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The Strong Slope Conjecture for cablings
and connected sums
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and Toshie Takata

Abstract. We show that, under some technical conditions, the Strong
Slope Conjecture proposed by Kalfagianni and Tran is closed under con-
nect sums and cabling. As an application, we establish the Strong Slope
Conjecture for graph knots.
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1. Introduction

Let K be a knot in the 3–sphere S3. The Slope Conjecture due to Garo-
ufalidis [5] and the Strong Slope Conjecture of Kalfagianni and Tran [16]
propose relationships between the degrees of the colored Jones function of
K and the essential surfaces in the exterior of K.

The colored Jones function of K is a sequence of polynomials JK,n(q)

with
JK,n(q)
J©,n(q)

∈ Z[q±1] for n ∈ N, where J©,n(q) = qn/2−q−n/2
q1/2−q−1/2 for the unknot

© and
JK,2(q)
J©,2(q)

is the ordinary normalized Jones polynomial of K. Since

the colored Jones function is q–holonomic [7, Theorem 1], the degrees of
its terms are given by quadratic quasi-polynomials for suitably large n [6,
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Theorem 1.1 & Remark 1.1]. For the maximum degree d+[JK,n(q)], we set
its quadratic quasi-polynomial to be

δK(n) = a(n)n2 + b(n)n+ c(n)

for rational valued periodic functions a(n), b(n), c(n) with integral period.
The period of a quasi-polynomial is the least common period of its coefficient
functions. Now define the set of Jones slopes of K:

js(K) = {4a(n) | n ∈ N}.

Allowing surfaces to be disconnected, we say a properly embedded surface
in a 3–manifold is essential if each component is orientable, incompressible,
boundary-incompressible, and not isotopic into the boundary. A number
p/q ∈ Q ∪ {∞} is a boundary slope of a knot K if there exists an essential
surface in the knot exterior E(K) = S3 − intN(K) with a boundary com-
ponent representing p[µ] + q[λ] ∈ H1(∂E(K)) with respect to the standard
meridian-longitude pair (µ, λ). Now define the set of boundary slopes of K:

bs(K) = {r ∈ Q ∪ {∞} | r is a boundary slope of K}.

Since a Seifert surface of minimal genus is an essential surface, 0 ∈ bs(K) for
any knot. Let us also remark that bs(K) is always a finite set [11, Corollary].

Garoufalidis conjectures that Jones slopes are boundary slopes.

Conjecture 1.1 (The Slope Conjecture [5]). For any knot K in S3,
every Jones slope is a boundary slope. That is js(K) ⊂ bs(K).

Garoufalidis’ Slope Conjecture concerns only the quadratic terms of δK(n).
Recently Kalfagianni and Tran have proposed the Strong Slope Conjecture
which subsumes the Slope Conjecture and asserts that the topology of the
surfaces whose boundary slopes are Jones slopes may be predicted by the
linear terms of δK(n).

Let K be a knot in S3 with δK(n) = a(n)n2 + b(n)n+ c(n). We say that
a Jones slope p/q ∈ js(K) (for p, q coprime and q > 0) satisfies SS(n) for
an integer n ∈ N if there is an essential surface Fn in the exterior of K such
that

• 4a(n) = p/q is the boundary slope of Fn and

• 2b(n) =
χ(Fn)

|∂Fn|q
.

Because δK(n) is a quasi-polynomial, we may regard the integer n as its
equivalence class modulo the period of δK(n) (or more precisely the least
common multiple of the periods of a(n), b(n) and c(n)).

Conjecture 1.2 (The Strong Slope Conjecture [16, 14, 13]). For any
knot K in S3, every Jones slope satisfies SS(n) for some n ∈ N.

The Strong Slope Conjecture was verified for the following knots:

• torus knots [5] and their cables [16],
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• B–adequate knots (hence adequate knots and alternating knots)
[4] and their cables [16],
• certain families of 3-tangle pretzel knots [18],
• certain families of Montesinos knots [8, 19],
• 8, 9-crossing non-alternating knots [16], (947, 948 [12], see also [18]),

and
• twisted generalized Whitehead doubles of torus knots, B–adequate

knots [1].

For the main purpose of this article, we only need to address the Strong
Slope Conjecture in the cases of knots K for which both coefficients a(n) and
b(n) of δK(n) are constant functions. In this situation Conjecture 1.2 says
that every Jones slope satisfies SS(1). Nonetheless, our techniques allow for
considerations of knots in which either δK(n) has period at most 2 or a(n)
is constant.

A graph knot is a knot obtained from the unknot by a finite sequence of
operations of cabling and connected sum. These are the knots in S3 whose
exterior is a graph manifold, a manifold that decomposes along embedded
tori into Seifert fibered pieces; cf. [10, Corollary 4.2].

In [15, Section 2.2] it is implied that [22] settles the Strong Slope Conjec-
ture for graph knots and, more generally, for connected sums of knots that
satisfy the Strong Slope Conjecture. However, the Strong Slope Conjecture
was never discussed and Euler characteristics of essential surfaces and linear
coefficients of quadratic quasi-polynomials were not considered in [22].

To rectify this, we first address the Strong Slope Conjecture for connected
sums in Theorem 2.1. Then, after clarifying the behavior of the maximum
degree of the colored Jones polynomial for cables of certain knots in Propo-
sition 3.2, we record an explicit proof of the Strong Slope Conjecture for
graph knots with Corollary 1.4. In particular, applying Theorem 2.1 and
Proposition 3.2 together with the technical conditions of Condition δ and
the Sign Condition, we prove

Theorem 1.3. Let K be the maximal set of knots in S3 of which each is
either the trivial knot or satisfies Condition δ, the Sign Condition, and the
Strong Slope Conjecture. The set K is closed under connected sum and
cabling.

As we will observe in Section 4, torus knots and B–adequate knots belong
to K. Hence Theorem 1.3 immediately implies the following.

Corollary 1.4. Every graph knot satisfies the Strong Slope Conjecture.

Also, let us note that while there are many non-trivial knots which do
not satisfy Condition δ, there are even some knots which do not satisfy the
Sign Condition; see Section 4.2.
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Remark 1.5. Kalfagianni and Tran give δKp,q(n) for a (p, q)–cable of a
knot K when (1) δK(n) has period at most 2 and b(n) ≤ 0 [16, Proposi-
tion 3.2], or (2) a(n) is constant, b(n) ≤ 0 [16, Proposition 4.4]. In their
results they do not assume the Sign Condition, but implicitly assume that
d+[JK,n(q)] = δK(n) for all n > 0 (in their proof). Since after taking cables
d+[JKp,q ,n(q)] = δKp,q(n) holds only for sufficiently large n, we cannot apply
their results to obtain δK′(n) for further cables K ′. On the other hand, to
prove Theorem 1.3 we need to take iterated cables. This leads us to show
Propositions 3.2 and max-degree-monoslope in this article where we weaken
the assumption “d+[JK,n(q)] = δK(n) for all n > 0” to “d+[JK,n(q)] = δK(n)
for sufficiently large n > 0” by introducing the extra condition, the Sign Con-
dition, which allows us to deal with the lack of information of d+[JK,n(q)]
for not sufficiently large integers n > 0.

We close the introduction by clarifying our usage of notation. Associated
to a knot K is a quadratic quasi-polynomial δK(n) such that there is an
integer NK for which d+[JK,n(q)] = δK(n) for integers n ≥ NK . Note that,
based on q–holonomicity alone, d+[JK,n(q)] is not necessarily a quadratic
quasi-polynomial itself as made explicit by Proposition 3.7.
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2. The Strong Slope Conjecture and connected sums of
knots

Theorem 2.1. Let K1 and K2 be knots each of which has a single Jones
slope. Assume each of these Jones slopes satisfy SS(n0) for the integer n0.
Then a connected sum K1]K2 also has a single Jones slope and this Jones
slope satisfies SS(n0).

Proof. Write

δKi(n) = ai(n)n2 + bi(n)n+ ci(n)
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for each i = 1, 2. Since Ki has a single Jones slope pi/qi (qi > 0), ai(n) = ai
is constant. By hypothesis, pi/qi satisfies SS(n0) for some n0 ∈ N. In
particular, there is an essential surface Si properly embedded in E(Ki) that

has boundary slope 4ai = pi/qi and satisfies
χ(Si)

|∂Si|qi
= 2bi(n0).

First we recall from the proof of [22, Lemma 2.1] that

δK1]K2(n) = δK1(n) + δK2(n)− 1

2
n+

1

2

= (a1(n) + a2(n))n2 + (b1(n) + b2(n)− 1

2
)n+ c1(n) + c2(n) +

1

2

= (a1 + a2)n
2 + (b1(n) + b2(n)− 1

2
)n+ c1(n) + c2(n) +

1

2

though we have the extra terms −1
2n+ 1

2 due to our use of the unnormalized
colored Jones function which is addressed in [16]. Thus the quadratic quasi-
polynomial of this connected sum also has a constant quadratic term and
hence a single Jones slope. Note that its linear term is b(n) = b1(n)+b2(n)−1

2
and has period that divides the least common multiple of the periods of b1
and b2. (Actually, let p be the period of b(n) and p′ be the least common
multiple of the periods pi of bi(n). Then b(n+p′) = b1(n+p′)+ b2(n+p′) =
b1(n) + b2(n) = b(n), and thus p ≤ p′. Writing p′ = pk + r (0 ≤ r < p), we
have b(n) = b(n+ p′) = b(n+ (pk+ r)) = b((n+ r) + pk) = b(n+ r) for any
n. This shows that b(n) has period r < p, and hence r = 0 and p divides
p′.)

We next show that K1]K2 satisfies SS(n0).
Recall that E(K1]K2) is decomposed into E(K1) and E(K2) along an

essential annulus A whose core is meridian of K1 and K2; see [22, Figure
2.1]. Gluing m1 copies of S1 and m2 copies of S2 along A, we obtain a
surface S = m1S1 ∪ m2S2 in E(K1]K2). The gluing condition requires
that m1|∂S1|q1 = m2|∂S2|q2. Following [22, Claim 2.3] each component
of S ∩ ∂E(K1]K2) has slope p/q = p1/q1 + p2/q2 (q > 0), which equals
4(a1 + a2). The surface S may be disconnected and non-orientable. So we

take the frontier S̃ of the tubular neighborhood N(S) of S in E(K1]K2).

As described in [1, Lemma 5.1], the orientable surface S̃ also has boundary
slope p/q = p1/q1 + p2/q2 (q > 0) and satisfies

χ(S̃)

|∂S̃|q
=
χ(S)

|∂S|q
.

Then as shown in [22, Claim 2.4] the surface S̃ is essential in E(K1]K2).
We note that, by construction, m1|∂S1|q1 = m2|∂S2|q2 equals the number

of arcs of S ∩A. Hence it must also coincide with |∂S|q. Thus we have

• m1|∂S1|q1 = m2|∂S2|q2 = |S ∩A| = |∂S|q, and
• χ(S) = χ(m1S1 ∪m2S2) = m1χ(S1) +m2χ(S2)− |S ∩A|.
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Then it follows that

χ(S̃)

|∂S̃|q
=
χ(S)

|∂S|q
=
m1χ(S1) +m2χ(S2)− |S ∩A|

|∂S|q

=
m1χ(S1)

m1|∂S1|q1
+

m2χ(S2)

m2|∂S2|q2
− |∂S|q
|∂S|q

=
χ(S1)

|∂S1|q1
+

χ(S2)

|∂S2|q2
− 1

= 2b1(n0) + 2b2(n0)− 1

= 2(b1(n0) + b2(n0)− 1/2)

= 2b(n0).

�

3. The Strong Slope Conjecture and cablings — a revision of
Kalfagianni-Tran’s results

For coprime integers p, q with q 6= 0, let Kp,q be the (p, q)-cable knot of a
knot K. That is, Kp,q is a curve in the boundary of a solid torus neighbor-
hood of K that, with respect to the standard meridian and longitude of K,
winds p times meridionally and q times longitudinally. Since Kp,±1 = K, we
assume |q| > 1. Because the colored Jones function is unchanged by revers-
ing the orientation of a knot, we restrict to considering unoriented knots.
Thus we may further assume q > 1; see the second paragraph of [16, Proof
of Proposition 3.2].

As we mentioned in Remark 1.5, to prove Theorem 1.3 and Corollary 1.4
we need to take iterated cables, and thus we need to rectify [16, Proposi-
tion 3.2] so that we can apply it repeatedly. We present our Proposition 3.2
as a replacement for [16, Proposition 3.2]. Our proposition requires the ex-
tra technical assumption of the Sign Condition given in Definition 3.1. Our
proof of Proposition 3.2 below follows the spirit of Kalfagianni and Tran’s
approach to [16, Proposition 3.2].

3.1. The Sign Condition and a cabling formula.

Definition 3.1 (The Sign Condition). Let εn(K) be the sign of the
coefficient of the term of the maximum degree of JK,n(q). A knot K satisfies
the Sign Condition if εm(K) = εn(K) for m ≡ n mod 2.

In Propositions 4.3 and 4.4 we show that torus knots and B–adequate
knots satisfy the Sign Condition. In Section 4.2 we exhibit some knots that
fail the Sign Condition.

Proposition 3.2. Let K be a knot such that δK(n) = a(n)n2 + b(n)n+ c(n)
has period ≤ 2 with b(n) ≤ 0. Suppose p

q 6= 4a(n) if b(n) = 0, and K
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satisfies the Sign Condition. Then δKp,q(n) = A(n)n2 + B(n)n + C(n) has
period ≤ 2 with

{A(n)} ⊂ {q2a(q(n− 1) + 1)} ∪ {pq
4
} and B(n) ≤ 0.

Explicitly, we have

δKp,q(n) =


q2a(i)n2 +

(
qb(i) + (q−1)(p−4qa(i))

2

)
n

+
(
a(i)(q − 1)2 − (b(i) + p

2)(q − 1) + c(i)
)

for p
q < 4a(i),

pq(n2−1)
4 + Cσ(Kp,q) for p

q ≥ 4a(i),

where i ≡(2) q(n − 1) + 1, σ ≡(2) n, and Cσ(Kp,q) is a number that only
depends on the knot K, the numbers p and q, and the parity σ of n. Fur-
thermore, Kp,q also satisfies the Sign Condition.

Proof. It will be convenient to extend the colored Jones function to negative
integers by the convention that JK,−m(v) = −JK,m(v) for integers m > 0 (In
the following we use the variable v instead of q to distinguish from the cabling
parameter.) Note that, with this convention, d+[JK,−m(v)] = d+[JK,m(v)]
for all integers m 6= 0. For notational concision, let us also write the periodic
coefficients of δK(m) as am = a(m), bm = b(m), and cm = c(m) for integers
m considered mod 2. Furthermore, recall that since the knot Kp,q is a non-
trivial cable of K, and our knots are unoriented, we may assume q > 1; see
the first paragraph of Section 3.

A formula for the colored Jones function of a cable of a component of a
link is given in [23, 24]. It is presented for the cable of a knot and adapted
to our current notations and normalizations in [16, Equation (3.2)] which we
now recall. To do so we must introduce the following sets. For each integer
n > 0, let Sn be the finite set of all numbers k such that

|k| ≤ n− 1

2
and k ∈

{
Z if n is odd,

Z + 1
2 if n is even.

That is,

Sn =

{
−n− 1

2
, −n− 1

2
+ 1, −n− 1

2
+ 2, . . . ,

n− 1

2
− 1,

n− 1

2

}
.

Then, from [23, 24] and following [16, Equation (3.2)], for n > 0 we have

JKp,q ,n(v) = vpq(n
2−1)/4

∑
k∈Sn

v−pk(qk+1)JK,2qk+1(v), (3.1)

where we use the convention introduced above that JK,−m(v) = −JK,m(v)
for integers m > 0.

Since we wish to determine δKp,q(n), we must determine d+[JKp,q ,n(v)] for
n� 0. Based on Formula (3.1),

d+[JKp,q ,n(v)] = pq(n2−1)/4+ max
k∈Sn
{−pk(qk+1)+d+[JK,|2qk+1|(v)]} (3.2)
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assuming this maximum is uniquely realized. If this maximum is not uniquely
realized, then there may be a cancellation between terms of maximum de-
grees (corresponding to the highest horizontal dotted line in Figure 3.1).
This cancellation may cause infinitely many further cancellations in the sum
of Formula (3.1) as illustrated in Figure 3.1. Observe that, for integers n > 0
of a given parity, the parity of 2qk+1 for k ∈ Sn is constant. More precisely,
if n is odd, then 2qk + 1 is odd, and if n is even, then 2qk + 1 is odd or
even according to whether q is even or odd, respectively. In particular, since
maxSn = n−1

2 , we have 2qk+1 ≡(2) q(n−1)+1. Hence, the Sign Condition
for K ensures that no cancellations occur among terms of maximum degree.
Thus equation 3.2 holds.

Figure 3.1. ∗ denotes m(k) for a term ak,mv
m(k) of

v−pk(qk+1)JK,2qk+1(v) with m(k) < f(k).

First define

f(k) = −pk(qk + 1) + d+[JK,|2qk+1|(v)]

for k ∈ Sn. Set NK ≥ 0 to be the first integer such that d+[JK,|m|(v)] =
δK(|m|) for all integers m with |m| ≥ 2qNK + 1. Noting that |2q(−NK −
1
2) + 1| ≥ 2qNK + 1 > |2q(−NK) + 1|, partition Sn into the three subsets

S−n = Sn∩(−∞,−NK−
1

2
], S0n = Sn∩(−NK−

1

2
, NK), S+n = Sn∩ [NK ,∞).

Note that when n = 1, Sn = {0} and S−n = ∅.



684 K. L. BAKER, K. MOTEGI AND T. TAKATA

Then, considering the quadratic quasi-polynomials for integers and half-
integers k

g+(k) = −pk(qk + 1) + δK(2qk + 1)

= (−pq + 4q2am)k2 + (−p+ 4qam + 2qbm)k + (am + bm + cm)

for k ≥ 0 and m ≡(2) 2qk + 1

and

g−(k) = −pk(qk + 1) + δK(|2qk + 1|)
= −pk(qk + 1) + δK(−2qk − 1)

= (−pq + 4q2am)k2 + (−p+ 4qam − 2qbm)k + (am − bm + cm)

for k < 0 and m ≡(2) |2qk + 1|,

define the quadratic real polynomials g±m(x) for integers m (mod 2) by

g±m(x) = (−pq + 4q2am)x2 + (−p+ 4qam ± 2qbm)x+ am ± bm + cm.

Hence for integers and half-integers k, we have g±(k) = g±m(k) where m ≡(2)

|2qk+ 1| and ± means + if k ≥ 0 and − if k < 0. Thus, on the subsets S±n ,
we have

f(k) = g±m(k) if k ∈ S±n and m ≡(2) |2qk + 1|.
While we have little information about f(k) for k ∈ S0n, it belongs to only a
finite set of values since

S0n ⊂
[
−NK , NK −

1

2

]
∩ 1

2
Z

for all n > 0.
Recall that f(k) is defined on half-integers k if n is even and defined on

integers k if n is odd. So to clarify the role of the parity of n, for each parity
σ ∈ {0, 1} we define the function fσ(k) so that f(k) = fσ(k) if σ ≡(2) n.
Then f0 is defined on half-integers, while f1 is defined on integers. More
explicitly, this is the function

fσ(k) =

{
g+i (k) if k ∈ S+n ,
g−i (k) if k ∈ S−n ,

where i ≡(2) q(n− 1) + 1.
Henceforth regard σ as fixed choice of parity. Note that the parity i is

fixed if we vary n, maintaining n ≡(2) σ. Using (3.2) and fσ(k), we now
proceed to determine d+[JKp,q ,n(v)] for suitably large n such that n ≡(2) σ.

Case 1. Assume p
q < 4ai. Then −pq+4q2ai > 0, and so the functions given

by the quadratic polynomials g+i (x) and g−i (x) are concave up. Hence, for

any sufficiently large integer n, g+i (k) is maximized on S+n at k = n−1
2 and

g−i (k) is maximized on S−n at k = −n−1
2 . Note that

g+i (
n− 1

2
)− g−i (−n− 1

2
) = (−p+ 4qai)(n− 1) + 2bi > 0
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for sufficiently large integer n. Therefore, fσ(k) is maximized on the set
S+n ∪ S−n at k = n−1

2 .

Since the elements of S0n belong to a fixed finite set that is independent of
n, the maximum of fσ(k) on S0n has an upper bound that is independent of
n. Thus, for a sufficiently large integer n, we can be assured that g+i (n−12 )
exceeds this bound. Hence

max
k∈Sn

fσ(k) = fσ(
n− 1

2
) = g+i (

n− 1

2
).

Then, Formula (3.1) implies that for sufficiently large integer n

d+[JKp,q ,n(v)] =
pq(n2 − 1)

4
+ g+i (

n− 1

2
)

= q2ain
2 +

(
qbi +

(q − 1)(p− 4qai)

2

)
n

+
(
ai(q − 1)2 − (bi +

p

2
)(q − 1) + ci

)
.

Since we assumed that q > 1, we have that

B(n) = qbi +
(q − 1)(p− 4qai)

2
< 0,

and the conclusion follows in this case.

Case 2. Assume p/q > 4ai. Then −pq + 4q2ai < 0, and so the function
given by the quadratic polynomial g+i (x) is concave down and attains its
maximum at

x = x0 := −
(

1

2q
+

bi
−p+ 4qai

)
.

Since bi ≤ 0, we have x0 < 0. This implies that g+i (x) is a strictly decreasing

function on [0,∞). Similarly, the quadratic polynomial g−i (x) is concave
down and attains its maximum at

x = x′0 := −
(

1

2q
− bi
−p+ 4qai

)
.

Since bi ≤ 0, we have x′0 > −1
2 . This implies that g−i (x) is a strictly

increasing function on (−∞,−1
2 ]. Thus g+i (k) is maximized on S+n at k+ =

minS+n and g−i (k) is maximized on S−n at k− = maxS−n .
Since |S0n| ≤ 2NK , there are at most 2NK values f(k) for k ∈ S0n, and

thus we may take M0 = max{f(k) | k ∈ S0n}. Now let us put Cσ(Kp,q) =
max{fσ(k+), fσ(k−),M0}. Formula (3.2) implies that

d+[JKp,q ,n(v)] =
pq(n2 − 1)

4
+ Cσ(Kp,q)

for sufficiently large integer n with σ ≡(2) n.
Note that B(n) = 0. Hence the conclusion follows in this case too.



686 K. L. BAKER, K. MOTEGI AND T. TAKATA

Case 3. Assume p/q = 4ai and bi < 0. Then −p+ 4qai = 0 so that

g±i (x) = ±(2qbi)x+ ai ± bi + ci.

Since q > 1 and bi < 0, g+i (x) is strictly decreasing and g−i (x) is strictly

increasing. Thus g+i (k) is maximized on S+n at k+ = minS+n and g−i (k) is
maximized on S−n at k− = maxS−n .

As in Case 1, let M0 be max{fσ(k) | k ∈ S0n} and put Cσ(Kp,q) =
max{fσ(k+), fσ(k−),M0}. Then

d+[JKp,q ,n(v)] =
pq(n2 − 1)

4
+ Cσ(Kp,q)

for sufficiently large integer n with σ ≡(2) n.

Finally we show that εm(Kp,q) = εn(Kp,q) for m ≡ n mod 2. From the
formula (3.1), JKp,q ,n(v) has the following form

JKp,q ,n(v) = vpq(n
2−1)/4

∑
k∈Sn

v−pk(qk+1)JK,2qk+1(v).

Since 2qk + 1 ≡ q(n − 1) + 1 (mod 2) and the parity of 2qk + 1 for k ∈
Sn(n) is constant, from the assumption for εn(K), cancellations in the proof
of Proposition 3.1 do not happen and we can see that the colored Jones
polynomial of JKp,q(n) has the required property of εn(Kp,q). �

Remark 3.3. In Case 3 of the above proof, if we allow bi = 0 then
g±i (x) = ai + ci, and so it is constant. Thus determining d+[JKp,q ,n(v)] from
equation (3.1) requires more knowledge of the coefficients of the leading
terms in JK,2qk+1(v) for 2qk+ 1 ≡(2) q(n− 1) + 1. However it is conjectured
that bi = 0 only when K is cabled [16, Conjecture 5.1] (via the Strong Slope
Conjecture and the Cabling Conjecture [9]). In such a case, 4ai is an integer
so that p/q 6= 4ai for q > 1. Hence this remaining situation conjecturally
does not happen.

3.2. Condition δ, cabling, and the Strong Slope Conjecture. It is
also convenient to collect some common assumptions on δK(n) for a knot
K.

Definition 3.4 (Condition δ). We say that a knot K satisfies Condition
δ if

(1) δK(n) = an2 + bn+ c(n) has period at most 2,
(2) b ≤ 0, and
(3) 4a ∈ Z.

(Note that the trivial knot does not satisfy Condition δ because it has b =
1/2.)

A version of the following proposition is essentially given in [16, Theorem
3.9].
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Proposition 3.5. Let K be a knot that satisfies Condition δ, the Sign Con-
dition, and the Strong Slope Conjecture. Then a non-trivial cable Kp,q sat-
isfies Condition δ, the Sign Condition, and the Strong Slope Conjecture.

Proof. Due to Condition δ, δK(n) = an2 + bn + c(n) has period ≤ 2 with
4a ∈ Z and b ≤ 0. Since the cable is non-trivial, we have q > 1 so that
p
q 6= 4a. Then, because K also satisfies the Sign Condition, Proposition 3.2

shows that δKp,q(n) = An2 +Bn+ C(n) has period ≤ 2,

(1) if p
q < 4a, then A = q2a and B = qb+ (q−1)(p−4qa)

2 ,

(2) if p
q > 4a, then A = pq

4 and B = 0,

and so, in both cases, 4A ∈ Z and B ≤ 0. Furthermore, Kp,q satisfies the
Sign Condition.

Let V be a tubular neighborhood of K which contains Kp,q in its interior.
Decompose E(Kp,q) = E(K)∪ (V − intN(Kp,q)); V − intN(Kp,q) is a (p, q)–
cable space.

Since K satisfies the Strong Slope Conjecture, there is an essential surface

SK in E(K) with boundary slope 4a such that
χ(SK)

|∂SK |
= 2b.

In case (1), we construct an essential surface S with boundary slope
4A = 4q2a following [22, Lemma 3.2]. Let D be a meridian disk of V with
q ≥ 2 punctures and A an obvious annulus in V − intN(Kp,q) connecting ∂V
and ∂N(Kp,q). Let F be an oriented surface in X = V − intN(Kp,q) repre-
senting the nontrivial homology class (4aq− p)[D] + [A] ∈ H2(X, ∂X). (We
may construct F by the “double curve sum” of (4aq−p) parallel copies of D
and A.) A simple computation shows that [F ∩ ∂V ] = q(4a[µV ] + [λ]), [F ∩
∂N(Lp,q)] = −4aq2[µ] − [λ], where ([µV ], [λV ]) is a preferred meridian lon-
gitude pair of V and ([µ], [λ]) is a preferred meridian longitude pair of Kp,q.
Thus F ∩ ∂V consists of q parallel loops each of which has slope 4a, and
F ∩ ∂N(Kp,q) consists of a single loop with slope 4q2a. We see that F is
essential [22, Lemma 3.2].

Let us choose positive integers m, n so that they satisfy the gluing con-
dition m|∂SK | = n|∂F ∩ ∂V | = nq, (equivalently m/n = q/|∂SK |). Then
take S = mSK ∪ nF , whose boundary slope is 4q2a = 4A.

Since S may be non-orientable, as in the proof of Theorem 2.1, we take

the frontier S̃ of the tubular neighborhood N(S) of S in E(Kp,q). Then the

orientable surface S̃ also has boundary slope 4q2a = 4A, and essential [22,
Lemma 3.2].

χ(S̃)

|∂S̃| · 1
=

χ(S)

|∂S| · 1
=
mχ(SK) + nχ(F )

n

=
mχ(SK)

n
+ χ(F )
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=
qχ(SK)

|∂SK |
+ (4aq − p)(1− q)

= 2qb+ (q − 1)(p− 4aq)

= 2(qb+
(q − 1)(p− 4aq)

2
)

= 2B.

In case (2), the surface S with boundary slope pq is the cabling annulus,

thus
χ(S)

|∂S|
= 0 = 2B. �

Remark 3.6. One may note that in Propositions 3.2 and 3.5, we need
not require that the constant coefficient c(n) has period ≤ 2 in order to
obtain the relevant results about the quadratic and linear coefficients of
δ(n). However, the assumption that δ(n) has period ≤ 2 does simplify the
presentation and proof of Proposition 3.2 from which the other is derived.
In Appendix A we consider the Strong Slope Conjecture for cables of knots
of arbitrary period but with single Jones slope and the Sign Condition,
updating [16, Theorem 4.1 and Proposition 4.4].

3.3. The degree of the colored Jones polynomial is not always a
quadratic quasi-polynomial. Though it is clarified in the text, the title
of [5, Section 1.2] may have caused a misconception. Using a specialization
of Proposition 3.2 for torus knots recorded in Proposition 3.8, we present
Example 3.9 which concretely demonstrates the existence of cabled knots
for which the degree of their colored Jones polynomial are quadratic quasi-
polynomials only for suitably large integers n. In particular, for such a knot
K, d+[JK,n(q)] 6= δK(n) when n is a positive integer below an explicit cut-off
that depends on K. Moreover this cut-off can be arbitrarily large.

Proposition 3.7. There exists a knot K with cable K ′ such that d+[JK,n(q)]
= δK(n) for all integers n > 0, but d+[JK′,n(q)] 6= δK′(n) for integers n =
1, 2, . . . , N where N is a positive integer. Moreover, the knot K ′ may be
chosen so that N is larger than any given number.

Proof. Example 3.9 below provides the concrete example of a (12q2−1, 2)–
cable of a (6q − 1, q)–cable of the (3, 2)–torus knot for which the maximum
degree of its colored Jones polynomial is a quadratic quasi-polynomial only
for integers n ≥ 2q−1 for integers q > 3. (In this example for 0 < n < 2q−2,
the maximum degree of its colored Jones polynomial is another quadratic
quasi-polynomial.) However, for the (6q − 1, q)–cable of the (3, 2)–torus
knot, the maximum degree of its colored Jones polynomial is a quadratic
quasi-polynomial for all integers n > 0. �

In preparation for Example 3.9, we observe Proposition 3.8 which spe-
cializes Proposition 3.2 for the case of cables of torus knots. For its proof,
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we use the notation (such as g+i (k) and g−i (k)) from the proof of Proposi-
tion 3.2 and follow its argument without further reference. We will also use
this notation in the explanation of Example 3.9.

Proposition 3.8. Let T be the (a, b)–torus knot with a, b > 1 and Tp,q be a
(p, q)-cable of T with q > 1. Then, for any n > 0, d+[JTp,q ,n(v)] = δTp,q(n),
and explicitly

δTp,q(n) =
q2ab

4
n2 +

(q − 1)(p− qab)
2

n

+

(
ab

4
(q − 1)2 − p

2
(q − 1)− ab

4
− (1 + (−1)i)

(a− 2)(b− 2)

8

)
for p/q < ab and

δTp,q(n) =
pq(n2 − 1)

4
+ Cσ(Tp,q)

for p/q > ab, where i ≡(2) q(n− 1) + 1, σ ≡(2) n, and Cσ(Tp,q) is a number
that only depends on the knot T , the numbers p and q, and the parity σ of
n.

Proof. First observe that when (3.2) is applied to a (p, q)–cable Kp,q of a
knot K for which d+[JK,n(v)] = δK(n), we obtain

d+[JKp,q ,n(v)] = pq(n2 − 1)/4 + max
k∈Sn
{g±i (k)}. (3.3)

Now assume T is an (a, b)–torus knot. Following [5, Section 4.8] but with
our normalization so that it appears as in [16, Proof of Theorem 3.9, Case
2], we have the explicit computation

d+[JT,n(v)] = δT (n) =
ab

4
n2 − ab

4
− (1 + (−1)n)

(a− 2)(b− 2)

8

for all integers n > 0. Notably, (3.3) applies. Then we see that

g+m(k) = −pk(qk+ 1) + δT (2qk+ 1) = −pk(qk+ 1) + δT (−2qk− 1) = g−m(k),

and thus precisely

g+m(k) = g−m(k)

= q(−p+ qab)k2 + (−p+ qab)k − (1 + (−1)m)
(a− 2)(b− 2)

8

= q(−p+ qab)(k +
1

2q
)2 − −p+ qab

4q
− (1 + (−1)m)

(a− 2)(b− 2)

8
.

Thus using (3.3) we compute that for any n > 0, if p
q < ab,

d+[JTp,q ,n(v)] =
pq(n2 − 1)

4
+ g+i (

n− 1

2
)
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and if p
q > ab,

d+[JTp,q ,n(v)] =
pq(n2 − 1)

4
+ Cσ(Tp,q)

where i ≡(2) q(n− 1) + 1, C0(Tp,q) = g−i (−1
2) and C1(Tp,q) = g+i (0). There-

fore we have
d+[JTp,q ,n(v)] = δTp,q(n)

for all n > 0. �

Example 3.9. Let T be the (3, 2)–torus knot (q > 3), T6q−1,q a (6q− 1, q)–
cable of T and T6q−1,q; 12q2−1,2 a (12q2 − 1, 2)–cable of T6q−1,q. Then for T
and T6q−1,q, we have d+[JT,n(v)] = δT (n) and d+[JT6q−1,q ,n(v)] = δT6q−1,q(n)
for all n > 0 (Proposition 3.8). However,

d+[JT6q−1,q; 12q2−1,2,n
(v)] = δT6q−1,q; 12q2−1,2

(n)

only for n ≥ 2q − 1.

Proof. Noting that 6q−1
q < 3 · 2, from Proposition 3.8, we have

d+[JT6q−1,q ,n(v)] = δT,6q−1q(n) =
3q2

2
n2 +

1− q
2

n− 3q2 − q + 1

2
for all n > 0.

Now put K = T6q−1,q and consider K12q2−1,2, the (12q2 − 1, 2)–cable of
K = T6q−1,q. Then we have

g+(k) = g+K12q2−1,2
(k) = 2k2 − (2q − 3)k

= 2(k − 2q − 3

4
)2 − 1

2
q2 +

3

2
q − 9

8
,

g−(k) = g−K12q2−1,2
(k) = 2k2 + (2q − 1)k + q − 1

= 2(k +
2q − 1

4
)2 − 1

2
q2 +

3

2
q − 9

8
.

See Figure 3.2.

O k
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- g
 

+

2q-3
2

n-1
2

2q-3
4

n-1
2
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2q-1
4
- 2

- 1

2q-2
2
-

Figure 3.2. graphs of g+ and g−



THE STRONG SLOPE CONJECTURE 691

Then, since d+[JK,n(v)] = δK(n) for all n > 0, we may use (3.3) to
compute that

d+[JK12q2−1,2,n
(v)] =

(12q2 − 1) · 2(n2 − 1)

4
+ 0 =

12q2 − 1

2
n2 − 12q2 − 1

2
if n ≤ 2q − 2, and

d+[JK12q2−1,2,n
(v)] =

(12q2 − 1) · 2(n2 − 1)

4
+ g+K12q2−1,2

(
n− 1

2

)
= 6q2n2 +

1− 2q

2
n− 6q2 + q − 1

2

if n ≥ 2q − 1. In particular, d+[JK12q2−1,2,n
(v)] = δK12q2−1,2

(n) only for

n ≥ 2q − 1. �

Since our construction uses cabling, and noting that d+ = δ for torus
knots, it is natural to wonder if any hyperbolic knot exhibits this behavior.

Question 3.10.

(1) For every hyperbolic knot K, does d+[JK,n(q)] = δK(n) for all in-
tegers n > 0?

(2) Even when d+[JK,n(q)] = δK(n) only for n ≥ NK , is d+[JK,n(q)]
another quadratic quasi-polynomial δ′K(n) with period < NK − 1
for n < NK as well?

Remark 3.11. Concerning Question 3.10(2), since {1 ≤ n < NK} consists
of NK − 1 elements, so for n < NK , if we set δK(n) = c(n) = d+[JK,n(q)],
which is a quadratic quasi-polynomial of period NK − 1. The condition
“period < NK − 1” excludes such a trivial example.

4. The Strong Slope Conjecture for graph knots

In this section we prove the Strong Slope Conjecture for graph knots
(Corollary 1.4) by establishing it for wider class of knots (Theorem 1.3).
For this we need the the technical conditions of the Sign Condition (Defini-
tion 3.1) and Condition δ (Definition 3.4).

Theorem 1.3. Let K be the maximal set of knots in S3 of which each is
either the trivial knot or satisfies Condition δ, the Sign Condition, and the
Strong Slope Conjecture. The set K is closed under connected sum and
cabling.

Proof. Theorem 1.3 follows from Lemmas 4.1 and 4.2 below. �

Proof of Corollary 1.4. Let K be a graph knot. Then, as noted in the
introduction, K is obtained from the trivial knot by a finite sequence of
operations of cabling and connected sum; cf. [10, Corollary 4.2]. Since the
trivial knot is in K by definition, it follows from Theorem 1.3 that the set
of nontrivial graph knots is contained in K. Thus any graph knot satisfies
the Strong Slope Conjecture. �
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Lemma 4.1 and Proposition 4.3 both make use of a normalization of the
colored Jones function. For knot K and a nonnegative integer n, the nor-
malized colored Jones function of K is the function

J ′K,n(q) :=
JK,n+1(q)

J©,n+1(q)

so that J ′©,n(q) = 1 for the unknot© and J ′K,1(q) is the ordinary Jones poly-

nomial of a knot K. In particular, taking 〈n〉 to be defined by J©,n+1(q) =
(−1)n〈n〉, we obtain the expression

〈n〉J ′K,n(q) = (−1)nJK,n+1(q).

Furthermore, since the colored Jones function is multiplicative for connected
sums, so is the normalized colored Jones function. That is, for knots K1 and
K2 we have

J ′K1]K2,n(q) = J ′K1,n(q)J ′K2,n(q).

Lemma 4.1. If K1,K2 ∈ K, then K1]K2 ∈ K.

Proof of Lemma 4.1. Since the trivial knot is the identity for the con-
nected sum operation, we may assume neither K1 nor K2 is trivial. By
Theorem 2.1, K1]K2 satisfies the Strong Slope Conjecture. So it remains to
show that K1]K2 satisfies Condition δ and the Sign Condition.

Recall first that
〈n〉J ′K,n(q) = (−1)nJK,n+1(q)

and that the normalized colored Jones function satisfies

J ′K1]K2,n(q) = J ′K1,n(q)J ′K2,n(q).

Then we have

〈n〉J ′K1]K2,n(q) = 〈n〉J ′K1,n(q)J ′K2,n(q)

= 〈n〉(−1)n

〈n〉
JK1,n+1(q)

(−1)n

〈n〉
JK2,n+1(q)

=
1

〈n〉
JK1,n+1(q)JK2,n+1(q).

Since 〈n〉J ′K1]K2,n
(q) = (−1)nJK1]K2,n+1(q), we have

〈n− 1〉JK1]K2,n(q) = (−1)n−1JK1,n(q)JK2,n(q).

Using 〈n− 1〉 = (−1)n−1[n], this becomes

[n]JK1]K2,n(q) = JK1,n(q)JK2,n(q).

This implies

δK1]K2(n) = (a1 + a2)n
2 + (b1 + b2 −

1

2
)n+ (c1(n) + c2(n) +

1

2
),

and noting the leading term of [n] is q
n−1
2 , we have

εn(K1]K2) = εn(K1)εn(K2).
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Let us see that K1]K2 satisfies Condition δ. Since the period of ci(n) is
at most 2, c1(n) + c2(n) + 1

2 has period at most 2, and hence δK1]K2(n) has

also period ≤ 2. Since b1 ≤ 0 and b2 ≤ 0, (b1 + b2)− 1
2 ≤ 0. Since 4a1 and

4a2 are integers, so is 4(a1 + a2).
Finally we check the Sign Condition for K1]K2. Since K1 and K2 be-

long to K, εm(Ki) = εn(Ki) for m ≡ n mod 2, and hence εm(K1]K2) =
εn(K1]K2) for m ≡ n mod 2. �

Lemma 4.2. If K ∈ K, then Kp,q ∈ K.

Proof of Lemma 4.2. If K is trivial, then its cables Kp,q are torus knots.
It is observed in [16, p.924] that any nontrivial torus knot satisfies Condition
δ. Furthermore, Case 2 in the proof of [16, Theorem 3.9] shows that any
nontrivial torus knot satisfies the Strong Slope Conjecture. As we observe
in Proposition 4.3 below, torus knots also satisfy the Sign Condition. Hence
torus knots belong to K. Thus we may assume K is non-trivial.

Then for non-trivial K ∈ K, that Kp,q ∈ K follows from Proposition 3.5.
�

Here we show that a torus knot satisfies the Sign Condition by calculat-
ing the coefficient of the term of the maximum degree of its colored Jones
polynomial.

Proposition 4.3. Let a and b be coprime integers with a > b > 1. Then the
coefficient of the term of the maximum degree of the colored Jones polynomial
JK,n(q) of K = Ta,b is 1 if n is odd and −1 if n is even. The coefficient of
the term of the maximum degree of the colored Jones polynomial JK,n(q) of
K = T−a,b is 1.

Proof. In the following we observe that the coefficient of the term of the
maximum degree of the normalized colored Jones polynomial J ′K,n(q) of
K = Ta,b is 1 if n is even and −1 if n is odd, and the coefficient of the term
of the maximum degree of the normalized colored Jones polynomial J ′K,n(q)
of K = T−a,b is 1. Then the result follows from the formula

JK,n(q) = (−1)n−1〈n− 1〉J ′K,n−1(q) = (q
n−1
2 + · · ·+ q−

n−1
2 )J ′K,n−1(q).

First we note that for any knot K with mirror K∗, the maximum degree
of J ′K∗,n(q) is the minimum degree of J ′K,n(q−1). So instead of determining
the coefficient of the term of the maximum degree of the colored Jones
polynomial J ′K,n(q) of K = T−a,b, we instead determine the coefficient of
the term of the minimum degree of the colored Jones polynomial J ′K,n(q)
of K = Ta,b.

The normalized colored Jones polynomial of K = Ta,b is explicitly com-
puted in [21]:

J ′K,n(q) =
q

1
4
abn(n+2)

q
n+1
2 − q−

n+1
2

n
2∑

k=−n
2

(q−abk
2+(a−b)k+ 1

2 − q−abk2+(a+b)k− 1
2 ). (4.1)
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First we consider the case where n is even. Then k is an integer in the
summand. We define the functions f±(`) on Z by

f±(`) := −ab`2 + (a∓ b)`± 1

2
.

Since

f±(`) = −ab(`− a∓ b
2ab

)2 +
(a∓ b)2

4ab
± 1

2

and 0 < a∓b
2ab < 1

2 , f±(`) is maximized at ` = 0 and f−(0) < f+(0) = 1
2 .

Hence the maximum degree of J ′K,n(q) for even n is calculated by

1

4
abn(n+ 2)− n+ 1

2
+

1

2
=
ab

4
n2 +

ab− 1

2
n.

Since J ′K,n(q) is a Laurent polynomial, we may write

J ′K,n(q) = Aq
ab
4
n2+ab−1

2
n + [lower degree terms]

for some integer A. Then following (4.1), we have

(q
n+1
2 − q−

n+1
2 )(Aq

ab
4
n2+ab−1

2
n + [lower degree terms])

= (q
1
4
abn(n+2))q

1
2 + [lower degree terms].

This shows A = 1 and the term of the maximum degree is q
ab
4
n2+ab−1

2
n.

Moreover, f±(`) is minimized at ` = −n
2 and f+(−n

2 ) > f−(−n
2 ) =

−ab
4 n

2 − a+b
2 n − 1

2 . Hence the minimum degree of J ′K,n(q) for even n is
calculated by

1

4
abn(n+2)+

n+ 1

2
−ab

4
n2−a+ b

2
n−1

2
=
ab− a− b+ 1

2
n =

(a− 1)(b− 1)

2
n,

and the term of the minimum degree is q
(a−1)(b−1)

2
n.

Now we consider the case where n is odd. Then k is a half-integer in the
summand. We define the functions f±(`) on Z + 1

2 by

g±(`) := −ab`2 + (a∓ b)`± 1

2
.

Since

g±(`) = −ab(`− a∓ b
2ab

)2 +
(a∓ b)2

4ab
± 1

2

and 0 < a∓b
2ab < 1

2 , g±(`) is maximized at ` = 1
2 and g+(12) < g−(12) =

−ab
4 + a+b

2 −
1
2 . Hence the maximum degree of J ′K,n(q) for even n is calculated

by

1

4
abn(n+ 2)− n+ 1

2
− ab

4
+
a+ b

2
− 1

2
=
ab

4
n2 +

ab− 1

2
n− (a− 2)(b− 2)

4

and the term of the maximum degree is −q
ab
4
n2+ab−1

2
n− (a−2)(b−2)

4 .
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Moreover, g±(`) is minimized at ` = −n
2 and g+(−n

2 ) > g−(−n
2 ) =

−ab
4 n

2 − a+b
2 n − 1

2 . Hence the minimum degree of J ′K,n(q) for odd n is
calculated by

1

4
abn(n+2)+

n+ 1

2
−ab

4
n2−a+ b

2
n−1

2
=
ab− a− b+ 1

2
n =

(a− 1)(b− 1)

2
n,

and the term of the minimum degree is q
(a−1)(b−1)

2
n. �

4.1. B–adequate knots satisfy the Sign Condition. Let us turn to see
that B–adequate knots, and hence adequate knots, also belong to K. It is
known by [16, Theorem 3.9] that B–adequate knots satisfy the Strong Slope
Conjecture. For a B–adequate diagram D with c+ positive crossings of a
B–adequate knot K, [16, Lemma 3.6] shows that δK(n) = c+

2 n
2 + bn2 + c,

so 4a ∈ Z. Moreover, from [16, Lemma 3.8], we have that b ≤ 0. Thus B–
adequate knots satisfy Condition δ. It remains to observe that B–adequate
knots also satisfy the Sign Condition.

We begin by reviewing a presentation of JK,n(q) in terms of Chebychev
polynomials Sn(x) for n ≥ 0 [20]. The polynomial Sn(x) is defined recur-
sively as follows:

Sn+1(x) = xSn(x)− Sn−1(x), S1(x) = x, S0(x) = 1 (4.2)

Let D be a diagram of a knot K. For an integer m > 0, let Dm denote
the diagram obtained from D by taking m parallel copies of K. This is the
m–cable of D using the blackboard framing; if m = 1, then D1 = D. The
Kauffman bracket is the function 〈·〉 : {unoriented link diagrams} → Z[t±1]
satisfying

(1) 〈 〉 = t 〈 〉 + t−1 〈 〉

(2) 〈D t©〉 = (−t2 − t−2) 〈D〉.
It is normalized so that the bracket of the empty link is 1. Let w(D) be the
writhe of D. Then the colored Jones polynomial of K is given by

JK,n(q) = (−1)n−1((−1)n−1q(n
2−1)/4)w(D)〈Sn−1(D)〉|t=q−1/4 , (4.3)

where Sn(D) is a linear combination of blackboard cablings of D, obtained
via the equation (4.2), and the notation 〈Sn(D)〉 means to extend the Kauff-
man bracket linearly.

Proposition 4.4. Let K be a B–adequate knot. Then εm(K) = εn(K) if
m ≡ n (mod 2), namely a B–adequate knot satisfies the Sign Condition.

Proof. Let X be the set of crossings of a diagram D. Let c(D) be the
number of crossings of D. A state for D is a function s : X → {±1}. For
each ± = + or −, we denote by s± the special state s with s(x) = ±1 for
every crossing x. For a state s, let sD be the diagram constructed from D by
doing s(x)–smoothing (see e.g. [20]) at every crossing x. Then sD consists of
disjoint simple closed curves on S2. Let vs(D) be the number of connected
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components of sD and σ(s) :=
∑

x∈X s(x). We have that σ(s+) = c(D) and
σ(s−) = −c(D).

The Kauffman bracket 〈D〉 for a diagram D is given by

〈D〉 =
∑
s:state

〈sD〉 =
∑
s:state

tσ(s)(−t2 − t−2)vs(D). (4.4)

Recall the following facts; see [17, Lemma 2.17, the proof of Proposi-
tion 4.6]. The fact (1) follows from the equation (4.2).

(1) Sn(D) = Dn + lower degree cablings of D.
(2) If D is a B–adequate diagram, then Dn is also a B–adequate dia-

gram.
(3) IfD is aB–adequate diagram, then c(Dn) = n2c(D) and vs−(Dn) =

nvs−(D).
(4) If D is a B–adequate diagram, then deg−[〈Sn(D)〉] = deg−[〈Dn〉],

where deg− means minimum t–degree.

Moreover, for a B–adequate diagram D, the minimum t–degree of 〈D〉
coincides with that of 〈s−D〉; see the paragraph before [17, Theorem 2.16].
This then implies that the maximum q–degree of 〈D〉|t=q−1/4 coincides with

that of 〈s−D〉|t=q−1/4 . Hence we have the formula for the maximum q–
degree:

d+[〈D〉|t=q−1/4 ] = d+[〈s−D〉|t=q−1/4 ].

Combining this with formula (4.4), we have the following for 〈D〉|t=q−1/4 :

• The term of maximum q–degree of 〈D〉|t=q−1/4 is

q−
σ(s−)

4 (−q
1
2 )vs− (D) = q

c(D)
4 (−q

1
2 )vs− (D).

In particular, apply this to the diagram Dn to obtain for 〈Dn〉:
• The term of maximum q–degree of 〈Dn〉|t=q−1/4 is

q
c(Dn)

4 (−q
1
2 )vs− (D

n) = q
n2c(D)

4 (−q
1
2 )nvs− (D).

Therefore, if D is a B–adequate diagram, following (1) and (4) we have:
• The term of the maximum q–degree of 〈Sn(D)〉|t=q−1/4 coincides with

the term of the maximum q–degree of 〈Dn〉|t=q−1/4 .

Hence the term of the maximum q–degree of 〈Sn(D)〉|t=q−1/4 is

q
n2c(D)

4 (−q
1
2 )nvs− (D).

This, together with (4.3), shows that if K is B-adequate, then the sign of
the coefficient of the term of the maximum q–degree of JK,n(q) is

(−1)n−1(−1)(n−1)w(D)(−1)(n−1)vs− (D) = (−1)(n−1)(w(D)+vs− (D)+1).

Hence εm(K) = εn(K) if m ≡ n (mod 2). �
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4.2. Some knots that do not satisfy the Sign Condition. A computer
experiments suggest the knots 820, 943, and 944 do not satisfy the Sign
Condition. The following table gives the sign εn(K) for K = 820, 943, 944
and 1 ≤ n ≤ 6.

K ε1(K) ε2(K) ε3(K) ε4(K) ε5(K) ε6(K)

820 − − + − − +

943 − + + − + +

944 + − − − + +

We computed the colored Jones polynomials for these knots using Math-
ematica package KnotTheory‘ and its program ColouredJones [3, 25] in
order to determine the signs εn(K).

In the above examples all knots have δK(n) with period 3. It may be
reasonable to ask:

Question 4.5. Let K be a knot such that δK(n) has period ≤ 2. Then does
K satisfy the Sign Condition?

Appendix A.A revision when δK has constant quadratic
coefficient

While [16, Proposition 3.2] addresses a cabling formula for knots K that
have δK(n) = a(n)n2 + b(n)n + c(n) with period ≤ 2, [16, Proposition 4.4]
gives a variant that allows for an arbitrary period at the expense of requiring
a(n) to be a constant function. Similar to our revision of [16, Proposition 3.2]
with Proposition 3.2 in Section 3, in this appendix we correct and extend
the statement of [16, Proposition 4.4] with our Proposition A.1 and give a
revision of its proof in the spirit of the original. This then permits us to
update [16, Theorem 4.1] in Proposition A.3.

Proposition A.1. Let K be a knot such that δK(n) = an2 + b(n)n + c(n)
has period π with b(n) ≤ 0. Suppose p

q 6= 4a if b(n) = 0, and K satisfies the

Sign Condition. Let M1 := max{|b(i)− b(j)| : i ≡ j (mod 2)}.
Then δKp,q(n) = An2 +B(n)n+ C(n) has period ≤ π with

A ∈ {q2a, pq
4
} and B(n) ≤ 0.

Explicitly, we have

δKp,q(n) =


q2an2 +

(
qb(i) + (q−1)(p−4qa)

2

)
n

+
(
a · (q − 1)2 − (b(i) + p

2)(q − 1) + c(i)
)

for p
q < 4a−M1,

pq(n2−1)
4 + Cσ(Kp,q) for p

q ≥ 4a,
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where i ≡(π) q(n − 1) + 1, σ ≡(2) n, and Cσ(Kp,q) is a number that only
depends on the knot K, the numbers p and q, and the parity σ of n. Fur-
thermore, Kp,q satisfies the Sign Condition.

Proof. For notational concision, let us also write the periodic coefficients of
δK(m) as bm = b(m) and cm = c(m) for integers m considered mod π. (Note
that a(m) = a is constant by assumption.) As in the proof of Proposition 3.2
for each integer n > 0, let Sn be the finite set of all numbers k such that

|k| ≤ n− 1

2
and k ∈

{
Z if n is odd,

Z + 1
2 if n is even.

That is,

Sn =

{
−n− 1

2
, −n− 1

2
+ 1, −n− 1

2
+ 2, . . . ,

n− 1

2
− 1,

n− 1

2

}
.

Then for n > 0 we have the following; see (3.1).

JKp,q ,n(v) = vpq(n
2−1)/4

∑
k∈Sn

v−pk(qk+1)JK,2qk+1(v),

where we use the convention that JK,−m(v) = −JK,m(v) for integers m > 0.
Recall that, for integers n > 0 of a given parity, the parity of 2qk + 1 for

k ∈ Sn is constant. More precisely, if n is odd, then 2qk+ 1 is odd, and if n
is even, then 2qk + 1 is odd or even according to whether q is even or odd,
respectively. As in the proof of Proposition 3.2, due to the Sign Condition
we still have equation 3.2:

d+[JKp,q ,n(v)] = pq(n2 − 1)/4 + max
k∈Sn
{−pk(qk + 1) + d+[JK,|2qk+1|(v)]}

First define

f(k) = −pk(qk + 1) + d+[JK,|2qk+1|(v)]

for k ∈ Sn. Set NK ≥ 0 to be the first integer such that d+[JK,|m|(v)] =
δK(|m|) for all integers m with |m| ≥ 2qNK + 1. Noting that |2q(−NK −
1
2) + 1| ≥ 2qNK + 1 > |2q(−NK) + 1|, partition Sn into the three subsets

S−n = Sn∩(−∞,−NK−
1

2
], S0n = Sn∩(−NK−

1

2
, NK), S+n = Sn∩ [NK ,∞).

Note that when n = 1, Sn = {0} and S−n = ∅.
Then, considering the quadratic quasi-polynomials for integers and half-

integers k

h+(k) = −pk(qk + 1) + δK(2qk + 1)

= (−pq + 4q2a)k2 + (−p+ 4qa+ 2qbm)k + (a+ bm + cm)

for k ≥ 0 and m ≡(π) 2qk + 1

and

h−(k) = −pk(qk + 1) + δK(|2qk + 1|)
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= −pk(qk + 1) + δK(−2qk − 1)

= (−pq + 4q2a)k2 + (−p+ 4qa− 2qbm)k + (a− bm + cm)

for k < 0 and m ≡(π) |2qk + 1|,

define the quadratic real polynomials h±m(x) for integers m (mod π) by

h±m(x) = (−pq + 4q2a)x2 + (−p+ 4qa± 2qbm)x+ a± bm + cm.

Hence for integers and half-integers k, we have h±(k) = h±m(k) where m ≡(π)

|2qk+ 1| and ± means + if k ≥ 0 and − if k < 0. Thus, on the subsets S±n ,
we have

f(k) = h±m(k) if k ∈ S±n and m ≡(π) |2qk + 1|.
While we have little information about f(k) for k ∈ S0n, it belongs to only a
finite set of values since

S0n ⊂
[
−NK , NK −

1

2

]
∩ 1

2
Z

for all n > 0.
Recall that f(k) is defined on half-integers k if n is even, and defined on

integers k if n is odd. So to clarify the role of the parity of n, for each parity
σ ∈ {0, 1} we define the function fσ(k) so that f(k) = fσ(k) if σ ≡(2) n.
Then f0 is defined on half-integers, while f1 is defined on integers. Define
S±n (i) = {k ∈ S±n : |2qk + 1| ≡(π) i} ⊂ S±n . More explicitly, this is the
function

fσ(k) =

{
h+i (k) if k ∈ S+n (i),

h−i (k) if k ∈ S−n (i),

where i ≡(π) |2qk + 1|.
Henceforth regard σ as fixed choice of parity. Using (3.2) and fσ(k),

we now proceed to determine d+[JKp,q(n)] for suitably large n such that
n ≡(2) σ.

Case 1. Assume p − (4a −M1)q < 0. Then −pq + 4q2a > 0, and so the
functions given by the quadratic polynomials h+i (x) and h−i (x) are concave

up. Hence, for any sufficiently large integer n, h+i (k) is maximized on S+n (i)

at k+i = maxS+n (i) = n−1
2 − J

+
i and h−i (k) is maximized on S−n at k−i =

minS−n (i) = −n−1
2 + J−i for some integers 0 ≤ J±i . We note that maxS+n =

maxS+n (i) = n−1
2 for i with i ≡(π) q(n− 1) + 1.

Note that

h+i (k+i )− h+j (k+j ) = ((−pq + 4q2a)(k+i )2 + (−p+ 4qa+ 2qbi)k
+
i

+ a+ bi + ci)− ((−pq + 4q2a)(k+j )2

+ (−p+ 4qa+ 2qbj)k
+
j + a+ bj + cj)

= (−pq + 4q2a)((k+i )2 − (k+j )2)− (−p+ 4qa)(k+i − k
+
j )

+ 2q(bik
+
i − bjk

+
j ) + bi − bj + ci − cj .
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Especially,

h+i (
n− 1

2
)− h+j (

n− 1

2
− 1) = (−pq + 4q2a)(n− 2)− (−p+ 4qa)

+ q(bi − bj)(n− 1) + 2qbj + bi − bj + ci − cj
= q(−p+ 4qa+ (bi − bj))n+ α

> q(−p+ 4qa−M1q)n+ α→∞ (n→∞)

for a constant α. Therefore, for any sufficiently large n,

h+i (
n− 1

2
) > h+j (

n− 1

2
− 1) ≥ h+j (

n− 1

2
− J+

j ).

Note that

h+i (k+i )− h−j (k−j ) = ((−pq + 4q2a)(k+i )2 + (−p+ 4qa+ 2qbi)k
+
i

+ a+ bi + ci)− ((−pq + 4q2a)(k−j )2

+ (−p+ 4qa− 2qbj)k
−
j + a− bj + cj)

= (−pq + 4q2a)((k+i )2 − (k−j )2)− (−p+ 4qa)(k+i − k
−
j )

+ 2q(bik
+
i + bjk

−
j ) + bi + bj + ci − cj .

Especially,

h+i (
n− 1

2
)− h−j (−n− 1

2
) = (−p+ 4qa)(n− 1)

+ q(bi − bj)(n− 1) + bi + bj + ci − cj
= −(p− 4qa+ q(bj − bi))n+ β

> −(p− 4qa+M1q)n+ β →∞ (n→∞)

for a constant β. Hence, for any sufficiently large n,

h+i (
n− 1

2
) > h−j (−n− 1

2
) ≥ h−j (−n− 1

2
+ J−j ).

Therefore, fσ(k) is maximized on the set S+n ∪ S−n at k = n−1
2 .

Since the elements of S0n belong to a fixed finite set that is independent of
n, the maximum of fσ(k) on S0n has an upper bound that is independent of
n. Thus, for a sufficiently large integer n, we can be assured that h+i (n−12 )
exceeds this bound. Hence

max
k∈Sn

fσ(k) = fσ(
n− 1

2
) = h+i (

n− 1

2
).

Then, Formula (3.1) implies that for sufficiently large integer n

d+[JKp,q(n)] =
pq(n2 − 1)

4
+ h+i (

n− 1

2
)

= q2an2 +

(
qbi +

(q − 1)(p− 4qa)

2

)
n

+
(
a(q − 1)2 − (bi +

p

2
)(q − 1) + ci

)
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for i ≡(π) q(n− 1) + 1.

Case 2. Assume p/q > 4a. Then −pq + 4q2a < 0, and so the function
given by the quadratic polynomial h+i (x) is concave down and attains its
maximum at

x = x0 := −
(

1

2q
+

bi
−p+ 4qa

)
.

Since bi ≤ 0, we have x0 < 0. This implies that h+i (x) is a strictly decreasing

function on [0,∞). Similarly, the quadratic polynomial h−i (x) is concave
down and attains its maximum at

x = x′0 := −
(

1

2q
− bi
−p+ 4qa

)
.

Since bi ≤ 0, we have x′0 > −1
2 . This implies that h−i (x) is a strictly

increasing function on (−∞,−1
2 ]. Thus h+i (k) is maximized on S+n (i) at

k+i = minS+n (i) and h−i (k) is maximized on S−n (i) at k−i = maxS−n (i).
Since |S0n| ≤ 2NK , there are at most 2NK values f(k) for k ∈ S0n, and

thus we may take M0 = max{f(k) | k ∈ S0n}. Now let us put

Cσ(Kp,q) = max
0≤i<π

{fσ(k+i ), fσ(k−i ),M0}.

Formula (3.2) implies that

d+[JKp,q ,n(v)] =
pq(n2 − 1)

4
+ Cσ(Kp,q)

for sufficiently large integer n with σ ≡(2) n.
Note that B(n) = 0. Hence the conclusion follows in this case too.

Case 3. Assume p/q = 4a and bi < 0. Then −p+ 4qa = 0 so that

h±i (x) = ±(2qbi)x+ a± bi + ci.

Since q > 1 and bi < 0, h+i (x) is strictly decreasing and h−i (x) is strictly

increasing. Thus h+i (k) is maximized on S+n (i) at k+i = minS+n (i) and h−i (k)

is maximized on S−n (i) at k−i = maxS−n (i).
As in Case 2, let M0 = max{fσ(k) | k ∈ S0n} and put

Cσ(Kp,q) = max
0≤i<π

{fσ(k+i ), fσ(k−i ),M0}.

Then

d+[JKp,q ,n(v)] =
pq(n2 − 1)

4
+ Cσ(Kp,q)

for sufficiently large integer n with σ ≡(2) n.

It remains to show that εm(Kp,q) = εn(Kp,q) for m ≡ n mod 2. The
identical argument in the proof of Proposition 3.2 shows that the colored
Jones polynomial of JKp,q ,n(v) has the required property of εn(Kp,q). �
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Remark A.2. Let K be the knot 820. Then d+[JK,n(v)] = δK(n) for all
n > 0 and it has period 3 with constant a(n) = a [5]. So we may apply
[16, Proposition 4.4] to K. However, as shown in Example 4.2, K does not
satisfy the Sign Condition, and so we cannot apply Proposition A.1 to K.

Proposition A.3. Let K be a knot such that

• δK(n) = an2 + b(n)n+ c(n) has period π, b(n) ≤ 0, and 4a ∈ Z,
• K satisfies the Sign Condition, and
• the Jones slope 4a satisfies SS(1) so that K satisfies the Strong

Slope Conjecture.

Let M1 := max{|b(i)− b(j)| : i ≡ j (mod 2)}.
Then for a non-trivial cable Kp,q with p

q 6∈ [4a−M1, 4a],

• δKp,q(n) = An2 + B(n)n + C(n) has period ≤ π, B(n) ≤ 0, and
4A ∈ Z,
• Kp,q satisfies the Sign Condition, and
• the Jones slope 4A satisfies SS(1) so that Kp,q satisfies the Strong

Slope Conjecture.

Proof. By hypothesis δK(n) = an2 + b(n)n+ c(n) has period π with 4a ∈ Z
and b(n) ≤ 0.

Then, because K also satisfies the Sign Condition, Proposition A.1 shows
that δKp,q(n) = An2 + B(n)n + C(n) has period ≤ π and Kp,q satisfies the
Sign Condition.

Case (1): If p
q < 4a −M1, then A = q2a and B(n) = qb(i) + (q−1)(p−4qa)

2

with i ≡(π) q(n−1)+1, and so 4A ∈ Z and B(n) ≤ 0. Since q(n−1)+1 ≡(π) 1
for n ≡(π) 1, we have

A = q2a, B(1) = qb(1) +
(q − 1)(p− 4qa)

2
.

Since 4a satisfies SS(1) for K, there is an essential surface SK in E(K) with

boundary slope 4a such that
χ(SK)

|∂SK |
= 2b(1). As in Case 1 of Proposition 3.2,

an essential surface S in E(Kp,q) realizing the boundary slope 4A = 4qa2

is obtained from SK in the proof of [16, Theorem 2.2]. Furthermore [16,
Corollary 2.8] shows |∂S| = |∂SK | and

χ(S) = qχ(SK) + |∂SK |(q − 1)(p− 4aq),

so that we obtain:

χ(S)

|∂S|
= 2b(1)q + (q − 1)(p− 4aq) = 2B(1).

Hence the Jones slope 4A satisfies SS(1) for Kp,q.
(2) if pq > 4a, then A = pq

4 and B(n) = 0, 4A ∈ Z and B(n) ≤ 0. Then the

cabling annulus S is an essential surface with boundary slope pq = 4A and
χ(S)
|∂S| = 0 = 2B(1). Hence the Jones slope 4A satisfies SS(1) for Kp,q. �
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