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Minimal left ideals of 35
with isolated points

Neil Hindman and Dona Strauss

ABSTRACT. The smallest ideal K(3S) of the Stone-Cech compactifi-
cation of a discrete semigroup S is the union of pairwise isomorphic
and homeomorphic minimal left ideals. We provide characterizations of
semigroups S that have the property that the minimal left ideals of .S
have isolated points, provide details about the structure of K(8S) for
such semgiroups, and in some instances provide explicit descriptions of

K(BS).
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1. Introduction

Our subject is the algebraic and topological structure of the smallest ideal
K(BS) of the Stone-Cech compactification of a discrete semigroup S.

We take the points of 58S to be the ultrafilters on S, identifying a point
x € S with the principal ultrafilter e(z) = {A C S : z € A}. We let
S* = BS\ S, the set of nonprincipal ultrafilters on S. Given A C S,
A={pepBS:Acp} Theset {A: AC S} is a basis for the open sets (as
well as a basis for the closed sets) in 5S. With this topology 35S is a compact
Hausdorfl space with the property that if X is any compact Hausdorff space
and f: S — X, there is a continuous function f : 8S — X which extends
f.

The operation - on S extends uniquely to an operation on (35 so that
(8S, ) is a right topological semigroup with S contained in its topological
center. That is for each p € 8S, the function p, : S — BS defined by
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pp(q) = ¢ - p is continuous and for each x € S, the function A, : S — 5S
defined by A, (q) = x-q is continuous. Given points p and g in S and A C S,
A€pgifandonlyif{s€ S:stA€q} €pwheres 1A= {teS:stec A}
The product is also characterized in terms of limits by
p - q = lim lim st,
s—pt—q
where s and ¢t denote members of S. In many cases, the p-limit notation is
useful. Given p € 35, a compact Hausdorff space X, a set D € p, a function
f:D— X,andy € X, p—lirjrjl f(s) =y if and only if, for every neighborhood
sE

Uofy, {s€D: f(s) € U} € p. We observe that p—lierg f(s) =y if and only

if li_I>n f(s) = y where s denotes a member of D. This is equivalent to the
sp

statement that f(p) = y where f : clgs(D) — X denotes the continuous
extension of f. If A € p and for each s € A, B, € ¢, then

g = p-lim ¢-lim st.
Pra=r i tes,®

See [5, Part I] for an elementary introduction to the algebra and topology
of 3S.

Any compact Hausdorff right topological semigroup 7" has idempotents
and contains a smallest two sided ideal K(T'). If A C T, then E(A) is the
set of idempotents in A. Minimal left ideals are compact, and therefore
have idempotents. So T satisfies the hypothesis of the Structure Theorem
for semigroups. The Structure Theorem is due to A. Suschkewitsch [11] for
finite semigroups and to D. Rees [10] in the general case.

Theorem 1.1 (The Structure Theorem). Let (T,-) be a semigroup and
assume that T has a minimal left ideal which has an idempotent. Then T
has a smallest two sided ideal K(T). Let R be a minimal right ideal of T,
let L be a minimal left ideal of T, let X = E(L), let Y = E(R), and let
G = RL. Then G = RN L and G is a mazimal subgroup of K(T'). Define
an operation - on X X G XY by

(x,9,9)- (', y) = (x, 9ya'd",y/) .

Then the function ¢ : X x G xY — K(T) defined by ¢(x,g,y) = zgy is an
isomorphism. Further

(1) The minimal right ideals of T partition K(T') and the minimal left
ideals of T partition K(T).

(2) The maximal groups in K(T') partition K(T).

(3) All minimal right ideals of T are isomorphic and all minimal left
ideals of T are isomorphic.

(4) All mazimal groups in K(T') are isomorphic.

Proof. [5, Theorem 1.64]. O
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In this context, it is worth noting that since (595, -) is a right topological
semigroup, then by [5, Theorem 2.11(c)] all minimal left ideals of 5S are
homeomorphic.

A subset A of a semigroup S is piecewise syndetic if and only if A N
K(BS) # 0. Given p € 35, we have by [5, Corollary 4.41] that p € c/K(BS)
if and only if every member of p is piecewise syndetic.

Minimal left ideals in 55 have been extensively studied. For example it
is known [5] that (SN, +) contains 2° minimal left ideals and each minimal
left ideal contains 2° maximal group, each of which contains a copy of the
free group on 2° generators. (Here ¢ is the cardinality of R.) More recently,
Yevhen Zelenyuk [13] has shown that if G is a countable discrete group,
then G has a minimal left ideal which is also maximal. We observe that
the minimal left ideals of 58S play a significant role in topological dynamics,
because they provide the universal minimal dynamical systems for S [1,
Proposition 3.7].

Minimal left ideals of 5S may or may not have isolated points. In [3,
Lemma 3.8(1)] it was shown that relatively weak cancellation assumptions
on S guarantee that minimal left ideals do not have isolated points. But in
[2, Propositions 3.9 and 3.10], Will Brian provided examples of countable
and weakly cancellative semigroups whose minimal left ideals are finite, and
so have isolated points. We are concerned in this paper with semigroups S
with the property that the minimal left ideals of 3.5 do have isolated points.
We shall show in Theorem 2.5 that this property is equivalent to a property
of the dynamical system (X, (Ts)scs), where X denotes a compact Hausdorff
space.

In Section 2 we will derive some results about the structure of K (35) that
hold if the minimal left ideals of 5S have isolated points as well as several
characterizations of such semigroups.

In Section 3 we address the situation in which S has finitely many mini-
mal right ideals. In that case minimal left ideals are finite and so must have
isolated points. This has additional implications for the structure of K (35)
which we investigate. An amusing consequence is that if S is commuta-
tive, then (S either has a unique minimal right ideal or else has at least
2° minimal right ideals, while in general 5S may have any finite number of
minimal right ideals. The Structure Theorem asserts that ¢ is an algebraic
isomorphism. It is natural to ask whether it can also be a homeomorphism.
We show in Theorem 3.2 that ¢ is a homeomorphism in the case in which
BS has finitely many minimal right ideals.

In Section 4 we derive several properties of rectangular semigroups, and
construct a class of examples similar to rectangular semigroups. We remark
that rectangular semigroups occur widely in the study of 3S. For exam-
ple, the smallest ideal of any compact right topological semigroup has the
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rectangular semigroup X x Y as a factor by the fundamental Structure The-
orem (Theorem 1.1). Y. Zelenyuk [12] showed that the smallest ideal of SN
contains copies of any finite rectangular semigroup.

If S is any member of this class, it has the property that its minimal left
ideals all have isolated points, but not for either of the two obvious reasons,
namely that the smallest ideal meets S or the minimal left ideals are finite.

2. General results about minimal left ideals with isolated
points

Lemma 2.1. Let (S,-) be an infinite semigroup, and assume that there is a
minimal left ideal L of 58S which has an isolated point q.

(1) For every idempotent e € L, there exists Q € q such that Q N L =

Qe = {q}.
(2) Ewvery point of the group qBS N L is isolated in L.

Proof. (1) Pick P € q such that PN L = {q}. Let e be an idempotent in
L. Then e is a right identity for L so qe = q. Let

Q=Pn{scS:s'Pce}.

prEQﬂL, thenpe:psopege. Ifs €@, then P € seso Qe C PNL =
{q} so Qe C {q}. Therefore g € QN L C Qe C {q}.
(2) This is [7, Theorem 3.2(3)]. O

Theorem 2.2. Let (S,-) be an infinite semigroup and assume that 5S has
a minimal left ideal L with a point q which is isolated in L. Let R = qf3S,
let G=RNL, and let Y = E(R). Then G is a finite group, R is a compact
topological semigroup, Y is a compact right zero topological semigroup, and
the function f : G xY — R defined by f(g,p) = gp is an isomorphism and
a homeomorphism.

Proof. It was proved in [7, Theorem 3.2] that R is compact and G is finite.
Let e be the identity of G and note that R = ¢3S. Each element of Y is a
left identity for R so Y is a right zero semigroup. To see that Y is compact,
let (p,),er be a net in Y which converges to a point ¢ € $S. Since R is
compact, ¢ € R. Then
ge = (limp,) - e = lim(p,e) =lime =¢
el el el

S0 qq =qeq =eq =q and thus qg € Y.

We claim now that for each g € G, the restriction of A4 to R is continuous.
So let g € G be given and let h be the inverse of g in G. By Lemma 2.1(2),
e is isolated in L so pick P € e such that PN L = {e}. Pick A € g such that
pn| A] € P. Pick t € A. Then th € PN L so th = e and therefore te = g.
Thus for every « € R, gx = tex =tz so Ay and \; agree on R.

The fact that f is an isomorphism onto R is a consequence of the proof
of [5, Theorem 1.64], but the direct proof is short and simple, so we present
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it here. To see that f is a homomorphism, let (g,p), (h,q) € G x Y. Then

f(g,p) - f(h,q) = gphq = ghq = f(gh,pq).

To see that f is injective, let (g,p), (h,q) € G xY and assume that f(g,p) =
f(h,q). Then h='gp = ¢ so p and ¢ are idempotents in the same minimal
left ideal (as well as the same minimal right ideal) so p = ¢. Also

g=ge=gpe =hqge=he=nh.

To see that f[G x Y] = R, let z € R. Then for some p €Y,z € RNBSp =
pBSp. Then

xe = pre = epxe so ze € efSe = G.
And f(ze,p) = xep = zp = x.

Now we claim that f is a homeomorphism. Since G x Y is compact, it
suffices to show that f is continuous. So let (g,p) € G x Y and let A € gp.
Since ), is continuous on R, pick B € p such that )\g[E N R] C A. Then
{9} x (BNY) is a neighborhood of (g,p) in GxY and f[{g} x (BNY)] C A.

Finally, we claim that G x Y is a topological semigroup (so that R and Y
are topological semigroups). That is, we claim that the operation on G X Y’
is jointly continuous. So let (g, p), (h,q) € G x Y and let {gh} x (ANY) be
a basic neighborhood of (g,p) - (h,q) = (gh,q) in G x Y. Then

({g} xY) - ({h} x (ANY) € {gh} x (ANY).
O

One of the equivalences in the following theorem involves the notion of a
dynamical system.

Definition 2.3. A dynamical system is a pair (X, (Ts)ses) where X is a
nonempty compact Hausdorff space, S is a discrete semigroup, for each
s € S, Ts is a continuous function from X to itself, and for each s,t € S,
TsoTy = Tg.

Another of the equivalences involves the notion of a QC-set.

Definition 2.4. Let (S,-) be a discrete semigroup. A subset @ of S is a
QC-set if and only if there exist w and z in 8.5 such that s-w = z for all
se Q. If Qis a QC-set, then Ry = {w € S : sw = tw for every s,t € Q}.

One of the reasons that QC-sets are interesting is that they are related
to algebraic products of tensor products — a subject investigated in [9].

Theorem 2.5. Let (S,-) be an infinite semigroup. Statements (a) through
(g9) are equivalent and imply statement (h).
(a) There is a minimal left ideal L of 5.5 which has a point that is isolated
in L.
(b) Each minimal left ideal of 5S has an isolated point.
(¢) There is a piecewise syndetic QC-set in S.
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(d) Every minimal left ideal L of BS has a dense set of points that are
isolated in L.

(e) Ewvery minimal left ideal L of BS has an idempotent which is isolated
i L.

(f) For s € S, let Bs = {t € S : st =t}. There is a piecewise syndetic
set D C S such that {Bs : s € D} has the finite intersection property.

(g) For any dynamical system (X, (Ts)scs) with S as the acting semi-
group, there exist € X and a minimal right ideal R of 58S such
that for every p € E(R), {s€ S:Ts(x) =x} € p.

(h) There exist a minimal left ideal L of 58S and a minimal right ideal
R of 8BS such that RN L is a finite group, R is a compact topological
semigroup, E(R) is a compact right zero semigroup, and the function
f:(RNL)x E(R) — R defined by f(g,p) = gp is an isomorphism
and a homeomorphism.

Proof. Since all minimal left ideals of 58S are homeomorphic we have that
(a) and (b) are equivalent.

(a) = (¢). Pick a left ideal L of 8S and a point ¢ € L which is isolated
in L. Pick an idempotent e € L. By Lemma 2.1(1), pick @ € ¢ such that
Qe = {q}. Since Q € q, Q is piecewise syndetic. Since se = ¢ for every
s€Q, Qis a QC-set.

(¢c) = (d). Let @ be a piecewise syndetic QC-set in S. We can choose a
minimal left ideal L of 3S for which QN L # . Since Q is a QC-set, Rg # 0
so Rq is a right ideal of 3S. Therefore there is an idempotent e € L N Rg.
Now e is a right identity for L so @ N L C Qe. Since e € Rg, se = te for
every s,t € Q. So |Qe| =1, and hence |Qe| = 1, because Qe = clgs(Qe). It
follows that Q N L = {q} for some element ¢ € L, which is an isolated point
of L.

Choose any s € @ and any t € S. We claim that tse is an isolated point
of L. To see this, observe that see = se = q. Pick A € e such that sAe C Q.
Then for every a € A, sae € QN L = {q}. So tsae = tq for every a € A.
Since tsAN L C tsAe, it follows that tsA N L is a singleton subset of L, and
hence that tse is an isolated point of L. Now Sse is dense in L, because
BSse = L, and so the set of isolated points of L is dense in L.

Using the fact already noted that all minimal left ideals of 8.5 are home-
omorphic we have that each minimal left ideal of 55 has a dense set of
isolated points.

It is trivial that (d) implies (a) and (e) implies (a). That (b) implies (e)
follows from Lemma 2.1(2).

The equivalence of (b) and (f) is [7, Theorem 3.7(2)] and the equivalence
of (b) and (g) is [7, Theorem 3.13]. That (a) implies (h) is a consequence of
Theorem 2.2. O

Question 2.6. Does statement (h) of Theorem 2.5 imply the other state-
memts?
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We remark that one may have K(5S) and K(BT) isomorphic but not
homeomorphic. To see this, let z V y = max{z,y} and let * be the right
zero operation on N. Then K (SN, V)= N* and K(fN, x) = SN, while both
are algebraically the right zero semigroup on 2° elements.

Recall that a semigroup S is weakly right cancellative if and only if for all
aand bin S, {s € S : sa = b} is finite.

Theorem 2.7. Let (S,-) be an infinite semigroup which is left cancellative.
Assume that there is a minimal left ideal L of 8S that has an isolated point.
Then S is not weakly right cancellative.

Proof. Suppose that S is weakly right cancellative. Pick by Theorem 2.5 a
minimal left ideal L of 8S that has an idempotent e which is isolated in L.
By [5, Theorem 4.36] S* is an ideal of S so L C S*.

By Lemma 2.1(1), pick Q € e such that Qe = {e}. Let E = {s € S : se =
e}. Then Q C Eso E € e. Let A= {t € S:t has finite order}. We claim
that £ C A so that A € e. To this end, let s € E. By [5, Theorem 3.35],
B={teS:st=t} cesopickt € BNE. Let C ={ve S:vt=t}. Then
s € C' so C' is a subsemigroup of .S, and since S is weakly right cancellative,
C is finite. Thus s € C C A as claimed.

Note that since S is left cancellative, any idempotent in S'is a left identity
for S. We now claim that every s € E is a left identity for S. To see this,
let s € F and as above pick ¢ € E such that st = t. Then ¢t € A so
{t" : n € N} is a finite semigroup and thus there is some n € N such
that t" is an idempotent. Now let x € S be given. Then z = "z so
sx = st"x = t"x = x. We thus have that F is a right zero semigroup, which
is infinite since e € S*. This contradicts the assumption that S is weakly
right cancellative. ([

We now consider the implications of S having a QC-set of positive den-
sity. (Here density means Fglner density. See [4, Sections 1 and 4] for an
introduction to Fglner density.)

We shall say that a Borel measure defined on 5 is left invariant if u(B) =
w(s~1B) for every Borel subset B of 3S and every s € S. In the case
in which S is left cancellative and p is a left invariant measure on 3.,
u(sB) = p(s~tsB) = u(B) for every s € S and every Borel subset B of
BS. We shall use the well-known fact that, if S is a semigroup which is left
cancellative and left amenable, then a subset A of S has positive density if
and only if there is a left invariant probability measure p on 8S such that
u(A) > 0. (For a proof of the sufficiency of that statement, which is the
only part that we will use here, see [4, Theorems 4.7 and 4.16].)

Theorem 2.8. Let S be a semigroup which is left cancellative and left
amenable. Assume that S contains a QC-set Q of positive density. Then
the minimal left ideals of BS are finite, and so the conclusions of Theorem
2.2 hold.
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Proof. £ will denote the set of left invariant probability measures on 3S.
We note that, for every right ideal R of S and every u € £, u(R) = 1,
because, for every s € R, s '!R= S and so u(R) = u(s"'R) = p(BS) = 1.

We now show that the support of every measure in £ is contained in Rg.
We can choose an element w € (5 such that sw = tw for every s,t € Q.
By [5, Lemma 8.5], for every s,t € Q, Vs = {v € S : sv = tv} € w. Since
V¢ is nonempty, it is a closed right ideal in 85 and so u(Vs;) = 1 for every
€ L. Tt follows from the fact that p is regular, that

w(Rq) = p (ﬂs,teQ K) =1,

because each open neighborhood of [ S’teQ@ contains the intersection of

a finite number of the sets of the form V,; with s,t € Q. So the support of
every measure in £ is contained in Rg.

There exists p € £ such that u(Q) > 0. Let M denote the support of u
and let ¢ € @ N M. Observe that M is a left ideal in 3S. For every s € @Q,
5S is a right ideal in S and so M C sS = s3S. Thus ¢ = su for some
u € M. Since u € R, su = tu for every t € Q. It follows that qu = ¢,
since @ € q. Now {u € M : qu = ¢} is a subsemigroup of M. It is closed,
because u € Rg and so qu = ¢ = su if and only if tu = ¢ for every ¢t € Q. It
follows that there is an idempotent e € M for which ge = ¢. Since e € Rq,
|Qe| =1 and so |Qe| = 1 and therefore Qe = {q}.

Now we show that S has a finite left ideal, from which it follows that
all minimal left ideals are finite. For this we define a measure v € £ which
is in the support of ¢g. We define a probability measure v on 85 by putting
v(B) = p_1[B] for every Borel subset B of 3S. For every t € S and every
Borel subset B of 35, t~1p;[B] = p [t ' B]. Thus v(t~!B) = v(B) and
sov € L. Let L = gSe. Observe that e is a right identity for L. Since
pz L] = BS, v[L] = 1 and thus L is contained in the support of v. If U is
any open neighborhood of ¢, then p;![U] is also an open neighborhood of ¢
because ¢ = ge € U. Since ¢ is in the support of u, p(p;[U]) > 0 and so
v(U) > 0. Thus ¢ is in the support of v.

Now LN Q C Qe = {q}. So {q} is an isolated point of L. It follows
that, for every t € S, v({q}) = v({tq}) > 0. So Sq is finite and therefore
B8Sq = Sq is finite. Since S contains a finite left ideal, its minimal left
ideals are finite. (|

3. Finitely many minimal right ideals

Lemma 3.1. Let (S,-) be an infinite semigroup and assume that $S has
finitely many minimal right ideals. Then the minimal left ideals of BS are
finite and for each q € K(BS), the restriction of Ay to K(BS) is continuous.

Proof. By [5, Theorem 6.39] the minimal left ideals of 5.5 are finite. Let ¢ €
K(S) be given and let L be the minimal left ideal with ¢ € L. Enumerate
the minimal right ideals of S as Ry, Ro, ..., R, and for i € {1,2,...,n}, let
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e; be the identity of L N R;. Since g is isolated in L, pick by Lemma 2.1(1)
Q; € g for each i € {1,2,...,n} such that Q;e; = {q}. Pick s € N, Q;.
We show that A\, and As agree on K(5S). To see this, let x € K(8S) be
given and pick i € {1,2,...,n} such that € R;. Then gz = se;xz = sz. O

In the following theorem G x Y has the product topology and the co-
ordinatewise operation, and X x GG x Y has the product topology and the
operation defined by (x, h,y) - (2',h',y') = (z, hyz'h’,y"). This theorem ex-
tends Theorem 1.1. Notice in particular the simpler characterization of the
map ¢ : X x G xY — K(3S).

Theorem 3.2. Let (S,-) be an infinite semigroup and assume that 35S has
finitely many minimal right ideals. Let L be a minimal left ideal of 5S, let
R be a minimal right ideal of 5S, let

X =E(L),letG=RNL, and letY = E(R) .
Then

(1) X is a finite left zero semigroup;

(2) G is a finite group;

(3) R is a compact topological semigroup;

(4) Y is a compact right zero topological semigroup;

(5) K(BS) is a compact topological semigroup;

(6) the function f : G XY — R defined by f(h,y) = hy is an isomor-
phism and a homeomorphism; and

(7) the function ¢ : X x G XY — K(BS) defined by o(x, h,y) = zhy is

an isomorphism and a homeomorphism.

Proof. By Lemma 3.1, L is finite so all points of L are isolated in L. Pick
g € RNL. Then R = ¢85 so Theorem 2.2 applies. It only remains to verify
conclusions (1), (5), and (7). Since L is finite and X # (), conclusion (1)
holds.

(5) Since there are finitely many minimal right ideals, and each minimal
right ideal is compact, we have that K(8S) is compact and each minimal
right ideal is open in K (5S). To see that K(3S) is a topological semigroup,
let z,y € K(BS) and let U be an open neighborhood of zy in K(5S5). Pick
minimal right ideals R; and Rp such that x € Ry and y € Ry. (We are not
assuming that R; # Rs.) Since zy € R; and R; is open in K(3S), we may
assume that U C R;.

We have chosen a minimal left ideal L of 8S. Let e; and ey be the
identities of Ry N L and Ry N L respectively. By Lemma 3.1, the restrictions
of A, and A, to K (BS) are continuous. Let 11 be the restriction of A¢, to R
and let ¢9 be the restriction of A\, to R;. Then 91[Rs] = Ry, ¥2[R1] = Ro,
11 0 19 is the identity on Rj, and 1o o ¢ is the identity on Rs. Thus % is
a homeomorphism from Rs onto R; and s is a homeomorphism from R;
onto Rs.
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We have that esU is a neighborhood of esxy contained in Ry. Since Ry is
a topological semigroup, we have open neighborhoods V' of esx and W of y
in Ry with VW C eoU. Then e1V is an open neighborhood of x in R; and
etVW C U. Since R; and Ry are open in K(85), eV and W are open in
K(BS).

(7) The fact that ¢ is an isomorphism onto K (55) is part of the proof of [5,
Theorem 1.64]. Since K (3S) is compact, to see that ¢ is a homeomorphism,
it suffices to show that ¢ is continuous. So let (z,h,y) € X x G x Y and
let U be a neighborhood of ¢(z, h,y) in K(5S). Since A, is continuous on
K(BS), pick B € y such that A\;u[BN K(3S)] CU. Let

V ={z} x {h} x (BNY).
Then V is a neighborhood of (z, h,y) and ¢[V] C U. O

For any semigroup S, if L is a minimal left ideal of 55, R is a minimal right
ideal of 8S, X = E(L), G=RNL, and Y = E(R), then by the Structure
Theorem (Theorem 1.1) the function ¢ of Theorem 3.2 is an isomorphism. If
X is not closed in 3S (as is the case in SN by [5, Theorem 6.15.2]), then ¢ is
not a homeomorphism. Indeed, if e is the identity of G, then X x {e} x {e} is
closed in X x G x Y, but p[X x{e} x {e}] = X which is not closed in K(35S).
(If X were closed in K(3S5), it would be closed in L which is compact.)

Theorem 3.3. Let (S,-) be an infinite commutative semigroup. The func-
tion @ of Theorem 3.2 is a homeomorphism if and only if 8BS has a unique
minimal right ideal.

Proof. Let X, GG, and Y be as in the statement of Theorem 3.2 and let e
be the identity of G. If 35 has a unique minimal right ideal, then Theorem
3.2(7) applies. (This part does not use the assumption that S is commuta-
tive.)

Now assume that ¢ : X x G x Y — K(fS) is a homeomorphism. Now
{e} x G x {e} isclosed in X x G xY so G = p[{e} x G x {e}] is closed in
K(BS). Now L = 3Se = clgs(Se) = cly(gs)(Se) = cliss)(eSe), since S is
commutative. And ¢l gg)(eSe) C effSe =G so L € G = LN R and thus
L C R. If 55 had another minimal right ideal, it would miss L. O

Note that if the number of minimal right ideals of 8.5 is finite, then the
minimal left ideals are finite, while by [5, Theorem 6.39] if the minimal left
ideals of 8. are infinite, the number of minimal right ideals is at least 2°.

Corollary 3.4. Let S be an infinite commutative semigroup. Then S
either has a unique minimal right ideal or BS has at least 2° minimal right
ideals.

Proof. Assume that 8S has more than one minimal right ideal. By The-
orem 3.3 the function ¢ of Theorem 3.2 is not a homeomorphism so by
Theorem 3.2, 55 has infinitely many minimal right ideals. Since they each
have nonempty intersection with a given minimal left ideal, the minimal left
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ideals of 8S are infinite, so by [5, Theorem 6.39], there must be at least 2¢
minimal right ideals. ([

We see next that it is possible for 55 to have any finite number of minimal
right ideals.

Definition 3.5. Let A and B be nonempty sets. Then R(A,B) is A x B
with the rectangular semigroup operation defined by (a,b) - (¢,d) = (a, d).

Theorem 3.6. Let n € N, let |A| = n, let B be an infinite set, and let
S =R(A,B). Letm : S — A be the continuous extension of the projection
function. For a € A, let R, = {p € BS : mi(p) = a}. The minimal right
ideals of BS are the sets R, for a € A.

Proof. By [7, Theorem 2.2] each R, is a minimal right ideal of 8S. Let
R be a minimal right ideal of S and pick p € R. Let a = 7i(p). Then
R = pBS and so by [7, Theorem 2.1(3)], R C R,. O

Theorem 3.7. Let (S,-) be an infinite semigroup such that S has a min-
imal left ideal L with an isolated point. If S is either left cancellative or
commutative, then BS has a unique minimal right ideal.

Proof. Suppose that $S has distinct minimal right ideals R and R’, let
e be the identity of RN L, and let ¢ be the identity of R’ N L. Pick an
isolated point ¢ of L. By Lemma 2.1(1) pick @ and @’ in ¢ such that
QNL=Qe={qyand @ NL = Q¢ = {q}. Pick s € QNQ'. Then se = se'.
If S is left cancellative, then by [5, Lemma 8.1], e = ¢’. If S is commutative,
then by [5, Theorem 4.23], es = ¢’s so R = R'. O

4. Rectangular semigroups and a variation

In this section we present examples of semigroups S with the property
that 5.5 has minimal left ideals with isolated points. The structure of K(3.S5)
in these examples involves the tensor product of ultrafilters.

Definition 4.1. Let A and B be nonempty discrete sets, let p € SA, and
let ¢ € BB. The tensor product p ® q is the ultrafilter on A x B such that
for every C C A x B,
Cep@qgifandonlyif {fr € A:{ye B:(x,y) €C} €q}Ep.
The tensor product can be characterized as p ® ¢ = lim lim(s, t), where
s—pt—q

(s,t) denotes an element of A x B.

We observe that, for every ¢ € 8B, the map p — p ® ¢ is a continuous
map from SA to S(A x B), and, for every s € A, the map q — s® q is a
continuous map from B to S(A x B).

Lemma 4.2. Let A and B be nonempty discrete sets, let p € BA, and let
q € BB. Letm : B(AxB) — BA and w3 : B(AX B) — BB be the continuous
extensions of the projection functions.
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(1) m(p®@q) =p and m(p® q) = g

(2) IfCepand D € q, thenC x D € p®g.

(3) If r € B(A x B) and either m(r) € A or ma(r) € B, then r =
mi(r) @ ma(r).

Proof. The verification of each of these assertions is a routine application
of the definition of ®. O

In the following theorem we extend the results of [7, Theorem 2.1] about
rectangular semigroups.

Theorem 4.3. Let A and B be nonempty discrete sets and let S = R(A, B).
Let 71 : BS — BA be the continuous extension of w1 : S — A and let 73 :
B8S — BB be the continuous extension of mo : S — B. For x € BA and for
y € BB, let Ry ={pe pS:m(p) =z} and let L, = {p € BS : ma(p) = y}.

(1) If p,q € BS, then w1 (pq) = 71(p) and T2(pq) = T2(p).

(2) If p,q € BS, then pq = 71 (p) ® m2(q)-

(3) If x € BA and y € BB, then R, is a right ideal of 5S and Ly is a
left ideal of BS.

(4) If p,q,7 € BS, then pqr = pr.

(5) Letp € BS. The following statements are equivalent.

(a) p € K(BS).

(b) p € (BS)(BS).

(c) p=mi(p) ® m2(p)-
(d) pe BA® BB.

(e) p is an idempotent.

(6) If z € BA and y € BB, then R, N L, N K(BS) = {z ®y}.

(7) If x € BA and y € BB, then R, contains a unique minimal right
ideal and L, contains a unique minimal left ideal.

(8) Lety € BB and let L be the unique minimal left ideal contained in
L,. Then {p € L :p is isolated in L} = A®y.

(9) If x € BA and y € BB, then the minimal right ideal contained in R,
is * @ BB and the minimal left ideal contained in L, is BA®y. So
the minimal right ideals of BS are the sets of the form x @ BB for
x € BA and the minimal left ideals of 3S are the sets of the form
BA®y fory e BB.

(10) If A and B are infinite, then K(BS) is not a Borel subset of 5S. If
either A or B is finite, then K(5S) is compact.
(11) Define 6 : K(8S) — R(BA, BB) by 6(p) = (71(p), (). Then 6 is

a continuous isomorphism. Also ¢ is a homeomorphism if and only
if either A or B is finite.

Proof. Statements (1), (3), and (4) follow from statements (3), (4), and (1)
of [7, Theorem 2.1] respectively.

(2) Since pg and 71 (p) ® ma(q) are ultrafilters, it suffices to show that
pq C 71(p) ® T2(q) so let C € pg and let D = {(a,b) € S : (a,b)"'C € q}.
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Then D € p so m[D] € m1(p). We claim that m[D] C {a € A:{d € B :
(a,d) € C} € m2(q)}. Solet a € m[D] and pick b such that (a,b) € D. Then
(a,b)71C € q so ma[(a,b)"1C] € ma(q) and m2[(a,b)"1C] C {d € B : (a,d) €
C}.

(5) (a) = (b). p is a member of some minimal right ideal R of S and if
e is an idempotent in R, then p = eP.

(b) = (c¢). Pick ¢,r € 8S such that p = gr. By (2), gr = 7m1(q) ® ma(r).
By (1) 7i(p) = m1(q) and m3(p) = 7a(r).

It is trivial that (c) implies (d).

(d) = (e). Pick x € fA and y € B such that p = z®y. By (2)
pp=(rRy) (tQy)=mEey)OmrRy) =20y =p.

(e) = (a). Pick ¢ € K(BS). By (4) p=pp = pgp € K(BS).

(6) R, contains a minimal right ideal and L,, contains a minimal left ideal
so RyNL,NK(BS) # 0. Let p € RyNL,NK(BS). By (5) p = mi(p)®@ma(p) =
rRYy.

(7) Suppose L; and Lo are distinct minimal left ideals contained in L,,.
Then R,NL1NK (BS) # 0 and R,NL2NK (BS) # O while |R,NL,NK(SS)| =
1, a contradiction. Similarly R, does not contain two distinct minimal right
ideals.

(8) Let p be an isolated point of L and pick C' C S such that CNL = {p}.
Let © = m(p). Then p=a2®y by (5). Let D={a€c A:{b€ B: (a,b) €
C} e y}. If D = {a}, then (recalling that we identify points of A with the
principal ultrafilters generated by those points) we have p = a ® y. If we
had distinct a; and ay in D, we would have a1 ® y and as ® y in C N L.

For the other inclusion, let a € A. Then 71 '[{a}]N L = R, N L # () and
R.NLCR,NL,NK(BS)={a®y} by (6)som '[{a}]NL={a®y}.

(9) We establish the conclusion for L,, the proof for R, being essentially
the same. (Or look ahead to the proof of Theorem 4.4(12).) So let L be the
minimal left ideal contained in L, and let p € L. By (5) p = mi(p) ® y €
BA®y.

Now let w € BA. Then u®y € K(5S) by (5) so u®y € L' for some
minimal left ideal L'. But then m3[L'] = {y} so L' C L, so L' = L.

(10) By (5) K(BS) = BA® BB. Assume first that either A or B is finite.
Then by Lemma 4.2(3), A ® 8B = (A x B).

Now assume that A and B are infinite and pick countably infinite subsets
Ap of A and By of B. It is an immediate consequence of [8, Theorem 2.4]
that SAy ® BBy is not a Borel subset of 3(Ap x Bp). It is routine to verify
from the definition of ® that (A ® 5B) N B(Ag X By) = A ® BBy. Thus,
since 3(Ap X By) is a clopen subset of 5(A x B), if BA ® 3B were a Borel
subset of 8S = B(A x B), one would have that 5Ay ® By is a Borel subset
of B(AO X BQ)

(11) Given p € K(BS) we have wi(p) € SA and ma(p) € BB so ¢ :
K(8S) > R(BA, BB). By (3), 6[K(8S)] = R(3A, BB). Let p,q € K(BS).
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Then
d(pq) = (71(pq), 72(pq))
= (m1(p), m2(q)
= (71(p), m2(p)) - (71(q), m2(q))
= 9(p) - 9(q) -

By (6) we have that ¢ is injective.

To see that ¢ is continuous, let p € K(£S) and let W be a neighborhood
of ¢(p) in BA x BB. Pick C C A and D C B such that (71(p), m2(p)) €
C x D C W. Pick E € p such that m[E] C C and m[E] C D. Then
E N K(BS) is a neighborhood of p in K(3S) and ¢[ E N K(B8S)] C W.

If A and B are infinite, then since SA x B is compact, the fact that ¢
is not a homeomorphism follows from (10).

If either A or B is finite, then K(3S) is compact and ¢ is a continuous

bijection, so ¢ is a homeomorphism. ([

In the semigroups of Theorem 4.3, the minimal left ideals have isolated
points because at least some of them have points that are isolated in 3.S.
As we have seen, one often concludes that minimal left ideals have isolated
points because they are finite. In the semigroups of the following theorem
we have that K(3S) NS = () unless B has a largest member and, if A is
infinite, then the minimal left ideals have as many elements as SA.

Recall that a semilattice (B,V) is a set partially ordered by a reflexive,
transitive, and antisymmetric relation with the property that any two x,y €
B have a least upper bound x V y.

If k is a regular infinite cardinal and B = k, then the set U in the following
theorem is the set of x-uniform ultrafilters on B. If k is singular, then U
properly contains the set of k-uniform ultrafilters on B.

Theorem 4.4. Let A be a nonempty set and let (B,V) be a nonempty
semilattice. Let S = A x B and for (a,b),(c,d) € S, define (a,b) - (c,d) =
(a,bVvd). Letmy : BS — BA and 7y : BS — BB be the continuous extensions
of the projection functions. Let U = {q € B : (Vs € B){t € B:s <t} €
q)} and let V = ?rE_l[U]. For x € BA and fory € U, let R, = {p € BS :
mi(p) =} and let L, = {p € BS : m2(p) = y}.
(1) U # 0. If B does not have a mazimum element, |U| > 2¢.
(2) Ifp,q € BS, then mi(pq) = 71 (p).
(3) If pe BS and q € V, then m3(pq) = T2(q).
(4) V is an ideal of BS and so K(8S) C V. If B does not have a
mazimum element, K(B3S)NS = 0.
(5) Ifpe BS and q € V, then pq = T1(p) @ m2(q).
(6) If x € BA and y € U, then R, is a left ideal of BS and Ly is a left
ideal of BS.
(7) If p,q € BS and r € V', then pqr = pr.
(8) Let p € BS. The following statements are equivalent.
(a) p € K(BS).



LEFT IDEALS WITH ISOLATED POINTS 431

(b) pe (BS)-V
(¢c) peV and p=T1(p) ® ma(p).
(d) pe BA®U.
(e) p eV and p is an idempotent.
(9) Ifx € A andy € U, then R, N Ly, N K(BS) = {z ® y}.

(10) If x € BA and y € U, then R, contains a unique minimal right ideal
and Ly contains a unique minimal left ideal.

(11) Let y € U and let L be the unique minimal left ideal contained in
Ly,. Then {p € L :p is isolated in L} = A®y.

(12) If x € BA and y € U, then the minimal right ideal contained in R,
is t@U and the minimal left ideal contained in L, is BA®y. So the
minimal right ideals of 58S are the sets of the form xR U forx € A
and the minimal left ideals of BS are the sets of the form BA®y for
yeU.

(13) K(BS) is compact if and only if A is finite or B has a maximum
element.

(14) Define ¢ : K(8S) — R(BA,U) by 6(p) = (F1(p), 73(p)). Then ¢ is
a continuous isomorphism. And ¢ is a homeomorphism if and only
if either A is finite or B has a maximum element.

Proof. (1) For s € B, let Cs = {t € B : s < t}. It is obvious that U is
nonempty. If B does not have a maximum element, then, for every finite
nonempty subset F' of B, (,.pCs is infinite. So by [5, Theorem 3.62],
Ul >,

2 — lim g-lim st) = p-lim g-1 ) = p-lim ¢-1 -
(2) m1(pq) = 71 (p- lim g- msls) pslergqtmgm(S) plimg- msml()

plimmy(s) = 71(p).
(3) For b € B, let C, = {(¢,d) € S : d > b} and note that C € q. Note
also that if (a,b) € S and (c,d) € Cp, then m2((a,b)(c,d)) = ma(c,d). Then

) =75 (- lim ¢ li b)(c.d
Ta(pq) = m2(p Jm g dl)rgcb(a, )(c,d))

= 1 -1 d
p<az?;sq(c;;ﬂgof2<c )

=p- 1 - 1
= Jm m(¢ lm (cd))
=p- 1
(a%)HéSTQ( )
= ma(q).

(4) By (3) V is a left ideal of 5S. To see that V is a right ideal, let p € V,
let g € BS,let s € B, and let C' = {t € B :t > s}. We need to show that
C € ma(pq). Suppose instead that B\ C' € ma(pg). Pick D € pq such that
m[D]CB\C.Let E={z € S:27'D¢€q}. Then E € pand m '[C] €p
so pick (a,b) € m~1[C] such that (a,b)"'D € q. Pick (c,d) € (a,b)~!
Then (a,bVd) € DsobVde B\C. Butbe CsobVd e C, a contradiction.

If B does not have a maximum element, U C B* and so VNS = (.
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(5) If pe S and q € V, then

= lim lim (a,b)(c,d)= lim lim (a,bVd),
b (a,b)—p (Crd)ﬁq( )( ) (a,b)—p (C,d)%q( )

where a, ¢ denote elements of A and b, d denote elements of B. Since cVd = d
ifc<d,pg= lim lim (a,d) =m1(p) ® m2(q).
a—71(p) d—7m2(q)
(6) This is an immediate consequence of statements (2) and (3).

(7) For b € B, let C, = {(¢,d) € S : d > b} and note that C, € r. Now

=p- li - 1i - 1 b)(c,d
= i St @0 D
=p- lim ¢ lim - lim (a,bVd)(u,v
P (a,b)GSq (e,d)eS (u,v)EC’bvd( )( )
=p- lim ¢ lim » lim (
(a,0)eS ™ (c,d)eS  (u,v)ECHva
=p- li - i ,V) = pr.
P apes e, @ =T

a,v)

(8) (a) = (b). By (4) p € V. Also p is a member of some minimal right
ideal R of 8S and if e is an idempotent in R, then p = ep.

(b) = (¢). Pick ¢ € pS and r € V such that p = gr. By (5), qr =
m1(q) @ m2(r). By (2) and (3) m1(p) = m1(¢) and m2(p) = ma(r).

It is trivial that (c) implies (d).

(d) = (e). Pick x € BA and y € U such that p =z ® y. Then m(p) =y
sopeV.By(5)pp=(2®y) - (z@y) =m(r0y)@m(r®@y) =Ry =p.

(e) = (a). Pick ¢ € K(BS). By (7) p=pp = pgp € K(BS).

(9) R, contains a minimal right ideal and L,, contains a minimal left ideal
so RyNL,NK(BS) # 0. Let p € R,NL,NK(BS). By (8) p = mi(p)®@ma(p) =
rRYy.

(10) Suppose R; and Ry are distinct minimal right ideals contained in R,.
Then RiNL,NK (BS) # 0 and RoNL,NK(BS) # () while |R,NL,NK(BS)| =
1, a contradiction. Similarly L, does not contain two distinct minimal left
ideals.

(11) Let p be an isolated point of L and pick C' C S such that CNL = {p}.
Let © = m(p). Then p=a2®y by (8). Let D={a€c A:{be€ B: (a,b) €
C} ey} If D ={a}, then we have p = a ® y. If we had distinct a; and as
in D, we would have a1 ® y and as ® y in C' N L.

For the other inclusion, let a € A. Then 71 '[{a}]N L = R, N L # () and
R,NLCR,NL,NK(BS)={a®y} by (9)som [{a}]NL={a®y}.

(12) In the proof of Theorem 4.3 we established the conclusion for L.
Here we establish the conclusion for R;. So let R be the minimal right ideal
contained in R,. First let p€ R. By (8) p=2®ma(p) €2 QU since p e V
by (4).

Now let v € U. Then z ® v € K(8S) by (8) so x ® v € R’ for some
minimal right ideal R’. But then 71[R'] = {z} so R' C R, so R’ = R.
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(13) Assume first that A is finite. Then by (8), K(8S) = A®U. Since U
is a compact subset of S, a ® U is compact for every a € A and so K(35)
is compact.

If B has a maximum element u, then U = {u} and K(8S) = fA ® u,
which is compact.

Now suppose that A is infinite and that B does not have a maximum ele-
ment. Assume that K(5S5) is compact. Let (a,)2° ; be an injective sequence
in A and pick a (strongly) discrete sequence (y,)o; in U and a sequence
(Yy,)22, of pairwise disjoint subsets of B such that Y,, € y,, for each n € N.
Then (an, @ yn)o2, is a sequence in K (BS). Pick a cluster point p ® ¢ of this
sequence.

Note first that {a, : n € N} € p since otherwise (A \ {a, : n € N}) x B
would be a neighborhood of p ® ¢ which no a,, ® y, is a meber of. Next
note that for each n € N, B \'Y,, € ¢ since otherwise A x Y,, would be a
neighborhood of p ® ¢ containing only one member of the given sequence.
Let £ = o2, ({an} x (B\'Yy,)). Then E € p ® q so pick n such that
F € a, ® y,. This is a contradiction.

(14) By (8) ¢[K(8S)] = R(BA.U). It p,q € K(8S) and (p) = (q),
then by (8), p = 7i(p) ® ma(p) = mi(q) ® m2(q) = ¢. To see that ¢ is
a homomorphism, let p,q € K(8S). Thenn ¢(p,q) = (71(pq),T2(pq)) =
(71(p), m2(q)) = (71(p). m2(p)) - (71(q), ™2(q)) = ()b (q)-

To see that ¢ is continuous, let p € K(£S) and let W be a neighborhood
of ¢(p) in BA x U. Pick C C A and D C B such that (ﬂ(p),%\i(p)) €
Cx (DNU) CW. Pick E € p such that m1[F] C C and m3[ E] C D. Then
E N K(BS) is a neighborhood of p in K(3S) and ¢[ E N K(BS)] C W.

If A is infinite and B does not have a largest member, then K(35) is not
compact while R(SA,U) is compact so ¢ is not a homeomorphism. If A
is finite or B has a maximum element, then K(3S) is compact and ¢ is a
continuous bijection, so ¢ is a homeomorphism. U

We are mainly interested in the case in which B does not have a maxi-
mum element, because the study of the semigroup 55 defined in Theorem
4.4 was motivated by the fact that, in this case, the minimal left ideals of
BS are infinite, do not meet S, and have isolated points. However, since
V-semigroups with maximum elements are abundant, it is worth remark-
ing on the case in which B does have a maximum element u. In this case,
U = {u}, K(BS) = BA®u = (8S)u (which is compact), every minimal
right ideal of 85 is a singleton and the unique minimal left ideal of 55 is
(BS)u.

It is also worth remarking on the case which A is a singleton. In this
case, we can identify S with B, since S is isomorphic to B. So, if B is an
arbitrary V-semilattice, K (8B) is compact and is topologically isomorphic
to the compact right zero subsemigroup U of 55, the minimal right ideals
of BB are singletons and U is the unique minimal left ideal of 5B.



434 NEIL HINDMAN AND DONA STRAUSS

A consideration of tensor products highlights a significant effect of can-
cellation. It was shown in [9] that, if T is countable and cancellative and
S =T x T, then no element of T* ® T* can be an idempotent in 85, a
member of the smallest ideal of 55 or a member of S*5*. Whereas if S is
the semigroup of Theorem 4.4, an element of V' is an idempotent if and only
if it is a tensor product and every member of K (3S) is a tensor product.

We can strengthen Theorem 4.4(13) in certain cases, by proving that
K(BS) is not Borel. This includes the case in which A and B are countably
infinite and B does not have a maximum element, as well as the case in which
k is an infinite cardinal, |[A| = k and B = k. We shall need the folllowing
lemma, which was previously proved for a countable discrete space S in [6,
Lemma 3.1]. The proof given there extends to arbitrary infinite discrete
spaces.

Lemma 4.5. Let S denote an infinite discrete space of cardinality k. Every
Borel subset of BS is the union of a family of compact subsets of 5S of
cardinality at most 2%.

Proof. We remind the reader that a family F of subsets of a topological
space X contains all the Borel subsets of the space if it contains all the
open sets and all the closed sets, and is closed under countable unions and
countable intersections. To see this, let 49y = {U C X : U is open in
X}U{U C X : U is closed in X}. For 0 < wy, if A, has been defined,
let Ay41 = {UU : U is a nonempty countable subset of A,} U{NU : U
is a nonempty countable subset of A,}. If o is a nonzero limit ordinal, let
As = U;cp Ar. Then each A, C F and, since each A, is closed under
complementation, | J, <w; Ao 1s the set of Borel subsets of X.

Let F denote the family of subsets of 8.5 which are the union of 2* or fewer
compact subsets of 3S. Then F contains the open subsets of 55, because
BN has a basis of 27 clopen sets, and F obviously contains the closed subsets
of 5S. It is also obvious that F is closed under countable unions. To see
that F is closed under countable intersections let (A,)5°; be a sequence in
F and for each n € N, pick a set D,, of at most 2% compact subsets of S
such that A, =JDy. Then (72, Ap = U{(ey F(n): F € X;2,D,} and
X2, Dy < (28] = 2% O

Theorem 4.6. Let A, B,U and S be defined as in Theorem 4.4. Assume
that A and B are infinite sets of cardinality x and that, for every b € B,
{c € B:c>b}| = k. Then K(BS) is not a Borel subset of 5S.

Proof. We note that |3A| = |fU| = 2%" by [5, Theorems 3.58 and 3.62].
Let (pi);co2r and (gi);.92~ be enumerations of SA and U respectively as
injective 22" -sequences. We claim that, for any compact subset C of K(35),
{i < 22" : p; ® ¢; € C} is finite. Since {p; ® ¢; : i < 22"} C K(BS), it will
follow that K (8S) cannot be covered by 2% compact subsets. So let C' be a
compact subset of K(3S).
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Assume that D = {i < 22" : p; ® ¢; € C} is infinite. Pick a countably
infinite subset F' of D such that {p; : i € F'} is strongly discrete. Pick an
infinite subset E of F' such that {g; : ¢ € E} is strongly discrete. We can
choose pairwise disjoint families of subsets {P; : i € E} and {Q; : i € E}
of A and B respectively, such that P; € p; and Q; € ¢; for every i € F.
By [5, Theorem 3.59], |clgs({pi ® ¢; : ¢ € E})| > 2%, and so there exists
xe€clgs({fpi®qg:i € E})\{pi®q :i€ E}. Sincex € K(S),z=p®gq
for some p € A and some ¢ € U. Then p = mi(x) € mi[clgs({pi ® ¢ :
i€ E})] = clpami[{pi ® ¢i : i € E}| = clgal{pi : i € E} and q = ma(x) €
CEU[{(]Z‘ NS E}]

Let P = J;cp P and let Q = |J;cp Qi- Define f: P — E by s € Py
and let X = {J,cp ({s} ¥ (Q\ Qf(s)))- Then X € x because P € p and, for
each s € P, Q\ Qy(s) € ¢- However, X is not a member of ¢; ® p; for any
i € I, contradicting the assumption that « € clgs({p; ® ¢; : i € E}). O
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