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On Bloch–Kato Selmer groups and
Iwasawa theory of p-adic Galois

representations

Matteo Longo and Stefano Vigni

Abstract. A result due to R. Greenberg gives a relation between the
cardinality of Selmer groups of elliptic curves over number fields and
the characteristic power series of Pontryagin duals of Selmer groups over
cyclotomic Zp-extensions at good ordinary primes p. We extend Green-
berg’s result to more general p-adic Galois representations, including a
large subclass of those attached to p-ordinary modular forms of weight
at least 4 and level Γ0(N) with p - N .
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1. Introduction

A classical result of R. Greenberg ([9, Theorem 4.1]) establishes a relation
between the cardinality of Selmer groups of elliptic curves over number fields
and the characteristic power series of Pontryagin duals of Selmer groups over
cyclotomic Zp-extensions at good ordinary primes p. Our goal in this paper
is to extend Greenberg’s result to more general p-adic Galois representa-
tions, including a large subclass of those coming from p-ordinary modular
forms of weight at least 4 and level Γ0(N) with p a prime number such that
p - N . This generalization of Greenberg’s theorem will play a role in our
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forthcoming paper [17], in which we prove, under some general conjectures
in the theory of motives and for all but finitely many ordinary primes p, the
p-part of the equivariant Tamagawa number conjecture for Grothendieck
motives of modular forms (in the sense of Scholl, cf. [28]) of even weight
≥ 4 in analytic rank 1.

Let us begin by recalling Greenberg’s result. Let E be an elliptic curve
defined over a number field F , let p be a prime number and suppose that E
has good ordinary reduction at all primes of F above p. Moreover, assume
that the p-primary Selmer group Selp(E/F ) of E over F is finite. Let F∞ be
the cyclotomic Zp-extension of F , set Γ := Gal(F∞/F ) ' Zp and write Λ :=
Zp[[Γ]] for the corresponding Iwasawa algebra with Zp-coefficients, which we
identify with the power series Zp-algebra Zp[[W ]]. Since Selp(E/F ) is finite,
the p-primary Selmer group Selp(E/F∞) of E over F∞ is Λ-cotorsion, i.e.,
the Pontryagin dual of Selp(E/F∞) is a torsion Λ-module ([9, Theorem
1.4]). Greenberg’s result that is the starting point for the present paper
states that if fE ∈ Λ is the characteristic power series of the Pontryagin
dual of Selp(E/F∞), then

fE(0) ∼
# Selp(E/F ) ·

∏
v bad cv(E) ·

∏
v|p #

(
Ẽv(Fv)p

)2
#
(
E(F )p

)2 , (1.1)

where the symbol ∼ means that the two quantities differ by a p-adic unit,
cv(E) is the Tamagawa number of E at a prime v of bad reduction, Fv is the

residue field of F at v, Ẽv(Fv)p is the p-torsion of the group of Fv-rational

points of the reduction Ẽv of E at v and E(F )p is the p-torsion subgroup
of the Mordell–Weil group E(F ). Formula (1.1) is a special case of a result
of Perrin-Riou (if E has complex multiplication, [23]) and of Schneider (in
general, [27, §8]).

To the best of our knowledge, no generalization of this result is currently
available to other settings of arithmetic interest, most notably that of mod-
ular forms of level Γ0(N) that are ordinary at a prime number p - N (see,
however, [13, Theorem 3.3.1] for a result for Galois representations in an
anticyclotomic imaginary quadratic context). In this article we offer a gen-
eralization of this kind. Now let us describe our main result in more detail.

Given a number field F with absolute Galois group GF := Gal(F̄ /F ) and
an odd prime number p, we consider a p-ordinary (in the sense of Greenberg,
cf. [7]) representation

ρV : GF −→ AutK(V ) ' GLr(K)

where V is a vector space of dimension r over a finite extension K of Qp,
equipped with a continuous action of GF . We assume that ρV is crystalline
at all primes of F above p, self-dual (i.e., ρV is equivalent to the Tate twist
of its contragredient representation) and unramified outside a finite set Σ
of primes of F including those that either lie above p or are archimedean.
Writing O for the valuation ring of K, we also fix a GF -stable O-lattice
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T inside V , set A := T ⊗O (K/O) and assume that there exists a non-
degenerate, Galois-equivariant pairing

T ×A −→ lµ.. p∞ ,
where lµ.. p∞ is the group of p-power roots of unity, so that A and the Tate
twist of the Pontryagin dual of T become isomorphic. Finally, we impose
on V a number of technical conditions on invariant subspaces and quotients
for the ordinary filtration at primes above p; the reader is referred to As-
sumption 2.1 for details. In particular, in §2.3 we show that, choosing the
prime number p judiciously, these properties are enjoyed by the p-adic Ga-
lois representation attached by Deligne to a modular form of level Γ0(N)
with p - N .

As before, let F∞ be the cyclotomic Zp-extension of F and set Γ :=
Gal(F∞/F ). Let Λ := O[[Γ]] be the Iwasawa algebra of Γ with coefficients
in O, which we identify with the power series O-algebra O[[W ]], where W is
an indeterminate. Finally, let SelGr(A/F∞) be the Greenberg Selmer group
of A over F∞ and let SelBK(A/F ) be the Bloch–Kato Selmer group of A
over F . General control theorems due to Ochiai ([21]) relate SelBK(A/F )
and SelGr(A/F∞)Γ, and one can think of our paper as a refinement of
[21] in which we describe in some cases the (finite) kernel and cokernel of
the natural restriction map SelBK(A/F ) → SelGr(A/F∞)Γ. If SelBK(A/F )
is finite, then SelGr(A/F∞) is a Λ-cotorsion module, i.e., the Pontryagin
dual SelGr(A/F∞)∨ of SelGr(A/F∞) is a torsion Λ-module. Thus, when
SelBK(A/F ) is finite we can consider the characteristic power series F ∈ Λ
of SelGr(A/F∞)∨.

Our main result (Theorem 6.1) is

Theorem 1.1. If SelBK(A/F ) is finite, then F(0) 6= 0 and

#
(
O/F(0) · O

)
= # SelBK(A/F ) ·

∏
v∈Σ
v-p

cv(A),

where cv(A) is the p-part of the Tamagawa number of A at v.

The Tamagawa numbers cv(A) are defined in §3.2. It is worth pointing
out that our local assumptions at primes of F above p ensure that the term
corresponding to E(F )p in (1.1) is trivial. Moreover, our conditions on the
ordinary filtrations at primes v of F above p force all the terms corresponding
to Ẽv(Fv)p in (1.1) to be trivial as well. As will be apparent, our strategy
for proving Theorem 1.1 is inspired by the arguments of Greenberg in [9,
§4].

We conclude this introduction with a couple of remarks of a general na-
ture. First of all, several of our arguments can be adapted to other Zp-
extensions F∞/F . However, in general this would require modifying the
definition of Selmer groups at primes in Σ that are not finitely decomposed
in F∞. Suppose, for instance, that F is an imaginary quadratic field, T is the
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p-adic Tate module of an elliptic curve over Q with good ordinary reduction
at p and F∞ is the anticyclotomic Zp-extension of F . Since prime numbers
that are inert in F split completely in F∞, some of the arguments described
in this paper (e.g., the proof of Lemma 5.14) fail and one needs to work with
subgroups (or variants) of SelBK(A/F ) that are defined by imposing differ-
ent conditions at primes in Σ that are inert in F . For instance, the definition
of Selmer groups in [13, §2.2.3] in the imaginary quadratic case requires that
all the local conditions at inert primes be trivial, while in [2] one assumes
ordinary-type conditions at those primes. Since the precise local conditions
needed depend on the arithmetic situation being investigated, in this paper
we chose to work with the cyclotomic Zp-extension of F exclusively, thus
considering only Bloch–Kato Selmer groups as defined below.

Finally, we remark that our interest in SelGr(A/F∞) instead of the Bloch–
Kato Selmer group SelBK(A/F∞) of A over F∞ is essentially motivated by
the applications to [17] of the results in this paper. Actually, the results
of Skinner–Urban on the Iwasawa main conjecture in the cyclotomic set-
ting ([31]), which play a crucial role in [17], are formulated in terms of
SelGr(A/F∞) rather than SelBK(A/F∞), which explains the focus of our
article. However, alternative settings can certainly be considered; for ex-
ample, [21, Theorem 2.4] establishes a relation between SelBK(A/F ) and
SelBK(A/F∞)Γ, and it would be desirable to prove a formula for the value
at 0 of the characteristic power series of SelBK(A/F∞) analogous to that in
Theorem 1.1.

Acknowledgements. We would like to thank Meng Fai Lim for his interest
in our work and for valuable comments on a previous version of this paper.
We also wish to express our gratitude to the anonymous referee for carefully
reading our article and for several helpful remarks and suggestions.

2. Galois representations

We fix the Galois representations that we consider in this paper, specify-
ing our working assumptions. We will then show that these conditions are
satisfied by a large class of p-ordinary crystalline representations attached
to modular forms.

2.1. Notation and terminology. To begin with, we introduce some gen-
eral notation and terminology. If p is a prime number and M is a topological
Zp-module, then we write

M∨ := Homcont
Zp

(M,Qp/Zp)

for the Pontryagin dual of M . If M is a module over the Galois group
Gal(E/L) of some (Galois) field extension E/L, where L is an extension of
Q or Q` for some prime `, then we denote by M(1) the Tate twist of M .
Let L be a local field of characteristic 0, let L̄ be a fixed algebraic closure of
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L and let GL := Gal(L̄/L) be the absolute Galois group of L. If lµ.. p∞ ⊂ L̄

is the group of p-power roots of unity in L̄, then local Tate duality

〈·, ·〉 : H i(GL,M)×H2−i(GL,M∨(1)
)
−→ H2(GL, lµ.. p∞) ' Qp/Zp

identifies H i(GL,M) with H2−i(GL,M∨(1)
)

for i = 0, 1.

Let F be a number field, let F̄ be a fixed algebraic closure of F and let

GF := Gal(F̄ /F )

be its absolute Galois group. For every prime v of F let Fv be the completion
of F at v and let Ov be the valuation ring of Fv. Moreover, let

Gv := Gal(F̄v/Fv)

be the absolute Galois group of Fv and let Iv ⊂ Gv be the inertia subgroup.
Let T be a continuous GF -module, which we assume to be free of finite

rank r over the valuation ring O of a finite extension K of Qp, where p
is an odd prime number. Fix a uniformizer π of O and set F := O/(π)
for the residue field of K, which is a finite field of characteristic p. Define
V := T ⊗O K and A := V/T = T ⊗O (K/O), so that T is an O-lattice
inside V . Then A ' (K/O)r and V ' Kr as groups and vectors spaces,
respectively. Moreover, for every integer n ≥ 0 there is an isomorphism of
GF -modules T/πnT ' A[πn], where A[πn] is the πn-torsion O-submodule
of A. Set

T ∗ := HomZp(A, lµ.. p∞) = A∨(1), V ∗ := T ∗ ⊗O K.

Observe that V ∗ is the Tate twist of the contragredient representation of V .
Set also

A∗ := V ∗/T ∗ = T ∗ ⊗O (K/O).

The representation V is self-dual if there exists an isomorphism

V ' V ∗

of GF -representations. Let us assume that V is self-dual and fix an isomor-

phism ν : V
'−→ V ∗ as above. Suppose that ν(T ) is homothetic to T ∗, which

means that there exists λ ∈ K× such that λ · ν(T ) = T ∗ in V ∗; this is an
identification of GF -modules, as the action of GF is O-linear. The compo-
sition of ν with the multiplication-by-λ map on V ∗ induces an isomorphism
of GF -modules between the quotients A = V/T and A∗ = V ∗/T ∗.

The representation V is ordinary (in the sense of Greenberg, cf. [7]) at a
prime v | p if there exists a filtration F i(V ) of K-vector spaces of V (where
i ∈ Z) such that

• F i+1(V ) ⊂ F i(V ) for all i ∈ Z;
• there are j1, j2 ∈ Z such that F i(V ) = V for all i ≤ j1 and F i(V ) = 0

for all i ≥ j2;
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• F i(V ) is Gv-stable and Iv acts on the i-th graded piece

gri(V ) = F i(V )/F i+1(V )

by the i-th power of the cyclotomic character.

If we define V + :=
⋃
i>0 F

i(V ), then V + admits a filtration on whose graded
pieces Iv acts via positive powers of the cyclotomic character. Also, there is
a short exact sequence of Gv-representations

0 −→ V + −→ V −→ V − −→ 0 (2.1)

such that V − has a filtration on whose graded pieces Iv acts by non-positive
powers of the cyclotomic character. The exact sequence (2.1) is called the
Panchishkin filtration of V , see [21, Definition 2.2], [22, §5.4]. Define the
integers r+ := dimK(V +) and r− := dimK(V −). Set T+ := V + ∩ T and
T− := T/T+, which are free O-modules of ranks r+ and r−, respectively.
Finally, identify T− with its image in V −, then set

A+ := V +/T+ ' (K/O)r
+

and

A− := V −/T− ' (K/O)r
−
.

2.2. Assumptions. Notation being as in §2.1, write

ρV : GF −→ AutK(V ) ' GLr(K)

and

ρT : GF −→ AutO(T ) ' GLr(O)

for the Galois representations associated with V and T , respectively.
We work under the following assumption, which is slightly more restrictive

than the one appearing in [21].

Assumption 2.1. (1) ρV is unramified outside a finite set of primes of
F ;

(2) ρV is crystalline at all primes v | p;
(3) ρV is self-dual;
(4) ρV is ordinary at all primes v | p;
(5) there is a GF -equivariant, non-degenerate pairing

T ×A −→ lµ.. p∞
that induces a non-degenerate pairing T/pmT × A[pm] → lµ.. pm for
every integer m ≥ 1, where lµ.. pm is the group of pm-th roots of unity;

in particular, this gives an isomorphism T∨(1) ' A.
(6) for each prime v | p, one has:

(a) H0(Fv, A) = 0,
(b) H0(Iv, A

−) = 0,
(c) H0

(
Fv, (T

−)∨(1)
)

= 0,
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(d) there exists a suitable basis such that GFv acts on A+ diagonally
via non-trivial characters η1, . . . , ηr+ that do not coincide with
the cyclotomic character.

Let us define

Σ := {primes of F at which V is ramified} ∪ {primes of F above p}
∪ {archimedean primes of F},

(2.2)

which is a finite set.

Remark 2.2. We list some consequences of Assumption 2.1.

(1) Suppose that gr0(V ) = F 0(V )/F 1(V ) 6= 0. Then V − has a subspace
where inertia acts trivially, which is ruled out by (6b).

(2) If H0(Fv, A) = 0, then the Galois-equivariant isomorphism A '
T∨(1) ensures that H0

(
Fv, T

∨(1)
)

= 0 as well.
(3) If the isomorphism V ' V ∗ induces an isomorphism (T±)∨(1) ' A∓

(which is always true in the case of ordinary modular forms consid-
ered below), then the condition H0

(
Fv, (T

−)∨(1)
)

= 0 is equivalent

to the condition H0(Fv, A
+) = 0, which is implied by (6d).

(4) Note that (6b) is not satisfied in the important class of examples
of elliptic curves; however, as already observed, our results are well
known in the weight 2 case, which is one of the reasons why in
the present article we are primarily concerned with higher weight
modular forms.

2.3. The case of modular forms. We want to check that if the prime
number p is chosen carefully, then Assumption 2.1 is satisfied by the p-adic
Galois representation attached to a newform. Let f(q) =

∑
n≥1 an(f)qn be a

newform of even weight k ≥ 4 and level Γ0(N). Let Qf := Q
(
an(f) | n ≥ 1

)
be the Hecke field of f , which is a totally real number field. It is well known
that the Fourier coefficients an(f) are algebraic integers.

Let p be a prime number such that p - 2N and fix a prime p of Qf above
p. We assume that

p is ordinary for f. (2.3)

In other words, we require ap(f) to be a p-adic unit, i.e., ap(f) ∈ O×.

Remark 2.3. Let us say that a prime number p is ordinary for f if p - ap(f).
Thanks to results of Serre on eigenvalues of Hecke operators ([30, §7.2]),
one can prove that if k = 2, then the set of primes that are ordinary for f
has density 1, so it is infinite (see, e.g., [5, Proposition 2.2]). On the other
hand, it is immediate to check that if p is an ordinary prime for f that is
unramified in Qf , then there exists a prime ℘ of Qf above p such that f
is ℘-ordinary. As a consequence, a weight 2 newform satisfies (2.3) with a
suitable p for infinitely many primes p (in fact, the set of such primes has
density 1). On the contrary, the existence of infinitely many ordinary primes
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for a modular form of weight larger than 2 is, as far as we are aware of, still
an open question.

We also assume that

ap(f) 6≡ 1 (mod p). (2.4)

Write K for the completion of Qf at p and O for the valuation ring of K. As
before, set F := O/pO. Let V be the self-dual twist of the representation
Vf,p of GQ attached by Deligne to f and p ([4]), so that V = Vf,p(k/2).
Choose a GQ-stable O-lattice T ⊂ V . The p-adic representations

ρf,p : GQ −→ AutK(V ) ' GL2(K)

and
ρf,p,T : GQ −→ AutO(T ) ' GL2(O)

will play the roles of ρV and ρT , respectively. In particular, F = Q in the
notation of §2.2.

Now we show that Assumption 2.1 is satisfied by the representation V .
First of all, it is well known that V is unramified at all primes ` - Np
and crystalline at p: these properties correspond to conditions (1) and (2)
in Assumption 2.1. Furthermore, V is the self-dual twist of Vf,p, so (3)
in Assumption 2.1 is satisfied. On the other hand, (5) in Assumption 2.1
corresponds to [18, Proposition 3.1, (2)].

Next, we show that (4) and (6) in Assumption 2.1 are satisfied. If ` - Np
and Frob` is a geometric Frobenius at `, then the characteristic polynomial
of ρV (Frob`) is the Hecke polynomial X2 − a`(f)X + `k−1. Let α ∈ O×
be the unit root of X2 − ap(f)X + pk−1, which exists because f satisfies
(2.3), and let δ be the unramified character of the decomposition group
Gp := Gal(Q̄p/Qp) given by δ(Frobp) := α, where Frobp ∈ Gp/Ip is as above
the geometric Frobenius. It is a classical result of Deligne and of Mazur–
Wiles (see, e.g., [20, §1.3.5], or [21, Proposition 3.2]) that the restriction of
Vf,p to Gp is equivalent to a representation of the form(

δ c
0 δ−1 · χ1−k

cyc

)
,

where c is a 1-cocycle with values in O and χcyc : GQp → Z×p is the p-adic
cyclotomic character. It follows that the restriction of V = Vf,p(k/2) to Gp
is equivalent to a representation of the form(

δ · χk/2cyc c · χk/2cyc

0 δ−1 · χ1−k/2
cyc

)
.

Thus, (4) in Assumption 2.1 is satisfied and there is an exact sequence of
GQp-modules

0 −→ V + −→ V −→ V − −→ 0

such that V + and V − are 1-dimensional K-vector spaces on which GQp acts

via the characters δ ·χk/2cyc and δ−1 ·χ1−k/2
cyc , respectively. Since δ is non-trivial,
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we see that (6d) in Assumption 2.1 is satisfied. Now, Ip acts on A− ' K/O
via the (1 − k/2)-th power of the cyclotomic character; if k > 2, then this
power is non-trivial, so (6b) in Assumption 2.1 holds. As for (6c), see part
(3) of Remark 2.2.

Finally, we prove that (6a) is satisfied. Suppose that H0(Qp, A) 6= 0.
Then one can find an element a ∈ A[p] such that σ(a) = a for all σ ∈ Gp.
Since T/pT ' A[p], we may regard a as an element of T/pT . Choose a
basis {e1} of the 1-dimensional F-vector space T+/pT+ and complete it to
a F-basis {e1, e2} of T/pT . The action of σ ∈ Gp on T/pT is then given by
the matrix

ρ̄f,p(σ) =

(δ · χk/2cyc

)
(σ)

(
c · χk/2cyc

)
(σ)

0
(
δ−1 · χ1−k/2

cyc

)
(σ)

 (mod p).

Write a = x1e1+x2e2 with x1, x2 ∈ F. Let v | p be a prime of F , set F̄v := Q̄p
and let Gv := Gal(F̄v/Fv) ⊂ Gp. The action of σ ∈ Gv on a is given by

σ(a) =
(
x1

(
δ·χk/2cyc

)
(σ)+x2

(
c·χk/2cyc

)
(σ)
)
e1+x2

(
δ−1·χ1−k/2

cyc

)
(σ)e2 (mod p).

(2.5)
Then, in light of (2.4), one easily shows from (2.5) that σ(a) 6= a. First
suppose that x2 = 0. Then x1 6= 0 because a 6= 0, so it is enough to find

σ ∈ Gp such that x1

(
δ · χk/2cyc

)
(σ) 6= 1. Let Frobp ∈ Gal(Qunr

p /Qp) be a

geometric Frobenius. If k = 2, then Frobjp(a) = x1ᾱ
je1 for all integers j,

where ᾱ = α (mod p). Since ᾱ 6= 1, one may find j such that x1ᾱ
j 6= 1,

and so σ(a) 6= a. If k > 2, then a similar argument works. Namely, choose
an integer j such that x1α

j 6= 1, pick a lift F ∈ Gp of Frobjp and let F̄

be the image of F in Gal
(
Qp(lµ.. p∞)/Qp

)
, so that χcyc(F ) = χcyc(F̄ ). If

x1α
j ·χk/2cyc (F ) 6= 1, then we are done; otherwise, since x1α

j 6= 1, we see that

χ
k/2
cyc (F̄ ) 6= 1, so the map σ 7→ χ

k/2
cyc is not the trivial character. It follows

that χ
k/2
cyc : Gal

(
Qp(lµ.. p)/Qp

)
→ F×p is surjective, and therefore we can find

σ ∈ Ip such that χ
k/2
cyc (σ) 6= 1. Then

x1

(
δ · χk/2cyc

)
(Fσ) = x1α

j · χk/2cyc (Fσ)

= x1α
j · χk/2cyc (F ) · χk/2cyc (σ) = χk/2cyc (σ) 6= 1,

and we are done. The case x2 6= 0 is similar; in fact, it suffices to show

that there exists σ such that x2

(
δ−1 · χ1−k/2

cyc

)
(σ) 6= 1. Choose j such that

x2ᾱ
−j 6= 1 and fix a lift F ∈ Gp of Frobjp. If x2α

−j ·χ1−k/2
cyc (F ) 6= 1, then we

are done, otherwise χ
1−k/2
cyc : Gal

(
Qp(lµ.. p)/Qp

)
→ F×p is surjective, so we can

find σ ∈ Ip such that χ
1−k/2
cyc (σ) 6= 1. It follows that

x2

(
δ · χk/2cyc

)
(Fσ) = x2α

−j · χ1−k/2
cyc (Fσ)

= x2α
−j · χ1−k/2

cyc (F ) · χ1−k/2
cyc (σ) = χ1−k/2

cyc (σ) 6= 1,
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and the proof of (6a) in Assumption 2.1 is complete.

3. Selmer groups

Notation from §2.1 is in force; moreover, we work under Assumption
2.1. As before, let F∞ be the cyclotomic Zp-extension of F . Set Γ :=
Gal(F∞/F ) ' Zp, choose a topological generator γ of Γ and let Λ := O[[Γ]] be
the Iwasawa algebra of Γ with coefficients in O, which can be identified with
the formal power series O-algebra O[[W ]] by sending γ to W + 1. For every
integer n ≥ 0 write Fn for the n-th layer of F∞/F , i.e., the unique extension
Fn of F such that Fn ⊂ F∞ and Gal(Fn/F ) ' Z/pnZ (in particular, F0 =
F ). For every prime v of Fn denote by Fn,v the completion of Fn at v,
let Gn,v := Gal(F̄n,v/Fn,v) be the absolute Galois group of Fn,v and let
In,v ⊂ Gn,v be the inertia subgroup. If n = 0, in the previous notation
we have Gv = G0,v and Iv = I0,v. We also set G∞,v := Gal(F̄v/F∞,v) and
denote by I∞,v its inertia subgroup.

3.1. Local conditions at ` 6= p. Fix an integer n ≥ 0. Fix also a prime
number ` 6= p and a prime v | ` of Fn. For ? ∈ {V,A}, define

H1
ur(Fn,v, ?) := ker

(
H1(Fn,v, ?) −→ H1(In,v, ?)

)
.

Here, as customary, H1(Fn,v, ?) stands for H1(Gn,v, ?). By functoriality,
there is a map H1(Fn,v, V )→ H1(Fn,v, A); set

H1
f (Fn,v, V ) := H1

ur(Fn,v, V ),

H1
f (Fn,v, A) := im

(
H1
f (Fn,v, V ) −→ H1(Fn,v, A)

)
.

The commutative diagram

0 // H1
ur(Fn,v, V ) // H1(Fn,v, V ) //

��

H1(In,v, V )

��

0 // H1
ur(Fn,v, A) // H1(Fn,v, A) // H1(In,v, A)

shows that H1
f (Fn,v, A) ⊂ H1

ur(Fn,v, A).

3.2. Local Tamagawa numbers. For every prime v of F we introduce
the p-part of the Tamagawa number of A at v. As we shall see, the product
of these integers will appear in our main result.

Lemma 3.1. The index
[
H1

ur(Fv, A) : H1
f (Fv, A)

]
is finite.

Proof. See [25, Lemma 1.3.5]. �

The following notion is well defined thanks to Lemma 3.1.
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Definition 3.2. Let v be a prime of F . The integer

cv(A) :=
[
H1

ur(Fv, A) : H1
f (Fv, A)

]
is the p-part of the Tamagawa number of A at v.

Recall the finite set Σ from (2.2).

Lemma 3.3. If v /∈ Σ, then cv(A) = 1.

Proof. Since T is unramified outside Np, this is [25, Lemma 1.3.5, (iv)]. �

3.3. Local conditions at p. Fix an integer n ≥ 0 and let v | p be a prime
of Fn.

3.3.1. The Bloch–Kato condition. Let Bcris be Fontaine’s crystalline
ring of periods. Define

H1
f (Fn,v, V ) := ker

(
H1(Fn,v, V ) −→ H1(Fn,v, V ⊗Qp Bcris)

)
and

H1
f (Fn,v, A) := im

(
H1
f (Fn,v, V ) −→ H1(Fn,v, A)

)
,

where the second arrow is induced by the canonical map H1(Fn,v, V ) →
H1(Fn,v, A).

3.3.2. The Greenberg condition. As in §2.1, let T+ := T ∩ V +, A+ :=
V +/T+, A− := A/A+. For ? ∈ {V,A}, define

H1
ord(Fn,v, ?) := ker

(
H1(Fn,v, ?) −→ H1(In,v, ?

−)
)
,

the map being induced by restriction and the canonical projection ?� ?−.

3.3.3. Comparison between local conditions. Let BdR be Fontaine’s
de Rham ring of periods. Define

H1
g (Fn,v, V ) := ker

(
H1(Fn,v, V ) −→ H1(Fn,v, V ⊗Qp BdR)

)
.

Since Bcris is a subring of BdR, there is an inclusionH1
f (Fn,v, V ) ⊂ H1

g (Fn,v, V ).

Since V is crystalline at p, by [19, Proposition 12.5.8], one has Dcris,Fn,v(V −) =

0 (here, as usual, Dcris,Fn,v(W ) := (W⊗QpBcris)
GFn,v for aGFn,v -representation

W ). Then it follows from [19, Proposition 12.5.7, (2), (ii)] that

H1
f (Fn,v, V ) = H1

g (Fn,v, V ). (3.1)

Moreover, by a result of Flach ([6, Lemma 2]; see also [21, Proposition 4.2]),
there is an equality

H1
g (Fn,v, V ) = H1

ord(Fn,v, V ). (3.2)

Combining (3.1) and (3.2) then yields

H1
f (Fn,v, V ) = H1

ord(Fn,v, V ). (3.3)
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Finally, in light of (3.3), the commutativity of the square

H1(Fn,v, V )

��

// H1(Fn,v, A)

��

H1(In,v, V
−) // H1(In,v, A

−)

shows that H1
f (Fn,v, A) ⊂ H1

ord(Fn,v, A).

3.4. Selmer groups. Now we introduce Selmer groups in the sense of
Bloch–Kato and of Greenberg.

3.4.1. The Bloch–Kato Selmer group. Fix an integer n ≥ 0. The
Bloch–Kato Selmer group of A over Fn is

SelBK(A/Fn) := ker

(
H1(Fn, A) −→

∏
v

H1(Fn,v, A)

H1
f (Fn,v, A)

)
,

where v varies over all primes of Fn and the arrow is induced by the local-
ization maps. Moreover, define the Bloch–Kato Selmer group of A over F∞
as

SelBK(A/F∞) := lim−→
n

SelBK(A/Fn),

the direct limit being taken with respect to the usual restriction maps in
Galois cohomology.

3.4.2. The Greeenberg Selmer group. Fix an integer n ≥ 0. The
Greenberg Selmer group of A over Fn is

SelGr(A/Fn) := ker

(
H1(Fn, A) −→

∏
v-p

H1(Fn,v, A)

H1
ur(Fn,v, A)

×
∏
v|p

H1(Fn,v, A)

H1
ord(In,v, A)

)
,

where v varies over all primes of Fn and the arrow is induced by the local-
ization maps. Moreover, define the Greenberg Selmer group of A over F∞
as

SelGr(A/F∞) := lim−→
n

SelGr(A/Fn), (3.4)

the direct limit being taken again with respect to the restriction maps.

Remark 3.4. For Galois representations associated with modular forms, the
Selmer group considered in [31] is the Greenberg Selmer group. In many
cases, the strict Selmer group, which is defined as the Greenbebrg Selmer
group with the difference that the local condition at a prime v above p is
taken to be the kernel of the map

H1(Fn, A) −→ H1(Fn,v, A)

H1
ord(Fn,v, A)

,

is equal to the Bloch–Kato Selmer group (see, e.g., [12, (23)]).
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4. Characteristic power series

As before, let F∞ be the cyclotomic Zp-extension of F and put

Γ := Gal(F∞/F ) ' Zp.
With notation as in (3.4), set

S := SelGr(A/F∞).

Furthermore, let
X := S∨ = Hom(S,Qp/Zp)

be the Pontryagin dual of S. By the topological version of Nakayama’s
lemma (see, e.g., [1, p. 226, Corollary]), the Λ-module X is finitely gener-
ated.

4.1. Invariants and coinvariants of Selmer groups. In what follows,
SΓ (respectively, SΓ) denotes the O-module of Γ-invariants (respectively,
Γ-coinvariants) of S.

Proposition 4.1. If SelBK(A/F ) is finite, then SΓ is finite and S is a
cotorsion Λ-module.

Recall that, by definition, S is Λ-cotorsion if X is Λ-torsion.

Proof. By [21, Theorem 2.4], which can be applied in our setting using [19,
Lemma 12.5.7], SelBK(A/F ) is finite if and only if SelBK(A/F∞)Γ is. On the
other hand, by [21, Proposition 4.2] combined with (3.3), SelBK(A/F∞)Γ

is finite if and only if SΓ is. Now fix a topological generator γ of Γ. By
Pontryagin duality, the finiteness of SΓ is equivalent to the finiteness of
X/(γ − 1)X. By [1, p. 229, Theorem], it follows that X is Λ-torsion, which
means that S is a cotorsion Λ-module. �

Remark 4.2. The proof of Proposition 4.1 actually shows that the finite-
ness of SelBK(A/F ) is equivalent to the finiteness of SΓ. Moreover, by [6,
Theorem 3] and [21, Proposition 4.1, (1)], for every n ≥ 0 the finiteness of
SelBK(A/Fn) is equivalent to the finiteness of SelGr(A/Fn).

In particular, when SelBK(A/F ) is finite we can consider the characteristic
power series F ∈ O[[W ]] of X.

Proposition 4.3. If SΓ is finite, then SΓ is finite, F(0) 6= 0 and

#
(
O/F(0)O

)
= #SΓ

/
#SΓ.

Proof. Proceed as in the proof of [9, Lemma 4.2], which only deals with the
O = Zp case but carries over to our more general setting in a straightforward
way. �

Remark 4.4. Since Γ has cohomological dimension 1 and S is a direct limit of
torsion groups, H2(Γ, S) = 0; moreover, since Γ ' Zp, we have H1(Γ, S) =
SΓ. It follows that

#SΓ
/

#SΓ = #H0(Γ, S)
/

#H1(Γ, S)
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is the Euler characteristic of M .

From now on we work under

Assumption 4.5. The group SelBK(A/F ) is finite.

In light of Assumption 4.5, it follows from Propositions 4.1 and 4.3 that

S is Λ-cotorsion, SΓ and SΓ are finite, F(0) 6= 0 (4.1)

and

#
(
O/F(0) · O

)
=

#SΓ

#SΓ
. (4.2)

In the following sections we shall study the quotient on the right hand side
of (4.2).

5. Relating SelBK(A/F ) and SΓ

We know from §3.1 and §3.3.3 with n = 0 that H1
f (Fv, A) ⊂ H1

ur(Fv, A) if

v - p and H1
f (Fv, A) ⊂ H1

ord(Fv, A) if v | p. It follows that there is an inclusion

SelBK(A/F ) ⊂ SelGr(A/F ), which can be composed with the canonical map
SelGr(A/F )→ S to produce a map

SelBK(A/F ) −→ S. (5.1)

Finally, it is straightforward to check that the image of (5.1) is contained in
the submodule of Γ-invariants of S, so we obtain a natural map

s : SelBK(A/F ) −→ SΓ. (5.2)

Remark 5.1. Again by §3.1 and §3.3.3, for every n ≥ 0 there is an inclusion
SelBK(A/Fn) ⊂ SelGr(A/Fn), so taking direct limits yields an injection

SelBK(A/F∞) ↪−→ S. (5.3)

The map s in (5.2) can be equivalently recovered by pre-composing (5.3)
with the canonical map SelBK(A/F ) → SelBK(A/F∞) and observing that,
as above, the image of the resulting map is contained in the submodule of
Γ-invariants of S.

Now recall that Assumption 4.5 is in force. As remarked in (4.1), SΓ is
finite as well. Then

#SΓ =
# SelBK(A/F ) ·# coker(s)

# ker(s)
. (5.4)

Our next goal is to study the orders of the kernel and of the cokernel of s.
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5.1. The map r. Set

PBK(A/F ) :=
∏
v

H1(Fv, A)

H1
f (Fv, A)

and for every integer n ≥ 0 set also

PGr(A/Fn) :=
∏
v-p

H1(Fn,v, A)

H1
ur(Fn,v, A)

×
∏
v|p

H1(Fn,v, A)

H1
ord(Fn,v, A)

,

where products are taken over all primes of F and of Fn, respectively. With
this notation, we can write

SelBK(A/F ) = ker
(
H1(F,A) −→ PBK(A/F )

)
and

SelGr(A/Fn) = ker
(
H1(Fn, A) −→ PGr(A/Fn)

)
.

Finally, we define

PGr(A/F∞) := lim−→
n

PGr(A/Fn) =
∏
v-p

H1(F∞,v, A)

H1
ur(F∞,v, A)

×
∏
v|p

H1(F∞,v, A)

H1
ord(F∞,v, A)

(5.5)
where the direct limit is taken with respect to the restriction maps; we also
note that if a prime of Fn splits completely in Fm for m ≥ n, then the
corresponding map is the diagonal embedding. By definition, there is an
equality

SelGr(A/F∞) = ker
(
H1(F∞, A) −→ PGr(A/F∞)

)
,

By construction (see §3.4 and (5.5)), there are natural maps PBK(A/F ) →
PGr(A/F ) and PGr(A/F )→ PGr(A/F∞), which produce a map

r : PBK(A/F ) −→ PGr(A/F∞).

For every prime v of F let w be a prime of F∞ above v. The map r is given
by a product r =

∏
v,w rv,w, where

rv,w :
H1(Fv, A)

H1
f (Fv, A)

−→ H1(F∞,w, A)

H1
ur(F∞,w, A)

if v - p, while

rv,w :
H1(Fv, A)

H1
f (Fv, A)

−→ H1(F∞,w, A)

H1
ord(F∞,w, A)

if v | p. Our next goal is to study the kernel of r prime by prime.
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5.1.1. The map rv,w for v - p. Assume that v - p. Let Σ be the finite
set of primes of F introduced in (2.2). We will distinguish two cases: v /∈ Σ
and v ∈ Σ.

Lemma 5.2. If v /∈ Σ, then rv,w is injective.

Proof. By Lemma 3.3, the kernel of rv,w is the kernel of the restriction map

H1(Fv, A)

H1
ur(Fv, A)

−→ H1(F∞,w, A)

H1
ur(F∞,w, A)

. (5.6)

With self-explaining notation, there are injections

H1(Fv, A)

H1
ur(Fv, A)

↪−→ H1(Iv, A) = Hom(Iv, A)

and
H1(F∞,w, A)

H1
ur(F∞,w, A)

↪−→ H1(I∞,w, A) = Hom(I∞,w, A),

where the equalities are a consequence of the fact that A is unramified at v.
Therefore, the kernel of (5.6) is contained in the kernel of the natural map

Hom(Iv, A) −→ Hom(I∞,w, A). (5.7)

Since v is unramified, F∞,w is the unramified Zp-extension of Fv. Thus,
Iv = I∞,w and (5.7) is injective, which concludes the proof. �

It follows from Lemma 5.2 that ker(r) is the subgroup of PBK(A/F ) con-
sisting of elements s such that rv,w(s) = 0 for all w | v with v ∈ Σ. Thus,
upon setting

PΣ
BK(A/F ) :=

∏
v∈Σ

H1(Fv, A)

H1
f (Fv, A)

and

PΣ
Gr(A/F∞) :=

∏
w|v

v∈Σ, v - p

H1(F∞,w, A)

H1
ur(F∞,w, A)

×
∏
w|v|p

H1(F∞,w, A)

H1
ord(F∞,w, A)

,

it follows that ker(r) ⊂ PΣ
BK(A/F ); more precisely, ker(r) coincides with the

kernel of the restriction map

g : PΣ
BK(A/F ) −→ PΣ

Gr(A/F∞)Γ. (5.8)

We conclude that

# ker(r) =
∏
w|v
v∈Σ

# ker(rv,w). (5.9)

Lemma 5.3. If v ∈ Σ and v - p, then # ker(rv,w) = cv(A).
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Proof. The map rv,w splits as a composition

rv,w : H1(Fv, A)
/
H1
f (Fv, A) −→ H1(Fv, A)

/
H1

ur(Fv, A)

−→ H1(F∞,w, A)
/
H1

ur(F∞,w, A).

Thus, since #
(
H1

ur(Fv, A)/H1
f (Fv, A)

)
= cv(A), it suffices to show that the

map

H1(Fv, A)
/
H1

ur(Fv, A) −→ H1(F∞,w, A)
/
H1

ur(F∞,w, A) (5.10)

is injective. Let F ur
v be the maximal unramified extension of Fv and set

Gur
v := Gal(F ur

v /Fv).

There is a commutative diagram

0 // H1
ur(Fv, A) //

��

H1(Fv, A) //

��

H1(Iv, A)G
ur
v //

��

0

0 // H1
ur(F∞,w, A) // H1(F∞,w, A) // H1(I∞,w, A)

(5.11)
with exact rows. Notice that, since Gur

v '
∏
`Z`, the surjectivity of the

right non-trivial map in the top row of (5.11) stems from the vanishing of
H2(Gur

v , A) ([26, Proposition 1.4.10, (2)]). It follows that the kernel of the
map in (5.10) can be identified with the kernel of the rightmost vertical map
in (5.11), which is isomorphic (by the inflation-restriction exact sequence)

to H1
(
Iv/I∞,w, A

I∞,w
)Gur

v . Since F∞,w/Fv is unramified if v - p, we have
Iv = I∞,w, so

H1
(
Iv/I∞,w, A

I∞,w
)

= 0.

It follows that (5.10) is injective, which completes the proof. �

5.1.2. The map rv,w for v | p. Now we study the local conditions at a
prime v | p. Recall that, by (3.3), we have H1

ord(Fv, V ) = H1
f (Fv, V ). More-

over, as explained in §3.3.3, there is an inclusion H1
f (Fv, A) ⊂ H1

ord(Fv, A).
The lemma below, whose proof uses in a crucial way the triviality of local

invariants from part (6a) in Assumption 2.1, forces the terms corresponding

to Ẽv(Fv) in (1.1) to be trivial for all primes v of F above p.

Lemma 5.4. If v | p, then rv,w is injective.

Proof. To begin with, note that the map rv,w can be written as the com-
position

rv,w :
H1(Fv, A)

H1
f (Fv, A)

−→ H1(Fv, A)

H1
ord(Fv, A)

−→ H1(F∞,w, A)

H1
ord(F∞,w, A)

, (5.12)

where the first arrow is induced by the identity map of H1(Fv, A) and the
second by the obvious (restriction) map H1(Fv, A) → H1(F∞,w, A). Our
strategy is to prove that both maps appearing in (5.12) are injective. As
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we shall see, the proof of the injectivity of the second map is, thanks to
Assumption 2.1, straightforward, while dealing with the first map is much
more delicate.

We first take care of the second map in (5.12). Let us consider the com-
mutative diagram with exact rows

0 // H1
ord(Fv, A) //

��

H1(Fv, A) //

��

H1(Iv, A
−)

��

0 // H1
ord(F∞,w, A) // H1(F∞,w, A) // H1(I∞,w, A

−).

The kernel of the rightmost vertical arrow is isomorphic (by the inflation-
restriction exact sequence) to H1

(
Iv/I∞,w, (A

−)I∞,w
)
. We claim that the

group H1
(
Iv/I∞,w, (A

−)I∞,w
)

is trivial. First, observe that (A−)I∞,w = A−,
because the action of Iv on V factors through the cyclotomic Zp-extension of
Fv, which is totally ramified over v. Since Iv/I∞,w ' Zp has cohomological
dimension 1, it is enough to show that H1

(
Iv/I∞,w, V

−) = 0. Using the defi-
nition of V −, it can be checked that if γ is a topological generator of Iv/I∞,w,
then V −/(γ − 1) · V − is trivial (cf. part (1) of Remark 2.2). On the other
hand, H1

(
Iv/I∞,w, V

−) ' V −/(γ − 1)V −, so H1
(
Iv/I∞,w, (A

−)I∞,w
)

= 0,
as claimed. It follows that the second arrow in (5.12) is injective, so ker(rv,w)
is equal to the kernel of the first map in (5.12). We tackle the study of this
map by adapting arguments from [6] and [21, Proposition 4.2]. Of course,
proving that the above-mentioned map is injective amounts to showing that
H1
f (Fv, A) = H1

ord(Fv, A).
Let us consider the commutative diagram with exact rows

H1(Fv, T )

H1(Fv, T )tors

��

a //

(
H1(Iv, T )

H1(Iv, T )tors

)Gur
v

��

0 // H1
f (Fv, V ) = H1

ord(Fv, V ) //

��

g

||

H1(Fv, V )
b //

��

H1(Iv, V
−)G

ur
v

��

H1
f (Fv, A)
� _

��

0 // H1
ord(Fv, A)

d // H1(Fv, A)
c //

��

H1(Iv, A
−)G

ur
v

��

H2(Fv, T )tors
// H2(Iv, T

−)
Gur

v
tors.
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The map b splits as a composition

b : H1(Fv, V )
b′−→ H1(Fv, V

−)
b′′−→ H1(Iv, V

−)G
ur
v .

The cokernel of b′ injects into H2(Fv, V
+) and local Tate duality gives an

isomorphismH2(Fv, V
+) ' H0

(
Fv, (V

−)∨(1)
)
. SinceH0

(
Fv, (T

−)∨(1)
)

= 0

by part (6c) of Assumption 2.1, H0
(
Fv, (V

−)∨(1)
)

is trivial. On the other

hand, the cokernel of b′′ injects into H2
(
Gur
v , (V

−)Iv
)
, which is trivial by

[26, Proposition 1.4.10, (2)]. Therefore, the map b is surjective. Moreover,
local Tate duality identifies H2(Fv, T ) with H0

(
Fv, T

∨(1)
)
, which is trivial

by Assumption 2.1 (cf. part (2) of Remark 2.2), hence H2(Fv, T ) = 0. The
snake lemma then gives an isomorphism coker(a) ' coker(g). Now we study
the cokernel of a. Let us consider the commutative diagram with exact rows

0 // H1(Fv, T )tors
//

��

H1(Fv, T ) //

h

��

H1(Fv, T )

H1(Fv, T )tors

//

a
��

0

0 // H1(Iv, T
−)

Gur
v

tors
// H1(Iv, T

−)G
ur
v

e //

(
H1(Iv, T

−)

H1(Iv, T−)tors

)Gur
v

.

The cokernel of e is (isomorphic to) a subgroup of H1
(
Gur
v , H

1(Iv, T
−)tors

)
.

The group H1(Iv, T
−)tors is (isomorphic to) the largest cotorsion quotient

of H0(Iv, A
−); since H0(Iv, A

−) = 0 by part (6b) of Assumption 2.1, the
group H1

(
Gur
v , H

1(Iv, T
−)tors

)
is trivial too, and so is coker(e). It follows

that the natural map coker(h)→ coker(a) is surjective. On the other hand,
the map h can be written as

h : H1(Fv, T )
h′−→ H1(Fv, T

−)
h′′−→ H1(Iv, T

−)G
ur
v .

The cokernel of h′ injects into H2(Fv, T
+), whose dual H0

(
Fv, (T

−)∨(1)
)

is trivial thanks to part (6c) of Assumption 2.1. Moreover, the cokernel of
h′′ injects into H2

(
Gur
v , (T

−)Iv
)
, which is trivial by [26, Proposition 1.4.10,

(2)]. Thus, the map h is surjective, and we conclude that the cokernel of a is
trivial. Since coker(a) is isomorphic to coker(g), it follows that the cokernel
of g is trivial as well. This means that g is surjective, i.e., H1

f (Fv, A) =

H1
ord(Fv, A), as was to be shown. �

If follows from a combination of equality (5.9) and Lemmas 5.3 and 5.4
that

# ker(r) =
∏
v∈Σ
v 6=p

cv(A). (5.13)

5.2. Surjectivity of restriction. Denote by FΣ the maximal extension of
F unramified outside Σ, and for any Gal(FΣ/F )-module M set

H i(FΣ/F,M) := H i
(
Gal(FΣ/F ),M

)
.
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The symbol H i(FΣ/F∞,M) will have an analogous meaning. It follows from
Lemma 5.2 that

SelBK(A/F ) = ker
(
H1(FΣ/F,A)

δΣ−→ PΣ
BK(A/F )

)
and

SelGr(A/F∞) = ker
(
H1(FΣ/F∞, A)

δ∞,Σ−−−→ PΣ
Gr(A/F∞)

)
,

where δΣ and δ∞,Σ are the restriction maps. For notational convenience,
if M is a GF -module and F ′ is an algebraic extension of F , then we set
M(F ′) := H0(F ′,M).

The following lemma, whose proof uses (a global consequence of) part
(6a) of Assumption 2.1, implies that the term corresponding to E(F )p in
(1.1) is trivial.

Lemma 5.5. A(F∞) = 0.

Proof. Since A = lim−→n
A[πn], it suffices to show that A[π](F∞) = 0. Recall

that A[π] is a finite-dimensional vector space over the finite field F of char-
acteristic p; in particular, A[π] is finite. It follows that if x ∈ A[π], then the
stabilizer of x in GF is a closed and finite index subgroup of GF , so it is equal
to GF ′ for a suitable finite extension F ′ of F . If, moreover, x ∈ A[π](F∞),
then F ′ ⊂ F∞, hence F ′ = Fn for a suitable n ≥ 0 and x ∈ A[π](Fn).
Thus, we are reduced to showing that A[π](Fn) = 0 for all n ≥ 0. Since
A[π](F ) = 0 by part (6a) of Assumption 2.1 and [Fm+1 : Fm] = p for all
m ≥ 0, the triviality of A[π](Fn) for all n ≥ 0 follows from [29, Proposition
26] by induction on n. �

Remark 5.6. If we imposed additional assumptions on the representation
ρV , then we could avoid using part (6a) of Assumption 2.1 to deduce that
A(F∞) = 0. For example, if we required the reduction of ρT modulo p to be
irreducible with non-solvable image (which in the case of non-CM modular
forms is true for all but finitely many p, cf. [15, Lemma 3.9], [24, §2]), then
we could show that A(F∞) is trivial by proceeding as in the proof of [16,
Lemma 2.4] (see also [15, Lemma 3.10, (2)]). However, the local vanishing
from part (6a) of Assumption 2.1 plays a much more delicate role in the
proof of Lemma 5.4, which is the reason why we decided to assume this
condition right from the outset.

Lemma 5.7. The map δΣ is surjective.

Proof. We apply some results from [9, Section 4], so we first recall the
setting of [9]. Let M be a GF -module isomorphic to (Qp/Zp)

d for some
integer d ≥ 1. As in [9], define

T ∗ := HomZp(M,µp∞) = M∨(1),

V ∗ := T ∗ ⊗Zp Qp,

M∗ := V ∗/T ∗ = T ∗ ⊗Zp (Qp/Zp).
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Let

H1(Fv,M)×H1(Fv, T
∗) −→ Qp/Zp

be the local Tate pairing, which is perfect. Suppose that for each v ∈ Σ we
have a divisible subgroup Lv of H1(Fv,M), then consider the Selmer group

Sel(M/F ) := ker

(
H1(FΣ/F,M)

ϑ−→
∏
v∈Σ

H1(Fv,M)

Lv

)
, (5.14)

where ϑ =
∏
v∈Σ ϑv is the product of the maps ϑv : H1(FΣ/F,M) →

H1(Fv,M)/Lv obtained by composing the canonical restriction map

H1(FΣ/F,M) −→ H1(Fv,M)

and the projection H1(Fv,M) → H1(Fv,M)/Lv. Furthermore, denote by
U∗v the orthogonal complement of Lv under the local Tate pairing. Write L∗v
for the image in H1(Fv,M

∗) of the Qp-subspace of H1(Fv, V
∗) generated by

the image of U∗v under the natural map H1(Fv, T
∗)→ H1(Fv, V

∗). Set

Sel(M∗/F ) := ker

(
H1(FΣ/F,M

∗) −→
∏
v∈Σ

H1(Fv,M
∗)

L∗v

)
.

The arguments in [9, pp. 100–101] show that if the Selmer group Sel(M∗/F )
is finite and H0(FΣ/F,M

∗) is trivial, then ϑ in (5.14) is surjective.
Now we return to our setting, with M = A, T and V as in Assumption

2.1. To apply the results explained above, recall that, by Assumption 2.1,
the image of T in V ∗ = V ∨(1) under the isomorphism V ' V ∗ is homothetic
to T ∗. Furthermore, the Bloch–Kato conditions H1

f (Fv, A) and H1
f (Fv, A

∗)

are orthogonal under local Tate duality ([3, Proposition 3.8]). Thus,

SelBK(A/F ) ' SelBK(A∗/F ),

so the finiteness of SelBK(A/F ) is equivalent to that of SelBK(A∗/F ). To
conclude the proof we only need to check that H0(FΣ/F,A

∗) is trivial. Since
T and T ∗ are homothetic, and A = V/T , A∗ = V ∗/T ∗, it is enough to
show that H0(FΣ/F,A) is trivial. Since A is unramified outside Σ, we have
A = H0(FΣ, A), so H0(FΣ/F,A) is isomorphic to H0(F,A), and it is enough
to show that H0(F,A) = 0. By Lemma 5.5, H0(F∞, A) = 0 and, a fortiori,
H0(F,A) = 0, concluding the proof. �

5.3. An application of the snake lemma. It follows from Lemma 5.7
that there is a commutative diagram

0 // SelBK(A/F ) //

s

��

H1(FΣ/F,A)
δΣ //

h

��

PΣ
BK(A/F ) //

g

��

0

0 // SΓ // H1(FΣ/F∞, A)Γ
δΓ
∞,Σ

// PΣ
Gr(A/F∞)Γ

(5.15)
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with exact rows, where s is as in (5.2), h is restriction, g is as in (5.8) and
δΓ
∞,Σ is the map induced by δ∞,Σ between Γ-invariants.

Lemma 5.8. The map h is an isomorphism and the map s is injective.

Proof. By inflation-restriction, there is an exact sequence

0 −→ H1
(
Γ, A(F∞)

)
−→ H1(FΣ/F,A)

h−→ H1(FΣ/F∞, A)Γ −→ H2
(
Γ, A(F∞)

)
,

and we conclude thanks to Lemma 5.5 and the injection ker(s) ↪→ ker(h). �

Recall from (4.1) that SΓ is finite, so coker(s) is finite.

Lemma 5.9. #SΓ = # SelBK(A/F ) ·# ker(g).

Proof. From (5.15), the snake lemma gives an exact sequence

ker(h) −→ ker(g) −→ coker(s) −→ coker(h). (5.16)

On the other hand, by Lemma 5.8, both ker(h) and coker(h) are trivial, so
(5.16) yields an isomorphism ker(g) ' coker(s). In particular, # coker(s) =
# ker(g), and the searched-for equality follows immediately from (5.4). �

The proposition below provides a crucial step towards our main result.

Proposition 5.10. #SΓ = # SelBK(A/F ) ·
∏
v∈Σ
v-p

cv(A).

Proof. Combine Lemma 5.9, the equality ker(r) = ker(g) and (5.13). �

5.4. Finite index Λ-submodules. Our present goal is to generalize [9,
Proposition 4.9], which shows that if E/F is an elliptic curve, then the group

H1(FΣ/F,E[p∞]) does not have proper Λ-submodules of finite index. As a
consequence, we will see that SΓ = 0. As was pointed out to us by the
referee, both the fact that H1(FΣ/F∞, A) has no proper Λ-submodules of
finite index and (using the finiteness of SΓ) the vanishing of SΓ can be
alternatively deduced from [10, Proposition 4.1.1]. However, we believe that
the more explicit results we shall prove along our way to Proposition 5.15
and Corollary 5.19 may be of independent interest, so we decided to maintain
our self-contained exposition in force.

In order to prove this non-existence result, we need four lemmas.

Lemma 5.11. The map g is surjective.

Proof. Using the fact that Γ has cohomological dimension 1, one can check
that each of the local components defining g is surjective. �

The second lemma we are interested in is a generalization of [9, Lemma
2.3].
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Lemma 5.12. Let vn be the prime of Fn above p, denote by Fn,vn the com-
pletion of Fn at vn and set GFn,vn

:= Gal(Q̄p/Fn,vn). Let ψ : GFv → O× be
a character and write (K/O)(ψ) for the group K/O with GFv -action given
by ψ. If ψ|GFn,vn

is non-trivial and does not coincide with the cyclotomic

character, then the O-corank of H1
(
Fn,vn , (K/O)(ψ)

)
is [Fn,vv : Qp].

Proof. To simplify the notation, put C := (K/O)(ψ), M := Fn,vn and

GM := Gal(Q̄p/M).

Let T (C) be the p-adic Tate module of C, set V (C) := T (C) ⊗O K and
define

hi := dimQp

(
H i
(
M,V (C)

))
for i = 0, 1, 2. Since dimQp

(
V (C)

)
= [K : Qp], the Euler characteristic of

V (C) over M is given by the formula

h0 − h1 + h2 = −[M : Qp] · [K : Qp]. (5.17)

Let K(ψ) denote K (viewed as a vector space over itself) equipped with
the GFv -action induced by ψ. There is an isomorphism V (C) ' K(ψ),
so H0

(
M,V (C)

)
= 0, where the restriction of ψ to GM is non-trivial by

assumption. Let Qp(1) be the Tate twist of Qp and define

V (C)∗ := HomQp

(
V (C),Qp(1)

)
.

The H0
(
M,V (C)∗

)
= 0 because V (C) ' K(ψ) and ψ does not coincide with

the cyclotomic character. Poitou–Tate duality implies that H2
(
M,V (C)

)
is dual to H0

(
M,V (C)∗

)
. Since H0

(
M,V (C)∗

)
= 0, we conclude that

H2
(
M,V (C)

)
= 0. Therefore, h0 = h2 = 0 and it follows from (5.17) that

h1 = [M : Qp] · [K : Qp].
We want to prove that the Zp-corank of H1(M,C) is equal to h1. This

completes the proof of the lemma because, by what we have just shown,
the Zp-corank of H1(M,C) is then equal to [M : Qp] · [K : Qp] and so its
O-corank must be equal to [M : Qp]. To prove this claim, note that the
short exact sequence

0 −→ T (C) −→ V (C) −→ C −→ 0

induces an exact sequence

H1
(
M,T (C)

)
−→ H1

(
M,V (C)

)
−→ H1(M,C) −→ H2

(
M,T (C)

)
.

Set T (C)∗ := Hom
(
T (C), lµ.. p∞

)
. By Poitou–Tate duality, H2

(
M,T (C)

)
is

identified with H0
(
M,T (C)∗

)
. Since the action of GM on T (C) is via ψ, we

get an isomorphism

H0
(
M,T (C)∗

)
' H0

(
M, (K/O)(χcycψ

−1)
)
,

where (K/O)(χcycψ
−1) is K/O with Galois action twisted by χcycψ

−1. On
the other hand, ψ 6= χcyc by assumption, so H0

(
M,T (C)∗

)
= 0. Thus,

H2
(
M,V (C)

)
is also trivial. Now, by [32, Proposition 2.3], the image
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of H1
(
M,T (C)

)
in H1

(
M,V (C)

)
is a lattice, say P , so the quotient of

H1
(
M,V (C)

)
by P , which is just H1(M,C) because H2

(
M,T (C)

)
= 0,

is isomorphic to (Qp/Zp)
h1 . Taking Zp-duals shows that the Zp-corank of

H1(M,C) is h1, as was to be proved. �

Lemma 5.13. If v - p, then H0(Fv, A) is finite.

Proof. If H0(Fv, A) is not finite, then there exists a p-divisible subgroup
B ⊂ A that is fixed by GFv . Let us choose an element b ∈ B[pM ] r {0}
for some integer M ≥ 1. By part (4) of Assumption 2.1, for every integer
m ≥ 1 there is a GF -equivariant, non-degenerate pairing

(·, ·)m : A[pm]×A[pm] −→ lµ.. pm .
Choose c ∈ A[pM ] such that (c, b)M = ζpr for a non-trivial, primitive pr-th
root of unity ζpr (so r ≤ M). Using the fact that the representation ρT is
continuous and T/pmT ' A[pm] for all m ≥ 1, there is a finite extension
H/Fv with b, c ∈ H0(H,A). Since B is divisible, for every N ≥ M we can
pick an element bN ∈ B[pN ] with the property that pN−MbN = b. Then

(c, bN )N = ζpN for some pN -th root of unity ζpN such that ζN−M
pN

= ζpr ;

in particular, ζpN is a primitive pN−M+r-th root of unity. By assumption,

bN ∈ H0(H,A), and then the Galois-equivariance of (·, ·)N ensures that

(c, bN )N = σ(ζpN )

for all σ ∈ GH . Since N is arbitrary and ζpN is a primitive pN−M+r-th root
of unity, this implies that H contains the cyclotomic Zp-extension of Fv,
which is impossible because the extension H/Fv is finite. �

The proof of the next lemma, which follows from [7, Propositions 1 and
2], proceeds along the lines of the arguments in [9, p. 94]

Lemma 5.14. The Λ-corank of PΣ
Gr(A/F∞) is (r−r+)·[F : Q] = r−·[F : Q].

Proof. Let PvGr(A/F∞) denote the factor in PΣ
Gr(A/F∞) corresponding to

the place v. For v - p, PvGr(A/F∞) is Λ-cotorsion by [7, Proposition 1]. This
result is clear if the prime v is archimedean, as in this case this module has
exponent 2. For finite primes v - p, PvGr(A/F ) is finite: this is a consequence
of [7, Proposition 2] combined with Lemma 5.13 and the isomorphism A '
A∨(1). Since the map PvGr(A/F ) → PvGr(A/F∞)Γ is surjective by Lemma
5.11, PvGr(A/F∞)Γ is finite as well, which implies that PvGr(A/F∞) is Λ-
cotorsion; here we are using [9, (2), p. 79] and the fact that all the primes
in Σ are finitely decomposed in F∞.

Now let v | p be a place of F∞ and let Γv be the corresponding decom-
position group. By [7, Proposition 1], the Zp[[Γv]]-corank of H1(F∞,v, A) is
equal to

r · [Fv : Qp] · [K : Qp]
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(to apply this result, note that K/O ' (Qp/Zp)
[K:Qp] as groups). Thus,

the O[[Γv]]-corank of H1(F∞,v, A) is r · [Fv : Qp]. Recall that there is an

isomorphism of O-modules A+ ' (K/O)r
+

, and the action of GFv on A+ is
via the characters η1, . . . , ηr+ , which are non-trivial and do not coincide with
the cyclotomic character by condition (6d) in Assumption 2.1. If vn denotes
the prime of Fn above p, then Lemma 5.12 guarantees that the O-corank
of H1(Fn,vn , A

+) is r+ · [Fn,vn : Qp]. This implies that H1(F∞,v, A
+) has

O[[Γv]]-corank r+ · [Fv : Qp]. Consequently, the O[[Γv]]-corank of the quotient
H1(F∞,v, A)

/
H1

ord(F∞,v, A) is (r − r+) · [Fv : Qp]. Finally, the well-known
formula ∑

v|p

[Fv : Qp] = [F : Q]

(see, e.g., [14, p. 39, Corollary 1]) concludes the proof. �

Now we can prove a result establishing, in particular, the non-existence
of proper Λ-submodules of finite index of H1(FΣ/F∞, A).

Proposition 5.15. The Λ-module H1(FΣ/F∞, A) is cofinitely generated of
rank r− · [F : Q] and has no proper Λ-submodules of finite index.

Proof. Since SelGr(A/F∞) is Λ-cotorsion by Proposition 4.1, it follows from
Lemma 5.14 that the Λ-corank of H1(FΣ/F∞, A) is at most r− · [F : Q]. By
[7, Proposition 3 and (34)], the Λ-corank of H1(FΣ/F∞, A) is r− · [F : Q]
and the Λ-corank of H2(FΣ/F∞, A) is 0. Since H2(FΣ/F∞, A) is Λ-cofree
by [7, Proposition 4], we deduce that H2(FΣ/F∞, A) = 0. The lemma is a
consequence of [7, Proposition 5]. �

Remark 5.16. The rank part of Proposition 5.15 corresponds essentially to
the so-called weak Leopoldt conjecture (see, e.g., [8]).

5.5. Triviality of coinvariants. Recall that S = SelGr(A/F∞). Our goal
here is to prove that SΓ = 0. First of all, we need a lemma on the interaction
between Pontryagin duals and torsion submodules, which is valid in a slightly
more general context.

Lemma 5.17. Let N be a Λ-algebra, let I be an ideal of Λ and write N [I]
for the I-torsion submodule of N . There is an isomorphism of Λ-modules

N∨/IN∨ ' N [I]∨.

Proof. Write I = (x1, . . . , xn) and consider the map

ξ : N −→
n∏
i=1

xiN, n 7−→ (xin)i=1,...,n,

whose kernel is equal to N [I]. If i : N [I] ↪→ N denotes inclusion then
Pontryagin duality gives an exact sequence of Λ-modules(

n∏
i=1

xiN

)∨
ξ∨−→ N∨

i∨−→ N [I]∨ −→ 0. (5.18)
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On the other hand, sending (ϕ1, . . . , ϕn) to
∑

i ϕi gives an isomorphism

between
∏
i(xiN)∨ and

(∏
i xiN

)∨
, so we can rewrite (5.18) as

n∏
i=1

(xiN)∨
ξ∨−→ N∨

i∨−→ N [I]∨ −→ 0. (5.19)

In light of (5.19), we want to check that im(ξ∨) = IN∨. First of all, let

ϕ =

n∑
i=1

xiϕi ∈ IN∨,

with ϕi ∈ N∨ for all i = 1, . . . , n. Then

ϕ = ξ∨
(
(ϕ1|x1N

, . . . , ϕn|xnN )
)
,

which shows that ϕ ∈ im(ξ∨). Conversely, let ϕ ∈ im(ξ∨); by definition, for
every i = 1, . . . , n there exists ϕi ∈ (xiN)∨ such that ϕ = ξ∨

(
(ϕ1, . . . , ϕn)

)
.

For every i, the inclusion xiN ↪→ N gives a surjection N∨ � (xiN)∨.
Now for each i = 1, . . . , n choose a lift ψi ∈ N∨ of ϕi. It follows that
ϕ =

∑n
i=1 xiψi ∈ IN∨, and the proof is complete. �

The vanishing of SΓ will be a consequence of the following result.

Proposition 5.18. H1(FΣ/F∞, A)Γ = 0.

Proof. By Proposition 5.15, it suffices to show that H1(FΣ/F∞, A)Γ is
finite. Let H1(FΣ/F∞, A)Λ-div be the maximal Λ-divisible submodule of
H1(FΣ/F∞, A) and define the Λ-module Q via the short exact sequence

0 −→ H1(FΣ/F∞, A)Λ-div −→ H1(FΣ/F∞, A) −→ Q −→ 0. (5.20)

The Pontryagin dual Q∨ of Q is the torsion Λ-submodule of the Pontryagin
dual Y of H1(FΣ/F∞, A); it follows from Proposition 5.15 that there is a
pseudoisomorphism

Y ∼ Λr
−·[F :Q] ⊕Q∨, (5.21)

andQ is a cofinitely generated cotorsion Λ-module. SetM := H1(FΣ/F∞, A)
and fix, as before, a topological generator γ of Γ. Combining the vanishing of
H2(Γ, N) for all torsion discrete Γ-modules N (see, e.g., [11, Corollary 4.27])
with the identifications H1(Γ, N) = N/(γ − 1)N = NΓ for every Γ-module
N , exact sequence (5.20) yields an exact sequence

0 −→MΓ
Λ-div −→MΓ −→ QΓ −→ (MΛ-div)Γ −→MΓ −→ QΓ −→ 0 (5.22)

in Galois cohomology. Since (MΛ-div)Γ = 0 because MΛ-div is Λ-divisible, it
follows from (5.22) that MΓ ' QΓ. Therefore, it is enough to show that QΓ

is finite. Furthermore, since Q is a finitely generated cotorsion Λ-module,
the exact sequence

0 −→ QΓ −→ Q
(γ−1)·−−−−→ Q −→ QΓ −→ 0 (5.23)

shows that QΓ and QΓ have the same O-corank. Thus, we are reduced to
proving that the O-corank of QΓ is 0.
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Lemma 5.14 implies that the O-corank of PΣ
Gr(A/F∞)Γ is r− · [F : Q].

By Lemma 5.11 and the finiteness of ker(g), the O-corank of PΣ
BK(A/F ) is

r− · [F : Q] as well. In addition, the map δΣ : H1(FΣ/F,A) � PΣ
BK(A/F ) is,

by Lemma 5.7, surjective and has the finite group SelBK(A/F ) as its kernel,
hence

corankO
(
H1(FΣ/F,A)

)
= r− · [F : Q]. (5.24)

Now consider the inflation-restriction exact sequence

0 −→ H1
(
Γ, A(F∞)

)
−→ H1(FΣ/F,A)

θ−→ H1(FΣ/F∞, A)Γ −→ H2
(
Γ, A(F∞)

)
.

The map θ is an isomorphism because, by Lemma 5.5, A(F∞) = 0. Thus,
in particular, we get an equality

corankO
(
H1(FΣ/F,A)

)
= corankO

(
H1(FΣ/F∞, A)Γ

)
. (5.25)

Taking I = (γ−1) and N = Q in Lemma 5.17, we obtain an isomorphism of

Λ-modules (Q∨)Γ '
(
QΓ
)∨

. On the other hand, exact sequence (5.23) with

Q∨ in place of Q shows that (Q∨)Γ and (Q∨)Γ have the same O-rank. We
surmise that

rankO
(
(Q∨)Γ

)
= rankO

(
(Q∨)Γ

)
= rankO

(
(QΓ)∨

)
= corankO

(
QΓ
)
. (5.26)

Analogously, since Y = H1(FΣ/F∞, A)∨, we get an equality

rankO
(
Y Γ
)

= corankO
(
H1(FΣ/F∞, A)Γ

)
. (5.27)

In light of (5.26) and (5.27), pseudoisomorphism (5.21) ensures that

corankO
(
H1(FΣ/F∞, A)Γ

)
= r− · [F : Q] + corankO

(
QΓ
)
. (5.28)

Finally, combining (5.24), (5.25) and (5.28) gives corankO
(
QΓ
)

= 0, as was
to be shown. �

Now we can turn to the vanishing result that will play a crucial role in
the proof of our main theorem.

Corollary 5.19. SΓ = 0.

Proof. With notation as in §5.2, set

P̃Σ
Gr(A/F∞) := im(δΣ,∞) ⊂ PΣ

Gr(A/F∞),

so that there is a short exact sequence

0 −→ S −→ H1(FΣ/F∞, A)
δΣ,∞−−−→ P̃Σ

Gr(A/F∞) −→ 0 (5.29)

of Γ-modules. Diagram (5.15) and Lemma 5.11 imply that δΓ
∞,Σ is surjective.

It follows that δΓ
∞,Σ induces a surjection

δΓ
∞,Σ : H1(FΣ/F∞, A)Γ −� P̃Σ

Gr(A/F∞)Γ,
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which we denote by the same symbol. We can extract from the long exact
sequence in cohomology associated with (5.29) an exact sequence

H1(FΣ/F∞, A)Γ
δΓ
∞,Σ−−−→ P̃Σ

Gr(A/F∞)Γ −→ SΓ −→ H1(FΣ/F∞, A)Γ.

Since δΓ
∞,Σ is surjective, we deduce that SΓ embeds into H1(FΣ/F∞, A)Γ,

and the triviality of SΓ follows from Proposition 5.18. �

Remark 5.20. A result analogous to Corollary 5.19 in an anticyclotomic
imaginary quadratic setting can be found in [13, Lemma 3.3.5].

6. Main result

Putting together the results we have collected so far, we obtain the main
theorem of this paper. For the convenience of the reader, we recall our
setting.

Let F be a number field, let O be the valuation ring of a finite field
extension K of Qp and let T be a free O-module that is equipped with a
continuous action of the absolute Galois group of F satisfying Assumption
2.1. Let F∞/F be the cyclotomic Zp-extension of F and let Λ := O[[Γ]]
be the associated Iwasawa algebra, where Γ := Gal(F∞/F ) ' Zp. Let
A := T ⊗O (K/O), let SelGr(A/F∞) be the Greenberg Selmer group of A
over F∞ and let SelBK(A/F ) the Bloch–Kato Selmer group of A over F .
Finally, let cv(A) be the p-part of the Tamagawa number of A at a prime
v of F and denote by Σ the (finite) set of primes v of F such that either
v is archimedean or v lies above p or A is ramified at v. Notice that the
finiteness of SelBK(A/F ) in the statement below is Assumption 4.5.

Theorem 6.1. Suppose that SelBK(A/F ) is finite. Then

(1) SelGr(A/F∞) is Λ-cotorsion;
(2) if F is the characteristic power series of the Pontryagin dual of

SelGr(A/F∞), then F(0) 6= 0;
(3) there is an equality

#
(
O/F(0) · O

)
= # SelBK(A/F ) ·

∏
v∈Σ
v-p

cv(A).

Proof. Parts (1) and (2) are (4.1), while part (3) follows by combining (4.2),
Proposition 5.10 and Corollary 5.19. �

Remark 6.2. Recall that π is a uniformizer of O. The equality in part (3)
of Theorem 6.1 can be equivalently formulated as

lengthO
(
O/F(0) · O

)
= lengthO

(
SelBK(A/F )

)
· ordπ

(∏
v∈Σ
v-p

cv(A)

)
,

where lengthO(?) denotes the length of the O-module ? and ordπ is the
π-adic valuation.
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Remark 6.3. An analogue of part (3) of Theorem 6.1 when F is an imaginary
quadratic field and F∞ is the anticyclotomic Zp-extension of F is provided
by Jetchev–Skinner–Wan in [13, Theorem 3.3.1].
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