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On Y-coordinates of Pell equations which
are members of a fixed binary recurrence

Bernadette Faye and Florian Luca

ABSTRACT. In this paper, we show that if u is a fixed binary recurrent
sequence of integers whose characteristic equation has real roots and
(Xk, Yy) is the kth solution of the Pell equation X2 _-dY? =1 for some
non—square integer d > 1, the equation Y; € u has at most two posi-
tive integer solutions k provided d exceeds some effectively computable
number depending on u.
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1. Introduction

Let d > 1 be an integer which is not a square. The Pell equation
X?—dy?*=1

has infinitely many positive integer solutions (X,Y’). Furthermore, putting
(X1,Y7) for the smallest such, all other solutions are of the form (X,,,Y,,)
where

X + VY, = (X1 + \/:in)m for m > 1.

Let U be some interesting set of positive integers like squares, rep-digits
in base 10 or in an arbitrary base g > 1, Fibonacci numbers, Tribonacci
numbers, factorials, etc. In recent papers, the question of determining all
positive integers d such that X,,, € U holds for at least two positive integers
m has been investigated. In all cases mentioned above, there are only finitely
many such d, meaning that with these finitely many exceptions in d, the
equation X2 — dY? = 1 has at most one positive integer solution (X,Y)
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with X € U (see [7], [8], [9], [12], [15] and [16]). That this is best possible
follows from the fact that if u € U\{1}, then (X,Y’) = (u, 1) is a solution to
X2 —dY?=1ford:=u®—1.

In this paper, we investigate the same question for the coordinate Y.
Here, it is easy to construct infinitely many d such that Y, € U has two
solutions m. Namely, assume that 1 € U. Take d = u? — 1, where u will be
determined later. Then (X1,Y:) = (u,1) and (X2, Y2) = (2X7—1,2X1Y]) =
(2u? — 1,2u). Hence, if also 2u € U, then for this d, we have Y;, € U for
both m = 1,2. Thus, if U contains 1 and infinitely many even numbers,
then there are infinitely many d such that Y,, € U for both m = 1,2. We
ask if this is best possible, meaning whether for particular interesting sets of
positive integers U, the containment Y;, € U holds for three or more values
of m only for a finite set of d. We mention that the question of how many
solutions m does Y,,, € U has been studied before for a few interesting sets
U. For example, if U is the set of squares, then Ljunggren [13] showed that
there are at most two such m. Further, if U is the set of Y-coordinates of a
Pell equation corresponding to the non-square integer d; > 1, then for any
non-square positive integer d # di, the containment Y,, € U has at most
three solutions m. This is a result of Bennett [3] which improved upon a
prior result of Masser and Rickert [17] who had proved an upper bound of at
most 16 on the number of such solutions m. Finally, if U = {2" —1:n > 1},
then the equation Y, € U has at most two solutions m (see [10]).

In this paper, we let r, s be integers and let {u,},>1 be the binary recur-
rent sequence of recurrence un49 = TUpy1 + Suy, for n > 1 with uy, ue € Z.
Then

up = aa”™ + bB" for all n>1, (1)

where a, f3 are the roots of the characteristic equation z? — rz —s = 0 and

a, b € K:= Q(«a) can be determined in terms of u;, uz. We impose that
r? 4+ 45 > 0. In particular, o, 3 are real. We put u := {u, : n > 1}.

Theorem 1.1. Let u := {uy}n>1 be a binary recurrent sequence whose
characteristic equation has real roots. Let d > 1 be an integer which not
a square and let (X, Ym) be the sequence of positive integer solutions to
X% —dY? =1. Then the equation Y,, = u, has at most two positive integer
solutions (m,n) provided d > dy, where dy := do(u) is some effectively
computable constant depending on u.

Before proceeding to the proofs, let us recall a related result of Bennett
and Pintér from [4]. Their result is more general but for our problem it
implies there exists a computable positive constant ¢ := ¢(u) depending on
u such that if Y > dclloglog d)g, then the equation Y,, = u, has at most
one positive integer solution (m,n). It is known that Y] < exp(3v/dlogd)
and it is believed that up to replacing the number 3 above by some smaller
number, say ¢o > 0, the inequality Y7 > exp(cov/dlog d) holds for infinitely
many d. For such d which are large, the Bennett—Pintér condition is satisfied
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so for such d the result of Bennet and Pintér is better than ours. However,
there are infinitely many d’s for which the above condition is not satisfied,
the easiest parametric family of such being d = k? — 1 for some positive
integer k since for those ones Y7 = 1, and from previous remarks it is these
d’s that lead to two solutions to the equation Y, = u,, when 1 € u and
u contains infinitely many even numbers. However, the result of Bennett
and Pintér applied to X-coordinates of Pell equations gives that if d is
sufficiently large with respect to u, then X,,, = u,, has at most one solution.
In particular, Corollary 1.4 in [4] shows that if a is a fixed non-square integer,
then for all b sufficiently large (with respect to a) which are not squares, the
system of equations 22 — ay? = y> — bz2 = 1 has at most one positive
integer solution (z,y, z). Under the same hypothesis (that b is not a square
and large with respect to a), our result shows that the system of equations
22 —ay? = 22 — by? = 1 has at most 2 positive integer solutions (z,y,2)
and there are infinitely many a’s for which this system of equations has
exactly two solutions for infinitely many b’s, for example the a’s of the form
a = k% — 1 for some positive integer k > 2. Hence, our results complement
the results of Bennett and Pintér in that they give a sharp upper bound
for the problem of bounding the cardinality of the intersection of the two
sequences u and Y in a situation for which the condition (1.4) from the
Bennett and Pintér paper does not hold.

2. Preliminaries on Pell equations
In this section, we recall a couple of facts about Pell equations. Let
= X1 +VdYy; and 0= Xl—\/gylzvfl. (2)
Then
,Yk _ 5k

X = and Y} hold for all k>1. (3)

In particular,

k sk k _ sk k_ gk
2/d 2v/dY; 7=9
_ ('Yk_l + ,Yk—25 4+t 5k_1)Y1 > "yk_lyl. (4)

3. The proof of Theorem 1.1

We assume that rs # 0 and we will discuss the degenerate cases when
r =0 or s =0 at the end.

We fix some notation. For a non-square integer d > 1, we use (X1, Y7) for
the smallest positive integer solution of the Pell equation X?—dY? = 1. The
numbers v and ¢ are given by (2) and the general formula of X}, and Y} is
given by (3). We use the Binet formula (1) for u,. We put K := Q(«a),
L := Q(y) and M := KL. We put c¢j,cg,... for computable constants
depending in u. Sometimes we ignore these and write the Landau symbols O
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and the Vinogradov symbols < and >> with the convention that the implied
constants depend on u. We also use A < B to express the fact that both
A <« B and B <« A hold. Now assume that the equation Y, = u, has
three positive integer solutions (m,n) which are (m;,n;) for i = 1,2,3. We
assume mi < meo < mg. Note that mg > 2, so

\/& <7< sz_l = Ym2 = Uny (5)

(see (4)). Since d can be made arbitrarily large, we may assume that ng is
arbitrarily large. Let us discuss the signs of the roots o, 8. We label them
such that || > |B]. Assume first that o > 0. If a < 0, it follows that u, < 0
for all n sufficiently large. Since ng can be chosen to be arbitrarily large,
we get a contradiction. So, if & > 0, then we assume that a > 0. Suppose
next that o < 0. Since u, = ((—1)"a)(—a)™ + ((—1)"b)(—B)") for all n and
—a > |B| > =3, it follows if ny is sufficiently large, then the numbers ny and
n3 have the same parity. Furthermore, sign(a) = (—1)"2 = (—1)". Thus,
we may simultaneously change the signs of both « and  (hence, replace
r by —r and keep the same s) and change also the signs of both a and b,
therefore assume that u, = aa™ + b3" holds for all sufficiently large n with
both a and « positive. Note that in this last case it is possible that n; had
a different parity than ny and n3 in which case u,, = e(aa™ +b5"), where
€ = —1, but this is possible only if n1 < ng, where ng is some constant that
depends on u. Thus, we shall assume that a, o are positive, that

up = aa™ +b8" for n € {ny,nz} and Up, = e(aa™ + bB"™)

with e € {£1}, but that the possibility ¢ = —1 occurs only when n; < ng.
Next, there exists ng such that u, > max{|u,,|: 1 <m < n — 1} holds for
all n > ng. We shall assume that ny > ng. Hence, n; < ny < ng because
my < mo < mg therefore

Yy = |tun, | < Ying = tng < Ying = Ung.

We proceed in various steps.

3.1. The case when a and ~ are multiplicatively dependent. Clearly,
K = L = M in this case. Further, 7% = o holds for some integers k, ¢ not
both zero. Since min{vy, a} > 1, it follows that none of k and ¢ are zero and
that they have the same sign. Thus, up to changing the signs of both of
them, we may assume that they are positive. We may also assume that they
are coprime. Since vd < X1 + v/dY; = v, it follows that we may assume
that k < £, otherwise

\/g<’y§a

sod < a?, and we have bounded d by some number depending on u. Further,
by conjugation in K, it follows that 6¥ = 8¢. Moreover, d = d;v? for some
fixed positive square-free integer d; depending on u. Further, there exists a

unit a > 1 in K such that a = o, v = of. Let 1 be the conjugate of a.
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Then 1 = :tal_l. Note that k is bounded. The only variable is ¢ (or d, or
v) and

y=af =X + Vdy; = X1 + (\/av)Yl.
Let us write the equation
Yo =uy,
for (m,n) = (m;,n;) with i = 2,3 as

m Im

ay — P kn kn
—_— = bBy™. 6
2\/@@ aty + 61 ( )

So,
Im—kn Im
En [ &1 1 £1(b/a)

-1) = + ) h e € {£1}. (7
% <2a\/d1v ) 2a+\/dyv a'f” where &1 € {£1} (7)
The case 1 = —1 only occurs above if and only if 31 = —a~! and kn is odd.

Since d (hence, v), can be assumed arbitrarily large, we assume that

v>max{

2 2
amwm}' ®)

Note that b is the conjugate of a in K. We may also assume that no is such

that
s {2|b| <|b>1°}
a;” >max g —, | — .
a a

It follows from (6), that

o B ek o
2/ div 2/d g 2 2/div’
SO
o/{m > o/f”, therefore f¢m — kn > 0. (9)
In particular, (7) shows that
Im—k
ok a™ "_1 _ fm e1(b/a) 1 n 1 - 2
' 2a/diw 2a+/d1v akn 2ay/dyvakn Q9% T o)-9kn

(10)
for (m,n) = (m;,n;) and ¢ = 2,3. Now let us show that ¢m — kn < 1.1¢
unless d is bounded by a constant depending on u. Indeed, suppose that
Im — kn > 1.1¢. Then

1.14 tm—kn km—_{n
Q « «
L 1< —1< | — 1| < —9m < L,
2a+/d1v 2a+\/djv 2a+/d1v oot
SO
Oé%'lf

1a <Vdiv< X1+ (\/ dl’U)Yi = o/i,
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giving d < a%g < (4a)?°, which is a constant depending on u. We thus have
that 0 < ¢m — kn < 1.14. Hence, we get

afn—hm 2 2
-1 < 1.9kn S 1.9(m—1.1)¢"
2a+/d1v oy oy :
Let us := fms — kns. Since mgz > 3, we get
af? | < < 2 - 2
2a~/div a%.gkng = a}.g(mg—m)e a6t

We multiply the above expression with

us 1 5

1
+l< ———41<=
2b\/drv 2|b|v/drv 4

(since uz > 0), and we get

ol s )‘ 5
—1 1| < —55.
<2a\/d1v ) <2b\/d1v * 2036

We multiply across by 4a|b|div? getting

s s 10a|b|div?
(@ — 2a+/dyv) (B + 2b\/dyv)| < O';,‘G; (11)
1

Let D be the denominator of a. That is, D is the smallest positive integer
such that Da is an algebraic integer. Multiplying the above inequality (11)
by D?, we get

(Do = 2(Da) /) (DA + 2Db) /o) < XD

The expression inside the absolute value on the left-hand side above is
an algebraic integer which is invariant under the action of the only non-
identical Galois automorphism of K call it o, since o(a1) = 51, o(a) = b
and o(y/d1) = —/dy. So, the left-hand side is an non-negative integer. If
it is not zero, then it is > 1. If this is the case, we get

a3 < 10D2%alb|div? < 10D2%alba?,
giving
d = div? < 4% = o' < (10D?alb|)>/*,
which bounds d in terms of u. The other possibility is that the integer in
the left-hand side of (11) is zero, in which case we get
af?®
v= .
2(1\/ d1
Taking norms in K and absolute values, we get
oo 1
4a|b\d1

which is false by (8).
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Hence, in all cases, we got a contradiction for d > dy(u) by assuming
that there are at least three positive integer solutions (m, n) to the equation
Y, = u,, in this case.

From now on, we continue under the assumption that « and v are multi-
plicatively independent.

3.2. Linear forms in logarithms. We need lower bounds for linear forms
in complex logarithms. For an algebraic number « of minimal polynomial

F(X)i=aoX+ a1 X+ g =ag(X —aM) - (X — oY) € Z[X]

(o) = a and agp > 0), we put

1 .
h(a) == p logag + Z log ||
1<i<d
|o¢(i>|>1
for the logarithmic height of «. The following result is referred to in the
literature as Baker’s lower bound for a non-zero linear form in logarithms.

Theorem 3.1. Let a,...,ap be positive algebraic numbers different from
1 and by, ..., by be nonzero integers. Let B > max{3,|b1|,...,|bx|} and let
A; > h(ay) fori=1,...,k. Let D be the degree of Q(a1,...,ax). There is
a computable constant ¢1 := c¢1(k, D) depending only on k and D such that
if we put

k
A= Zbi log «;,
i=1
then A # 0 implies
|A| > exp (—c1Ay--- Aglog B).

For an explicit ¢;(k, D) one can consult the work of Baker and Wiistholtz
[2], or Matveev [18].

We now continue with the analysis of the equation Y;, = u,,.

We rewrite the equation

,ymiém
S =aa" +b8" 13
= 5 (13)

for (m,n) = (m;,n;) for i = 2,3 (and even for i = 1 provided n; > ngp) as

m - 1 (b/a)
2aVd) 'Ama T — 1 = + . 14
(2avd) 20V dymar - (a/B)" 4
We suppose that d and ny are large enough so 1/(2avdy) < 1/4 and
(|6l/a)/(a/B)™ < 1/4. If (m,n) = (m1,n1), we will assume that the above
inequalities hold with nj instead of ny provided n; > ng. Then

1
(2aVd)"Iyma™ — 1| < 3
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The above inequality implies that

a 1
— < —— and m < 3aVda™. 15
3 < 2avd gl (15)
For large d, we have that 3av/d < v so
(m—1.1)logy < nloga. (16)

Estimate (13) shows that

™ = 2V daa™ <1 +0 <(a/|1/5|)n>) ,

% 1 1 1
=5+ O (e ) 17
7 = 2daar @Al i
Since also |3| = |s|/a > a1, it follows that 4y™a™ > o?" > (a/|B])". Thus,

-1 m_ -n 1 _ (b/a) 1 ;
(26“/8) T 1= (a/B)" + da2do2n +0 (aQn(a/|/8|)n> . (18)

We pass to logarithmic form in (18) to get that

(b/a) 1
(o) B)™ * la2da?

1 1
o <a2n<a/|m>n * <a/m>2n> -(19)

We shall use the above estimate for (m,n) = (m;,n;) with i = 2,3 and also
with ¢ = 1 assuming that ny > ng is sufficiently large. Sometimes we will
use the weaker consequence of (19) that

mlogy — nloga — log(2aVd)

2
mlogy — nloga —log(2aVd) < ——— (20)
CIEDE
with ¢g := 2|b|/a for n > ng, but we will have some use for the full-expansion
(19) lateron.

3.3. The case when v, o and 2a+v/d are multiplicatively dependent.
We already know that v and « are multiplicatively independent. Thus, since
there are integers x,y, z not all zero such that

Y a¥ (2aVd)? = 1, (21)
it follows that z # 0. Furthermore, assuming that ged(z,y,z) = 1, and

z > 0, it follows that the vector (z,y,2) € Z3\{0} is unique. Computing
norms in M and keeping in mind that ~ is a unit, we get

(Nat/o(@))!(Nig/q(2a)* (Nuyo(Vd))* = 1. (22)

Note that NM/Q(\/&) = dM ¢ {d d*}. Further, Nyijg(a) € {a?,s,5%},
according to whether & € N (so M = K), or K = L (so, again M = K),
or M has degree 4, respectively. Similarly, Ny g(a) € {a? ab, (ab)?}. Let
P be the set of primes dividing s or dividing either the numerator of the
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denominator of the number N g (a). This is a finite set of primes depending
on u. Formula (22) together with the fact that z > 0 implies that all prime
factors of d are in P. Thus, we can write d = djv, where d; is square-free
with prime factors in P and v is an integer all whose primes factors are also
in P. Clearly, d; is bounded so we need to bound v. Fix dy. Let (U1, V1) be
the minimal solution in positive integers of the Pell equation U? —d;V? = 1.
Put v1 := Uy + /di1V1. Let (Ug, Vi) be the kth solution of the above Pell
equation given of course by the formula

U+ diVi =F.

Now let (X,Y) be a positive integer solution to X2 — (djv?)Y? = 1. Then
X2 —di(vY)? = 1. Thus, there exists a positive integer k with the property
that (X,vY) = (Ug, Vk). Hence,

Vi

Y =—.
v

It thus follows that Y, =V}, /v, where {kp, }m>1 is the increasing sequence

of all positive integers k such that v | Y;. But this sequence has been

studied. Namely, k1 = z(v) is called the index of appearance of v in {Y }r>1.

Furthermore, v | Y} if and only if z(v) | k. Thus, k,,, = mz(v). Additionally,
y =i

It remains to recall some of the properties of z(v) which we now do.

Lemma 3.2. Let di > 1 be a positive integer which is not a square. Let
(Uk, Vi) be the sequence of positive integer solutions to U? —d1V? = 1. For
each positive integer k let z(k) be the minimal positive integer ¢ such that

k| Vp. The following properties hold:
(i) z(pl - p};’“) = lem(z(p), 2(p%), .. .,z(pff)) for all distinct primes

D1, ..., Pr and positive integers ti,...,t;

(i1) Ifp | dy, then z(p) = p. Otherwise, z(p) divides one of p—1 or p+1.
(iil) Put ep = vp(V.p), that is the exponent of p in the factorisation of

V.- Then z(p®) = z(p)p

min{0,e—ep}

We now continue with our argument. Since v is formed only of primes
from the fixed finite set P depending on u, it follows from the above prop-
erties that z(v) =< v. That is, there are constants c3 and ¢4 depending on u
such that cgv < z(v) < eqv. This is for a fixed d; but since there are only
finitely many choices for dy (squarefree integers > 1 formed with primes
from P), it follows that we may assume that c3 and ¢4 are such that the
above inequality holds for all possible values of d;. We now go to inequality
(19) and evaluate it in (m,n) = (m;,n;) for i = 2,3 and deduce that

C2

Imz(v) log 1 — nlog a — log(2av/dyv)| < @A for (m,n) = (mi,n;),
(23)
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and ¢ = 2,3. The form in the left-hand side might be zero. If it is, then
since the vector of integer exponents (z,y, z) realising the equality (21) is
unique provided that z > 0 and ged(z,y,2) = 1, it follows that z = 1 and
(mz(v),n) = (—z,y). Thus, n = y is fixed for the current value of v. It
follows that of the two inequalities (23) for ¢ = 2,3, there is at most one
of them whose left-hand side is zero. Say it is for ¢ € {2,3}. We then
work with the respective inequality for (m,n) = (m;,n;) and j € {2,3}\{i}
whose left—hand side is non-zero. We apply Theorem 3.1 with

k=3, a1 =71, ag := a, az = 2a\/dyv, by := mz(v), by := —n, by := —1.
Note that h(a1) = O(1), h(a2) = O(1) and h(as) = logv + O(1). Thus,
applying Theorem 3.1 and using inequality (23), we get

nlog(a/|B|) — logca < c5(logv + ¢) log(max{n, mz(v)}). (24)
Assume n realises the maximum in the right—-hand side above. Returning to
(16), we get

v<mv < (m-—11)z(v)logy = (m—1.1)logy < n,
so v < ¢yn (here, we used the fact that m = m; for some j € {2,3} so
m > 2). Hence, we get that
nlog(a/|B|) — logca < cs(log(crn) + ¢¢) logn,

showing that n < cg. Thus, choosing ng > cg, we can bypass this situation.
Assume now that mz(v) realises the maximum in the right-hand side of
(24). Then mz(v) < e4muv, and again by (16), we have

mu < (m—1.1)z(v) < n.
Hence, we get
comv < nlog(a/|B|) < es(log(mv) + ¢g) log(camuv) + log ¢y,

which gives mv < ¢q9, so v, therefore d, is bounded in terms of u. This
completes the analysis of the current situation.

From now on, we assume that v, « and 2av/d are multiplicatively inde-
pendent. In particular, the left-hand side of (20) does not vanish for any
pair of positive integers (m,n).

3.4. Bounds on n; and m; for ¢« = 1,2,3 in terms of ~. Here, we
prove the following lemma.

Lemma 3.3. We have:

(i) m; > m;log~y fori=2,3 and even fori =1 if m; > 1.
(i) n3 < (logv)%loglogy and m3 < log~yloglog~y.
(ili) n; —n; = (m; — my)logy + O(1) holds for indices i > j both in
{1,2,3}.
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Proof. The first one is immediate from (5) since then
(m—1)logy <logu, <n for (m,n) = (m;,n;) where i=1,23.

For the second one, we apply Theorem 3.1 on the left—hand side of (19) for
(m,n) = (ms,n3) with the obvious choices

k=3, ar=7, «a:=aq, a3::2a\/&, bi=m, by=-n, by3=-1.

Clearly, h(aq) = O(log~), h(az) = O(1), h(as) = O(logd) = O(log~y) and
B :=n. Applying Theorem 3.1 and using (19), we get

nzlog(e/|8]) + O(1) < (logv)* log ng,

which gives n3 = O((logv)?loglog~). This is the first part of (i) and the
second part of it follows from (i) for ¢ = 3. Finally, for (iv), we write

Yo, = un, and Yim; = tn;

for i < j and divide them side by side. We get

Yo, Up,
Since u, < a”, it follows that the right—hands side is < o™~ . Similarly,
the left—hand side is < 4™ ~™J. Hence, taking logarithms we get
(m; —m;)logy = (n; — n;)loga + O(1),
which is (iii). O

Remark. One can get slightly better bounds for mo and ns by apply-
ing estimates for linear form in simultaneous logarithms, namely simulta-
neously for (mg,n2) and (mg,ng). See [11] or [14] for the actual state-
ments. These give the slightly better bounds ny < (log~v)3/2?loglog~y and
ma <K (logv)l/2 loglog~. However, such better bounds on mo and ny do
not seem to induce any simplifications in the subsequent arguments, which
is why we do not formally prove them here.

3.5. The case my > 1 or ny large. Here, we prove the following lemma.

Lemma 3.4. The number d is bounded in terms of u unless the following
hold:

(1) mi = 1,‘

(ii)) n1 < loglog~y;

Proof. Assume that n; is large. Consider the matrix

ny mq 1
A= g M9 1
nsg ms 1
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Assume first that its rank is 3. Writing (19) for (m,n) = (myg,ng), for
¢ = 1,2,3, subtracting the one for £ = 1 from the ones for ¢ € {2,3} and
using the absolute value inequality we get

262
[(mg —mq)logy — (ng — ny)logal < ——— for ¢e€{2,3}.
(a/[B])m

Eliminating log v between the two inequalities above, we get

2(m2 + m3)C2

All <
[Allogor < = Tiapm

where
A :=|(m3 —mi)(ng —n1) — (m2 —mq)(ng — n1)| = |detA| > 1.
So, by Lemma 3.3, we get

(a/|B)™ < m3 < log~loglog,

which in turn shows that n; < loglog~. If my; > 1, we then get by Lemma
3.3 that log v < loglog~ which bounds «. Hence, v = O(1). We now study
the case when A = 0. Let L1, Lo, L3 be the rows of the above matrix. Note
that A has rank 2 since otherwise Lo and L; should be multiples of each
other, which is not the case since their third component is equal to 1 but
their first components are different. Let u, v be rational numbers such that
L1 = ulLy +vL3. The numbers u, v solve the system

u 4+ v = 1
uny + wvng = nq

whose solution is (u,v) = ((n3 — n1)/(n3 — n2), (n1 — na)/(ng — n2)). So,
uv # 0.

Assume first that |s| > 1.

In this case, |3] = |s|/a > a~!. We put x := log(a/|8])/loga. Then
k € (0,2). We return to estimates (19) which we write in the much simpler
form
l)/7a+0 (1> for (m,n)= (m;,n;)
(a//B)n a2n1 9 (3] (2

(25)

and ¢ = 1,2,3. Multiplying estimates (25), the one corresponding to i = 2
with u, the one corresponding to ¢ = 3 with v, adding them and subtracting
the one corresponding to ¢ = 1, we get

mlogy—nlog a—log(2aVd) =

U v 1 n3
0=b/a + - ) +0 (—) .
Vo (G * g~ o)+ © (o
Simplifying a factor of (a/f)™ and using the fact that for integer ¢ we have
(a/B)¢ = £a" (here, the negative sign occurs only when £ is odd and £ is
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negative), we get

1_ Tu +v O(a( ns ) (26)

afi(nz—n1) ar(nz—n1) 2—K)ny

Assume first that either [u/a®("2="1)| > 1/3 or |v/a"="1)| > 1/3. In this
case, we have

a7« max{|ul, [v]} < ns,
and taking logarithms we get

logy < n3 —ng < logns + O(1) < loglog~, (27)

where the left and the right estimates above follow from Lemma 3.3 (ii) and
(iii). But this gives v = O(1). So, let us assume that

lu/a"2m)| < 1/3 and /a8 | < 1/3.
In this case, we get that the left-hand side in (26) is > 1/3 in absolute value,
so (26) leads to

a(2—n)n1 < ng,

therefore n; < lognsg + O(1) < loglog~y, which together with Lemma 3.3
(i) implies now that (mq — 1) logy < loglog~y, so v = O(1), unless m; = 1.
This gives (i) and (ii) under the current assumption on s.

Assume next that |s| = 1. In this case, 8 = £a~!, and estimates (19)
take the shape

ben, 1 1 1
mlog’y — nloga — log(2a\/g) = <a - 4a2d> % + 0 (O/ln) . (28)
Here, £, € {£1}. We assume that d is sufficiently large so that the coefficient
of 1/a®" above is in absolute value is > 1/(2|a|). We multiply again the

estimate (28) for i = 2 with w, for i = 3 with v, and subtract the one for
1 =1, getting

_ ben, 1 1 ben, 1 1
0 = u( a _4a2d> a2”2+v< a  4d2d) a®

ben, 1\ 1 1
B ( a 4a2d> a2m +0 <a4n1>'

We thus get that

ben, 1 _ ben, 1 1
a 4a2d - a 4a2d ) q2(n2—n1)

ben, 1 1 n3
v ( a - 4a2d> 0[2(n3_n1) + O (aan) .

We use the same argument as before. Namely, if the first term in the right—
hand side above is in absolute value > 1/(6|a|), we then get that o2("2—"3) «
ns, so ne — ng K lognsg < loglogy, therefore log~vy < loglog~y by Lemma
3.3, s0 v = O(1). A similar conclusion holds if the second term on the
right-hand above is > 1/(6]a|). In case both terms first and second terms
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on the right are smaller that 1/(6|a|) in absolute value, then the left-hand
side of the expression

ben, 1 Cu ben, 1 1
a 4a2d a 4a2d | 2(n2—n1)

ben, 1 1 o ng
_ ’U< a - 4a2d) a2(”3_n1) =0 (a2n1>

is > 1/(6|a|) in absolute value. This gives a*™ < ng, so n; < loglog~y,
which implies that v = O(1) unless m; = 1, and the conclusions (i) and
(ii) again follow under the current assumption on s. The lemma is therefore
proved. [l

3.6. The case when gcd(r,s) > 1. Let £ := gcd(r,s). Put oy := a?/¢
and 31 := 32/¢. Then oy, 3; are integers and ay + 81 = (r? + 2s)/¢ and
o181 = 52 /% are coprime integers. Further
Up = 0 (0107 +0,87),  where (a1,b1) € {(a,b), (acv, bB)}
according to whether n is even or odd (see Lemma A10 in [19]). Let p be a
prime factor of ¢ and let u := 1/,(¢). Then
vp(un) = Vp(ﬂn/%) +vp(ara” + b1 8") = nu/2+ O(logn),
where the error term above appears as a result of applying a linear form in
p-adic logarithms to ajaf + b187. Now let us return to our equations and
look at Y;, = uy,, for (m,n) = (m;,n;) for i = 2,3. We have
Yo = 02 (a0 + by B7) for (m,n) = (m;,n;) and ¢=2,3.

Clearly, v,(Yy) = vp(un) = un/2 + O(logn) for (m,n) = (m;,n;) and i =
2,3. By Lemma 3.2, we have that z(p) | p(p? — 1). Since p | £ depends only
on u, it follows that z(p) = O(1). Let ep, = 1p(Y,(p)). Write mg = z(p)pP2ml,
and m3 = z(p)p**mj, where m}, mj are coprime to p. Now

Vp(Yim,) = una/24 O(logng) = ep + max{ly — ep, 0},

Vp(Yins) uns/2 + O(logng) = e, + max{l3 —e,,0}.

Thus,
u(ng —n2)/2 4+ O(log nz) = max{l3 — e,, 0} — max{ly — ey, 0}. (29)
Assume first that the right—hand side above is 0. Then
ng — ne < logng < loglog,

which is (27) and implies that logy < loglog~ by Lemma 3.3 (iii). Assume
next that the maximum in the right-hand side of (29) is positive. Then
l3 > ep. If U5 < e,, then the right-hand side in (29) is ¢3 — e,. Further,

ep = Vp(Yim,) = ung/2 + O(log na).
Hence, we get that
u(nz —n2)/2 + O(logns) =l — e, = 3 —uny /2 + O(logna),
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obtaining that
unz/2 = {3+ O(log ns).

Hence, n3 < 3 < logms < loglog~ by Lemma 3.3 (ii), so inequality (27)
holds in this case as well. Finally, assume that ¢3 > e, and {2 > e,. We
then get

u(ng —ng)/2+ O(logns) = ls — f2 = O(log ms),
SO

n3 —ny = O(logng + logms) = O(loglog7),

which is again inequality (27) and implies v = O(1). This finishes the
analysis in the current case. From now on, we assume that ged(r, s) = 1.

3.7. Expressing X; in terms of u,, and u,, for any i € {2,3}. We
use the fact that

Yk:’vk—5k _v ((X1+\/X12—1)k—(X1—\/X12—1)k

2v/d 2 /X7 — 1 ) =NhX),

where

, (X1 + VRF D) = (X, — XF— D)
% (X1)

2y X7 -1

kY i —1—i
S (e

0<i<k
i=k—1 (mod 2)

is in Z[X]. So, we take (m,n) = (n;,m;) for i = 2,3 and write

Yim, |
P (X0) = 2 = ZL for  i=23. (30)
n1

The following lemma gives the exact value of X; for large d.

Lemma 3.5. For d > dy(u), in (30) we have

1/(m;—1)
U, (m; — 2) 1 )
X = 0. 2 _— —_— = 2 . 1

! 05(Um> +4(mi—1)X1+O<Xf’)7 =23 (1)
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Proof. We have that

U _p(xyy = Kt VAT - (X - XD
U, " 2 /X7 1

S (I )w(X;m)
i () o)
1 1 1
s T o () o ()
- @yxt -y (14 g 0 <§>> +0(53)

Extracting m; — 1 roots, we get

1/(m;—1) m;/(mi—1)
Un,; 1 1

o = 2¢/X7-1(1+ +0
<un1> 1 < 4X2 <X4>>

(eola))™
)
(s o) (o)

m; — 2 1 1
N 2X1+<2(mi—1)>X1+O(Xig’>7

which is the desired estimate. O

X

X

3.8. A reduction to two special cases. We use Lemma 3.5 for ¢ = 2, 3,
expressing X; both in terms of u,,/u,, and in terms of wu,,/u,, and get
that

iy O g \ M)
Un, Uny

for d > do(u). Let M; := (un, /tn, )"/ ™=V for i = 2,3. We have

w () )

j
B <<um/a§ mz*))( —?/a(i/m +O<<a/!;\>2>>

ms —m 1
~ 2(mg — 13)(m22— )X, +0 <X3>
(32)
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for i = 2,3. Hence, putting N; := o™/~ /(y, /a)/ (™= for i = 2,3,
we get that
(b/a) ( 1 ))
M;=N; 1+ 40— (33
< (mi — 1) (a/ B)™ (a/|B])?™ )
for ¢ = 2,3. Note also that

log N; = (mnz_ 1) loga+ O(ny) =log~y + O(ny) = log~y + O(log log ),

so Ny and N3 tend to infinity as 7 becomes large. Since M; = N;(1 + o(1))
for i = 1,2 and also My = M3(1 + o(1)) as v becomes large, it follows that
N3 /Ny € [1/2,2] for d > dy(u). We thus get that

[NoNg ' — 1] =

ms3 — Mmy 1 1 >
+ O + . (34
s — Dz — DX <N3X% @) Y
Note that the left—hand side is above is
’anz/(mg—l)—n3/(m3—l) (a/unl)l/(mz—l)—l/(m3—l) _ 1‘

Passing to logarithmic form for d > dy(u) in the left-hand side of (34), we
get that

ng ng 1 1
‘<m2 -1 my— 1> logar + <m2 —1 mg— 1) log(a/un)

We clear denominators in the left getting

1
< —.
Y

[n2(ms—1)—nz(ma—1)log a+(ms—mz) log(a/un, )| < exp (—log~y + log(ng)).

35
In the left-hand side above we have a linear form in two logarithms. We
first treat the case when it is not zero. We apply Theorem 3.1 to it for
k:=2, a) :=«, ag :=a/up,, by :=na(ms—1)—nz(mg—1), by := mzg—ma,
and we can take B := 2n3m3 < (logv)?(loglog~)2. Thus, we get that the
left-hand side in (35) above is bounded from below as

> exp(—cizh(a/un, ) loglogy).
Comparing it with (35), we get
logy < h(a/uy,)loglog~.
Clearly, h(a/up,) < h(a)+h(u,,) = niloga+O(1) < ni. We thus get that

log v

logy < h(a/uy,) < niloglogy, so np>» ————m-!
loglog v

Together with Lemma 3.4 (ii), this gives

log ~y
loglog~y’
therefore v = O(1), which takes care of the current case and completes the
proof of the theorem.

loglog~y > ny > so logvy < (loglogv)?,
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So, it remains to consider the case when the left—hand side in (35) is zero.
We record this as follows.

Lemma 3.6. We have that d < dy(u) unless

<m>l/(m2l) = (wi‘l%)”(m?)n'

We work in the remaining case. We have Ny = N3. Further, a/u,, and «
are multiplicatively dependent. We insert estimates (33) into (32) and get
that

‘ 1 _ 1
(m2 = D(a/B)"2 (mz —1)(e/f)"s

(m3 —ma)
2(m2 - 1)(?713 - 1)N2’y

+ O (1 + 1>
X? o (of1Bl)2 )
Multiplying across by (ma — 1)(a/B)"2, we get

Cfmo1\ 1 (ms — ma)(a/B)™
! <m3—1> (a/ By

(TTL3 — 1)N2X1
(mg — 1)(a/B)" mo
+ o X3 i)

The left—hand side is in [1/2, 2] for d > dp(u). Indeed, otherwise we get that
(a/[B])" 7™ < (mg = 1)/(m2 — 1) < log,

which gives ng — na < loglog~y, which together with Lemma 3.3 (iii) shows
that logy < loglog~, so v = O(1). This shows that

(mg —ma)(a/[B])"* =< (m3 — 1) N2 X1
Taking logarithms we get
no — Ny

matog(a|5]) = (22"

Since we are in the case when a/u,, and « are multiplicatively dependent,
it follows that P(u,,) is bounded, where P(m) is the largest prime factor of
m. Hence, n; = O(1) (see Theorem 3.6 in [19]). We get

) log o + logy + O(1).

ng log(a/|8]) = <mzn2_1> log o +logy + O(1).

log~y = <m2 = 1) loga + O(1),

by Lemma 3.3 (iii). We thus get that

na log(a/|8]) = (

2712

TTLQ—]_

)toza+ 0(0),
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First, this shows that ms = O(1). Secondly, for large ng it shows that
log(a/3)/ log « is rational. Hence, a and || are multiplicatively dependent.
If K =Q, then « € N. So 8 € Z. Since r and s are coprime and 8 and
« are multiplicatively dependent, it follows that § = 4+1. It thus follows
that log(a/|B|) = log a, and we get ma = 3. Otherwise, if K is quadratic,
then since « and S are multiplicatively dependent, we get that s = £1 and
B = +a~!. Hence, log(a/|B]) = 2log a in this case and we get my = 2.
To summarise, we have arrived at the following scenario.

Lemma 3.7. The following holds:

(i) a/un, and a are multiplicatively dependent.
(11) <57m2) = (i173)7 (:l:Oéil,2).

3.9. The special cases. The case (5, m2) = (£1, 3).
In this case,

Y-
(2X1)2 -1 = 2 = =22

= = = a1 +b15"%, where (a1,b1) := (a/upn,,b/up,)
Y Un,y

and $ € {£1}. Since this has solutions with arbitrarily large values of the
even integer 2X1, it follows that by = +1 and

2X, = (@0)"/? = (0 (un, fa))"/ ")

for large no. Inserting this into the asymptotic of Lemma 3.5, we get
1/(ms—1) (ms — 2
Uy, ms ) 1
2X; = 3 2 2 o=
1 Q%m> +Wwﬂ&+<ﬁ>
o™ 1/(m3—1) 1 1/(m3—1) (m3 _ 2)
(unl /a) arans 4(m3 — 1)X1

1
O —=]-
- o(x)
The first term in the right—hand side above is 2X;. We thus get,

2Xy (mS - 2) X3 1
2X)=2X; + o =24+ — ).
' ' (m3 — 1)aja”s * 4(ms — 1) X, + o2n3 + X3

The above gives us
2 (mg —2) 1 1
0= + O\ ——+—= |-
(m3 — Daja™ ~ 4(mg — 1) X? * <a2"3 * Xf)

Since m3 > 4 and o™ > Yy, /Y1 > ™7 > 4% > X3P we get

ms — 2 2 1 1 1
=+ O —+—=]=0(==].
A(ms — 1)X7 <m—mwm+<wﬁk9 <ﬁ>
which gives X; = O(1).

The case (3,m2) = (+a~!,2). We start by finding a structure result for
Up [ Up, for n > nj.
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Lemma 3.8. Assume s = —1 and a/u;,, and « and multiplicatively depen-
dent. Then there exist an integer C such that o = of, a/un, = a1—n1C+57

where a; = (1 ++/5)/2 and § € {+1}. Furthermore,

Un = Un, (agn—nl)C—&-E + Bgn—nl)C—M)

holds for all n. > ny, where 31 = (1 —+/5)/2 is the conjugate of a.

Proof. Let A and B be integers not both zero such that (a/uy,,)* = o. If
A = 0 then also B = 0, a contradiction. If B = 0, it follows that A # 0 and
since a/uy, > 0, it follows that a/u,, = 1, By conjugation in K, we have
that b/u,, = 1. Thus, the equation

Up, = aa"t + 0™ becomes a™ + " =1, (36)

Let us show that a similar equation as (36) is obtained when AB # 0.
Assume that AB # 0. Hence, a/u,, = o*/B. Let a1 be the fundamental
unit in Ok and write o = alc for some positive integer C'. We then get that
a/un, = 0/140/ B Since ay is fundamental, we have that B | AC, and since
A and B are coprime, it follows that B | C. Thus, a/u,, = of’, where D is
an integer. Conjugating in K we get b/u,, = B, where 3 is the conjugate
of oy in K. Now let us write
aa™ 4+ bB™ = uy,

as

( a >an1 + ( b >6n1 =1 or 0/111C'+D _i_B?lllC—i-D -1 (37)

Un,y Un,y

Note that n1C 4+ D # 0. Assume first that 81 > 0. Then the above relation
is impossible since one of a’flc“LD and ﬂ{“CJFD is larger than 1 and the other
is positive. Thus, 8, = —041_1. Furthermore, the exponent n1C + D is odd,

since otherwise we may work with the relation
(a%)(n10+D)/2 + (ﬂ%)(n1C+D)/2 -1

and get a similar contradiction as before. If ay # (1 ++/5)/2, then a; > 2
and |B1] < 1, so the right-most relation in (37) is impossible since among
a?lCJrD , ?ICJFD one of them will be larger than 2 in absolute value and
the other smaller than 1 in absolute value so their sum cannot be 1. Thus,
(a1, 81) = (1 ++/5)/2,(1 —+/5)/2). In particular, the right-most relation
(37) shows that Ly = 1 for k := |Cin+ D| where {Lj }r>0 is the sequence of
Lucas numbers given by Lo =2, Ly =1 and Lyt = Liy1 + Lg for & > 0.
The only solution is n1C + D = § € {£1}, so D = —n;C + §. Thus, for
n > ny, we have

wn = 0" 405" = wn, (af (1) "+ BT = gy (a7 T 4 g7,

which is what we wanted. A similar conclusion is obtained in the case
B = 0, since in that case, the above arguments show that n; = 1 and so
Up, = Up, (@™ 4+ B™). Hence, in the case we can take C' =1 and 6 = 1. O
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Reindexing our sequence {uy }n>1, replacing d by dY; (note that we have
Y1 = up, = O(1)), we may assume that {u,},>1 is the sequence of Lucas
numbers, that Y1 = 1= Ly, 2X; = Yo = L,,,, and Y,,,, = Pry—1(X1) = Lp,.
We go back to Lemma 3.5, and write

1 _ (m3 — 2) 1
n2 = Lp,=2X; =L/ D4 = S =3
@ an? ? ! 3 + 4(m3 - 1)X1 +0 X%
1\ (1 — 2) 1
— gnaltms=1) [ 4 B Lo —=).
“ ( a2”3> * 4(m3 —1)X, * X3

The first term in the right-hand side is o™ = 2X; + O(1/X;). Thus,
ng = na(ms — 1). Hence, we get

1 2X1 (m3 - 2) 1
+— == O|— .
anz (ms — 1)a2ns * 4(mg — 1) X4 * X3

The left-hand side is 1/(2X1)+O(1/X3}). Since ng = na(mz—1) and m3 > 3,
it follows that " > a2 > X{. Thus, we get

1 (mg—2) 1
2X1  4(ms —1)X, +0 (Xf) ’

1 (m3—2) 1 1
-+t —=0|—=.
( 2 4(mg— 1)> Xy <X13>
The coefficient of 1/X; in the left-hand side is non-zero. Thus, we get

X1 = O(1), which finishes the analysis for this case and the proof of the
theorem.

+

SO

3.10. The degerate cases. Consider now the degenerate cases r = ( or
s = 0. In this case, § = ta or 8 = 0, so u, = a;a” where a; = a if
B =0 and a; € {a —b,a+ b}. Indeed, assume that Y;, = u, has three
solutions (m,n) = (m;,n;) for i = 1,2,3. As before, we may assume that
ng is large. Then Y,,, = a1 and Y,,, = a;a”? have the same prime
factors. Hence, Y,,, has no primitive divisors in the sense that every prime
factor of Y;,, divides Y, for some m < m3. More than 100 years ago,
Carmichael [6] showed that mg < 12 (see [5] for the state of the art in this
problem). In fact, the classification from [5] shows that apart from a few
specific sequences {Y}}x>1, which can be avoided by making d > dy(u), we
have mg € {2,3,4,6}. Since in fact mgs > 3, it follows that ms € {3,4, 6}.
If mg = 4, then 2X? — 1 = X3 divides Y; and so its largest prime factor is
bounded. This shows that X; = O(1), so d = O(1). If m3 € {3,6}, then
Y3/Y: =4X 12 — 1 is a divisor or Y,,, so its largest prime factor is bounded,
showing again that X; = O(1).
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4. Comments

Slight modifications of the above arguments will show that the theorem
remains valid if instead of working with the Y-coordinates of the Pell equa-
tion X2 — dY? = 1, we work with the Y-coordinates of the Pell equation
X% —dY? =41 or X? — dY? = 4+4. We preferred to give the proof for the
case when the right—-hand side is 1 since this case is typographically easier
but the other cases can be treated in the same way without any new ideas.
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