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ABSTRACT. A result due to R. Greenberg gives a relation between the
cardinality of Selmer groups of elliptic curves over number fields and
the characteristic power series of Pontryagin duals of Selmer groups over
cyclotomic Zy-extensions at good ordinary primes p. We extend Green-
berg’s result to more general p-adic Galois representations, including a
large subclass of those attached to p-ordinary modular forms of weight
at least 4 and level T'o(N) with p { N.
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1. Introduction

A classical result of R. Greenberg ([9, Theorem 4.1]) establishes a relation
between the cardinality of Selmer groups of elliptic curves over number fields
and the characteristic power series of Pontryagin duals of Selmer groups over
cyclotomic Zy-extensions at good ordinary primes p. Our goal in this paper
is to extend Greenberg’s result to more general p-adic Galois representa-
tions, including a large subclass of those coming from p-ordinary modular
forms of weight at least 4 and level I'o(N) with p a prime number such that
p t N. This generalization of Greenberg’s theorem will play a role in our
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forthcoming paper [17], in which we prove, under some general conjectures
in the theory of motives and for all but finitely many ordinary primes p, the
p-part of the equivariant Tamagawa number conjecture for Grothendieck
motives of modular forms (in the sense of Scholl, ¢f. [28]) of even weight
> 4 in analytic rank 1.

Let us begin by recalling Greenberg’s result. Let E be an elliptic curve
defined over a number field F, let p be a prime number and suppose that F
has good ordinary reduction at all primes of F' above p. Moreover, assume
that the p-primary Selmer group Sel,(E/F') of E over F' is finite. Let Fi, be
the cyclotomic Zjy-extension of F', set I' := Gal(Fu/F) ~ Z,, and write A :=
Z,[I'] for the corresponding Iwasawa algebra with Z,-coefficients, which we
identify with the power series Z,-algebra Z,[W]. Since Sel,(E/F) is finite,
the p-primary Selmer group Sel,(E/Fy) of E over Fy, is A-cotorsion, i.e.,
the Pontryagin dual of Sel,(E/Fy) is a torsion A-module ([9, Theorem
1.4]). Greenberg’s result that is the starting point for the present paper
states that if fp € A is the characteristic power series of the Pontryagin
dual of Sel,(E/F), then

~ 2
#Selp(E/F) - 1, paa co(E) - [T #(Eo(Fo)p)
~ 2
#(E(F),)
where the symbol ~ means that the two quantities differ by a p-adic unit,

¢y(E) is the Tamagawa number of E at a prime v of bad reduction, I, is the
residue field of F' at v, E,(IF,), is the p-torsion of the group of IF,-rational

fE(0) : (1.1)

points of the reduction E, of F at v and E(F), is the p-torsion subgroup
of the Mordell-Weil group E(F'). Formula (1.1) is a special case of a result
of Perrin-Riou (if E has complex multiplication, [23]) and of Schneider (in
general, [27, §8]).

To the best of our knowledge, no generalization of this result is currently
available to other settings of arithmetic interest, most notably that of mod-
ular forms of level I'g(/N) that are ordinary at a prime number p f N (see,
however, [13, Theorem 3.3.1] for a result for Galois representations in an
anticyclotomic imaginary quadratic context). In this article we offer a gen-
eralization of this kind. Now let us describe our main result in more detail.

Given a number field F with absolute Galois group G := Gal(F/F) and
an odd prime number p, we consider a p-ordinary (in the sense of Greenberg,
cf. [7]) representation

JoAva GF — AutK(V) ~ GL,«(K)

where V' is a vector space of dimension r over a finite extension K of Q,,
equipped with a continuous action of Grp. We assume that py is crystalline
at all primes of F' above p, self-dual (i.e., py is equivalent to the Tate twist
of its contragredient representation) and unramified outside a finite set ¥
of primes of F' including those that either lie above p or are archimedean.
Writing O for the valuation ring of K, we also fix a Gg-stable O-lattice



ON BLOCH-KATO SELMER GROUPS AND IWASAWA THEORY 439

T inside V, set A := T ®p (K/O) and assume that there exists a non-
degenerate, Galois-equivariant pairing

T X A— fupeo,

where ju, is the group of p-power roots of unity, so that A and the Tate
twist of the Pontryagin dual of T" become isomorphic. Finally, we impose
on V a number of technical conditions on invariant subspaces and quotients
for the ordinary filtration at primes above p; the reader is referred to As-
sumption 2.1 for details. In particular, in §2.3 we show that, choosing the
prime number p judiciously, these properties are enjoyed by the p-adic Ga-
lois representation attached by Deligne to a modular form of level T'o(N)
with p{ N.

As before, let F, be the cyclotomic Z,-extension of F' and set I' :=
Gal(Fao/F). Let A := O[I'] be the Iwasawa algebra of I with coefficients
in O, which we identify with the power series O-algebra O[W], where W is
an indeterminate. Finally, let Selg;(A/Fs) be the Greenberg Selmer group
of A over F, and let Selgk(A/F) be the Bloch-Kato Selmer group of A
over F'. General control theorems due to Ochiai ([21]) relate Selpk(A/F)
and Selg,(A/Fx)", and one can think of our paper as a refinement of
[21] in which we describe in some cases the (finite) kernel and cokernel of
the natural restriction map Selgk (A/F) — Selg,(A/Fuo)t. If Selpk(A/F)
is finite, then Selg;(A/Fx) is a A-cotorsion module, i.e., the Pontryagin
dual Selg,(A/Fx)Y of Selg:(A/Fy) is a torsion A-module. Thus, when
Selpk (A/F) is finite we can consider the characteristic power series F € A
of Selgr(A/Fyo)V.

Our main result (Theorem 6.1) is

Theorem 1.1. If Selgk(A/F) is finite, then F(0) # 0 and
#(0/F(0) - O) = #Selpk (A/F) - [ ] cu(A),

VEX
vip

where ¢, (A) is the p-part of the Tamagawa number of A at v.

The Tamagawa numbers ¢, (A) are defined in §3.2. It is worth pointing
out that our local assumptions at primes of F' above p ensure that the term
corresponding to E(F'), in (1.1) is trivial. Moreover, our conditions on the
ordinary filtrations at primes v of F' above p force all the terms corresponding
to E,(F,), in (1.1) to be trivial as well. As will be apparent, our strategy
for proving Theorem 1.1 is inspired by the arguments of Greenberg in [9,
§4].

We conclude this introduction with a couple of remarks of a general na-
ture. First of all, several of our arguments can be adapted to other Z,-
extensions F,/F. However, in general this would require modifying the
definition of Selmer groups at primes in 3 that are not finitely decomposed
in Fo. Suppose, for instance, that F'is an imaginary quadratic field, T" is the
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p-adic Tate module of an elliptic curve over  with good ordinary reduction
at p and Fi is the anticyclotomic Z-extension of F'. Since prime numbers
that are inert in F split completely in F,,, some of the arguments described
in this paper (e.g., the proof of Lemma 5.14) fail and one needs to work with
subgroups (or variants) of Selpk(A/F') that are defined by imposing differ-
ent conditions at primes in X that are inert in F. For instance, the definition
of Selmer groups in [13, §2.2.3] in the imaginary quadratic case requires that
all the local conditions at inert primes be trivial, while in [2] one assumes
ordinary-type conditions at those primes. Since the precise local conditions
needed depend on the arithmetic situation being investigated, in this paper
we chose to work with the cyclotomic Z,-extension of F' exclusively, thus
considering only Bloch—Kato Selmer groups as defined below.

Finally, we remark that our interest in Selg,(A/Fs) instead of the Bloch—
Kato Selmer group Selpk(A/Fs) of A over Fi, is essentially motivated by
the applications to [17] of the results in this paper. Actually, the results
of Skinner—Urban on the Iwasawa main conjecture in the cyclotomic set-
ting ([31]), which play a crucial role in [17], are formulated in terms of
Selgr(A/Fx) rather than Selpk(A/Fx), which explains the focus of our
article. However, alternative settings can certainly be considered; for ex-
ample, [21, Theorem 2.4] establishes a relation between Selpk(A/F) and
Selpk (A/Fx)', and it would be desirable to prove a formula for the value
at 0 of the characteristic power series of Selgk(A/Fs) analogous to that in
Theorem 1.1.

Acknowledgements. We would like to thank Meng Fai Lim for his interest
in our work and for valuable comments on a previous version of this paper.
We also wish to express our gratitude to the anonymous referee for carefully
reading our article and for several helpful remarks and suggestions.

2. Galois representations

We fix the Galois representations that we consider in this paper, specify-
ing our working assumptions. We will then show that these conditions are
satisfied by a large class of p-ordinary crystalline representations attached
to modular forms.

2.1. Notation and terminology. To begin with, we introduce some gen-
eral notation and terminology. If p is a prime number and M is a topological
Z,-module, then we write

MY = Hom%);lt(M’ Qp/Zyp)

for the Pontryagin dual of M. If M is a module over the Galois group
Gal(E/L) of some (Galois) field extension E/L, where L is an extension of
Q or Q for some prime ¢, then we denote by M (1) the Tate twist of M.
Let L be a local field of characteristic 0, let L be a fixed algebraic closure of
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L and let G, := Gal(L/L) be the absolute Galois group of L. If juye C L
is the group of p-power roots of unity in L, then local Tate duality

() H(Gp, M) x H* (G, M (1)) — H*(GL, ppe) ~ Qp/Zy

identifies H'(Gr,, M) with H*~*(Gr, MV (1)) for i =0, 1.
Let F be a number field, let F be a fixed algebraic closure of F and let

Gp = Gal(F/F)

be its absolute Galois group. For every prime v of F' let F), be the completion
of F at v and let O, be the valuation ring of F,. Moreover, let

G, == Gal(F,/F,)

be the absolute Galois group of Fy, and let I, C G, be the inertia subgroup.

Let T be a continuous G p-module, which we assume to be free of finite
rank r over the valuation ring O of a finite extension K of Q,, where p
is an odd prime number. Fix a uniformizer = of O and set F := O/(mw)
for the residue field of K, which is a finite field of characteristic p. Define
Vi=T®o K and A :=V/T =T ®p (K/O), so that T is an O-lattice
inside V. Then A ~ (K/O)" and V ~ K" as groups and vectors spaces,
respectively. Moreover, for every integer n > 0 there is an isomorphism of
Gp-modules T/n"T ~ A[r"], where A[n"] is the 7"-torsion O-submodule
of A. Set

T* := Homg, (A, ppe) = A¥(1), V" :=T" @0 K.

Observe that V* is the Tate twist of the contragredient representation of V.
Set also

A" =V T =T @0 (K/O).
The representation V' is self-dual if there exists an isomorphism
V~Vv*

of G p-representations. Let us assume that V' is self-dual and fix an isomor-
phism v : V —» V* as above. Suppose that v(T) is homothetic to T*, which
means that there exists A\ € K such that A - v(T) = T% in V*; this is an
identification of GGp-modules, as the action of G is O-linear. The compo-
sition of v with the multiplication-by-A map on V* induces an isomorphism
of Gp-modules between the quotients A = V/T and A* = V*/T*.

The representation V' is ordinary (in the sense of Greenberg, cf. [7]) at a
prime v | p if there exists a filtration F*(V) of K-vector spaces of V (where
i € Z) such that

o F'PY(V) C FYV) for all i € Z;
e there are j1, jo € Z such that F*(V) =V for alli < j; and F*(V) =0
for all i > jo;
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e (V) is G,-stable and I, acts on the i-th graded piece
gr' (V) = F'(V)/FY(V)
by the i-th power of the cyclotomic character.

If we define V' := ;5o F*(V), then V' admits a filtration on whose graded
pieces I, acts via positive powers of the cyclotomic character. Also, there is
a short exact sequence of G,-representations

0—VH—V-—V —0 (2.1)

such that V'~ has a filtration on whose graded pieces I, acts by non-positive
powers of the cyclotomic character. The exact sequence (2.1) is called the
Panchishkin filtration of V, see [21, Definition 2.2], [22, §5.4]. Define the
integers 7t := dimg (V") and 7~ := dimg (V). Set TT := VT N T and
T~ := T/T™, which are free O-modules of ranks r™ and r~, respectively.
Finally, identify T~ with its image in V', then set

At = VT ~ (K)O)

and
A" =V /T ~(K/O)" .

2.2. Assumptions. Notation being as in §2.1, write
py :Gp — AutK(V) ~ GLT(K)

and
pr : Gp — Autp(T) ~ GL,-(O)

for the Galois representations associated with V' and T, respectively.
We work under the following assumption, which is slightly more restrictive
than the one appearing in [21].

Assumption 2.1. (1) py is unramified outside a finite set of primes of
F;
(2) py is crystalline at all primes v | p;
(3) py is self-dual;
(4) py is ordinary at all primes v | p;
(5) there is a Gp-equivariant, non-degenerate pairing

T X A— fupeo

that induces a non-degenerate pairing 7'/p™T x A[p™] — ppm for
every integer m > 1, where pu,m is the group of p™-th roots of unity;
in particular, this gives an isomorphism 7V (1) ~ A.
(6) for each prime v |p, one has:
(a) HO(F,, A) =0,
(b) HO(I,, A™) =0,
(c) H(F,,(T7)Y(1)) =0,
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(d) there exists a suitable basis such that G, acts on A diagonally
via non-trivial characters 7, ...,n,+ that do not coincide with
the cyclotomic character.

Let us define
Y := {primes of F' at which V is ramified} U {primes of F' above p}

U {archimedean primes of F'},
(2.2)

which is a finite set.

Remark 2.2. We list some consequences of Assumption 2.1.

(1) Suppose that gr’(V) = FO(V)/F1(V) # 0. Then V~ has a subspace
where inertia acts trivially, which is ruled out by (6b).

(2) If HY(F,, A) = 0, then the Galois-equivariant isomorphism A ~
TV (1) ensures that H°(F,,TV(1)) = 0 as well.

(3) If the isomorphism V ~ V* induces an isomorphism (7+)V(1) ~ AT
(which is always true in the case of ordinary modular forms consid-
ered below), then the condition HY(F,, (I'~)¥(1)) = 0 is equivalent
to the condition H°(F,, A*) = 0, which is implied by (6d).

(4) Note that (6b) is not satisfied in the important class of examples
of elliptic curves; however, as already observed, our results are well
known in the weight 2 case, which is one of the reasons why in
the present article we are primarily concerned with higher weight
modular forms.

2.3. The case of modular forms. We want to check that if the prime
number p is chosen carefully, then Assumption 2.1 is satisfied by the p-adic
Galois representation attached to a newform. Let f(q) =, ,~; an(f)q" be a
newform of even weight k& > 4 and level Tg(N). Let Qs := Q(an(f) [ n > 1)
be the Hecke field of f, which is a totally real number field. It is well known
that the Fourier coefficients a,,(f) are algebraic integers.
Let p be a prime number such that p { 2N and fix a prime p of Q above
p. We assume that
p is ordinary for f. (2.3)

In other words, we require a,(f) to be a p-adic unit, i.e., a,(f) € O*.

Remark 2.3. Let us say that a prime number p is ordinary for f if p{ a,(f).
Thanks to results of Serre on eigenvalues of Hecke operators ([30, §7.2]),
one can prove that if k¥ = 2, then the set of primes that are ordinary for f
has density 1, so it is infinite (see, e.g., [5, Proposition 2.2]). On the other
hand, it is immediate to check that if p is an ordinary prime for f that is
unramified in Qy, then there exists a prime p of Q above p such that f
is p-ordinary. As a consequence, a weight 2 newform satisfies (2.3) with a
suitable p for infinitely many primes p (in fact, the set of such primes has
density 1). On the contrary, the existence of infinitely many ordinary primes
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for a modular form of weight larger than 2 is, as far as we are aware of, still
an open question.

We also assume that

ap(f) #1 (mod p). (2.4)
Write K for the completion of Q at p and O for the valuation ring of K. As
before, set F := O/pO. Let V be the self-dual twist of the representation
Vip of Gq attached by Deligne to f and p ([4]), so that V = Vj,(k/2).
Choose a Gg-stable O-lattice T' C V. The p-adic representations

Pfp: GQ — AutK(V) ~ GLQ(K)

and

pip1 i Gg — Autp(T) ~ GL2(O)
will play the roles of py and pr, respectively. In particular, F' = Q in the
notation of §2.2.

Now we show that Assumption 2.1 is satisfied by the representation V.
First of all, it is well known that V is unramified at all primes ¢ { Np
and crystalline at p: these properties correspond to conditions (1) and (2)
in Assumption 2.1. Furthermore, V' is the self-dual twist of Vy,, so (3)
in Assumption 2.1 is satisfied. On the other hand, (5) in Assumption 2.1
corresponds to [18, Proposition 3.1, (2)].

Next, we show that (4) and (6) in Assumption 2.1 are satisfied. If £t Np
and Froby is a geometric Frobenius at ¢, then the characteristic polynomial
of py (Froby) is the Hecke polynomial X2 — as(f)X + ¢F71. Let a € O
be the unit root of X? — ap(f)X + p"~1, which exists because f satisfies
(2.3), and let § be the unramified character of the decomposition group
G, = Gal(Q,/Q,) given by 6(Frob,) := «, where Frob, € G,/I, is as above
the geometric Frobenius. It is a classical result of Deligne and of Mazur—
Wiles (see, e.g., [20, §1.3.5], or [21, Proposition 3.2]) that the restriction of
Vip to Gy is equivalent to a representation of the form

(5 )
0 571X£yfck y

where ¢ is a 1-cocycle with values in O and xcye : G, — Z, is the p-adic
cyclotomic character. It follows that the restriction of V' = Vy,(k/2) to G),
is equivalent to a representation of the form

0- Xfﬁ c- xffy/cz
0 ot Xiy_ck/ 2

Thus, (4) in Assumption 2.1 is satisfied and there is an exact sequence of
Gq,-modules

0— VY —V -5V —0
such that V™ and V'~ are 1-dimensional K-vector spaces on which Gq, acts

/2

via the characters ¢ X’jﬁ and 6~ 1. Xi;;k , respectively. Since § is non-trivial,
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we see that (6d) in Assumption 2.1 is satisfied. Now, I, acts on A~ ~ K/O
via the (1 — k/2)-th power of the cyclotomic character; if k& > 2, then this
power is non-trivial, so (6b) in Assumption 2.1 holds. As for (6c¢), see part
(3) of Remark 2.2.

Finally, we prove that (6a) is satisfied. Suppose that H°(Q,, A) # 0.
Then one can find an element a € A[p] such that o(a) = a for all 0 € G,,.
Since T/pT ~ Alp|], we may regard a as an element of T/pT. Choose a
basis {e1} of the 1-dimensional FF-vector space T+ /pTt and complete it to
a IF-basis {eq,ea} of T'//pT. The action of o € G, on T'/pT is then given by
the matrix

X4 (o c-x4e) (o
Pralo) = (5 XO )( ) (5<1 iéwl)/;) )(0') (mod p).

Write a = z1e1+xger with x1,z9 € F. Let v | p be a prime of F, set F, = Qp
and let G, := Gal(F,/F,) C Gp. The action of 0 € G, on a is given by

o(a) = (w1 (0xE2) (o) +w2(exbf2) (@) )er-+aa (07 xt5E72) (0)es - (mod p).

(2.5)
Then, in light of (2.4), one easily shows from (2.5) that o(a) # a. First
suppose that 9 = 0. Then x1 # 0 because a # 0, so it is enough to find
o € Gy such that z1(8 - Xf}{‘?)(a) # 1. Let Frob, € Gal(Q,™/Q,) be a
geometric Frobenius. If k = 2, then Frob%(a) = z1ale; for all integers j,
where @ = o (mod p). Since & # 1, one may find j such that 187 # 1,
and so o(a) # a. If k > 2, then a similar argument works. Namely, choose
an integer j such that z1a/ # 1, pick a lift F' € G, of Frob), and let F'
be the image of F in Gal(Qp(pp=)/Qp), so that Xeye(F) = Xeyc(F). If

107 Xg{g(F) # 1, then we are done; otherwise, since z1a7 # 1, we see that

X’jﬁ (F) # 1, so the map o X{f}{g is not the trivial character. It follows

that Xﬁ}{g : Gal(Qp(jp)/Qp) — T is surjective, and therefore we can find

o € I, such that Xf}{g(a) # 1. Then

215 xefe) (Fo) = mal - xe(Fo)

= w10 - XE2(F) - x§e(0) = x&e(0) # 1,

and we are done. The case xo # 0 is similar; in fact, it suffices to show
that there exists o such that zo (5‘1 . Xi}jckm)(a) # 1. Choose j such that
226 # 1 and fix a lift F € G, of Frobl. If zsa - xeye/>(F) # 1, then we
are done, otherwise X(ljgck/ 2, Gal(Qp(/up) / Qp) — T is surjective, so we can
find o € I, such that Xé}jck/ 2 (o) # 1. It follows that

9 (5 . X’g;f)(Fo) = zoa - Xiy_ckﬂ(FU)

= a0 X PF) - xeyd P (0) = Xy P (o) # 1,
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and the proof of (6a) in Assumption 2.1 is complete.

3. Selmer groups

Notation from §2.1 is in force; moreover, we work under Assumption
2.1. As before, let Fi, be the cyclotomic Z,-extension of F. Set I' :=
Gal(Fu/F) ~ Zy, choose a topological generator v of I" and let A := O[I'] be
the Iwasawa algebra of I" with coefficients in O, which can be identified with
the formal power series O-algebra O[W] by sending v to W + 1. For every
integer n > 0 write F), for the n-th layer of F/F, i.e., the unique extension
F,, of F such that F;,, C Fu and Gal(F,,/F) ~ Z/p"Z (in particular, Fy =
F). For every prime v of Fj, denote by F,,, the completion of F;, at v,

let Gy, = Gal(F),,/F,.) be the absolute Galois group of F),, and let
Iy C Gy be the inertia subgroup. If n = 0, in the previous notation
we have G, = Go,, and I, = Ip,. We also set Goop = Gal(F,/Fx ) and
denote by I, its inertia subgroup.

3.1. Local conditions at £ # p. Fix an integer n > 0. Fix also a prime
number ¢ # p and a prime v | £ of F),. For x € {V, A}, define

HL(Fpp, %) = ker (H1 (Fpos %) — H' (I, *)> .

Here, as customary, H'(F,,,*) stands for H!(G, ,,*). By functoriality,
there is a map H'(F, ., V) — H'(F, ., A); set

Hp(Fo, V) i= Hy(Fpo, V),
H}(Fp, A) := im (H}(Fm, V) — HY(F,., A)).
The commutative diagram
0—— HL (Fno, V) —— HY(Fy0,V) —— H' (15, V)
| J
0—— H (Fyy, A) —— HY(F, 0, A) —— H (1,0, A)
shows that H}(Fn’v, A) C HY (Fup, A).

3.2. Local Tamagawa numbers. For every prime v of F' we introduce
the p-part of the Tamagawa number of A at v. As we shall see, the product
of these integers will appear in our main result.

Lemma 3.1. The index [HL.(F,, A) : H}(FW,A)] is finite.
Proof. See [25, Lemma 1.3.5]. O

The following notion is well defined thanks to Lemma 3.1.
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Definition 3.2. Let v be a prime of F. The integer
co(A) = [Hy(Fy, A) - Hi(F,, A)]
is the p-part of the Tamagawa number of A at v.
Recall the finite set ¥ from (2.2).
Lemma 3.3. Ifv ¢ X, then c¢,(A) = 1.
Proof. Since T is unramified outside Np, this is [25, Lemma 1.3.5, (iv)]. O

3.3. Local conditions at p. Fix an integer n > 0 and let v |p be a prime
of F,,.

3.3.1. The Bloch—Kato condition. Let B.;s be Fontaine’s crystalline
ring of periods. Define

H}(Fo, V) == ker ( HY(F, 0, V) — H(Fy0,V @0, Bms))
and

H}(Fy, A) = im (H}(Fn,v, V) — HY(F,., A)),
where the second arrow is induced by the canonical map H 1(Fn,v, V) —
Hl(Fmv, A).
3.3.2. The Greenberg condition. Asin §2.1,let Tt :=TNV™', AT :=
V)T, A~ := AJA*. For x € {V, A}, define
HY ((Fpy, %) 1= ker(Hl(Fn,v,*) — Hl(In,v,*—)),

O

the map being induced by restriction and the canonical projection x — x—.

3.3.3. Comparison between local conditions. Let Bgr be Fontaine’s
de Rham ring of periods. Define

HY(Fp, V) = ker(Hl(Fm,, V) — H(Fo,.V 20, BdR)>.

Since Beyis is a subring of Bgg, there is an inclusion H} (Fnp,V) C Hg1 (Fnw, V).

Since V' is crystalline at p, by [19, Proposition 12.5.8], one has D, , (V™) =
0 (here, as usual, Dy, r, (W) := (W®Qchris)Ganv for a Gf, ,-representation
W). Then it follows from [19, Proposition 12.5.7, (2), (ii)] that

Hi(Fow,V) = Hy(Fny, V). (3.1)

Moreover, by a result of Flach ([6, Lemma 2]; see also [21, Proposition 4.2]),
there is an equality

H;(Fn,v, V)=HLy(Fnu, V). (3.2)
Combining (3.1) and (3.2) then yields
H}(Fn,v, V)=HLy(Fnu, V). (3.3)
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Finally, in light of (3.3), the commutativity of the square
HYF,,, V) —— HY(F,., A)

J J

HY(Inoy, V7o) —— HY (L, A7)
shows that H}(Fnﬂ,, A) C H;rd(Fn’v, A).

3.4. Selmer groups. Now we introduce Selmer groups in the sense of
Bloch—Kato and of Greenberg.

3.4.1. The Bloch—Kato Selmer group. Fix an integer n > 0. The
Bloch—Kato Selmer group of A over F, is

H' (Fp, A)
Selpk (A/F,) := ker Hl(Fn,A) — — )
H H}(FH,IMA)

(%

where v varies over all primes of F;, and the arrow is induced by the local-
ization maps. Moreover, define the Bloch—-Kato Selmer group of A over Fy,
as

Selpi (A/Fx) = lim Selp (A/Fy),

the direct limit being taken with respect to the usual restriction maps in
Galois cohomology.

3.4.2. The Greeenberg Selmer group. Fix an integer n > 0. The
Greenberg Selmer group of A over F,, is

HY(F,., A) H'(Fpp, A)
len(A/F,) = ker| H'(F,, A 2 Unw, A) 2 e &) )
Selgr(A/Fy) er( Fnd) = 1 g4 ><I_Ifargrd(ln,v,fl)

ofp YT vlp

where v varies over all primes of F;, and the arrow is induced by the local-
ization maps. Moreover, define the Greenberg Selmer group of A over Fy
as

Selgr(A/Fx) := ligSelGr(A/Fn), (3.4)
n
the direct limit being taken again with respect to the restriction maps.

Remark 3.4. For Galois representations associated with modular forms, the
Selmer group considered in [31] is the Greenberg Selmer group. In many
cases, the strict Selmer group, which is defined as the Greenbebrg Selmer
group with the difference that the local condition at a prime v above p is
taken to be the kernel of the map

HY(Fp., A)
HOII'd (Fn7v’ A) ’
is equal to the Bloch-Kato Selmer group (see, e.g., [12, (23)]).

HY(F,, A) —
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4. Characteristic power series

As before, let F, be the cyclotomic Z,-extension of F' and put
I' = Gal(Fs /F) ~ Zy.
With notation as in (3.4), set
S := Selgr(A/Fw).
Furthermore, let
X :=5Y = Hom(S, Q,/Zy,)
be the Pontryagin dual of S. By the topological version of Nakayama’s

lemma (see, e.g., [1, p. 226, Corollary]), the A-module X is finitely gener-
ated.

4.1. Invariants and coinvariants of Selmer groups. In what follows,
ST (respectively, Sr) denotes the O-module of I'-invariants (respectively,
I'-coinvariants) of S.

Proposition 4.1. If Selgk(A/F) is finite, then S' is finite and S is a
cotorsion A-module.

Recall that, by definition, S is A-cotorsion if X is A-torsion.

Proof. By [21, Theorem 2.4], which can be applied in our setting using [19,
Lemma 12.5.7], Selpk (A/F) is finite if and only if Selgk (A/Fx )l is. On the
other hand, by [21, Proposition 4.2] combined with (3.3), Selpk(A/Fx)"
is finite if and only if S* is. Now fix a topological generator v of I'. By
Pontryagin duality, the finiteness of S' is equivalent to the finiteness of
X/(v—=1)X. By [1, p. 229, Theorem], it follows that X is A-torsion, which
means that S is a cotorsion A-module. O

Remark 4.2. The proof of Proposition 4.1 actually shows that the finite-
ness of Selgk (A/F) is equivalent to the finiteness of ST. Moreover, by [6,
Theorem 3] and [21, Proposition 4.1, (1)], for every n > 0 the finiteness of
Selpk (A/F,) is equivalent to the finiteness of Selg,(A/F,).

In particular, when Selgk (A/F') is finite we can consider the characteristic
power series F € O[W] of X.

Proposition 4.3. If ST is finite, then Sr is finite, F(0) # 0 and
#(O/F(0)0) = #S" /#Sr.
Proof. Proceed as in the proof of [9, Lemma 4.2], which only deals with the

O = Z, case but carries over to our more general setting in a straightforward
way. O

Remark 4.4. Since I' has cohomological dimension 1 and S is a direct limit of
torsion groups, H*(I', S) = 0; moreover, since I' ~ Z,, we have H*(T, S) =
St. It follows that

#S" /#Sp = #HOT,S)/#H' (T, S)
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is the Fuler characteristic of M.
From now on we work under
Assumption 4.5. The group Selpk(A/F) is finite.
In light of Assumption 4.5, it follows from Propositions 4.1 and 4.3 that
S is A-cotorsion, S* and Sr are finite, F(0) # 0 (4.1)

and
_#S'
#Sr

In the following sections we shall study the quotient on the right hand side
of (4.2).

#(0/F(0)-0) (42)

5. Relating Selgk(A/F) and ST

We know from §3.1 and §3.3.3 with n = 0 that H}(Fv, A) C H} (F,, A) if
vt pand H}(Fv, A) C H! (F,,A)ifv|p. It follows that there is an inclusion

Selpk (A/F) C Selgr(A/F'), which can be composed with the canonical map
Selg,(A/F) — S to produce a map

SelBK(A/F) — S. (51)

Finally, it is straightforward to check that the image of (5.1) is contained in
the submodule of I'-invariants of S, so we obtain a natural map

s : Selgk (A/F) — S*. (5.2)

Remark 5.1. Again by §3.1 and §3.3.3, for every n > 0 there is an inclusion
Selpk (A/Fy,) C Sela:(A/F,), so taking direct limits yields an injection

SelBK(A/FOO) — S. (5.3)

The map s in (5.2) can be equivalently recovered by pre-composing (5.3)
with the canonical map Selpk(A/F) — Selpk(A/Fx) and observing that,
as above, the image of the resulting map is contained in the submodule of
I'-invariants of S.

Now recall that Assumption 4.5 is in force. As remarked in (4.1), S' is
finite as well. Then

r _ #Selgk(A/F) - # coker(s)
B # ker(s) ’

Our next goal is to study the orders of the kernel and of the cokernel of s.

#S

(5.4)
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5.1. The map r. Set

HY(F,, A)
and for every integer n > 0 set also

7 2 (Fap, A) H (F, A)
i s R i
v vip

where products are taken over all primes of I’ and of F},, respectively. With
this notation, we can write

Selgi (A/F) = ker (Hl(F, A) — PBK(A/F))
and
Selgr(A/Fy,) = ker (Hl(Fn, A) — PGr(A/Fn)>.

Finally, we define

H HY(Foop, A) y H HY(Foo, A)
Hl (Fyu, A) H! (Fyu, A)

ur ord
(5.5)
where the direct limit is taken with respect to the restriction maps; we also
note that if a prime of F), splits completely in F;, for m > n, then the
corresponding map is the diagonal embedding. By definition, there is an
equality

Par(A/Fso) = hg,PGr(A/Fn) =

vip vlp

Selar(A/ Foo) = ker(H! (Foo, A) — Par(4/Fx.)).

By construction (see §3.4 and (5.5)), there are natural maps Ppx(A/F) —
Pcr(A/F) and Pgr(A/F) — Par(A/Fx), which produce a map

T PBK(A/F) — PGr(A/FOO).

For every prime v of F' let w be a prime of F, above v. The map r is given
by a product r =[], ,, 7v,w, Where

if v { p, while
HYFA) | HY (P A)
Tvw * 777 ?
Hi(Fy, A) H! (Fsouw,A)

ord

if v|p. Our next goal is to study the kernel of r prime by prime.
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5.1.1. The map 7y, for v { p. Assume that v { p. Let ¥ be the finite
set of primes of F' introduced in (2.2). We will distinguish two cases: v ¢ ¥
and v € X.

Lemma 5.2. If v ¢ 3, then 1y, is injective.
Proof. By Lemma 3.3, the kernel of 7, ,, is the kernel of the restriction map

H\(F,, A) . HY(Foo, A)
H&r(Fva) H&r(FOO,wvA).

(5.6)

With self-explaining notation, there are injections

HY(F,, A) 1
— i s g1, A) = Hom(I,, A
H&r(FfU,A) — ( Y ) Om( )

and
H' (Fooguw, A)
Hl}r(FOO,UM A)
where the equalities are a consequence of the fact that A is unramified at v.
Therefore, the kernel of (5.6) is contained in the kernel of the natural map

Hom(Z,, A) — Hom(In 4, A). (5.7)

s H' (I, A) = Hom(In 1, A),

Since v is unramified, Fi,, is the unramified Z,-extension of F,. Thus,
I, = I 4 and (5.7) is injective, which concludes the proof. O

It follows from Lemma 5.2 that ker(r) is the subgroup of Pk (A/F') con-
sisting of elements s such that r,,(s) = 0 for all w|v with v € ¥. Thus,
upon setting

by N Hl(FM A)
PhcAn) = 11

and

HY(Foo i, A) HY(Foo 0, A)
) >< H )

> (A/Fy) =
Patd/i) H HY (Foo s A) Hyy(Foouw, A)

vEX, vip

wlv|p

it follows that ker(r) C P (A/F); more precisely, ker(r) coincides with the
kernel of the restriction map

9 Pik(A/F) — P& (A/Fx)". (5.8)
We conclude that
#ker(r) = [ #ker(row). (5.9)
wlv
vEY

Lemma 5.3. Ifv e ¥ and v{p, then #ker(ry, ) = c,(A4).
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Proof. The map 7, ,, splits as a composition
o : H' (Fy, A)JH{(F,, A) — H'(F,, A) /H1 F, A)
— Hl oo W) / oo w7

Thus, since #(H&r(Fv,A)/H}(FU, A)) = ¢y(A), it suffices to show that the
map

HY(Fy, A) /Hy (Fy, A) — HY (Fog 0, A) J Hy (Foo s A (5.10)
is injective. Let F'" be the maximal unramified extension of FU and set
G, = Gal(F)"/Fy).
There is a commutative diagram

0—— H)(F,, A) ——— HY(F,, A) —— H(I,, A)%" ——0

J J J

0—— H} (Foou, A) —— HY (Foo iy A) —— H (I, A)

(5.11)
with exact rows. Notice that, since Gy' ~ [],Zy, the surjectivity of the
right non-trivial map in the top row of (5.11) stems from the vanishing of
H?(G™, A) ([26, Proposition 1.4.10, (2)]). It follows that the kernel of the
map in (5.10) can be identified with the kernel of the rightmost vertical map
n (5.11), which is isomorphic (by the inflation-restriction exact sequence)
to H' (Iv/Ioo,w,AIw’w)Ggr. Since Fuo/F, is unramified if v { p, we have
I, = oo,wy SO

HY (I /I 1, AT) = 0.
It follows that (5.10) is injective, which completes the proof. O

5.1.2. The map 7, for v|p. Now we study the local conditions at a
prime v | p. Recall that, by (3.3), we have H! ,(F,,V) = H}(FU, V). More-

ord
over, as explained in §3.3.3, there is an inclusion H}(Fv7 A) C H! ((F,, A).

The lemma below, whose proof uses in a crucial way the triviality of local
invariants from part (6a) in Assumption 2.1, forces the terms corresponding

to Ey(IF,) in (1.1) to be trivial for all primes v of F above p.
Lemma 5.4. If v|p, then 1y, is injective.
Proof. To begin with, note that the map r,, can be written as the com-
position
H'(F,, A) H'(F,, A) H' (Foo,w, A)
MUUHNFGA) T HG(FnA) HE (P, A)
where the first arrow is induced by the identity map of H(F,, A) and the

second by the obvious (restriction) map H(F,, A) — H(Fy 4, A). Our
strategy is to prove that both maps appearing in (5.12) are injective. As

(5.12)
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we shall see, the proof of the injectivity of the second map is, thanks to
Assumption 2.1, straightforward, while dealing with the first map is much
more delicate.

We first take care of the second map in (5.12). Let us consider the com-
mutative diagram with exact rows

0——— H;rd(Fv,A) —— HY(F,,A) ——— H(I,, A7)

| J |

0 ngd(FW7W7A)HHI(FOO,WvA)HHl(IOO,waA_)'

The kernel of the rightmost vertical arrow is isomorphic (by the inflation-
restriction exact sequence) to H'(I,/Isow, (A7)"™). We claim that the
group H' (I, /I, (A7)1") is trivial. First, observe that (A7) = A~
because the action of I, on V factors through the cyclotomic Z,-extension of
F,, which is totally ramified over v. Since I,/Is 4 =~ Zy,, has cohomological
dimension 1, it is enough to show that H! (Iv/Ioo,wa V_) = 0. Using the defi-
nition of V7, it can be checked that if y is a topological generator of I,, /I w,
then V= /(y — 1) -V~ is trivial (¢f. part (1) of Remark 2.2). On the other
hand, H' (I,/Isc,, V™) = V= /(v = 1)V, so H (I/Iscw, (A7 )1") = 0,
as claimed. It follows that the second arrow in (5.12) is injective, so ker(ry )
is equal to the kernel of the first map in (5.12). We tackle the study of this
map by adapting arguments from [6] and [21, Proposition 4.2]. Of course,
proving that the above-mentioned map is injective amounts to showing that
H}(FU,A) = H! J(F,, A).
Let us consider the commutative diagram with exact rows

HY(F,,T) ( HY\(1,,T) >C"3r
Hl(FmT)tors Hl (Iva)tors

0— H}(F,, V) = Hy(Fy, V) —— H'(F,,V) — S HYI,, V)&

|

Hf (Fy,A) |9

L

00— Hord F,,A) —*—— HY(F,,A) —*— H'(I,, A")&

H (Fv7T)t0rs E— H2(IU7T )

tors*
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The map b splits as a composition

b: H\(F,, V) 25 HY(F,, v) 25 HY (1, V)&,

The cokernel of b injects into H?(F,, V*) and local Tate duality gives an
isomorphism H?(F,, V") ~ HY(F, ( )Y(1)). Since H(F,, (T)¥(1)) =0
by part (6¢) of Assumption 2.1, H(F,, (V7)Y(1)) is trivial. On the other
hand, the cokernel of b” injects into H?(GY, (V~)), which is trivial by
[26, Proposition 1.4.10, (2)]. Therefore, the map b is surjective. Moreover,
local Tate duality identifies H?(F,,T) with H"(F,, TV (1)), which is trivial
by Assumption 2.1 (¢f. part (2) of Remark 2.2), hence H?(F,,T) = 0. The
snake lemma then gives an isomorphism coker(a) ~ coker(g). Now we study
the cokernel of a. Let us consider the commutative diagram with exact rows

H'(F,,T)
Hl (Fm T)tors

h |-

o HY(I,,T7) \*
—— HY(I,,T)&" = ( v >
( ) Hl(ImT_)tors

0

0 —— HYFy, T)tors — H(F,,T)

0— Hl(Iv7 - )tors
The cokernel of e is (isomorphic to) a subgroup of H! (G, H' (1, T )tors)-
The group H'(I,, T )iors is (isomorphic to) the largest cotorsion quotient
of HY(I,, A™); since H°(I,, A=) = 0 by part (6b) of Assumption 2.1, the
group H' (G, H*(I,, T )tors) is trivial too, and so is coker(e). It follows
that the natural map coker(h) — coker(a) is surjective. On the other hand,
the map h can be written as

h: HY(F,,T) " HY(F,, 77) 25 HY(1,,T7)%".

The cokernel of A’ injects into H?(F,,T"), whose dual H°(F,,(T)"(1))
is trivial thanks to part (6¢) of Assumption 2.1. Moreover, the cokernel of
R injects into H?(GYT, (T~)!v), which is trivial by [26, Proposition 1.4.10,
(2)]. Thus, the map h is surjective, and we conclude that the cokernel of a is
trivial. Since coker(a) is isomorphic to coker(g), it follows that the cokernel
of g is trivial as well. This means that g is surjective, i.e., H}(FU,A) =

H! (F,, A), as was to be shown. O

ord

If follows from a combination of equality (5.9) and Lemmas 5.3 and 5.4
that

#ker(r) = [] co(A4 (5.13)

VEXN
vF#p

5.2. Surjectivity of restriction. Denote by Fy the maximal extension of
F unramified outside X, and for any Gal(Fy/F)-module M set

H'(Fs/F,M) := H'(Gal(Fy/F),M).
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The symbol H(Fs./Fy,, M) will have an analogous meaning. It follows from
Lemma 5.2 that

Selpk (A/F) = ker(Hl(Fg JF, A) 22 P%K(A/F))

and
Selax(A4/ Fic) = ker (! (Fs/ Fao, A) =% PE(A/Fuc) ),

where 0y, and o x are the restriction maps. For notational convenience,
if M is a Gp-module and F’ is an algebraic extension of F, then we set
M(F') := H(F', M).

The following lemma, whose proof uses (a global consequence of) part
(6a) of Assumption 2.1, implies that the term corresponding to E(F'), in
(1.1) is trivial.

Lemma 5.5. A(F) =0.

Proof. Since A =lim Alr™], it suffices to show that A[r](Fs) = 0. Recall
that A[r| is a finite-dimensional vector space over the finite field I of char-
acteristic p; in particular, A[r] is finite. It follows that if z € A[r], then the
stabilizer of x in G is a closed and finite index subgroup of G, so it is equal
to Gpr for a suitable finite extension F’ of F'. If, moreover, 2 € A[r](Fx),
then F/ C Fy, hence F' = F,, for a suitable n > 0 and = € A[rn]|(F},).
Thus, we are reduced to showing that A[r](F,,) = 0 for all n > 0. Since
Alr](F) = 0 by part (6a) of Assumption 2.1 and [Fj,41 : Fy,] = p for all
m > 0, the triviality of A[x|(F},) for all n > 0 follows from [29, Proposition
26] by induction on 7. O

Remark 5.6. If we imposed additional assumptions on the representation
pv, then we could avoid using part (6a) of Assumption 2.1 to deduce that
A(Fyx) = 0. For example, if we required the reduction of p7 modulo p to be
irreducible with non-solvable image (which in the case of non-CM modular
forms is true for all but finitely many p, c¢f. [15, Lemma 3.9], [24, §2]), then
we could show that A(F) is trivial by proceeding as in the proof of [16,
Lemma 2.4] (see also [15, Lemma 3.10, (2)]). However, the local vanishing
from part (6a) of Assumption 2.1 plays a much more delicate role in the
proof of Lemma 5.4, which is the reason why we decided to assume this
condition right from the outset.

Lemma 5.7. The map Jx. is surjective.

Proof. We apply some results from [9, Section 4], so we first recall the
setting of [9]. Let M be a Gp-module isomorphic to (Q,/Z,)? for some
integer d > 1. As in [9], define

T* := Homy, (M, pye) = MY (1),
V* = T* ®Zp Qp,
M*:=V*|T* =T ®z,(Qp/Zy).
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Let

HY(F,,M) x H'(F,,T*) — Q,/Z,
be the local Tate pairing, which is perfect. Suppose that for each v € ¥ we
have a divisible subgroup L, of H'(F,, M), then consider the Selmer group

Sel(M/F) := ker (Hl(Fg /EM) -5 T] Hl(sz)> (5.14)
vEY v

where ¥ = [],c5; 9y is the product of the maps ¢, : H'(Fg/F,M) —
H'(F,, M)/L, obtained by composing the canonical restriction map

HY(Fs/F,M) — H(F,, M)

and the projection H'(F,, M) — H'(F,, M)/L,. Furthermore, denote by
U, the orthogonal complement of L, under the local Tate pairing. Write L,
for the image in H*(F,, M*) of the Q,-subspace of H!(F,, V*) generated by
the image of U} under the natural map H'(F,,T*) — H'(F,,V*). Set

1 *
Sel(M* /F) := ker (Hl(FZ JE, M%) — ] H(FM))
vEY v
The arguments in [9, pp. 100-101] show that if the Selmer group Sel(M*/F)
is finite and HO(Fy/F, M*) is trivial, then 9 in (5.14) is surjective.

Now we return to our setting, with M = A, T and V as in Assumption
2.1. To apply the results explained above, recall that, by Assumption 2.1,
the image of T'in V* = VV(1) under the isomorphism V ~ V* is homothetic
to 1. Furthermore, the Bloch-Kato conditions H} (Fy, A) and H}(FU,A*)
are orthogonal under local Tate duality ([3, Proposition 3.8]). Thus,

SelBK(A/F) ~ SelBK(A*/F),

so the finiteness of Selpk(A/F') is equivalent to that of Selpk(A*/F). To
conclude the proof we only need to check that HY(Fy/F, A*) is trivial. Since
T and T* are homothetic, and A = V/T, A* = V*/T*, it is enough to
show that HY(Fy;/F, A) is trivial. Since A is unramified outside ¥, we have
A= HY(Fg, A), so H°(Fs/F, A) is isomorphic to H*(F, A), and it is enough
to show that HO(F, A) = 0. By Lemma 5.5, H°(F,, A) = 0 and, a fortiori,
H°(F, A) = 0, concluding the proof. O

5.3. An application of the snake lemma. It follows from Lemma 5.7
that there is a commutative diagram

0 — Selp (A/F) — H'(Fy/F, A) — 2 . PS (A/F) — 0

| .

0 ST HY(Fy/Fao, A)F —5 PE (A/Fo)T

(5.15)
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with exact rows, where s is as in (5.2), h is restriction, g is as in (5.8) and
(550’2 is the map induced by d » between I'-invariants.

Lemma 5.8. The map h is an isomorphism and the map s is injective.
Proof. By inflation-restriction, there is an exact sequence
0— H' (T, A(Fx)) — H'(Fs/F, A)
Ly HY(Fy/Fao, AT — H2(T, A(Fx)),
and we conclude thanks to Lemma 5.5 and the injection ker(s) < ker(h). O
Recall from (4.1) that S is finite, so coker(s) is finite.

Lemma 5.9. #S' = # Selpi (A/F) - # ker(g).
Proof. From (5.15), the snake lemma gives an exact sequence

ker(h) — ker(g) — coker(s) — coker(h). (5.16)

On the other hand, by Lemma 5.8, both ker(h) and coker(h) are trivial, so
(5.16) yields an isomorphism ker(g) ~ coker(s). In particular, # coker(s) =
# ker(g), and the searched-for equality follows immediately from (5.4). O

The proposition below provides a crucial step towards our main result.

Proposition 5.10. #S" = # Selpk(A/F) - [] c.(A).
veEX
vfp

Proof. Combine Lemma 5.9, the equality ker(r) = ker(g) and (5.13). O

5.4. Finite index A-submodules. Our present goal is to generalize |9,
Proposition 4.9], which shows that if 5 is an elliptic curve, then the group
HY(Fy/F, E[p™]) does not have proper A-submodules of finite index. As a
consequence, we will see that Sy = 0. As was pointed out to us by the
referee, both the fact that H'(Fy/Fs, A) has no proper A-submodules of
finite index and (using the finiteness of St) the vanishing of Sr can be
alternatively deduced from [10, Proposition 4.1.1]. However, we believe that
the more explicit results we shall prove along our way to Proposition 5.15
and Corollary 5.19 may be of independent interest, so we decided to maintain
our self-contained exposition in force.
In order to prove this non-existence result, we need four lemmas.

Lemma 5.11. The map g is surjective.

Proof. Using the fact that I' has cohomological dimension 1, one can check
that each of the local components defining g is surjective. ([

The second lemma we are interested in is a generalization of [9, Lemma
2.3].
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Lemma 5.12. Let v, be the prime of F,, afbove p, denote by Fy, ., the com-
pletion of I, at v, and set G, , = Gal(Qp/Fyu,). Let 1 : Gg, — O™ be
a character and write (K/O)(y) for the group K/O with GF,-action given
by . If ¢|GF 18 non-trivial and does not coincide with the cyclotomic
character, then the O-corank of H' (Fy,, (K/O)(¥)) is [Fnv, : Qp).
Proof. To simplify the notation, put C := (K/O)(¢), M := F,,,, and
G == Gal(Q,/M).

Let T(C) be the p-adic Tate module of C, set V(C) := T(C) ®p K and
define ‘

hi 1= dimq, (H' (M, V(C)))
for i = 0,1,2. Since dimg, (V(C)) = [K : Qp], the Euler characteristic of
V(C) over M is given by the formula

ho—hl—i-hgz—[M:Qp]‘[K:Qp]. (517)

Let K(1) denote K (viewed as a vector space over itself) equipped with
the Gp,-action induced by . There is an isomorphism V(C) ~ K(3),
so H*(M,V(C)) = 0, where the restriction of ¢ to G is non-trivial by
assumption. Let Q,(1) be the Tate twist of Q, and define
V(C)* :=Homgq, (V(C), Qp(1)).

The H°(M,V(C)*) = 0 because V(C) ~ K (¢) and ¢ does not coincide with
the cyclotomic character. Poitou-Tate duality implies that H? (M , V(C))
is dual to H°(M,V(C)*). Since H(M,V(C)*) = 0, we conclude that
H?(M,V(C)) = 0. Therefore, hg = hy = 0 and it follows from (5.17) that
hi =[M: Q- [K: Q).

We want to prove that the Z,-corank of H'(M,C) is equal to h;. This
completes the proof of the lemma because, by what we have just shown,
the Z,-corank of H1(M,C) is then equal to [M : Q] - [K : Q,] and so its
O-corank must be equal to [M : Qp]. To prove this claim, note that the
short exact sequence

0—7T(C)—V(IC)—C—0
induces an exact sequence
H'(M,T(C)) — H'(M,V(C)) — H'(M,C) — H*(M,T(C)).
Set T(C)* := Hom(T'(C), pip>). By Poitou-Tate duality, H*(M,T(C)) is
identified with H°(M,T(C)*). Since the action of G on T'(C) is via ¢, we
get an isomorphism
H°(M,T(C)") = H°(M, (K/O)(Xcye ™)),

where (K/O)(xeyct™!) is K/O with Galois action twisted by Xcyeth ™!, On
the other hand, ¥ # Xcyc by assumption, so HO(M,T(C)*) = 0. Thus,
H?*(M,V(C)) is also trivial. Now, by [32, Proposition 2.3], the image
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of H! (M,T(C)) in H! (M,V(C)) is a lattice, say P, so the quotient of
H'(M,V(C)) by P, which is just H'(M,C) because H*(M,T(C)) = 0,
is isomorphic to (Q,/Z,)". Taking Z,-duals shows that the Z,-corank of
HY(M,C) is hi, as was to be proved. O

Lemma 5.13. If v {p, then H(F,, A) is finite.

Proof. If H(F,, A) is not finite, then there exists a p-divisible subgroup
B C A that is fixed by GF,. Let us choose an element b € B[p™] < {0}
for some integer M > 1. By part (4) of Assumption 2.1, for every integer
m > 1 there is a G p-equivariant, non-degenerate pairing

(5 ) = AlP™] X Ap™] — -

Choose ¢ € A[pM] such that (c,b),, = (pr for a non-trivial, primitive p"-th
root of unity (- (so r < M). Using the fact that the representation pr is
continuous and T'/p™T ~ A[p™] for all m > 1, there is a finite extension
H/F, with b,c € H°(H, A). Since B is divisible, for every N > M we can
pick an element by € B[p"] with the property that p~Mby = b. Then
(c,bn)y = Cpn for some pN-th root of unity pn such that CIJJ\]I\,_M = Gr;

N—M-+r

in particular, (,~ is a primitive p -th root of unity. By assumption,

by € H(H, A), and then the Galois-equivariance of (-, ) ensures that
(e o)y = o (Gn)

for all o € Gg. Since N is arbitrary and (,~ is a primitive pN=M+7_th root
of unity, this implies that H contains the cyclotomic Z,-extension of F,,
which is impossible because the extension H/F, is finite. O

The proof of the next lemma, which follows from [7, Propositions 1 and
2], proceeds along the lines of the arguments in [9, p. 94]

Lemma 5.14. The A-corank of PE.(A/Fx) is (r—rt)-[F: Q) =r~:[F : Q].

Proof. Let PY, (A/Fx) denote the factor in P& (A/Fx) corresponding to
the place v. For v { p, P&, (A/Fx) is A-cotorsion by [7, Proposition 1]. This
result is clear if the prime v is archimedean, as in this case this module has
exponent 2. For finite primes v { p, P&, (A/F') is finite: this is a consequence
of [7, Proposition 2] combined with Lemma 5.13 and the isomorphism A ~
AV(1). Since the map P&, (A/F) — PY.(A/Fx)' is surjective by Lemma
5.11, PY(A/Fx)b is finite as well, which implies that P& (A/F) is A-
cotorsion; here we are using [9, (2), p. 79] and the fact that all the primes
in ¥ are finitely decomposed in Fi.

Now let v|p be a place of Fy, and let I', be the corresponding decom-
position group. By [7, Proposition 1], the Z,[I',]-corank of H!(Fu ., A) is
equal to

re[Fyr Qpl - [K 1 Q)
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(to apply this result, note that K/O =~ (Q,/Z,)!"*®! as groups). Thus,
the O[T,]-corank of H(Fuy, A) is 7 - [F, : Qp]. Recall that there is an
isomorphism of O-modules A* ~ (K/O)"" and the action of G, on AT is
via the characters 0y, ..., n,+, which are non-trivial and do not coincide with
the cyclotomic character by condition (6d) in Assumption 2.1. If v,, denotes
the prime of F, above p, then Lemma 5.12 guarantees that the O-corank
of HY(Fy4,,A") is 77 - [F,,, : Qp]. This implies that H'(Fx , AT) has
O['y]-corank r* - [F, : Qp]. Consequently, the O[I',]-corank of the quotient
Hl(Foo’v,A)/H;rd(Foom,A) is (r —rT) - [F, : Qp]. Finally, the well-known
formula

D Q) =[F: Q]
vlp
(see, e.g., [14, p. 39, Corollary 1]) concludes the proof. O

Now we can prove a result establishing, in particular, the non-existence
of proper A-submodules of finite index of H'(Fy/Fy, A).

Proposition 5.15. The A-module H'(Fx/F, A) is cofinitely generated of
rank r~ - [F : Q] and has no proper A-submodules of finite index.

Proof. Since Selg;(A/F) is A-cotorsion by Proposition 4.1, it follows from
Lemma 5.14 that the A-corank of H'(Fy/F.,, A) is at most r~ - [F : Q]. By
[7, Proposition 3 and (34)], the A-corank of H'(Fy/Fy, A) is v~ - [F : Q]
and the A-corank of H?(Fy/Fs, A) is 0. Since H?(Fs/Fy, A) is A-cofree
by [7, Proposition 4], we deduce that H?(Fs/Fs,A) = 0. The lemma is a
consequence of [7, Proposition 5]. [l

Remark 5.16. The rank part of Proposition 5.15 corresponds essentially to
the so-called weak Leopoldt conjecture (see, e.g., [8]).

5.5. Triviality of coinvariants. Recall that S = Selg;(A/F). Our goal
here is to prove that Sp = 0. First of all, we need a lemma on the interaction
between Pontryagin duals and torsion submodules, which is valid in a slightly
more general context.

Lemma 5.17. Let N be a A-algebra, let I be an ideal of A and write N|[I|
for the I-torsion submodule of N. There is an isomorphism of A-modules
NY/INY ~ N[I]V.

Proof. Write I = (z1,...,%,) and consider the map

n
&N — HmiN, n— (zn),_4
i=1
whose kernel is equal to N[I]. If i : N[I] < N denotes inclusion then
Pontryagin duality gives an exact sequence of A-modules

N

V
- £ v Y Y,
[[=N] = N N[IY —o0. (5.18)
=1
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On the other hand, sending (¢1,...,¢n) to >, ¢; gives an isomorphism
between [[;(z;N)¥ and (], ZL'iN)V, so we can rewrite (5.18) as
n
\V .
[[@:N) <5 NV 25 N (1Y — 0. (5.19)
i=1
In light of (5.19), we want to check that im(£Y) = INY. First of all, let

n
=) zip €INY,
i=1
with p; € NY for alli =1,...,n. Then

¢ =& (1l ns- - nle )
which shows that ¢ € im(¢¥). Conversely, let ¢ € im(£Y); by definition, for
every i = 1,...,n there exists ¢; € (z;N)" such that o = &"((¢1,...,¢n)).
For every i, the inclusion ;N < N gives a surjection NV — (x;N)V.
Now for each i = 1,...,n choose a lift ¢, € NV of ¢;. It follows that
o =",z € INY, and the proof is complete. O

The vanishing of St will be a consequence of the following result.
Proposition 5.18. H!(Fx/Fy, A)pr = 0.

Proof. By Proposition 5.15, it suffices to show that H'(Fy/Fu, A)p is
finite. Let H'(Fy/Fx, A) s g, be the maximal A-divisible submodule of
H'(Fs/Fy, A) and define the A-module @ via the short exact sequence

0 — HY(Fs/Foo, A) p gy — H' (Fs/Foo, A) — Q — 0. (5.20)

The Pontryagin dual Q" of Q is the torsion A-submodule of the Pontryagin
dual Y of HY(Fy/Fx, A); it follows from Proposition 5.15 that there is a
pseudoisomorphism

Y ~ A" Rl g gV, (5.21)
and Q@ is a cofinitely generated cotorsion A-module. Set M := H(Fx,/Fy,, A)
and fix, as before, a topological generator v of I'. Combining the vanishing of
H?(T, N) for all torsion discrete I'-modules N (see, e.g., [11, Corollary 4.27])
with the identifications H'(I', N) = N/(y — 1)N = Nr for every I'-module
N, exact sequence (5.20) yields an exact sequence

0 — Mi gy — M" — Q" — (Mp.aiv)p — Mr — Qr — 0 (5.22)

in Galois cohomology. Since (Mp_giv)r = 0 because My _qiy is A-divisible, it
follows from (5.22) that Mt ~ Qr. Therefore, it is enough to show that Qr
is finite. Furthermore, since @ is a finitely generated cotorsion A-module,
the exact sequence

0— Q" — Qg —r—0 (5.23)

shows that Q' and Qr have the same O-corank. Thus, we are reduced to
proving that the O-corank of Q' is 0.
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Lemma 5.14 implies that the O-corank of P& (A/Fx)! is v~ - [F : Q).
By Lemma 5.11 and the finiteness of ker(g), the O-corank of P (A/F) is
r~-[F : Q] as well. In addition, the map &x : HY(Fy/F, A) — Pg(A/F) is,
by Lemma 5.7, surjective and has the finite group Selpk(A/F) as its kernel,
hence

corankp (H'(Fs/F,A)) =~ - [F : Q). (5.24)
Now consider the inflation-restriction exact sequence
0— H'(I,A(Fx)) — H'(Fs/F, A)
s HY(Fo/Fao, AT — H(T, A(Fxo)).-
The map 6 is an isomorphism because, by Lemma 5.5, A(Fy) = 0. Thus,
in particular, we get an equality
corankp (Hl(Fg/F7 A)) = corankop (H1 (Fx/Fx, A)F). (5.25)
Taking I = (y—1) and N = @ in Lemma 5.17, we obtain an isomorphism of

A-modules (QY) ~ (QF)V. On the other hand, exact sequence (5.23) with

Q" in place of @ shows that (Q¥)! and (Q")p have the same O-rank. We
surmise that

rank@((Qv)F) = ranko ((Q")p) = rank@((QF)v) = corankp (QF). (5.26)
Analogously, since Y = H'(Fy/Fy, A)V, we get an equality

ranko (Y1) = coranko (H' (Fs/Fso, A)1). (5.27)

In light of (5.26) and (5.27), pseudoisomorphism (5.21) ensures that
coranko (H' (Fx/Fa, A =77 - [F : Q] + coranko (Q"). (5.28)
Finally, combining (5.24), (5.25) and (5.28) gives coranke (Q") = 0, as was
to be shown. O

Now we can turn to the vanishing result that will play a crucial role in
the proof of our main theorem.

Corollary 5.19. Sp = 0.
Proof. With notation as in §5.2, set
PGe(A/ Foo) 1= im(s,00) C P&(A/Fx),
so that there is a short exact sequence
08— H'(Fy/Foo, A) 222 PE(A/Fo) — 0 (5.29)

of I'-modules. Diagram (5.15) and Lemma 5.11 imply that 5(1:072 is surjective.
It follows that 550 s, induces a surjection

Oros : H'(Fs/Fuo, A)Y — PG(A/Fx)',
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which we denote by the same symbol. We can extract from the long exact
sequence in cohomology associated with (5.29) an exact sequence
sr ~
HY(Fy/Fo, A)Y =5 PE (A)Foo)' — Sp — HY(Fx/Fx, A)p.
Since 55012 is surjective, we deduce that Sp embeds into H'(Fs/Fs, A)r,
and the triviality of Sr follows from Proposition 5.18. O

Remark 5.20. A result analogous to Corollary 5.19 in an anticyclotomic
imaginary quadratic setting can be found in [13, Lemma 3.3.5].

6. Main result

Putting together the results we have collected so far, we obtain the main
theorem of this paper. For the convenience of the reader, we recall our
setting.

Let F' be a number field, let O be the valuation ring of a finite field
extension K of Q, and let T" be a free O-module that is equipped with a
continuous action of the absolute Galois group of F' satisfying Assumption
2.1. Let F/F be the cyclotomic Z,-extension of F' and let A := O[]
be the associated Iwasawa algebra, where I' := Gal(F/F) ~ Z,. Let
A =T ®o (K/O), let Selg;(A/Fx) be the Greenberg Selmer group of A
over Fy, and let Selgk(A/F) the Bloch-Kato Selmer group of A over F.
Finally, let ¢,(A) be the p-part of the Tamagawa number of A at a prime
v of F and denote by ¥ the (finite) set of primes v of F' such that either
v is archimedean or v lies above p or A is ramified at v. Notice that the
finiteness of Selgpk(A/F') in the statement below is Assumption 4.5.

Theorem 6.1. Suppose that Selpk (A/F) is finite. Then
(1) Selgr(A/Fs) is A-cotorsion;
(2) if F is the characteristic power series of the Pontryagin dual of
Selgr(A/Fx), then F(0) # 0;
(3) there is an equality
#(0/F(0) - O) = #Selpk (A/F) - [ ] co(A).

VEX
vip

Proof. Parts (1) and (2) are (4.1), while part (3) follows by combining (4.2),
Proposition 5.10 and Corollary 5.19. U

Remark 6.2. Recall that m is a uniformizer of 0. The equality in part (3)
of Theorem 6.1 can be equivalently formulated as

lengthy (O/F(0) - ©) = lengthy (Selgk (A/F)) - ords (Hvez Cy (A))7

vip

where lengthy(*) denotes the length of the O-module x and ord, is the
m-adic valuation.



ON BLOCH-KATO SELMER GROUPS AND IWASAWA THEORY 465

Remark 6.3. An analogue of part (3) of Theorem 6.1 when F is an imaginary
quadratic field and Fi is the anticyclotomic Z,-extension of F' is provided
by Jetchev—Skinner—Wan in [13, Theorem 3.3.1].
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