe#fande e =r(e),

(CK2) v =3 cg-1(y) €€” for each regular vertex v.

By the first four axioms, Lg(F) is a K-linear span of the elements of
the form pg* for paths p and q. If Lg(FE), is the K-linear span of pg* for
paths p and ¢ with |p| — |¢| = n where |p| denotes the length of a path p,
then it is the n-component of Ly (FE) producing a natural grading of Ly (E)
by the group of integers Z. One can also grade Ly (E) by any group I' as
follows. Any function w: E' — T, called the weight function, extends by
w(e*) = w(e)~! for e € E* and w(v) = ¢ for v € EY, and, ultimately, by
w(pq*) = w(p)w(q)~! for any generator pg* of L (E) (see [10, Section 1.6]).
Thus, Li(E) becomes I'-graded with Lg(E), being the K-linear span of
the elements pg* with weight ~.

1.5. The graph monoid and the Grothendieck group of a graph.
If F is a graph, the graph monoid Mg was defined for row-finite graphs in
[5] and for arbitrary graphs in [3]. We briefly review this definition.

Any edge e € E! is a partial isometry of ee* and r(e) = e*e so that [ee*]
and [r(e)] are the same element in V(Lg(E)). Hence, the relation below
holds in V(Lg(FE)) by the (CK2)-axiom if v is regular.

pl= ) [r(e)] (1)

e€s~1(v)

For any infinite emitter v and any finite and nonempty Z C s~1(v), one
considers the element gz representing v—3_ ., ee*. We refer to the elements
of the form gz as the improper vertices (and we note that this term was not
used before). When we need to emphasize that gz is related to the infinite
emitter v (in the sense that Z C s™1(v)) we write ¢% for gz. Also, whenever
the notation gz appears, it is to be understood that there is an infinite
emitter v and that Z is a finite and nonempty subset of s~!(v). For any
finite sets Z and W such that ) € Z C W C s~ !(v), it is direct to check
that the relations

=lazl + ) [r(e)] and [gz,] = [az] + D [r(e)] (2)

ec”Z ecW—-Z
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also hold in V(L (E)). So, one aims to define Mg so that the relations (1)
and (2) are the only relations which hold in Mg. This is achieved in the
following way.

Let Fg be a free commutative monoid generated by the elements indexed
by the proper and improper vertices of E. To be consistent with [3], [4] and
[11], we abuse the notation and refer to the generator indexed by a proper
vertex v € E¥ as v and, similarly, to the generator indexed by gz by qz. The
monoid Mg, called the graph monoid, is the quotient of Fg with respect to
the the congruence closure ~ of the relation —; defined on Fr — {0} by

a+v—>1a+ Z r(e),
e€s—1(v)

whenever v is a regular vertex and a € Fg and by

a+v— a+qZ+Zr(e) and a+qz —1 a4+ qw + Z r(e)
ec”Z eeW—-Z7
whenever v is an infinite emitter and Z and W are finite and such that
DCZCWCs(v).

One often considers an intermediate step of this construction and lets —
be the transitive and reflexive closure of —1 on Fg so that — is a pre-order.
In this case, ~ is the congruence on Fp generated by the relation — (i.e.
the symmetric closure of the pre-order —).

We use the notation [v] for the congruence class of v as an element of
Mpg. As a side note, we add that the map [v] — [vLg(E)] extends to a
pre-ordered monoid isomorphism of Mg and V(Lg(FE)) (here V(Lg(F)) is
given using the finitely generated projective right modules) by [1, Corollary
3.2.11] (or [3, Theorem 4.3]). So, the Grothendieck group completion G g of
Mfp, is isomorphic to Ko(Lx(E)).

1.6. The graph I'monoid and the graph Grothendieck I'-group.
Let T be a group and w: E' — T be a function which we refer to as a
weight determining a I'-grading of Lx (F). The following relations hold in
the I'-monoid V' (L (F)). For every regular vertex v,

Yl = Y quw(e)x(e),
ecs—1(v)

and for every infinite emitter v and finite Z and W such that ) C Z C W C
-1
s (v),

Ao = vlaz) + S qw(ee(e)] and Alaz) = lawl+ 3 yw(e)lr(e))
ec”Z ecW—-Z2
To adapt the original construction of Mg to this setting, the authors of
[4] replaced generators v and gz of Fg by v(y) and gz(7) for any v € T
and considered a free commutative monoid Fg with the action of I' given by
Sv(7y) = v(67) and §qz () = qz(67) for all 4,8 € I'. Then ML is the quotient
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of F g subject to the congruence closure ~ of relation —; defined just as in
the previous section but with the three relations modified accordingly so
that
a+yv—1a+ Z ~yw(e)r(e),
e€s~1(v)
whenever v is a regular vertex and a € Fg and by

a+yv =1 a+vqz + Z yw(e)r(e) and
ec”Z

a+vqz =1 a+yqw + Z yw(e)r(e)
eeW—-Z2
whenever v is an infinite emitter and Z and W are finite and such that
DCZCW s (v).

One downside of this approach is that Mg is still considered to be a
commutative monoid, not a commutative I'-monoid. For example, if E is a
single vertex, ML is a direct sum of |I'|-many copies of Z* (with a natural
action of I') instead of being a single copy of ZT[[']. Also, the abundance
of generators can make some proofs less direct. Because of this, we adopt
a simpler and more intuitive approach here: we let Mg be defined by the
same set of generators as when the weight function is trivial, but we let F};
be a free commutative I'-monoid, not a free commutative monoid. In this
case, if F is a single vertex, then Mg is a single copy of Z™ and M}E is a
single copy of Z*[I']. The equivalence of ours and the construction from [4]
can be seen considering the graph covering E of E.

So, we let FE be a free commutative I'-monoid generated by proper and
improper vertices. A nonzero element a of F’ g has a representation, unique
up to a permutation, as 27:1 «;g;, where g; are different generators of Fg
and «; € Z1[[']. The support supp(a) of a is the set {g; | i =1,...,n}.

Let k, € Z* be the coefficient of v € T in o; € ZT[I'] in the above
representation. By writing each k, > 0 as the sum 1+1+...+41, one obtains
the format a = Z;”Zl vj9; for some positive integer m and v; € I',j =
1,...,m. We allow the generators g; and g, to be possibly equal for j # k
in this form, also unique up to a permutation. We refer to it as a normal
representation of a and we say that each summand ;g; of this representation
is a monomial of a. We can still write supp(a) = {g; | 7 = 1,..., m} because
any possible repetition of an element does not impact supp(a) as a set.

For example, if I' is the infinite cyclic group generated by x, v is a vertex
of E, and a = xv+3v, then (z+3)v is a representation of a and zv+v+v+v
is a normal representation of a.

To shorten some statements, we say that a vertex v, considered as a
generator of Fg, is regular if v is regular as a vertex of . We also say that a
generator v € FE is a sink or an infinite emitter, if v is a sink or an infinite
emitter as a vertex of E. An element a € FE is regular if every element of
supp(a) is regular.
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We define the graph I'-monoid Mg as a quotient of FE subject to the
congruence closure ~ of the relation —1 on FL — {0} defined by (A1), (A2)
and (A3) below for any v € I' and a € FyL.

(A1) If v is a regular vertex, then

a+yv =1 a+ Z ~yw(e)r(e).
e€s—1(v)

(A2) If v is an infinite emitter and Z a finite and nonempty subset of
s~!(v), then

a+yv —1a+vqz + Z yw(e)r(e).
ec”Z
(A3) If v is an infinite emitter and Z C W are finite and nonempty subsets
of s71(v), then

a+7qz —1a+yqw + Z yw(e)r(e).
eeW-Z7

So, if — is the reflexive and transitive closure of —; on F g, then ~ is the
congruence on Fg generated by the relation —. This means that the relation
a ~ b holds for some a,b € FL — {0} if and only if there is a nonnegative
integer n and a = ag,...,a, = b € Fg — {0} such that a; —1 a;41 or
ai+1 —1 a; for all i = 0,...,n — 1. We refer to such n as the length of
the sequence ag,...,a, and we write a ~™ b to emphasize the length. In
particular, if @ — b, the sequence can be chosen so that a; —1 a;41 for all
1 =0,...,n— 1. In this case, we write

a—"b.

Note that a —' b is just a —1 b and that a —° b is just a = b.

To shorten the notation in multiple proofs, if g is a generator of F g, and
one of the three axioms is applied to g, we use r(g) to denote the resulting
term on the right side of relation —1: 3 cg-1(,) w(e)r(e) if g = v is a regular
vertex, gz + Y..c, w(e)r(e) for some finite and nonempty subset Z of s~ (v)
if g = v is an infinite emitter, or qw + > cy_, w(e)r(e) for some finite Z
and W such that 0 € Z C W C s71(v) if g = ¢% for an infinite emitter v.
The element r(g) is uniquely determined just for (A1). However, for a fized
use of (A2) or (A3) which is not changed within a proof, the notation r(g)
is a well-defined shortening. Such uniform treatment enables us to condense
some proofs by avoiding considerations of three separate cases depending on
which axiom is used.

Another benefit of our approach is that the proofs of many known state-
ments in the case when I' is trivial directly transfer to the case when I' is
not trivial. For example, if [g] denotes the congruence class of a generator
g of FL, the map [g] — [gLx(F)] extends to a pre-ordered I'-monoid iso-
morphism of ML and V' (Lk (E)) and the proof of the case when T is trivial
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(see, for example, [3, Theorem 4.3]) directly adapts to the case when T is
arbitrary. In [4, Proposition 5.7], this monoid isomorphism is shown to exist
by considering the graph covering.

Lemma 1.2 greatly simplifies many proofs which involve handling relation
~ . Parts of this lemma can be shown by directly generalizing the proofs of
[3, Lemmas 5.6 and 5.8]. We add some new elements in part (1) of Lemma
1.2 to control the length of sequences for certain relations. We also note that
part (2), the Confluence Lemma, is shown for general I" in [4, Lemma 5.9]
but using the graph covering. The Confluence Lemma is key for showing
that the monoid ML has the refinement property (see [3, Proposition 5.9]).

Lemma 1.2. Let E be a graph, T a group, w: E' — T a weight function

and a,b € FL — {0}.

(1) (The Refinement Lemma) If a = a’ + a" for some o/,d" € FL and if
a —" b, then b has summands b/, € FL and n has summands i,j such
thatb=V +b",i+j=mn,d =V, and o’ = b".

(2) (The Confluence Lemma) The relation a ~ b holds if and only if a — ¢
and b — ¢ for some ¢ € Fg — {0}.

Proof. We show (1) by induction on n. If n = 0 then a = b and we can
take b/ =d' = a=5b,b0" =d’ =0, and i = 7 = 0. Assuming the induction
hypothesis, let a = a9 —1 a1 —1 ... =1 a, = b and let vg be a monomial of
a so that a; is obtained by replacing vg by vr(g). Since a = a’ +d”, yg is a
summand of either a’ or a”’. Say it is a’ (the case when it is a” is analogous)
and let o' = ¢+ g for some ¢ € FL. For a} = ¢+ vr(g) and af = d’,
a’ —! a} and a” —° a. The induction hypothesis implies the existence of
Y,V € FL and 4,7 such that such that b=V +b", i +j=n—1,a} =¥
and af =7 b". Thus, i +1+j =n, a’ =' a} —-' ¥, and o’ - a} =7 V" and
so a’ =1y and a” —7 b".

The direction < of (2) is direct since if @ — ¢ and b — ¢, then a ~ ¢
and b ~ ¢ so that a ~ b. First, we show the direction = of (2) for finite
graphs using induction on n for a ~™ b. If n = 0, a = b and we can take
¢ = a = b. Assuming the induction hypothesis, let a ~™ b, a9 = a,a, = b
and let a; —1 a;41 or a;41 —1 a; for some a; € FE fori=0,...,n—1. Since
a; ~""1 b, there is d such that a; — d and b — d. Then either a — a1 or
a1 —1 a. In the first case, we can take ¢ = d. In the second case, there is a
monomial g of a; so that a1 = a’+~g for some a’ and a = a’+7r(g). By part
(1), d = d’' + d" for some d’ and d” such that a’ — d’ and yg —' d” for some
[>0. Ifl =0, then d’ =~vygsod=d +vg. Let c = d'+~r(g). Then we have
that a = o' +9r(9) > d' +9r(9) =cand b = d = d' +vg =1 d' +r(g) = c.

If [ is positive, we use the assumption that F is finite to conclude that
there are no infinite emitters so that g is necessarily a regular vertex and
a1 —1 a is an application of (A1l.) Hence, the relation vg — d” necessarily
decomposes as y7g —1 yr(g9) — d” and we have that a1 = d’ +vg —1 a =
a' +9r(g9) — d' +d” = d. So, in this case we can also take ¢ = d.
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To complete the proof in the case when E is an arbitrary graph, we use
the argument of the proof of [4, Lemma 5.9] relying on [3, Construction
5.3]. If R(E) denotes the set of regular vertices of F, the pair (E, R(E)),
considered as an element of an appropriate category from [3, Section 3|, can
be represented as a direct limit of pairs (E’, S) where F’ is a finite subgraph
of F and S is a subset of R(E’) (see [3, Proposition 3.3| for details). The
pair (E’,S) gives rise to the relative graph EY of E’ with respect to S such
that the bijection on the generators of the corresponding free I'-monoids
produces a natural I'-monoid isomorphism (see [14, Theorem 3.7] and the
graded version in [17, Lemma 2.2]). Hence, if a,b € FL correspond to
elements a’ and b’ of FFZg for some finite subgraph E’ and some subset S of

R(E"), then the relation a ~ b holds in FL if and only if a’ ~ ¥’ holds in
F F:g. Assuming that a ~ b holds, we have that a’ ~ b’ holds. By the proven

claim for finite graphs, there is ¢’ € Fg,s such that the relations a’ — ¢’ and
b — ¢ hold in F Fg. If ¢ € FL corresponds to ¢/, these relations imply that
a—>candb—>choldian. O

One can also show the Confluence Lemma directly, by considering an
arbitrary graph E and discussing possibilities that the relation a; —1 a in
the above proof is obtained by (A2) or (A3).

We conclude this section by a remark: the Graded Classification Con-
jecture is false if the pre-ordered I'-monoids (equivalently I'-groups) of the
graphs are replaced by the free I'-monoids. Indeed, let E and F' be the
graphs below and I' be the group of integers.

C >0 GO
A\

The graph E is an out-split of the graph F', so the Leavitt path algebras
of E and F are graded isomorphic (see [2, Theorem 2.8]). Hence, M}, and
MY} are isomorphic and so are GY and GY. Alternatively, one can show
the existence of these isomorphisms by noting that Mg and M}; are both
isomorphic to Z*[%] and, consequently, GE, and G% are both isomorphic to
Z[%] However, F'L and FL are not isomorphic as I'-monoids since one has
two while the other has one generator. This example illustrates that the
I'-monoid F g of a graph F is informative only when considered together
with the relation ~ .

2. Connectivity

In this section and the rest of the paper, I' = {z" | n € Z} is the infinite
cyclic group with generator x and F is an arbitrary graph. To simplify the
terminology in some of the proofs, we say that n is the degree of the monomial
x™g where g is a generator of FE First, we characterize the relation — in
terms of the graph-theoretic properties (Proposition 2.2).
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If v and w are vertices of E and p a path from v to w, one can apply (Al)
or (A2) to the vertices on p to obtain that v — zPlw + a for some a € FL.
Indeed, if p is trivial, then v = w and one can take a = 0. If p = ejes ... €y,
one can apply (A1) if v is regular and (A2) if it is not, and then apply (A1)
to r(ep) if it is regular and (A2) if it is not. Continuing this process, one
obtains a sequence for

v — 2Plw+a

for some a € F g , where the “change” a reflects the existence of bifurcations
from p. For example, in the graph below with p = f, we have that v —
TW + TU SO 4 = TU.

ol <5 oV " s oW
We generalize this process to improper vertices also. The terminology in-
troduced below allows uniform treatment of generators of I g of both types

and enables us to express the comparability properties in terms of the prop-
erties of the graph E.

Definition 2.1. Let g and h be generators of Fg We say that g connects
to h by a path p (written g ~~P h) if one of the following conditions hold.

(i) g = v and h = w are proper vertices and p is a path from v to w.
In this case, v — zPlw + a holds for some a € FE as we pointed out
above.

(ii) g = v is a proper vertex, h = ¢% for an infinite emitter w and some Z,
and p is a path from v to w. In this case, v — zPlw + o' — zlPlg; + a
for some o’ € FL, and a = a’ + 3, #/PI*1r(e). Note that if v = w and
p is trivial then — can be chosen to be a single application of (A2). If
v = w and p has positive length, then v is necessarily on a cycle.

(iii) g = g% for an infinite emitter v and some Z, h = w is a proper vertex,
and p = eq is a path from v to w such that e ¢ Z. In this case,

09z = qzugey + 71(e) = qzupey + 2w+ d/ = aPlw +a

for some a’ € FL and for a = @' +qzufey- If v = w, then v is on a cycle.
(iv) g = ¢ for some v and Z, h = ¢fj, for some w and W, p is a path from
v to w, and one of the following two scenarios hold.
o If p is trivial, then v = w and Z C W. If Z = W, then ¢z — 2%qz
and if Z C W and a =) .y, zr(e), then

qz — Oqw + Z zr(e) = 2%w + a.
eeW—-2

e If p has positive length, then p = eq for some e ¢ Z. In this case,

4z = qz0(e) + 2r(€) = qrupey +2Plw +d —

azugey + 2w + D 2PHr(f) +a = allgw +a
few



COMPARABILITY IN THE GRAPH MONOID 1389

for some a’ € FL and a = a' +azutey + 2 rew Py (f). If v = w,
then v is on a cycle.

Definition 2.1 enables us to deal with every generator of F' g in a uniform
way. In particular, in any of the above four cases, we have that

g—aPh+a

for some element a € FE and a path p. In this case, we say that h s
obtained from g following the path p. The element a reflects the existence of
bifurcations from p. In Corollary 2.4, we show the converse: ¢ — x"h + a
implies that g ~~P h for a path p of length n.

We say that g connects to h, written g ~~ h, if there is a path p such that
g ~P h. If v and w are vertices, v ~» w is usually written v > w (see [1,
Definition 2.0.4]). However, we reserve the relation > for the order on the
monoid Mg It is direct to check that ~~ is reflexive and transitive.

Note that a proper vertex v is on a cycle if and only if v connects to v by
a path of positive length. Definition 2.1 enables us to talk about improper
vertices being on cycles: we say that any generator g of FE s on a cycle if
g connects to g by a path of positive length. We say that g is on an exit
from a cycle c if g is not on ¢ and there is a generator h of Fg which is on
c such that h connects to g. By Definition 2.1, ¢%, is on a cycle if and only
if there is e € s71(v) — Z and a path p with r(p) = v,s(p) = r(e) such that
ep is a cycle.

Ifa—band a= Ele x™ig; and b = Eé’:l z'ih; are normal representa-
tions of a and b respectively, repeated use of the Refinement Lemma 1.2(1)
ensures the existence of a partition {I1,..., I} of {1,...,l} and summands
bi of bsuch that b= Y%, by, b = 3¢, @ hj, and 2™ g; — b;. This implies
that t; > m; for all j € I;. Proposition 2.2 implies the existence of paths
pij with |pi;| = t; —m; and g; ~P% h; in this case. We introduce this idea
of partitioning b according to a if a — b in Proposition 2.2 and use it again
in Section 3.6. Proposition 2.2 describes the relation ¢ — b in terms of the
properties of the generators in the supports of a and b and the length of the
paths connecting them.

Proposition 2.2. Let a,b € FL — {0} and a = Zle x™ig; and b =

Z;Zl z'ih; be normal representations of a and b respectively. The following

conditions are equivalent.

(1) The relation a — b holds.

(2) There is a partition {I1,..., It} of {1,...,1} and finitely many paths
pij,J € Liyi = 1,...,k, such that g; ~P4 hj, |pij| = t; —m; for all
j€l,v=1,... k, and

l k
SDNTIED 9 RN
j=1

i=1 jel;
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If p is a prefiz of pij and v =r(p), let

P, ={ecs ' (v)]|eisonpy for some j' € I}.

Then the following hold.
(i) If v is regular and P, nonempty, then P, = s~ 1(v).
(i) If v is an infinite emitter and P, nonempty, then there is j' € I

such that hy = q3, for some Z such that P, C Z.

(iii) The relation t; = |p| +m; holds if and only if p = pij and h; = ¢%

for some Z implies P, C Z.

Before presenting the proof, let us motivate it by some examples.

Example 2.3. (1) In the graph below, u — zv and w — xv so u +

w — v + xv. For this last relation, £k = 2,/ = 2 and one can take
I ={1},I, = {2}, p11 = e, and pe2 = f so condition (2) holds.

e
ol — > oV <—— oV

By condition (2) also, u — z*v + a fails for any a since there is no
path of length 2 from u to v.

In the graph below, v — zu + xw. For this relation, £k = 1,1 = 2
and one can take I} = {1,2}, p11 = e, and p12 = f so condition (2)
holds.

e

Although v connects to w by a path of length one, v — aw fails for
any « € ZT[I] since the path from v to w has a bifurcation towards
u SO u must appear in any “result” obtained following a path from
v to w by condition (2)(i).

The relation vy — a fails for any a with supp(a) consisting of sinks
only in the graph below.

I

.'UO .'Ul .,U2 .'UB

>

Indeed, all paths from vy to finitely many sinks have a bifurcation
on a path which does not end in any sink. Hence, if vg — a then a
necessarily has v; in its support for some 7 > 0.

If v =™ a for n > 0 in the graph below,

condition (2) implies the existence of an improper vertex in supp(a).
Hence, v — aw fails for any a € Z*[I.
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Proof. Let us show direction = by induction on n for a =" b. If n = 0,
then ¢ = b so £k = [ and one can permute the monomials in the normal
representation of b if necessary to get that t; = m; for all i = 1,... k. In
this case, one can take I; = {i} and p;; to be the trivial path which connects
g; to g; for all 7 = 1,... k. In this case any prefix p of p;; is trivial and
relation ¢; = |p;;| +m; = |p| +m; holds. Since P, = (), conditions (i) to (iii)
hold.

Considering the case n = 1 shortens the arguments in the inductive
step. If n = 1, reorder the terms of the normal representation of a if
necessary to assume that b is obtained by applying an axiom to z"k g
and let 2™ r(gx) denote the result of this application. Thus, gx is not a
sink. Reorder the terms of the normal representation of b to have that
b= Zfz_ll z™ig; + ™ r(gy) and let x™rr(gp) = 3, z'ih; for some finite
subset J of {1,...,1l}. Let I; = {i} for i =1,...,k — 1 and p;; be the trivial
path which connects g; and g; if k > 1. Let I}, = J and py; be the path (of
length zero or one) which connects g; and hj. Since g, is not a sink, there
are just three possible cases, listed below, for g.

1. gi is a regular vertex v. In this case, |J| = [s7!(v)| and we can label
the elements of s~!(v) such that h; = r(e;) for j € J. Then zlih; =
z™Fr(e;) and so t; = my, + 1. Let py; = e;. If p is a prefix of e;, then
either p = v in which case t; > |p| + m; and P, = s7'(v), or p = ¢, in
which case t; = |p| + m;. In this case, if r(e;) is regular and r(e;) # v,
then P, = 0 and if r(e;) = v, then P, = s71(v).

2. gi is an infinite emitter v. In this case, r(gx) = qz + Y . 2r(e) for
some Z and |J| = |Z| + 1. We can label the elements of Z such that
hj =r(e;) for j € J — jo and hj, = qz. Thus, t;, = my and t; = my, + 1
for j € J —{jo}. Let pij, = v and py; = e; so that |py;| = t; — my, for
all j € J. If p is a prefix of pyj, = v, then p = v, t; = |p| +my, hj, = ¢}
and P, = Z. If p is a prefix of e;, then either p = v or p = e;. In the first
case, t; > |p| + m;, and condition (ii) holds with j = jo. In the second
case, t; = |p| +m,, if r(e;) is regular, then r(e;) # v and so P, = (). For
J # jo, hj is a proper vertex and hj, = qz with P, = Z. Thus, condition
(iii) holds.

3. gk is an improper vertex ¢%. In this case, r(gr) = qw + > ez 2r(e)
for some W 2 Z and |J| = |W — Z| + 1. We can label the elements of
W — Z such that hj =r(e;) for j € J — jo and hj, = gw. Thus, t;, = my
and t; = my + 1 for j € J — {jo}. Let pyj, = v and py; = e; so that
Iprj| = t; —my, for all j € J. If p is a prefix of pyj, = v, then p = v,
tj = |p|+mi, hj, = qw, and P, =W —Z C W. If p is a prefix of e;, then
either p = v or p = e;. In the first case, t; > |p| + m;, and condition (ii)
holds with j = jo. In the second case, t; = |p| + m;, if r(e;) is regular,
then r(e;) # v and so P, = (. For j # jo, h; is a proper vertex and
hj, = qw with P, = W — Z C W. Thus, condition (iii) holds.
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By construction,

k—1 k
b= E xmi+|Pii|gi+ E xmk-i-\pkﬂhj — § E xmi+|pij|hj‘
=1

Ean i=1 jel
Assuming the induction hypothesis, let us consider a sequence ag = a —

ay —1 ... —21 QGp = b. Let ap—1 = Z?’:l
there is a partition {I{,..., I} } of {1,...,l'} and finitely many paths p;;/, j’ €
I';i = 1,...,k, such that g; ~Pi’ hg.,, Ipij| = t;., — my;, and the required
conditions hold for any prefix of p;; for all 7/ € I/ and ¢ = 1,...,k. The
element b is obtained from a,_; by application of one of the axioms to

' h;,. By induction hypothesis,

exactly one monomial xtﬂ'/h;,. Reordering the terms of a,_1 if necessary, we
can assume that it is the last one z' 17~ Reorder the terms of b if necessary
to have that b = Z?/Zl a:tj’h;, +atve(h),) and let 2 r(h),) = > e i hy for
some finite subset J of {1,...,l}. By construction, we have that [ = I’ + | J|
and that [" is in I}  for exactly one ig. So we let

Ii = IZ{, if 4 75 i(), and Iio =.J.

If i # g, for each j € [;, z'ih; = 2t W, for exactly one j' € I;. So, for such
j and j', we let p;; = p;jr so that |p;;| = [pijr| = t;, —m; =t; —m,.

For i, we let p;,; be the concatenation of p;,; and the path py; con-
structed as in the case n = 1 for h}, and h; for j € J = ;. Since g;, ~>"i" hj,
and hj, ~Pi h; for all j € J = I;,, we have that g;, ~"i07 h; for all j € I;;.
We have that |p;,r| = t;, —m4, and |py;| = t; — ¢}, and so

|p¢0j| = |p¢0y| + |pl/j| = tE/ — My, + 15 — t;/ =1t; —my, and

l 4
) t )
b= E a:tfhj: E :L'J’h;-/+ E ZL‘t]hj:
=1 =1

jed

k k
Z mei—l-\mj\hj + Z xmiOHPiojlgio _ Z mei-&-lpijlhj_
i=1izio jEI; j€Li, i=1 jel;

If p is a prefix of p;,;, then it is either a prefix of p;,; or p = p;,rq for
some prefix ¢ of py; and one of the following three cases holds: first, p is a
proper prefix of p; i/, second, ¢ is a proper prefix of py; or, third, ¢ = py;
thus p = pjy;. In the first case, t;, > |p| + m4, and so t; > t}, > [p| + my,.
In the second case, t; > |q| +t;, = |q| + [pior| + miy = |p| + M4y In the
last case, t; = |p| + my, and if h; = ¢} for some Z then P, C Z since this
condition holds for a,,_1 —1 b by the first induction step. In all three cases,
if r(p) is regular and P, # (), we can use induction hypothesis to conclude
that P, = s7!(r(p)) and, if r(p) is an infinite emitter v and P, # 0, we can
use induction hypothesis to conclude that there is j' such that hj = ¢% for
some Z such that P, C Z. Thus, in any case, conditions (i) to (iii) hold.
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Let us use induction on k to show direction < . If k = 1 and a = 2™g, let
pj,j = 1,...,1 denote the paths which exist by condition (2). We show the
claim using induction on n = Zé-:l |pj|. If this length is zero, then we claim
that b = a. Indeed, since |p;| = 0, the relation g ~»Ps h; implies that either
g = hj, or g = v for some infinite emitter v and h; = ¢}, or that g; = ¢y,
and h; = ¢}, for some v and W C Z. However, in the second and third case
we would have that P, C Z by condition (2) so there would have to be some
paths p;, of length at least one which cannot happen since n = 0. Hence,
a = b and, thus, a — b.

Assuming the induction hypothesis, let n = 22:1 lpj| > 0. Since n > 0,
a # b and there is j = 1,...,1 such that |p;| > 0. If p; = egp for an edge eg
and a path p, let v = s(eg). Since eg € P,, P, # (). We have exactly three
possibilities for g, listed below.

1. g = v is regular. Since P, is nonempty, P, = s~ !(v) by (i). Let a; =
r(v) = Y .cp, ™ 'r(e). Note that a —1 a; by (Al). We claim that
condition (2) holds for a; and b.

For e € P, = s~ !(v), there is some j = 1,...,l such that p; = eg; for
some path ¢; and so the set

I.={je{l,...,1} | e is the first edge of p;}

is nonempty. Since the first edge of p; is in P, = s7!(v) for any j, we
have that (J,cp, Ie = {1,...,1}. If j € I. N I, then e = ¢’ since the first
edge of a path is unique. As t; = |p;| +m, we have that t; = |¢;| +1+m

and
l l l
b= E alih; = E :x\ijmhj - E :xlq]'|+1+mhj'
j=1 j=1 j=1

If g is a prefix of g;, then eq is a prefix of p; and conditions (i) to (iii) hold
for ¢ because they hold for eq. Thus, we have that a; — b by induction
hypothesis. Since a —1 a1, we have that a — b.

2. g = vis an infinite emitter. In this case, let ay = 2™qp,+>_.cp, 2" 'r(e).
So that a —1 a1 by (A2). Since P, # 0, there is j such that h; = ¢
for some Z with P, C Z by (ii). By (iii), such j can be found so that
tj = |p;j| + m. Reorder the terms of b if necessary so that we can assume
that j = 1. We check that condition (2) holds for a; and b.

For e € P,, there is j = 2,...,l such that p; = eq; for some path g¢;
and so the sets I.,e € P,, defined as in the previous case, are nonempty
and mutually disjoint. Let I; = {1} and ¢; = p;. Since the first edge of
pjisin P, forevery j =2,...,1, U,ep, le = {2,...,1}, 50 LU cp, Ie =
{1,2,...,1}. Hence, {I;} U {I.|e € P,} is a partition of {1,...,l}. For
J=2,...,0,t;=Ipjl + m=lg;| + 1+ m, t1 = [p1| + m = |q1| + m, and

l !
b= E x\ijmhj — glabmp, 4 E :xlqj|+1+mhj_
j=1 j=2



1394 ROOZBEH HAZRAT AND LIA VAS

If ¢ is a prefix of ¢; for j > 1, then e;q is a prefix of p; and conditions
(i) to (iii) hold for g because they hold for e;q. If ¢ is a prefix of ¢; = p1,
then the requirements also hold. Thus, a; — b by induction hypothesis.
Since a —1 a1, we have that a — b.

3. g = g% for some Z. In this case, P, is a proper superset of Z. Let a1 =
2"qp, + Y eep, 7z x™Hr(e) so that a —1 a3 by (A3). By (ii), there is j
such that h; = gj, for some W such that P, C W and, by (iii), such j
can be found so that ¢; = |p;| +m. Reorder the terms of b if necessary so
that we can assume that j = 1. We check that condition (2) holds for a;
and b.

For e € P, — Z, there is some j = 2,...,l such that p; = eq; for
some path ¢; and so the sets I.,e € P, — Z, defined as in the previous
cases, are nonempty and mutually disjoint. If I; = {1} and ¢; = p1, one
shows that {I;} U{I. | e € P, — Z} is a partition of {1,...,l} as in the
previous case. Since t; = |p;j|+m = |¢;|+1+mfor j=2,...,land t; =
lpi|+m = |qi| +m, b= 22:1 alpiltmp; — gloltmp, +Z§,:2 alail+14mp,
The requirements on prefixes of ¢; can be checked just as in the previous
case. Thus, we have that a; — b by induction hypothesis. Since a —1 a1,
we have that a — b.

This concludes the proof of the case & = 1. Assuming the induction
hypothesis, let us show the claim for ¢ with k terms in its normal decompo-
sition. Note that if condition (2) holds, then it holds for a’ = Zf;ll x™ig;
and b = S} Sien, g™itPislh; and for ™k gj and djel, g™t Pkl By
the induction hypothesis, a’ — " and 2™ g, — 3" ™ Py - Hence,
a=a +a"g —b=b+3 gl O

We show two corollaries of Proposition 2.2 which we use in Section 3.4.
Recall that Definition 2.1 implies that g ~~? h implies g — z!?/h+a for some
a. By the first corollary, the converse also holds.

Corollary 2.4. Let g, h be generators of FE, a € FE, and m a nonnegative
integer. Then g — x™h + a holds if and only if there is a path p of length
m such that g ~~P h.

Proof. If g — 2" h-+a, condition (2) of Proposition 2.2 holds by Proposition
2.2, so there is a path p of length m from ¢ to h. The converse holds by
Definition 2.1 (see the sentence following Definition 2.1). O

By the next corollary, if a — b, then each monomial of b is obtained by a
monomial of a. This complements the Confluence Lemma.

Corollary 2.5. If g is a generator of FE, a,b e Fg, and m an integer, then
a — x™g + b implies that there is h € supp(a) and k < m such that zFh is
a monomial of a and that *h — x™g + ¢ for some c € FE

Proof. If a — 2™g + b holds, Proposition 2.2 guarantees the existence of
a monomial zFh of a and a path p such that k + |[p| = m and such that
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h ~~P g. Hence, m — k = |p| > 0 and 2*h — b tlPlg 4+ ¢ = 2™g + ¢ for some
cE Fg by Corollary 2.4. O

2.1. Connectivity of the supports. Next, we associate the relation a —
b to the properties of the supports of @ and b. The next definition is condition
(2) of Proposition 2.2 stripped down from any mention of degrees.

Definition 2.6. Let G and H be finite and nonempty sets of generators of
FL. We write G — H if there are k > |G| and [ > |H| such that the elements
of G and H can be indexed as ¢i,...,gr and hq,...,h (with repetitions
allowed) respectively and there is a partition {I,...,Ix} of {1,...,l} and
finitely many paths p;;,j5 € I;,i = 1,...,k, such that g; ~Pi4 h; for all
Jj € Ij;i = 1,...,k and such that if p is a prefix of p;; and P, is as in
condition (2) of Proposition 2.2 then (2)(i) and (2)(ii) of Proposition 2.2
and condition (iii) below hold.

(iii) If v is an infinite emitter and h; = g for some Z, then P, C Z.

Corollary 2.7. (1) If a,b € FL — {0}, then a — b implies supp(a) —
supp(b).

(2) Let a,b € FL, — {0} be such that supp(a) — supp(b). Then, there is
c € FL — {0} such that supp(c) C supp(b) and that a — c.

Proof. Part (1) directly follows from Proposition 2.2. To show part (2),
assume that a = Zle x™ig; and b = 22‘:1 z'ih; be such that supp(a) —
supp(b). Let m,n be the cardinalities of supp(a) and supp(b) respectively
and &' > m,l' > n, {I,..., Iy} and pyj,5’ € Iy,i' = 1,...,k be as in
Definition 2.6 for supp(a) and supp(b). Then, we let

k' k'
a = Zgi/, b, = Z x'pi’J/lhj/ fori =1,...,k', and V = Zbg,.
i'=1 j'E€ly i'=1
By construction, supp(a’) = supp(a), supp(d’) = supp(b) and gy — by
so that a’ — V' holds by Proposition 2.2. For any i = 1,...,k, there is
i =1,...,k" such that g; = g;». For such i, let
k

= g a:m#'pi’j’lhj/ and let c:g .
j'El i=1

We have that supp(c) C supp(b’) = supp(b) and z™ig; — ¢; so that a =
Zle Mg, — c= Zle ¢;. The relation z™ig; — ¢; also implies that ¢; # 0
so ¢ # 0. U

We note that the converse of part (1) of Corollary 2.7 does not have to
hold. Also, for an element ¢ as in part (2) of Corollary 2.7, the relation
b ~ ¢ does not have to hold even if supp(c) = supp(b). Indeed, in the graph
below, v — zw so {v} — {w}.
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However, for a = v and b = w, we have that supp(a) — supp(b) but a — b
fails since there are no paths of length zero from v to w. If ¢ = xw, then
supp(c) = supp(b), but we do not have that b = w ~ ¢ = zw since w is
a sink and the relation w ~ d for some d implies d = w or d = 2~ v by
the Confluence Lemma. Also, using Theorem 4.1, it is direct that w ~ zw
cannot hold since w is not a periodic element.

2.2. Connecting using (A1) only. To emphasize that a — b is such that
only (A1) is used, we write a 4% b. If E is a row-finite graph, then 4% is just
the relation — . If V is a finite and nonempty set of regular vertices and
W a finite and nonempty set of proper vertices such that V. — W, we write
VAL . Corollary 2.7 implies the corollary below.

Corollary 2.8. (1) Let a,b € FL — {0} such that a 4% b and that supp(a)
consists of regular vertices. Then supp(a) 4% supp(b).

(2) Let a,b € FL — {0} be such that supp(a) 4> supp(b). Then, there is
c € FL, — {0} such that supp(c) C supp(b) and that a 4% c.

Proof. To show (1), assume that a 4% b and that supp(a) consists of regular
vertices. By Corollary 2.7, supp(a) — supp(b). Since only (A1) is used in
a4l p, supp(b) does not contain any improper vertices, so supp(a) 41 supp(b)
by definition of 4% for sets of vertices.

To show (2), let supp(a) 4% supp(b). By Corollary 2.7, there is ¢ € FL—{0}
such that supp(c) C supp(b) and a — ¢. Since the support of a consists of
regular vertices and the support of b, thus of ¢ as well, of proper vertices,
only (A1) can be applied in a sequence for a — ¢. Hence, a 4% . O

3. Characterization of comparable elements

3.1. Cancellative property. First, we show that the monoid Mg is can-
cellative by a direct proof. This was shown in [4, Corollary 5.8] using the
graph covering. Note that M J% may not be cancellative for a group A #T.
In particular, if £ is a graph with a cycle with an exit and A is trivial, then
MZ% is not cancellative by [4, Lemma 5.5].

Proposition 3.1. The I'-monoid Mg s cancellative.

Proof. Assume that a + ¢ ~ b+ d holds in F}, for some d € FL such that
¢ ~ d. So, we have that a + ¢ ~ b+ d ~ b+ c. We show that a ~ b using
induction on n for a + ¢ ~"™ b+ c. If n = 1, then either a + ¢ —1 b+ c or
b+ c —1 a+ c. In the first case, there is a generator g in the support of a
or ¢ such that b+ ¢ is obtained by replacing a summand x™g of a 4+ ¢ by
x2™r(g) and keeping the rest of the monomials intact. By the nature of the
three axioms, the number of monomials of the form z™g in a + ¢ is larger
than in b+ ¢ and each of the monomials in 2™ r(g) appears one time less in
a+ c than in b+ c. Since these terms appear equal number of times in ¢, this
means that a contains a monomial 2™ ¢ and that 2™r(g) is a summand of b.
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Hence, a = a’ + 2™g and b = a’ + 2™r(g) for some a' € F}, so that a —; b.
The case b+ ¢ —1 a + ¢ is similar and the induction step is analogous. [

Remark 3.2. Proposition 3.1 highlights an important difference between
Mg and Mg: while Mg can be much larger than the positive cone of Gg, the
monoid Mg is equal to the positive cone of G%. Thus, the monoid Mg can
carry some information which is lost under formation of its Grothendieck
group but Mg carries no additional information than Gg. In other words,
using the language of [11], the group GE is equally “talented” as the monoid
ME.

3.2. The order. The relation ~ on the monoid F g enables one to define
a relation 3 as follows.

a 3 b if there is ¢ € FL such that a +c¢ ~ b

for all a,b € FE. If a 2 band a = b, we write a < b. Using Proposition 3.1,
it is direct to show that a < b is equivalent with a + ¢ ~ b for some nonzero
. FI‘
cin Fp.
The relation < defines an order on M}, given by

[a] < [b] if and only if a 2 0.

It is direct to show that < is reflexive and transitive. The antisymme-
try holds by Proposition 3.1. The relation < induces an order on the
Grothendieck group GE.

In [11, Lemma 4.1], it is shown that a < 2™a is not possible for any a and
any positive n if F is row-finite. After the lemma below, we show that this
statement holds for an arbitrary graph in Proposition 3.4.

Lemma 3.3. Ifa € FE — {0} is such that a 3 x"a for some positive integer
n, then the following hold.

(1) No vertex in the support of a is a sink.
(2) No vertex in the support of a is an improper vertez.
(3) All vertices in the support of a are regular (so a is regular).

Proof. Since a 3 2"a, a + b ~ z"a for some b € FL. Then a + b+ z"b ~
az"a + z™b ~ x?"a so, by induction, a + Zf:o zFb ~ 2(k+tDng Hence, we can
find n large enough so that n is larger than the degrees of all monomials in
a normal representation of a. Assume that n is such and that a + b ~ x™a
for some b € FL. By the Confluence Lemma 1.2(2), there is ¢ € FL such
that a + b — c and 2"a — c.

(1) Assume that a sink v is in supp(a) and let Zé:l xv be the sum of all
monomials in a normal representation of @ which contain v. By construction,
m; < n for every ¢ = 1,...,[. Since the relation —; cannot be applied to
v, the relation a + b — ¢ implies that z™iv is a summand of ¢ for every
i = 1,...,l. On the other hand, the relation z""a — ¢ implies that every
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monomial of ¢ has degree larger than or equal to n so £™'v cannot be a
summand of ¢. This is a contradiction.

(2) Assume that an improper vertex ¢% is in supp(a) for some v and some
Z. Let 2221 "™ qz, be the sum of all monomials in a normal representation
of a which contain ¢ for some nonempty and finite Z; 2 Z. Since an
application of —1 does not change the power of a monomial with gy, for
some W DO Z, the relation a + b — ¢ implies that ¢ contains a summand of
the form Ei’:l x"™iqyy, for some W; O Z;, i =1,...,1. On the other hand, the
relation x™a — ¢ implies that every monomial of ¢ has degree larger than or
equal to n so ™ gy, cannot be a summand of c. This is a contradiction.

(3) By part (1), to show that a vertex v in the support of a is regular,
it is sufficient to show that v is not an infinite emitter. Assume that an
infinite emitter v is in the support of a and let Zizl ™y be the sum of all
monomials in a normal representation of a which contain v. Since axioms
(A1) and (A3) are not applicable to any monomials with v in them, the
relation a + b — ¢ implies that Zé:l x™ig;, where each g; is either v or ¢,
for some Z, is a summand in a normal representation of ¢. On the other
hand, the relation xa — ¢ implies that every monomial of ¢ has degree
larger than or equal to n so £ ¢g; cannot be a summand of ¢ which is a
contradiction. O

Proposition 3.4. The relation a < x™a is not possible for any nonnegative
n and any a € Fg.

Proof. Since 0 < 0 is false, it is sufficient to consider a # 0. Also, since
a < a is false, it is sufficient to consider positive n. Assume that a < x"a
for some positive n and some nonzero a € F' g . By Lemma 3.3, all elements
in the support of a are regular and proper vertices. Let m be the maximum
of degrees of the monomials in a normal representation of a. If a monomial
z'v in a normal representation of a is such that I < m, apply (A1) to z'v to
replace this monomial by > c -1, 2'*1r(e). We obtain an element a; such
that a; ~ a so the relation a; < z"a; also holds and, as a consequence, all
vertices in the support of a; are regular also. Keep repeating this process
until all monomials of some a; have the same degree m so that we can write
ar = x™b where b is a sum of regular vertices. Since 2™b < z"T™b we
have that b < 2™b and so b + ¢ ~ z"b for some nonzero ¢ € FE By the
Confluence Lemma 1.2(2), there is d such that b + ¢ — d and z"b — d.
The relation z"b — d implies that £7"d < d so d < 2™d and all vertices in
the support of d are regular by Lemma 3.3. Using the same argument as
when obtaining z™b from a, we can show that there is an element f such
that d — f and such that f is a sum of monomials of the same degree m’.
Hence, b4+ ¢ — d — f and 2"b — d — f. Since — either increases the
degree of a monomial or leaves it the same, the relation z"b — f implies
that m’ > n > 0.
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Let h = 27" f so that h is a sum of monomials of the same nonnegative
degree m’ — n and that b+ ¢ — 2™h and b — h. We use induction on the
length of a sequence for b — h to show that h + ¢ — z"h.

If b = h, the claim holds. Assume that it holds for length smaller than
k and let b = by —1 by —1 ... —1 b = h. Since b is regular, b —1 by is an
application of (A1). Hence, b =b'+v and by = V' +3_ c5-1(,) 2r(e) for some
regular vertex v. Since the degree of every monomial in 2™h = f is strictly
larger than zero, v has to be changed in the process of obtaining x"h from
b+c = b +v+c. Reorder the terms of the sequence for b+ ¢ — x™h so that
an application of (A1) to v is the first step. Hence,

btce=b+v+c—bV + Z ar(e) +c=0b; +c— x2"h.
e€s~1(v)

We can now apply the induction hypothesis to b; to obtain that h+c — x™h.

Lastly, we show that the relation h + ¢ — x™h leads to a contradiction.
Indeed, since h is a sum of monomials of the same nonnegative degree and
n is strictly larger than zero, we have that h + ¢ # 2™h so at least one
of the three axioms is used. If normal representations of h and ¢ have ny
and n. monomials respectively, then the number of terms in the resulting
x"h is larger than or equal to nj + n.. But since z"h has the same number
of monomials as h, we necessarily have that n. = 0 which implies that
¢ = 0. This is a contradiction since ¢ is chosen to be nonzero such that
b+ c~ x"b. O

3.3. Comparable, periodic, aperiodic and incomparable elements.
Proposition 3.4 implies that there are just two possibilities for a € F g :
either a 7= x™a for some positive n or a and z"a are not comparable for any
positive n. In the case when a >~ x™a for some positive n we have that either
a ~ z"a or a > x"a. We introduce the following terminology.

Definition 3.5. Let a € Fg

(1) If a Z 2™a for some positive integer n, the element a is comparable.
(1i) If @ ~ 2™a for some positive integer n, the element a is periodic.
(lii) If a > x"a for some positive integer n, the element a is aperiodic.
(2) If @ and z™a are not comparable for any positive integer n, the
element a is incomparable.
For [a] € M}, we say that [a] is comparable, periodic, aperiodic or in-
comparable if any b such that a ~ b is such.

Note that 0 is periodic by this definition. An element of FE clearly cannot
be both comparable and incomparable. We also note that a comparable
element of FE cannot be both periodic and aperiodic. Indeed, if za ~
a > x"a for some positive integers m and n, let n be the least positive
integer such that a > z"a. Since x™a > z"a implies 27" "a > a, m — n
is negative by Proposition 3.4 so n > m. On the other hand, the relation
x™a ~ a > x"a also implies that a ~ x7™™a > " ™a so n —m > n by the
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assumption that n is the smallest possible such that a > x™a. The relation
n—m > n implies that m < 0 which is in contradiction with the assumption
that m is positive.

3.4. Stationary elements. Next, we prove a series of claims which bring
us to Theorem 3.19. Lemma 3.6 leads us to the notion of a stationary
element introduced in Definition 3.7.

Lemma 3.6. Let a € FL, — {0} be such that a ~ 2"a + b for some positive
integer n and some b € FL. There are ¢ € Ft — {0} and d € F}, such that
c—2x"c+d,a—candb—d.

Note that the assumption of the lemma is exactly that a is comparable,
the case b = 0 corresponds exactly to the case that a is periodic, and the
case b # 0 to the case that a is aperiodic.

Proof. Since a ~ 2"a +b ~ 2*"a+ 2"b+b ~ ..., we can choose n as large
as needed. Let us choose n larger than the degree of every monomial in a
normal representation of a.

By the Confluence Lemma 1.2(2), a — f and 2"a + b — f and by the
Refinement Lemma 1.2(1), f = f1 + f2 such that 2"a — f; and b — fo. Let
c=x"f1 sothat a - 27" f; = c and that a — f = 2"c + f5.

We use induction on k for a —* ¢. If k = 0, then a = ¢. Let d = f5 so
that b — d. Assuming the induction hypothesis, let us consider a —* ¢ with
a=ay—1 ay —1 ... —1 ap = c. Let a = a’ + 2™g for some generator g
such that a1 = a’ 4+ 2™r(g). Consider the following two cases for the relation
a— x"c+ fo.

1. There is an application of the same axiom used for a —1 a1 to g at
some point such that ™™g is not changed prior to this point. Changing
the order of applications of axioms in the sequence for a — x"c + fo, we
can assume that this application of the axiom happened first. In this case
a — a1 — x"c+ fo. Thus, we can apply the induction hypothesis to aq
instead of @ and obtain the relation ¢ — z"c + d for some d such that
fo — d. Hence, b — fo — d.

2. There is no application of the axiom used for a —1 a1 to g at any
point. Since n is larger than m, then 2™¢ has to be a summand of fs.
Say fo =d +x2™g. Then a = a’ + 2™g — a2"c + d' + 2™g. Replacing the
terms z™g by x"r(g) on both sides of the relation —, we obtain that
a1 = da + z™r(g) = z"c+d' + 2™r(g). Since we have a; =¥ ¢, we can
apply the induction hypothesis to a; and obtain that ¢ — z"c+d for some
d such that d'+2™r(g) — d. Hence, b — fo = d'+2™g — d'+2™r(g) — d.

O
The properties of an element such as element ¢ of Lemma 3.6 are signif-

icant in the characterization of a comparable element so we assign a name
to such an element.
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Definition 3.7. An element a € F}, — {0} is a stationary element if a —
x™a + b for some positive integer n and some b € Fg.

Example 3.8. (1) If E is the graph eV —— " ) then w is station-
ary since w — zw. One can directly check that if v — a for some
a € FE, then either a = v or a is of the form z"w for some positive
integer n. Hence, v is not stationary.
(2) Let E be the Toeplitz graph o —>e” anda=v+w € F}E
Since a = v+w = w+azw+w = z(v+w) +w = za+ w,
a is stationary. Note that b = v 4+ xw has the same support as
a but b is not stationary. Indeed, if b — ¢, then ¢ = b or ¢ =
2™ + 2™w + 2" lw + ... + 2w + w + 2w for some positive n. So,
assuming that b — x"b 4+ d for some d and positive n leads to a
contradiction.
We note also that adding zv to b, we obtain a stationary element
again since it is a sum of stationary elements z(v + w) and v.

The next lemma describes the support of a stationary element. Recall
that a generator g is on a cycle if g ~P g for some p with |p| > 0.

Lemma 3.9. Let a € FL be stationary such that a — z"a + b for some
positive integer n and some b € F};
(1) For any positive integer k,
k—1
a— z*a + Z .
i=0
(2) The support of a contains an element which is on a cycle.
(3) Each element of the support of a which is not on a cycle is on a path
exiting a cycle which contains another element of supp(a). 2
(4) Each element of the support of a is either on a cycle or on a path exiting
a cycle which contains another element of supp(a).

Proof. To show (1), note that if a — z"a + b, then
k—1

a — z"a+b — r*a+a"b+b — 2" a+r*"b+a"b+b — ... — xk"a—i-z b,
1=0

To show (2), we use part (1) to choose n larger than k& — m for any
degrees k and m of any monomials in a normal representation of a. Let [ be
the number of monomials in a normal representation of a.

If all generators in supp(a) are on cycles, there is nothing to prove. So,
suppose that there is g1 € supp(a) such that ™ g; is a monomial of a and
that g1 is not on a cycle. Let a = a1 + 2" g;. By the Refinement Lemma
1.2(1), there are c¢11, ¢12 such that

2This condition can be described also in terms of the tree T(g) = {h | g ~» h} of a
generator g as follows: supp(a) C U{T'(g9) | g € supp(a) and g on a cycle}.
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n+mi

ar +z2™gr — x2"a1 +x g1 +b=ci1+ci2, a; — c11 and 2™ g1 — ci2.

The monomial z"t™1¢g; is a summand of either ¢11 or c¢12. In the second

case, ™1 g; — 2"t g; + ¢ for some ¢ and Corollary 2.4 implies that there
is a path of length n > 0 from ¢g; to g1 which means that g; is on a cycle.
This is a contradiction with the choice of ¢g;. Hence, 2"t ¢; is a summand
of c11. This implies that c¢11 # 0 and so a1 # 0 also which means that [ > 1
and aq has [ — 1 terms.

By Corollary 2.5, there is a monomial z"2gy of a; such that a; = as +
2™2gy (so ag has [ — 2 > 0 terms) and that 2™2gy — 2T gy + ¢ for some
c. The choice of n guarantees that n + mj; —mo > 0 so that there is a path
of positive length from g, to g; by Corollary 2.4. If g is on a cycle, we are
done. If not, consider whether the term xz""™2g, is a summand of c;; or
c12. If it is a summand of ¢19, then 21 gy — 272 gy + d for some d and so
there is a path of positive length from g; to go. As there is a path of positive
length from go to g1, g1 is on a cycle. Since this is not the case, 2" ""2gy is
a summand of ¢;7.

Apply the Refinement Lemma 1.2(1) again to decompose c;; as co1 + €22
such that as — cp1 and 22gy — coo. Since go is not on a cycle, T2 gy
is a summand of co; which implies that co; # 0 and so as # 0 which
means that [ — 2 > 0. By Corollary 2.5, there is a summand z"3g3 of as
such that aa = ag + 2™3¢g3 (so that ag has [ — 3 > 0 terms) and that
™3 g3 — T2 gy +d for some d. The choice of n guarantees that n+mso—ms3
is positive so we can conclude that there is a path of positive length from g3
to go by Corollary 2.4.

If g3 is on a cycle, we are done. If not, the term x gs must be a
summand of co; as otherwise gs is on a cycle which is not the case. So,
2"t™M3 g3 is a summand of ca1, ag + 2™3g3 — c21, and we can continue the
decomposition process co; = €31 + c32 as in the previous step.

Since [ is finite, this process eventually stops. If it stops at the k-th step,
gk is on a cycle and (2) holds.

Note that the proof of part (2) implies that if g; is not on a cycle, then
g1 is on a path leaving a cycle which contains gi. This is because the proof
shows that there is a path from g;41 to g; forall¢ =1,...,k— 1. Hence, this
automatically shows part (3). Part (4) is a direct corollary of part (3). O

n+ms

The last part of Lemma 3.9 describes the support of a stationary element.
The properties of such set are relevant and we introduce some terminology
for it. First, we say that a finite and nonempty set of generators of F g is
stationary if every g € V is either on a cycle or on a path exiting a cycle
which contains some generator h € V. By Lemma 3.9, the support of every
stationary element is a stationary set.

For a stationary set V, let V. denote the set of those g € V' which are on
cycles (thus V. # (). We say that V. is the core of V and that g € V, is
a core generator. We say that the cycles which contain core generators are
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the core cycles of V. Let V. denote V — V. (so V¢ is possibly empty). We
call this set the exit set of V and we say that g € V, is an exit generator.

For a core generator g € V¢, let ny be the minimum of the set of lengths of
cycles on which g is. Let n be the least common multiple of n, for g € V.. We
show that n has a special significance for a stationary set V' which consists
of core generators only so we call it the core period of such V.

If @ is stationary, let a = a. + a. such that the support of a. is supp(a).
and the support of a. is supp(a). (thus a. # 0 and a. is possibly zero). We
call a. and a. the core part and the exit part of a respectively.

The next example illustrates these newly introduced concepts.

Example 3.10. (1) If E is the graph e” —— ¥ ) then the station-
ary element w has the core part w and the exit part 0. The set {w}
is a stationary set with the core equal to the entire set {w}. The core
period of the core {w} is 1.

(2) If E is the Toeplitz graph o/ — > o  then the stationary
element a = v + w has the coré part v and the exit part w. The
stationary set {v, w} has the core {v} and the exit set {w}. The core
period of the core {v} is 1.

If a € FL is such that each g € supp(a) is on a cycle, then supp(a) is a
stationary set by definition and a = a.. In the next lemma, we show that
such element a is necessarily stationary.

Lemma 3.11. Let a € FL,—{0} be such that each g € supp(a) is on a cycle,
and let n be the core period of supp(a). The following hold.

(1) The element a is stationary and a — x"a + b for some b € FJ.
(2) The element a is periodic if and only if the core cycles have no eits.

Proof. If g € supp(a), then g ~“ g where ¢, is a cycle of length ny, where
ng is the minimum of the set of lengths of cycles which contain g. Hence,
g — x"9g + by for some by € F 'L such that b, = 0 if and only if ¢, has no
exits. Since n is a multiple of ngy, g — 2" g + by for some by such that by =0
if and only if by = 0.

If a = Zé’:1 xhi g; is a normal representation of a, then we have that
xhi g; — "t g; + aki by, Adding these relations together produces

! I I !
a— Zx”+kjgj + Zxkjbgj =" Zxkjgj + Zxkjbgj =z"a+b
J=1 J=1 J=1 J=1

for b = Zé‘:l ks by, so (1) holds. To show (2), note that a is periodic if and
only if b =0 and b = 0 if and only if any core cycle has no exits. O

We note the following corollary of Lemmas 3.6, 3.9, and 3.11.

Corollary 3.12. The following conditions are equivalent.
(1) There is a comparable generator of Fy.
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(2) There is a nonzero comparable element of Fy.
(3) The graph E has a cycle.

Proof. The implication (1) = (2) is direct. If (2) holds, there is a stationary
element a by Lemma 3.6. Since a. # 0 by Lemma 3.9, there is at least one
core cycle so (3) holds. If (3) holds, any vertex of a cycle is a comparable
generator of FL by Lemma 3.11 so (1) holds. O

3.5. The Core Lemma. The following lemma highlights an important
property of a stationary element and justifies our terminology “core” — if a
is stationary and x™a can be produced from a with some possible “change”
b, then z*"a, for some positive k, can be produced by using the core part a.
only with possibly some other “change” ¢ such that ¢ =0 and a. = 0 if and
only if b = 0.

Lemma 3.13. (The Core Lemma) Let a € Fy be a stationary element with
the core part a. and the exit part a.. If a — x"a+b for some positive integer
n and some b € FL, then a. — x"a + ¢ for some positive integer k and

some ¢ € FL such that ¢ + a. ~ E?:_ol b,

Proof. If a. = 0, the claim trivially holds with £k =1 and ¢ = b. If a. # 0,
let V' = supp(a) so that V, is nonempty. Let also V. = V! UV where V!
consists of the core generators in V' such that no exit generator connects
to them and V! consists of the core generators in V' such that some exit
generators connect to them. By these definitions, no g € V" connects to
any h € V! (otherwise h would be in V). Also, note that V/ is nonempty
since otherwise some exit generator would be on a cycle which would make
it a core, not an exit generator. Let also a. = al. + a! so that supp(a.) = V/
and supp(al) = V. Choose n to be larger than the difference of degrees of
any two monomials in a normal representation of a by using Lemma 3.9(1)
if n is not already such.

We construct a sequence of finite acyclic graphs Fp D F1 2 ... 2 F; 20
such that the sequence terminates exactly when the claim is shown.

Graph Fg. Let us define a graph Fy such that V. is the set of vertices
of Iy and that there is an edge from g to h for some g, h € V. if g connects
to h in E. Since no g € V. is on a cycle, the graph Fy is acyclic. Since
Iy is a finite and acyclic graph, it has a source by Lemma 1.1. Let Vgy be
the set of sources of Fy and a. = aco + a., such that supp(aeo) = Veo and
supp(agg) = Ve — Veo.

By the Refinement Lemma 1.2(1), there are a1, az,as € FE such that

a=al,+ (al +aLy) + aeo — 2"a+b=a; +az + as

and a, — a1, a + aly — ag, aco — ag. If 2™g is any monomial of 2" aey for
g € Veo, then 2™g is a summand of either ay, as or as. By Corollary 2.5 and
by the choice of n, if g is a summand of ag then either g is on a cycle
or there is a path from another source of Fj to g and each of these options
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leads to a contradiction. If 2™g is a summand of ag, then there is either
a nontrivial path from some ¢’ € V, to g or a nontrivial path from some
h € V! to g also by Corollary 2.5 and by the choice of n. In the second
case, there is ¢ € V., and a path from ¢’ to h and, hence, a nontrivial path
from ¢’ to g as well. Thus, both cases lead to a contradiction since g is a
source of Fy. Hence, "¢ has to be a summand of a;. Since the monomial
x™g was arbitrary, z"a.g is a summand of a;. In addition, if ™h is any
monomial of z™al, ™h is a summand of a; also. Indeed, assuming that
x™h is a summand of either ag or ag implies that h is in V" not V. Hence,
for some by € Fg,
a, — ay = z"al, + 2" aep + bo.

If al, = 0, we claim that the process is complete. In this case, a. = aco.
The support of @ consists of core generators so a!! is stationary by Lemma
3.11. Let m be the least common multiple of n and the core period of a
and let m = kn. Let b)) be such that a! — z*"a! + bj. After repeated use of
the relation al, — z"al + x"a. + by for k times, We have that

a, — xk"a' + 2" a, + Z 2"a, + Z z"by.
Thus,

a. = a., + al —>:1:k”a'—|—x ae—i—Z:L‘i"aejLmebo—l—xk” "+ by =

- -1
z*a + Z z"a. + Z by + b = 2*"a + ¢

for ¢ = Z =1 L ae"‘zz 0 $mb +b" Thus, a = a. + ae — £""a + ¢ + ae.
On the other hand, a — z*"a 4+ 377, 5 b holds by part (1) of Lemma 3.9.
Thus,

k—1 k—1
2" + ¢+ a, ~ 2F"a + Z 2™b  which implies ¢+ ae ~ Z b
i=0 i=0

If al, # 0, we construct Fj.

Graph F;. Let F; be the graph obtained by eliminating the sources and
all edges they emit from Fy. Then F} is a finite acyclic graph which is a
proper subgraph of Fy. Let V.1 be the set of the sources of F} and a, =
e + ae1 +al, be such that supp(ae1) = Ve and supp(al;) = Ve — Veg — V1.
Let also a! = a, + al/; such that @, consists of those monomials ™h of a!!
such that g ~» h for some g € Vo and a; consists of all other monomials
of a. Using the Refinement Lemma 1.2(1) again, there are a},a},a} € FL
such that

a=(a.+aly+ aco) + (aly + aly) + acr — 2"a+b=a} +a) + ds
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and that al + aco + acp — al, al; + a’e1 — ab, ae1 — as. If ™g is any
summand of z"al, + x"aly + x™aeo + x"ae1, we can repeat the arguments
from before to show that the assumption that 2™g is a summand of a, or
a’ leads to a contradiction. Hence, 2™g¢ is a summand of a} and so

" /
a, + any + aco — ay = z"al, + z"aly + 2 aco + 2" aer + b}

for some o) € F' g If k1n is the least common denominator of n and the core
period of alf, there is b} € F}, such that a’y — z*1"a/j; + b}. Using the last
two relations and the relation a, — x"al, + 2" aeo + bo from the first step for
k1 times, we have that

k1—1 ki1—1
a/c+a/c/0 — xk1n(a/c+aeo) + Z xznaeo + Z Inlbo —|-ggk1” " —|—b//
i=1 1=0

ki1—1 ki—1
$(k1+1)n(alc + UJIC,O + aeo + ael) + xklnbll + Z " aco + Z x""by + v =
=1 1=0

x(k1+1)n(a/ +a//0+aeo+ae1)+b1

for by = aF1mb + ST ging g 4 SR gnipg 4.

If a/; = 0, then a, = aco + ael. Let kn be the least common multiple of
(k1 +1)n and the core period of a);. Arguing as in the case a., = 0, we have
that a. — 2¥"a + ¢ for some ¢ € FE such that ZZ —0 Laing ~ ¢+ a. and this
finishes the proof. If a,; # 0, we construct F» and continue the process.

This process eventually terminates since V. is a finite set. Hence, there is
a positive integer [ such that al, = 0 so that ac — x*"a + ¢ for some k and

some c. The relations a — z*"a + Zl —0 L 2mb and a — 2*"a + ¢ + a, imply
that Zl 0 ! 4 ~ ¢ + a, which proves the lemma. O

The Core Lemma has the following corollary, characterizing a stationary
and periodic element, which we use in the proof of Theorem 4.1.

Corollary 3.14. A stationary element a is periodic if and only if the support
of a consists of regular vertices on cycles without exits.

Proof. Let a be such that a — z"a + b for some b and positive n. If a is
periodic, then b = 0. By the Core Lemma 3.13, a. — x*"a + ¢ for some k
and some c such that Zl —0 ! 2" ~ ae + ¢. So b =0 implies that a, = 0 (and
¢ = 0). Hence, a = a.. This enables us to use Lemma 3.11 which implies
that the support of a consists of generators on cycles without exits so that
these generators are regular vertices.

For the converse, assume that the support of a consists of core vertices
on cycles without exits. If n is the core period, then ¢ — z"a so a is both
stationary and periodic. O
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3.6. The stationary-partition. By Lemma 3.9, the support of a station-
ary element is a stationary set. By Lemma 3.11, the converse is true if a
stationary set contains no exit generators. It would be convenient to have
the converse of this fact in general. However, the exit generators can com-
plicate the situation as the next example shows.

Part (2) of Example 3.8 shows that we need additional requirements for
any element with a stationary support to be stationary. In particular, these
requirements impose restrictions on powers of x which appear in the normal
form of such element.

Let a be stationary such that a — x™a + b holds for some positive n and
some b. If a = Zle x™ig; is a normal representation of a, by repeated use of
the Refinement Lemma 1.2(1), there are mutually disjoint subsets I3, ..., I}
of {1,2,...,k} whose union is {1,2, ..., k} and there are by, ..., by, such that

k k
a:Zmejgj and b:Zbi
i=1

i=1 jel;
and that for every i =1,...,k
Mg, — Z Mg+ b, (3)
Jel;
The set I; can be empty if 7 is in Iy for some i’ # i (see also Example 3.16

below). If I; # (), Corollary 2.4 applied to relation (3) ensures the existence
of a path p;; connecting g; and g; such that

m; + |pij| = mj +n. (4)

By Lemma 3.9(1), we can choose n such that n > m; —m; so that |p;;| =
n+mj—m; > 0 forall 4,5 = 1,..., k. The requirement that p;; has positive
length justifies the following definition and implies direction = of Proposi-
tion 3.17.

Definition 3.15. Let a € FE have a stationary support V' and a normal rep-

resentation a = Zle x™ig;. We say that a has a stationary-partition if there
is a positive integer n, mutually disjoint subsets I3,..., I of {1,2,...,k}

with Ule I; = {1,2,...,k} and paths p;; of positive length for i =1,... k
and j € I; with s(p;;) = g; and r(p;;) = g; and such that relation (4) holds
foreachi=1,...,k and j € I;.

The following example shows that a stationary-partition does not have to
be unique.

Example 3.16. Let E be the following graph@o“l —— o2 ) Then v1+v9
is stationary since v; — xv; + zve and so v + vy — x(v1 + va) + vy and
k = 2 in this case. We can take I; = {1,2} and I = () since v; “produces”
both terms of z(v; + v2). In this case, relations (3) are

V1 — xv1 + v and vy — V9.
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However, v — xwvs also, so the summand zvy can be “produced” by wo
also. Hence, v; 4 v9 is stationary also because v; + vo — xv] + 2V + v9 —
xv1 + 2vg + xve = (v 4+ v2) + xve. So, we can also take I; = {1}, I, = {2}.
In this case, relations (3) are

v — 2U1 + xv9 and vy — xV9.

We characterize a stationary element in terms of the properties of the
generators in its support which is the final and key step towards Theorem
3.19.

Proposition 3.17. Let a € FL be an element such that supp(a) = V is
stationary. Then a is stationary if and only if a has a stationary-partition.

Proof. We showed that direction = holds before Definition 3.15. To sum-
marize, if a = Zle "™ g; — x"a + b holds for some n and some b, use
Lemma 3.9(1) to choose n > m; —m; for all 4,5 = 1,..., k. Repeated use
of the Refinement Lemma 1.2(1) produces required sets I, ..., I such that
relations (3) hold for ¢ = 1,..., k. Using Corollary 2.4 produces paths p;;
and our choice of n ensures that the paths p;; have positive length so that
relations (4) hold. Thus, a has a stationary-partition.

Conversely, let a have a stationary-partition and let n, Ii,...,I; and
pij be as in Definition 3.15. Starting with 2™g; and applying the axioms
following the paths p;; for all i = 1,...,k and all j € I;, we obtain 2™g; —
Zjel,' xmi+|pii|gj + b; for some b; € FL for i = 1,..., k. By relations (4),

CL‘migz' N Z xmi+|Pij|gj +b = Z xmj-i-ngj 4 b
Jjel; Jjel;
which shows that relations (3) hold for all i. Adding these relations together
produces

k k
a= Zazmigi — Z mej+”gj +b | =
i=1

i=1 \jeI;

k k k
x”Zmejgj +Zbi = x”a+2bi
i=1 i=1

i=1 jel;
where the last equality holds since I4,...,I; are disjoint and their union
is {1,...,k}. Letting b = Zle b;, we have that a — 2"a + b. Hence, a is
stationary. O

Remark 3.18. Since the relation a — x"a+ b holds for some n and b if and
only if a. — 2™a + ¢ holds for some m and ¢ by the Core Lemma 3.13, we
can also consider a partition of a4+ ¢ based on a normal representation of
a. instead of a. If Definition 3.15 is modified accordingly, Proposition 3.17
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can be formulated to state that a is stationary if and only if a has a partition
based on its core part a..

Proposition 3.17 also reaffirms Lemma 3.11 since if an element a has
the stationary support consisting of core generators only, then a has a
stationary-partition. Indeed, if a = a., one can take n to be the core pe-
riod and I; = {i}. If ng, is the minimum of the set of lengths of cycles on
which g; is and if n = [;ng,, one can take p; to be the path obtaining by
traversing a cycle of length ng, I; times starting at g; so that |p;;| = n. Thus,
relation (4) holds trivially for each ¢ since m; +n = m; + n and so a has a
stationary-partition.

3.7. Characterization of comparability. We prove Theorem 3.19 char-
acterizing a comparable element using Propositions 2.2 and 3.17.

Theorem 3.19. The following conditions are equivalent for an element a €
r

Fg.

(1) The element a is nonzero and comparable.

(2) There is a stationary element b such that a — b.

(3) There is an element b with a stationary support and with a stationary-

partition such that condition (2) from Proposition 2.2 holds for a and
b.

Proof. The implication (1) = (2) holds by Lemma 3.6. Conversely, if (2)
holds, then b is nonzero and comparable. The relation a — b implies a ~ b
so a is nonzero and comparable as well.

The equivalence (2) < (3) follows directly from Propositions 2.2 and
3.17. O

In Theorem 3.21, we characterize when every element of FE is comparable.
First, we show the following corollary of Proposition 2.2 and Lemmas 3.6
and 3.9 which we use in the proof of Theorem 3.21.

Corollary 3.20. Let v be an infinite emitter.

(1) If v connects to q% by a path of positive length, then v is on a cycle.

(2) If q% connects to qp, by a path of positive length, then q3 is on a cycle.

(3) If gy is on a cycle, then v is on a cycle and g% is on a cycle for every
0#£27ZCW.

(4) If v is comparable, then v is on a cycle.

(5) If ¢% is comparable, then q% is on a cycle.

Proof. To show (1), assume that v ~P gz = ¢}, for some path p of positive
length n. Then v — z"qz + a for some a € Fg By the nature of axioms
(A2) and (A3), there has to be a term z™v produced at some point. Hence,
v — z"v 4 b for some b which implies that v is on a cycle.

To show (2), assume that ¢z = ¢% ~ qw = ¢}, for some path p of positive
length n. Then gz — z"qw +a for some a. By the nature of axioms (A2) and
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(A3), there has to be a term 2" v produced at some point using a cycle ¢ based
at v such that the first edge of cis not in Z. Hence, qz — 2"v+b — 2"qz+c¢
for some b and ¢ by (A2) and so gz is on a cycle.

By Definition 2.1, if gy}, is on a cycle, then there is a cycle based at v such
that the first edge e of that cycle is not in W. So, v is on a cycle. If Z C W,
then e ¢ Z and so gz is also on a cycle by Definition 2.1. This shows (3).

To show (4), let v be comparable. By Lemma 3.6, there is a stationary
element a such that v — a. If @ = v, then v is stationary and it is necessarily
on a cycle by part (2) of Lemma 3.9. So, assume that a # v. By Proposition
2.2, if a = 22:1 z'ih; is a normal representation of a, there are paths
pj,J =1,...,1 such that v ~Pi hj, t; = |p;|, and at least one of h; is ¢}, for
some Z. Reordering the terms we can assume that j = 1. If p; has positive
length, then v is on a cycle by part (1). If gz is on a cycle, then v is on a
cycle by part (3). So, let us consider the remaining case when p; is trivial
and gz is not on a cycle. In this case, gz has to be on an exit from a core
cycle by part (4) of Lemma 3.9. So, there is j > 1 such that h; is on a cycle
and h; ~P gz for some path p. Hence, v ~Pi hj ~P qz. If |p| > 0, then v
connects to gz by a path p;p of positive length and so v is on a cycle by part
(1). If |p| = 0, then either h; = v, in which case v is on a cycle, or h; = qz
for some Z’ C Z in which case v is also on a cycle by part (3).

To show (5), let ¢z be comparable. By Lemma 3.6, there is a stationary
element a such that gz — a. If a = qz, then qz is stationary and it is
necessarily on a cycle by part (2) of Lemma 3.9. So, assume that a # ¢z.
By Proposition 2.2, if a = 22‘:1 z'ih; is a normal representation of a, there
are paths pj,j = 1,...,1 such that gz ~7 h;, t; = |p;|, and at least one of
hj is gy}, for some W 2 Z. Reordering the terms we can assume that j = 1.
If p; has positive length, then gz is on a cycle by part (2). If g is on a
cycle, then gz is on a cycle by part (3). So, let us consider the remaining
case when p; is trivial and gy is not on a cycle. By part (4) of Lemma 3.9,
there is j > 1 such that h; is on a cycle and h; ~~P g for some path p. So,
qz ~Pi hj ~P qw. If |p| > 0, gz connects to gw by a path p;p of positive
length and so gz is on a cycle by part (2). If [p| = 0, then either h; = v or
hj = qz for some Z'" C W. In the first case, gz ~+P7 v so there is a cycle
based at v such that its first edge e is not in Z and so ¢z is on that cycle
by Definition 2.1. In the second case, gz ~>P7 gz . If |p;| > 0, then gz is on
a cycle by part (2). If |pj| = 0, then Z C Z’. Since ¢z is on a cycle, there
is a cycle based at v such that the first edge e of it is in s~!(v) — Z’. Hence,
e ¢ Z and so qz is on a cycle by Definition 2.1. O

Theorem 3.21. The following conditions are equivalent.

(1) Every element a € Fy is comparable.

(2) Every generator of F}, is comparable.

(3) For every generator g of Fg, g — a for some stationary element a.
(4) The following hold for every generator g of FL,.
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(a) The generator g is not a sink and it connects to a cycle.

(b) If g is an infinite emitter or an improper vertex, then g is on a cycle.

(¢c) If g is reqular, there is stationary a € FE with the exit part zero
such that g — a.

(5) The following hold for every vertex v of E.

(a) The vertex v is not a sink and it connects to a cycle.

(b) If v is an infinite emitter, then it is on a cycle.

(¢) If v is reqular, there are finitely many proper or improper vertices
hi,...,hy on cycles and paths p;,j = 1,...,1 such that v ~Pi h; and
such that for every prefix p of p; the conditions (i), (ii) and (iii) of
Proposition 2.2 hold with t; = |p;|.

Proof. The implication (1) = (2) is direct and the implication (2) = (1)
holds since a finite sum of comparable elements is comparable. The equiva-
lence (2) < (3) follows directly from Theorem 3.19. To complete the proof,
we show (3) = (4) = (5) = (3).

Assume that (3) holds and let g be any generator. Let a be stationary
such that g — a. Since g connects to all generators in the support of a. # 0,
g connects to a generator on a cycle so ¢ is not a sink and (a) holds. Part
(b) holds by parts (4) and (5) of Corollary 3.20. To show part (c), let
g =v € E° be regular. We claim that there is an element b € F, — {0} with
support containing only vertices on cycles such that v — b. We prove this
claim using induction on the minimum n of lengths of paths from v to cycles
which exist by part (a). If this length n is zero, v is on a cycle and one can
take b = v. Assuming the induction hypothesis, consider v with n > 0. For
every e € s~!(v), either r(e) is on a cycle, in which case we let b, = r(e) or
r(e) is not on a cycle in which case r(e) is necessarily regular by parts (a)
and (b). In this case, the minimum of lengths of paths from r(e) to cycles is
less than n and we can use induction hypothesis to obtain b, with vertices
in the support on cycles and r(e) — be. Then b =} .s-1(,) zbe has vertices
in the support on cycles and

v =1 Z xr(e) — Z xbe = b.

e€s—1(v) ees~1(v)

Since supp(b) consists of generators on cycles, b is stationary by Lemma 3.11
and its exit part is zero.

Assume that (4) holds and let v be any vertex of E. Parts (5a) and (5b)
directly hold by (4a) and (4b). If v is regular, let a be stationary with exit
part zero such that v — a which exists by (4c). If a = 22:1 z'ih;, then h;
are on cycles since the exit part of a is zero. Part (5¢) then follows from the
relation v — a by Proposition 2.2.

Assume that (5) holds and let g be any generator. By (5a), ¢ is not a sink.
If g is an infinite emitter, then g is on a cycle by (5b) and so it is stationary.
If g is an improper vertex and g = ¢%, then v is on a cycle by (5b) so g is on
a cycle by Definition 2.1 and, again g is stationary. In both of these cases,
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(3) holds since g — g. If g is a regular vertex, (5c) and Proposition 2.2 imply
that g — a for a = 22:1 mlpj‘hj. Since the elements h; are on cycles, a is
stationary by Lemma 3.11. Hence, (3) holds. O

Part (5) with any of the conditions (a), (b), or (c) deleted is not equivalent
with the other conditions of Theorem 3.21 as the next set of examples shows.

Example 3.22. (1) If E is the Toeplitz graph (see part (2) of Example
3.8), then (b) and (c) hold. There is a sink so (a) fails and the sink
is not comparable.

(2) If E is the graph below, then (a) and (c) hold. The infinite emitter
v is not on a cycle, so (b) fails and v is not comparable by Corollary
3.20(4).

-
oY H.wg

(3) Let E be the graph below.

0 O 0

|

%

o —> 0
>

° >

If a is any element whose support consists only of vertices on cycles,
then v — « fails since there is a path originating at v which does
not connect to supp(a) (analogous argument is used in part (3) of
Example 2.3). The conditions (a) and (b) hold for E, but (c) fails
and v is not comparable.

4. Characterizations of periodic, aperiodic and incomparable
elements

Next, we show characterizations of periodic, aperiodic and incomparable
elements as well as other properties discussed in the introduction. We start
by Theorem 4.1 which characterizes a nonzero periodic element of F g The-
orem 4.1 has already been used in [13, Theorem 3.1] to characterize Leavitt
path algebras which are crossed products in terms of the properties of the
underlying graphs.

Theorem 4.1. The following conditions are equivalent for an element a €

FL —{0}.

(1) The element a is periodic.

(2) There is an element b whose support consists of vertices on cycles without
exits such that a 4% b.

(3) Any path originating at a generator in the support of a is a prefiz of a
path p ending in one of finitely many cycles with no exits and such that
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all vertices of p are reqular. Every infinite path originating at a vertex
in the support of a ends in a cycle with no exits.

Proof. If (1) holds, then a is comparable so a — b for some stationary
element b by Lemma 3.6. The relation a — b implies a ~ b so b is periodic
as well. Hence, the supports of both a and b consists of regular vertices only
by Lemma 3.3. Thus, a 4% b. By Corollary 3.14, the support of b consists of
regular vertices on cycles without exits which shows (2).

If (2) holds, the element b as in (2) is stationary and periodic by Lemma
3.11. Since the core cycles of b do not have exits, each generator in supp(b)
is proper, emits exactly one edge and, hence, it is regular. As a 43 b,
any element of supp(a) is proper and regular also. Let a = Zle My,
b= 22‘:1 z'iw;, and I; and p;; be as in Proposition 2.2 for a — b. Since
only (A1) is used, each vertex of any path p;; is regular.

If p is a path with s(p) = v;, we use induction on |p| to show that there is
a path ¢ such that p is a prefix of ¢, ¢ ends in one of the core cycles and all
vertices of ¢ are on some p;; for j € I; (thus regular) or on cycles without
exits (thus also regular). If p = v;, ¢ can be taken to be p;; for any j € I;.
Assuming that the claim holds for p, let us consider pe for some edge e. By
the induction hypothesis, all vertices of p are regular, on p;; for some j € I;
or on a core cycle. If r(e) is on a core cycle, then it emits exactly one edge
so it is regular and we can take g to be pe. So, let us consider the case that
r(e) is not on a core cycle in which case r(p) is not on a core cycle also and
so r(p) is on p;; for some j € I;. Since r(p) is not on a cycle, there is a proper
prefix r of p;; which ends in r(p). Thus P, # 0 and so P, = s™1(r(p)) by
part (2)(i) of Proposition 2.2. In particular, e € P,. Hence, there is j' € I;
such that e is in p;;. Let ¢ be pe up to r(e) and the suffix of p;; after pe.
Thus, pe is a prefix of ¢, ¢ ends in a core cycle and each vertex of ¢ is on p;;
for some j € I;.

It remains to show the condition on the infinite path. Let ejes... be an
infinite path originating at v;. For any n, each vertex of the path ejes...e,
is on p;; for some j € I; or in a core cycle. Let n be strictly larger than
the length of p;; for all j € I;. Then r(e,) must be in a core cycle and so
€n€n+1 - - - 18 on that same cycle since the cycle has no exits. This shows
that (3) holds.

If condition (3) holds, then the support of a consists of regular vertices
such that every path they emit connects to finitely many cycles without exits
by paths which contain regular vertices only. Let supp(a) = {v1,...,vx}
and let n; be the number of paths p from v; to the finitely many cycles from
condition (3) such that no vertex of any of the paths from (3) is on the
cycle except the range of p. Index the paths originating at v; as pi1, ..., Pin,
for some positive n; and let w;; = r(p;j). Let J be the set of (i,j) with
i =1,...,kand j = 1,...,n; and let I; be the set of those (i,j) € J
such that ¢/ = i. By construction, {I1,..., I} is a partition of J and, by
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considering a bijection between J and the set {1,...,l} for [ = |J|, this
partition corresponds to a partition of {1,...,[}.

If p is a prefix of p;;, let us use the notation P, in the same sense as in
Proposition 2.2 and Definition 2.6. If p is a proper prefix of p;;, then r(p)
is regular and P, is nonempty as it contains the first edge of p;; not on p.
If e € s71(r(p)), then pe is a prefix of some p;; by condition (3) and so
e € P,. Hence, P, = s~ 1(r(p)). If p = pij, then P, is empty by construction.
Thus condition (i) of Definition 2.6 holds and conditions (ii) and (iii) are
trivially satisfied. So, for W = {wy; | (¢,7) € J}, supp(a) — W. Moreover,
supp(a) 4% W since supp(a) and W contain regular vertices only. Hence,
there is ¢ # 0 such that a 4% ¢ and supp(c) € W by Corollary 2.8. The set
W is stationary and, by part (1) of Lemma 3.11, every element with support
contained in W is stationary and, part (2) of Lemma 3.11, periodic. Thus,
¢ is periodic. Since a ~ ¢, a is also periodic. Hence, (1) holds. U

We note that the sources of graphs in parts (1) and (3) of Example 3.22
are such that condition (2) fails, so that these vertices are not periodic by
Theorem 4.1 (and incomparable by Theorem 3.19).

In Theorem 4.2, we characterize when every element of FE is periodic
in terms of the properties of F, in terms of the form of the Leavitt path
algebra, as well as in terms of the form of the Grothendieck I'-group.

Theorem 4.2. The following conditions are equivalent.

(1) Every element a € FL is periodic.

(2) Every vertex is periodic.

(3) For every vertex v, {v} 4LV for some stationary set V. which contains
core vertices only and every core cycle has no exits.

(4) Each path is a prefix of a path p ending in a cycle with no exits and such
that the vertices on p are reqular. Every infinite path ends in a cycle
with no exits.

(5) E is a row-finite, no-exit graph without sinks such that every infinite
path ends in a cycle.

(6) For any field K, the Leavitt path algebra Ly (F) is graded isomorphic to
an algebra of the form

P, (K[, 2 (7,)
i€l

where I is a set, p; are cardinals, n; positive integers, and 7; maps
wi — 7 foriel.
(7) The graph T'-monoid is isomorphic to

Pzt =1
iel

where I is a set and n; are positive integers for i € 1.
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(8) The Grothendieck I'-group G, is isomorphic to

P zla)/ ™ = 1)
iel

where I is a set and n; are positive integers for i € 1.

Proof. The implication (1) = (2) is direct. If (2) holds, then every vertex
of F is regular by Lemma 3.3. If a vertex v is periodic, v — a for some
stationary element a by Lemma 3.6. Since v is periodic, a is periodic also
and the support of a consists of regular vertices on cycles without exits by
Corollary 3.14. Thus, v — a implies that v 4% a. If V = supp(a), condition
(3) follows by Corollary 2.8.

If (3) holds, then all vertices of E are regular. If p is any finite or infinite
path, {s(p)} 4% V for some V as in condition (3). By Corollary 2.8, there
is a € FL — {0} such that s(p) 4% a and supp(a) C V. Since V consists of
vertices on cycles without exits, a is stationary and periodic and so s(p) is
periodic also. Then (4) holds by Theorem 4.1.

If (4) holds, then all vertices of E are regular so E is a row-finite graph.
Every vertex connects to cycles so there are no sinks. Every infinite path
ends in a cycle and no cycle has an exit. So, (5) holds.

Conditions (5) and (6) are equivalent by [17, Corollary 3.6].

The implications (6) = (7) and (7) = (8) are rather direct. Condition
(8) directly implies that every element of G% has a finite orbit. Hence, every
element of FL is periodic and (1) holds. O

Using Theorem 4.1, we characterize when no nonzero element of F g is
periodic.

Corollary 4.3. The following conditions are equivalent.

(1) No nonzero element of FL is periodic.
(2) The graph E satisfies Condition (L).

Proof. If F has a cycle with no exits, any vertex on this cycle is periodic.
Conversely, if Condition (L) holds, the core cycles of any stationary element
have exits. By Theorem 4.1, no nonzero element is periodic. U

We characterize aperiodic elements next.

Theorem 4.4. The following conditions are equivalent for an element a €

FL.

(1) The element a is aperiodic.

(2) The element a is comparable and not periodic.

(3) There is a stationary element b such that a — b and at least one of the
core cycles of b has an exit.

Proof. It is direct that (1) < (2). The equivalence (2) < (3) holds by
Theorems 3.19 and 4.1. O
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We also characterize when every element of FE is aperiodic.

Theorem 4.5. The following conditions are equivalent.

(1) Every nonzero element a € Fy is aperiodic.

(2) Every generator of Fr is aperiodic.

(3) Ewvery generator of FE 1s comparable and every cycle has an exit.

(4) For every generator g of Fg, g — a for some stationary element a such
that all core cycles have exits.

Proof. The implication (1) = (2) is direct. The converse holds since a sum
of aperiodic elements is comparable and, if at least one of them is aperiodic,
aperiodic.

If (2) holds and g is a generator on an arbitrary cycle (which exists by
Corollary 3.12), then ¢ is aperiodic if and only if the cycle has an exit by
Lemma 3.11. Hence, (3) holds.

If (3) holds and g is an arbitrary generator, then g — a for a stationary
element a. By assumption (3) all core cycle of a have exits so (4) holds.

Finally, let us assume that (4) holds and show (2). If g is an arbitrary
generator and a a stationary element such that ¢ — a and all core cycles
have exit, then a — x™a + b for some nonzero b. Hence, a is aperiodic and,
since g — a, g is aperiodic also. ([

We also characterize when no element of F' g is aperiodic.

Corollary 4.6. The following conditions are equivalent.

(1) No element of FL is aperiodic.
(2) The graph E is no-exit (i.e. satisfies Condition (NE)).

Proof. If E is not a no-exit graph, there is a cycle with an exit and any
vertex on that cycle is an aperiodic element of F g Conversely, if a is an
aperiodic element of Fg, then a — b for some stationary element b such
that at least one of the core cycles of b must have an exit by Theorem 4.4.
Hence, FE is not no-exit. O

Since every element which is not comparable is incomparable, Theorem
3.19 implies a characterization of an incomparable element in F g also. The
following characterization of graphs such that all elements of FE are incom-
parable follows directly from Corollary 3.12.

Corollary 4.7. The following conditions are equivalent.

(1) Every nonzero element a € Fy is incomparable.
(2) Every generator of F'5 is incomparable.
(3) The graph E is acyclic.
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4.1. Strengthening results of [11]. By Proposition 3.4, a result of [11]
holds without the assumption that the graph under consideration is row-
finite. In this section, we show that the same assumption can be deleted
from some of the main results of [11]. The second part of Corollary 4.11
shows that our results provide some further progress towards a positive
answer to the Graded Classification Conjecture.

First, we show that Theorems 4.1 and 4.4 and Corollary 4.7 imply [11,
Proposition 4.2] without assuming that the graph is row-finite. We formulate
this in the following corollary.

Corollary 4.8. (1) The graph E has a cycle with no exit if and only if some
nonzero element of FJE is periodic.

(2) The graph E has a cycle with an exit if and only if some element of Fg
s aperiodic.

(3) The graph E is acyclic if and only if every nonzero element of Fg is
incomparable.

Proof. One direction of parts (1) and (2) follows by Theorems 4.1 and 4.4.
The other follows by Lemma 3.11 which implies that a vertex on a cycle is
periodic if the cycle has no exits and it is aperiodic if the cycle has an exit.
Part (3) directly follows from Corollary 4.7. O

By [16, Theorem 5.7], a I-order-ideal of Mg uniquely determines certain
subset of vertices. We briefly review this construction. A subset H of E° is
said to be hereditary if for any v € H and a path p with s(p) = v, r(p) is
in H and it is saturated if r(s~'(v)) C H for a regular vertex v implies that
veH.

For a hereditary and saturated set H, let G(H) be the set of v € E* — H
such that v is not regular and s~!(v) Nr~}(E® — H) is nonempty and finite.
For G C G(H), the pair (H,G) is said to be an admissible pair. The set of
all such pairs is a lattice by

(H1,G1) < (Ha,G9) iff Hi C Hy, G1 C GaU Hy

(see [16] or [3]). By [16, Theorem 5.7], this lattice is isomorphic to the lattice
of graded ideals of Lx (F) and by [3, Theorem 6.9], this lattice is isomorphic
to the set of order-ideals of Mg. If (H,G) — I(H,G) denotes this isomor-
phism, then Mg/I(H,G) = Mg/ (g ) and both [16] and [3] contain details.
By [4, Lemma 5.10], the lattices of order-ideals of Mg and of I'-order-ideals
of Mg are isomorphic. Moreover, if the assumption that F is row-finite is
deleted and hereditary and saturated set replaced by an admissible pair, the
proof of [11, Lemma 2.2] establishes that

Mp/I(H,G) = My, ¢

for an admissible pair (H,G).
Next, we show that the assumption that E is row-finite can be removed
from [11, Corollary 4.3].
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Corollary 4.9. (1) The following conditions are equivalent.
(i) The graph E satisfies Condition (L).
(ii) No nonzero element of Fy is periodic.
(iii) T acts freely on M.
(2) The following conditions are equivalent.
(i) The graph E satisfies Condition (K).
(ii) No nonzero element of ML /I is periodic for any I'-order-ideal I of
ML,
(iil) The group T acts freely on ML /I for any T-order-ideal I of MEL.

Proof. Part (1) directly follows from Corollary 4.3.

By [16, Proposition 6.12], F satisfies Condition (K) if and only if E/(H, G)
satisfies Condition (L) for any admissible pair (H, G). Since every such pair
uniquely determines a I'-order-ideal of ML, part (1) and Corollary 4.3 imply
the equivalences of conditions in part (2). O

[11, Corollary 5.1] focuses on the monoid properties of M}; which are
equivalent with various forms of simplicity of Lx (F). We show these prop-
erties without requiring that F is row-finite.

Corollary 4.10. Let K be any field.

(1) The following conditions are equivalent.
(i) The algebra Ly (FE) is graded simple.
(ii) The T-monoid ML is simple.
(iii) The I'-group G%, is simple as an ordered T-group.
(2) The following conditions are equivalent.
(i) The algebra Lk (F) is simple.
ii) The T'-monoid MY, is simple and no nonzero element of ML is
E E
periodic.
(iii) The I'-monoid ME s simple and every nonzero comparable element
of Mg s aperiodic.
(3) The following conditions are equivalent.
i) The algebra Li (E) is purely infinite simple.
(i) 9 purely p
ii) The I'-monoid ML is simple, no nonzero element of MY, is periodic
E E
and some element of Mg 1s aperiodic.

Proof. Part (1) directly follows from the fact that the lattices of graded
ideals of Lk (E), I-order-ideals of M} and I'-order-ideals of G% are isomor-
phic.

By [1, Theorem 2.9.1], Li(E) is simple if and only if it is graded sim-
ple and E satisfies Condition (L). By part (1) and Corollary 4.3, this is
equivalent with Mg being simple and without a nonzero periodic element.
This last condition is equivalent with the requirement that every nonzero
comparable element is aperiodic.
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By [1, Theorem 3.1.10], Lx (E) is purely infinite simple if and only if it is
simple and E has a cycle with an exit. By Corollary 4.8, F has a cycle with
an exit if and only if Mg has an aperiodic element. (]

Lastly, we show Corollary 4.11. Parts (1) and (3) show that the first part
of [11, Theorem 5.7] holds without the condition that E is row-finite. Parts
(4) to (8) are further corollaries of our results.

Corollary 4.11. Let E and F be arbitrary graphs. If there is a I'-monoid
1somorphism Mg — ME, then the following hold.
(1) The graph E satisfies Condition (L) if and only if F satisfies Condition
(L).
(2) The graph E satisfies Condition (K) if and only if F' satisfies Condition
(K).
(3) The lattices of graded ideals of L (F) and Lk (F) are isomorphic.
(4) E is acyclic if and only if F is acyclic.
(5) There is a cycle without an exit in E if and only if there is a cycle
without an exit in F.
(6) There is a cycle with an exit in E if and only if there is a cycle with an
exit in F.
(7) None of the cycles of E have exits if and only if none of the cycles of F
have an exit.
(8) E satisfies the condition below if and only if F satisfies the condition
below.
The graph is row-finite, no-exit, has no sinks and it is such that
every infinite path ends in a cycle.

Proof. Parts (1) and (2) directly follow from Corollary 4.9. To show part
(3), note that a I-monoid isomorphism ML, — M1, induces a lattice isomor-
phism on the lattices of I'-order-ideals. Since these lattices are isomorphic
to lattices of graded ideals of L (FE) and Lk (F), part (3) holds.

Part (4) holds since E has a cycle if and only if there is a nonzero compa-
rable element in ML by Corollary 3.12. Part (5) holds since E has a cycle
with no exit if and only if there is a nonzero periodic element in Mg by
Corollary 4.8(1). Part (6) holds since E has a cycle with an exit if and only
if there is an aperiodic element in M by Corollary 4.8(2).

Part (7) holds by Corollary 4.6 and part (8) by Theorem 4.2. O

Corollary 4.11 asserts that many relevant properties of two graphs match
if the graphs have isomorphic graph I'-monoids. Together with our previous
results, Corollary 4.11 indicates that the Graded Classification Conjecture
may have a positive answer since the properties of the graph are well reflected
by the structure of its graph I'-monoid.

The Graded Classification Conjecture was shown for finite polycephaly
graphs in [9] and for a certain class of countable, row-finite, no-exit graphs
in [12]. In [7], it was shown for countable graphs such that for any two
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vertices the set of edges from one to the other is either empty or infinite.
We also note that a weaker version of the conjecture was shown for finite
graphs with neither sources nor sinks in [6].
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