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On curves with high multiplicity on P(a, b, c¢)
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ABSTRACT. On a weighted projective surface P(a, b, ¢) with min(a, b, c) < 4,
we compute lower bounds for the effective threshold of an ample divisor, in
other words, the highest multiplicity a section of the divisor can have at a
specified point. We expect that these bounds are close to being sharp. This
translates into finding divisor classes on the blowup of P(a, b, ¢) that generate
a cone contained in, and probably close to, the effective cone.
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1. Introduction

Given a projective variety X and a point Q € X, itis, in general, a notoriously
difficult problem to calculate the pseudo-effective cone of the blow-up Bl (X)
in terms of the pseudo-effective cone of X. Even addressing the a priori eas-
ier question of when Bl (X) is a Mori Dream Space, where X = P(a, b,c) is a
weighted projective surface and Q is the identity of its torus, is already challeng-
ing and has a rich history [Hun82, Cut91, Sri91, GNW94, CT15, GK16, Hel7,
GGK20]. To gain information about the pseudo-effective cone of Bly(X), we
consider the following quantity, cf. [Fuj92].
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Definition 1.1. Let X be a projective variety defined over a field k, D a k-
rational Q-divisor, and Q a k-rational point of X. Let 7 be the blowup of X
at Q and E the exceptional divisor of 7. We say the effective threshold is

7o(D) :=sup{y > 0| 7*(D) — yE is pseudo-effective}.

The quantity yo(D) can be reinterpreted concretely as follows:if there is a
divisor in the class of D with multiplicity m at Q, then y,(D) > m. Conversely,
if yo(D) = m, then for all ¢ > 0, the class 7*D — (m —¢)E is pseudo-effective, so
D contains divisors of multiplicity arbitrarily close to m, at least in a Q-divisor
sense. So, computing yo(D) essentially amounts to computing

1
sup { — mult (C)}
C,rg {m <

as m varies through positive integers and C varies through divisors in the divisor
class mD.

In this paper, we give characteristic-free lower bounds for y,(D) in the case
where X is the weighted projective surface P(a, b, c) and min(a, b,c) < 4. In
fact, we do more than this: we introduce a combinatorial quantity ¥expected
which is a lower bound on y, and compute Yexpected €Xactly. It is worth remark-
ing here that although the motivation for studying y, is geometric, our lower
bounds on y,, also have consequences for Diophantine approximation prob-
lems related to generalizations of Roth’s famous 1955 theorem [Ro55], see e.g.,
[MR16, Theorem 3.3] and [MS20, Section 8].

In [GGK20], the authors make a series of detailed calculations closely related
to what we compute in this paper. In particular, they search the spaces of global
sections of toric surfaces of Picard rank one for irreducible curves whose strict
transforms have negative self-intersection upon blowing up a point. If there is
such a curve, then the pseudo-effective cone of the blowup will be finitely gen-
erated by the exceptional divisor of the blowup and another curve of negative
self-intersection.

In this paper, we compute not only curves, but also the corresponding value
of the effective threshold. We do not prove that the curves we find are always
generators of the pseudo-effective cone, but in most cases the value of y we
compute is expected to be equal or very close to the actual value. As the authors
of [GGK20] also point out, our quantity ¥eypected is €xpected to be very close to
the actual value of y.

Since X = P(a, b, c) is a toric surface, if the point Q does not lie in the main
torus orbit T, then computing y,, is generally straightforward, so we may as-
sume that Q lies in T. Furthermore, we can choose a, b, and c to be pairwise
coprime, with a < b < c. These inequalities are always strict unlessa = b = 1,
in which case y can be computed directly. Thus, we may assume thata < b < c.
Finally, since X has Picard rank 1, it suffices to compute yo(H), where H is the
generator of the Cartier class group.

Our first result concerns the case a < 4 and serves as a warm-up to our main
result.



1062 DAVID MCKINNON, RINDRA RAZAFY, MATTHEW SATRIANO AND YUXUAN SUN

Proposition1.2. Leta < b < c be pairwise coprime, sowe may writec = pa+qgb
with p,q € Zand 0 < q < a. Let Q be in the torus of P(a, b, c) and H be the
generator of the Cartier class group. Then

(g+1b, p=>0

H) >
Yol 2 (a—1)b, p<oOanda<3.

We do not claim that this Proposition is new. Indeed, in [HKL18], Hausen,
Keicher, and Laface prove a number of results along these lines, and moreover
they obtain all the results of Proposition 1.2, as a consequence of their Theorems
1.1 and 1.2. Despite the lack of novelty in Proposition 1.2, we present a proof of
it to illustrate our techniques in a simpler setting.

Proposition 1.2 yields lower bounds on y, when a < 3. Moving froma < 3 to
a = 4issignificantly more involved. In order to state our results, we first discuss
our main technique of proof. Note thatif m € Q* and mH is a Weil divisor such
that h°(mH) > (”;“1), then there is a global section g of mH that vanishes at Q

to order v. Writing m = ™ with m;,m, € Z*, we see g™ € H(X,m H)
my
vanishes to order vm,. By definition, it follows that yo(H) > 2 = 2 This
my m
motivates the following definition.

Definition 1.3. For any Weil divisor D, let
»(D) := max {d e 7+ | h°(D) > (d + 1)}

2
If H denotes the generator of the Cartier class group of P(a, b,c)witha < b < c,
then let (mED)
v(m 1 1
Vexpected(H) .= SUP{ m |me EZ+ U EZ+} .

Remark 1.4. Note that the definition of yeypecieq COnsiders only some of the Weil
divisors. In particular, since the Weil class group of P(a, b, ¢) is generated by

LH every Weil divisor that appears in the definition of yeypecied is @ multiple
of a in the Weil class group.

We can now state our main result. Recall that Proposition 1.2 already yields
lower bounds on y, when p > 0 in general, so we turn to the case p < 0.

Theorem 1.5. With notation and hypotheses as in Proposition 1.2, assume a = 4
and p < 0. Then
v(Dy)
VQ(H) 2 yexpected(H) = mg >

where Dy, ~ moH and v(D,) are computed exactly as follows. Given our con-

, b 16 .. . . 16 . P
straints, we have 2 < — < 3 Divide the interval [2, ?] into a countably infinite

sequence of intervals of the form

16(k + 1)? 16k>
8k +12—4(k+1)—1 8k2—4k—1
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with k € Z*. Then the class of D, is given as follows, depending on the value of
—ip S Ik:

b r . 16(k+1)? 2k+1  2k+3 . _
(D If > € Ik,_ = st & | then D, — H with v(D,) =
4(k + 1). ) )
b r._ | 2k+1 4Q2k+1)? o 2k+1 . _
2) If_p € Ik)Jr = ,—8k2+4k_1:, then D, - Hwithv(D,y) = 4(k+1).

[ a2k+1)? 4k
| 8k2+4k—1" 2k—1 |
[ ak 16k ]
| 2k—1" 8k2—ak—1 |

A FLer = , then Dy ~ L H with »(Dy) = 2k + 1.
-p 5 C

b "oo._
4) If_—p EIk,+ =

, then Dy ~ %H with »(Dy) = 2k + 1.

Remark 1.6. The quantity yeypeciea(H) is the lower bound for y(H) obtained by
simple linear algebra: the vanishing to order n of a section of H is equivalent to
the vanishing of (";’1) linear forms on the space of sections of H. We therefore
have Y(H ) 2 Vexpected (H ) triViaHY'

However, one also expects that the two quantities are not so different. First of
all, the divisibility restriction in ¥,y yecieq does not exclude any Cartier divisors,
and in the examples that we are aware of, does not change the value of y at all.
More significantly, if y(H) > Vexpectea(H) at some point Q in the main torus
orbit, then there is a section s of some multiple mH of H that has an order of
vanishing that is greater than v(mH) at Q. For any element o of the torus, the
section o(s) has unusually high order of vanishing at o(Q), so for every point
of the main orbit, there is a section of mH that has unusually high order of
vanishing there. This is unlikely — though not downright impossible - and so
one expects the two quantities to be close.

Nevertheless, there are examples where y and Yexpecteq d0 nOt agree. For ex-
ample, if (a,b,c) = (5,33,49) or (8,15,43), Kurano and Matsuoka ([KM09])
showed that y and Yexpectea are not the same. Several other authors, includ-
ing Gonzalez Anaya, Gonzalez, and Karu, have obtained other very interest-
ing results along these lines, of which an excellent summary can be found in
[GAGK21].

The rest of the paper is organized as follows. Section 2 proves Proposition 1.2
and describes some preliminary reductions for Theorem 1.5. Section 3 com-
putes the main terms in the count of global sections of multiples of H. Section 4
then begins the process of bounding the error terms, and Section 5 finishes the
proof of Theorem 1.5.
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2. Proof of Proposition 1.2 and preliminary reductions

Throughout this paper, we let x, y, and z be the weighted projective coor-
dinates on P(a, b, ¢) with weights a, b, and c, respectively. We let D, D), and
D, denote the Weil divisors defined by the vanishing of x, y, and z, respec-
tively. We let H denote the generator of the Cartier class group, so we have
H ~ beD, ~ acDy, ~ abD,. Given any Weil divisor D, we let Pp, C R? be the
associated polytope with the property that h°(D) = |Pp N Z?|. We sometimes
abusively denote |Pp, N Z?| by |Pp|.

It will frequently be useful to write our divisors as integer multiples of D,.
Note thatif § € {b,c}and m € %Zﬂ then mH ~ ndD, where n = bch ezt

After a preliminary lemma, we prove Proposition 2.2 which is a slightly more
general version of Proposition 1.2.

Lemma 2.1. With notation and hypotheses as in Proposition 1.2, if p < 0, then
q # 1. In particular, if p < 0Oand a < 3, thena = 3and q = 2.

Proof. If ¢ = 1, then ¢ = pa + b < b which is a contradiction. If p < 0 and
a < 3,then g = 0 or g > 2. The former case cannot occur as it implies ¢ = pa
and hence p > 0. The latter case implies2 <g<a—-1sog=2anda=3. [

Proposition 2.2. With notation and hypotheses as in Proposition 1.2, we have

(g+1b, p>0

> _
vo(H) 2 (a=1b, p<0,g=a-1, and%ﬁl.

Furthermore, ifa < 3and p < 0, thenqg = a — 1 and _Tpa < 1 automatically
hold.

Proof. Note that since a, b, and c are pairwise coprime, p # 0. First suppose
p > 0. Then the polytope P,,_is the convex hull of 0, (¢, —a), and (_Tpa, —a), so

it contains the triangle T with vertices 0, (g, —a), (0, —a). By Pick’s Theorem,
1+ (q;rz) < IT n Z?| < |Pyp, N Z?|, which implies v(aD,) > q + 1. Since
aD, ~ %H, we find yo(H) > (g + 1)b.

Next, suppose p < 0,q =a —1,and _Tpa < 1. Notice that the polytope P,p_
is given by the vertices as above, and it contains the triangle T with vertices
0, (g,—a), and (1,—a) by p < 0 and _Tpa < 1. From g = a — 1 and Pick’s
Theorem, we have 1 + (‘21) = |T n Z?|, which, as in the previous paragraph,
implies yo(H) > (a — 1)b.

Finally, we note that if a < 3 and p < 0, then Lemma 2.1 tellsus a = 3 and
q=2=a—1.Then,b<c=pa+2bimplies_Tpa<1. O

The rest of the paper is concerned with the proof of Theorem 1.5. By Lemma
2.1, since p < 0 and a, b, c are pairwise coprime, we must have

g=3=a-1
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We begin by analyzing v(D,)).

Proposition 2.3. With notation and hypotheses as in Theorem 1.5, if Ler ]’c 1=
—p

L, ,ul_resp.I! =1 UI' , and Dy is as in the conclusion of the theorem,
then v(Dy) > 4(k + 1), resp. 2k + 1.

Proof. Let n, € Z be such that Dy ~ %H ~ nycD, or Dy ~ °H ~ nybD,. In
C

the former (respectively latter) case, h°(D,) is given by the number of integer
lattice points lying in the polytope

Pp,cp, = Conv ((0, 0), (—n0%,0> , (—3n0,4n0)>

respectively
b b
Pnobe = Conv (Oa 0)’ (_nO, O)a _31’102,4}’102 .

. . b . 2k+1  4(2k+1)?
First consider the case — € I. As in Theorem 1.5,I/ | 1= [—, (2k+1) ]
- k k.+ k  8k2+4k—1

16(k+1)? 2k+1 b ’
8(k+1)2—-4(k+1)-1" k . If -p <€ Ik,+’
2k +1andif > II’{ _, then Dy ~ nybD, with ny = 2k + 3. Let
—p ,

and I,’{y_ = then D, ~ nycD, with ny =

P’ = Conv((0,0), (—(2k + 3),0), (—3(2k + 1),4(2k + 1))).

We then have P! C P. Indeed, if LA el I’{ L then the inclusion follows from
—p ,

—Ck + 1 = —k + D@L +3) < —(2k + 1)(4%1 +3) = —(2k +3). If
_ip el I’c’_, then the inclusion follows from —3(2k + 3)% < =32k + 1) and
42k + 3)% > 42k + 1). So, in either case, we have
[P’ N 72| < hO(Dy).
Note that the area of P’ is given by
AP = %(4(21{ + 1)(2k + 3)) = 2(2k + 1)(2k + 3)

and the number of lattice points on its boundary is given by

B(P)=(Qk+3)+(2k+1)+4 =4k + 8.

Since P’ is a lattice polygon, applying Pick’s Theorem, we have

4k+1)+1

1
|P' 0 22| =A(P’)+§B(P’)+1=8k2+18k+11=( ,

)+1,

which shows v(Dy) > v(P’) = 4(k + 1).

b :
For — € I}/, the same proof works when using
-p

P" = Conv((0,0), (—(k +1),0), (—3k,4k))
in place of P’. U
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Proposition 2.3 therefore gives the lower bound

v(Dy)

7expected(H) 2 Mo s (2-4)

where Dy = mH is the divisor class described in Theorem 1.5. To obtain upper
bounds, we introduce the following quantities and make use of the subsequent
lemma. Let

1 1
Vexpected,b(H) .=sup {Ev(mH) | m e EZ+}

1 1
yexpected,c(H) .=Ssup {EV(mH) |me EZ+} .

Then, we may bound ¥eypectea(H) from above by bounding yeypecied,s (H) and
Yexpected,c(H) from above, given that
yexpected (H ) = max {Yexpected,b (H )’ J/expected,c (H )} . (2-5)

Lemma 2.6. Suppose P(4, by, cy), P(4,b;,cr), and P(4, by, cy) satisfy the hy-

b b
potheses of Theorem 1.5, except we need not assume p < 0. Suppose —— < —- <
-pL  —Po

L0 and let H,, H;, and Hy; denote the generators of the respective Cartier class
—Pu
groups. Then

1 1
aJ/expected,bO (H 0) < Eyexpected,bL (HL)
and
1 1
~~Vexpected,c, (H O) < ~—Yexpected,cy (H U)~
Co Cu
. b by bo by
Proof. Sincec = pa+gb = 4p+3b,wesee - = ——. Asaresult, = < — < —=.
c =43 cu Co cr

It follows that

by b
PO = COl’lV <(0, O), (_1, O)a (_3_0’ 4_()))
Co ©Co
b b
c Conv ((0, 0),(—1,0), <—3—L’4—L>)
CL Cr

= PL'

Since Py, resp. Py, is the polytope of bD, on P(4, b, ¢,), resp. P(4, by, c;), we
have v(nP,) < v(nP;) for all n > 1, and so

(l/co)yexpected,b(HO) < (1/CL)7eXpected,bL (HL)
We obtain the inequahty (I/CO)YeXpected,c(HO) < (I/CU)J/expected,cU(HU) ina
similar manner from the inclusion

Conv ((o, 0), (-c—o, o) (=3, 4)) c Conv ((o, 0), (-c—U, o) (=3, 4)) ,
bo bU

the left-hand, resp. right-hand, side being the polytope of cD, on P(4, by, cy),

resp. P(4, by, cpy). O
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Remark 2.7. Lemma 2.6 may be used to reduce the proof of Theorem 1.5 to
special classes of weighted projective spaces with desirable arithmetic proper-
ties. The key idea is to compare the values of ¥expected,» (H) and Yexpected,c () on
different weighted projective spaces to generate upper bounds.

Fix a weighted projective space P(4, b, ¢) satisfying the hypotheses of Theo-
rem 1.5 and let D, ~ myH and v, := v(D,) be as predicted by theorem. We will
suppose that mg = % with ny € Z* (the case where m, € %Z* is handled sim-

ilarly). We must prove yexpected(H) = 2 = %. LetI = [ﬁ, &] be an interval
my a A

of the form I} , or r ¢, as in Proposition 2.3, where ter
-p

Assume i isin the interior of I. We must Show Yexpected(H) = 20 By (2.5),
ny

this is equlvalent to proving

cVo v

J/expected,b(H ) < n_O and Vexpected c(H ) < — nO

This may be done as follows: fix increasing sequences of positive integers {b;};
and {—p;}; for which a;b; — 8;(—=p;) = 1 and ¢; := 4p; + 3b; > b; is such
that 4, b;, c¢; are pairwise coprime. We may always find such sequences, since
ay, 51 > 0 are coprime in all cases listed in Theorem 1.5. Let H; denote the
generator of the Cartier class group of P(4, b;, ¢;). Then for i sufficiently large,

b; . . . .y b . b .
— € I is monotonically decreasing with — — ﬁ. Given — € I, there exists
—Di —Di a1 P

an N large enough such that LS < i, so by Lemma 2.6,
-pN P

1 1 1
EYeXpected,b(H) < Yexpected by (HN) < Nt Vexpected bn+1 (HN+1) <. (2.8)

Similarly, fix increasing sequences of positive integers {b'}; and {—p}; for
which ayb! — B,(—=p]) = =1 and ¢] := 4p! + 3b] > b] is such that 4, b/, ]
are pairwise coprime. As above, such sequences always exist. Let H; ! denote
the generator of the Cartier class group of |]3’(4 b’ c; ) Then for i sufﬁc1ent1y

b /
large, - € Iis monotomcally increasing with — N2 . Choosing an N large
pl i )
enough such that = < , we have by Lemma 2.6
-p -
1 1
EVexpected,c(H) < cTYexpected,cl’v( ) ! —— Vexpected, cN+1( +1) <. (2-9)

N N+1
We claim that to prove Theorem 1.5 for P(4, b, ¢), it is enough to show

Y5 lv( H) (2.10)
ng n \¢
and
cvo b H’
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for all i sufficiently large and all n € Z*. Indeed, (2.10) implies

4 1
cin—o > c; sup {Ev (CEHI'> |ne Z+}
0 i

— 1 1 +
= sup{mv(mH,) |me cl-Z }
= Yexpected,b; (H;)
for all i sufficiently large, which when combined with (2.8) shows

Yy
H) < —.
Vexpected,b( )_ 1o

Similarly, (2.11) implies

Y
170 /
Ci— > Yexpected,c{(Hl-)’

ing
which when combined with (2.9) shows

cVy

H)< —.
Vexpected,c( ) 1,

which is exactly our goal. Further, the strict inequality in this latter case will
allow us to conclude that no D of the form ZH (other than the case where n is

divisible by n,) gives the required upper b01c1nd for Yexpectea(H). Together with
the lower bound (2.4), this computes ¥ expecied (H)-

Note that the above computes yexpected (H) assuming 1 isin the interior of I.
-p

If _i is an endpoint of I, then it is straightforward to check that b = 2k + 1 and

P
—p = k, in which case ¢ = 2k + 3. In that case, one may verify Theorem 1.5
directly using that the Erhart quasi-polynomial computed in Section 3 is an
actual polynomial.

3. Ehrhart quasi-polynomials for bD, and cD,

Our first goal in this section is to give an expression for the number of lattice
points in the polytopes P,pp_and Pp.p,_.

Proposition 3.1. Keep the notation and hypotheses of Theorem 1.5, let § € {b, c},

and set s = 2. Then
C

|Ppsp, N Z?| = ¢;(8Dy, n)n* + ¢1(8Dy, n)n + ¢o(8Dy, 1),

where the c;’s are given as follows.
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(1) For & = b, we have c,(bD,,,n) = 2s, ¢;(bD,,n) = %(1 + 5+ g), and

45
obDm) = 1= o (o’ — snt) - Spomp+ 3 |3)]

=

(2) For§ = ¢, we have c,(cD,,n) = 3, c,(eDy,n) = %(1 +i4 %), and
S S

b{}
4n b—1(4n 5(—p.
oD =1-{ T =23 ]+ X |5

Jj=

(=}

Proof. First consider § = b.

|Pppp, N 22| :=|Conv(A,B,C)| :=

Conv ((0, 0),(=n,0), <_3ng’ 4ng>)‘

where BC is given by y = "%+ 2nand AC is given by y = —%x. We will
p p

compute |Pp,p N 72| by counting the number of lattice points lying on each

line segment A;B;, where A; = (——] Jj) lieson AC and B; = (p —n,j) lies

on BC, for j = 0,1,. [4an Here our approach is s1m11ar to that of [L11,
Theorem 3.1]. Denote M = |4sn| = 4sn — {4sn}. Then,

|Pnbp, N Z7|
=3 (|-311- 51 =n]+1)
~ e vra 0+ Y (<[ 21] 4| 324))

— a0+ Y (< (e 1= 2]) i {72 a]) 4 [ 2]

RGNS S b R s I S e
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Rewrite the sums involving fractional parts as sums of a linear term in n and a
c—periodic term in n:
|4sn]
M =)
3. M 303 5 7(3
> =13 il =3on-tm+ 3 131

M X j:? jz:{%} - bt
B SR -2 ) S 1

given that b and p are coprime. Moreover, by a direct computation,

% (—_p _ §>J = _(M;' 1)% = —2sn2+<{4sn} — %) n—% ({4sn}2 — {4sn}).

Thus, we can write |Py,p N Z2| = cy(bDy, n)n* + ¢1(bDy, n)n + co(bDy, n),
where
c,(bD,,n) = 2s,
c1(bDy,n) = (1 +s+ 4)
co(bD,,n) =1— — ({4sn} - {4sn}) _2 {sn}
© 8s 2
|4sn] |4sn|
4 o5

S -

Likewise, we may find the Ehrhart quasi-polynomial for |P,.p_ N 7%|. To
simplify our calculations, we may consider naD, = 4nD, ~ ncD,. By linear
equivalence, |P,qp. N Z%| = |Py.p, N Z?|. The polytope of naD, is given by

4
Pygp, = Conv(A’,B’,C’) := Conv ((0, 0), (—?pn, —4n> ,(3n, —4n)> ,



ON CURVES WITH HIGH MULTIPLICITY ON P(a, b,c) FOR min(a, b,c) < 4 1071

with A’C’ contained in the line y = —gx and A’B’ contained in theline y = by.
p

Similarly as before:

Prap, N2 |=j§)(EJ'J—[_pr]+1>
=§<§j_{%j})—é<%pj+1—{%p'})+[%"J+H4n+1
:%(41’1;1)_%”_'_2(bb—1)n_b;1{4Fn}

N

using expressions that we obtained previously. Thus, we can write
|Pucp, N Z?| = |Ppap, N Z%| = cy(cDy, )n* + ¢1(cDy, m)n + ¢o(cDy, n),

where

2
CZ(CD)w ”l) E

1 1 4
c1(cDy,n) = 3 (1 + 3 + E) n

b
4n) b—-1(4n 5 (-p.

CO(CDxan)zl_{?}_T{?}‘f‘jgo{T } O

Our next goal is to give upper bounds on the constant terms of the Ehrhart
quasi-polynomials of |P,sp_N 72|, 8 = b, c. In Proposition 3.1, notice that the
expressions of the last two terms of c,(bD,, n) and cy(cD,, n) are of the same
form, which we will analyze in depth in Section 4. In the following, we give a
uniform upper bound on cy(bD,,, n) minus its last two terms.

Lemma 3.2. In the expression of cy(bD,, n), we have
1)
5 57(3) 1
St 3 (<3
j=0
foralln > 0, where s = b Furthermore:
C
(1) The above expression is positive if and only if 1< {sn} < io

(2) The above expression is greater than — only lf {sn} < - + 5

Proof. Letbn=mc+rwith0<r <c—1,sothat{sn}: - Let?¢ =0,1,2,3 be

the integer such that C<r< £ (HI)C . Then |4sn| = 4m + f and so 4{l4inj} t.
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Now, we will bound the given expression from the above foreach ¢ =0, 1, 2, 3.
If ¢ = 0, then the given expression in the lemma is —; <0.If¢ =1, we have
C

—Z+ES—§~1+§=1If6’=2wehave—z+§+zs—§-l+§=0.
247 2 4 48 S233443224
Lastly, if ¢ = 3, we have —— + +i4lc 224322

2¢ 4 4 2 4 2 8

For the final statements of the lemma, we see the expression is non-positive if
¢ # 1, and so we must have = 1< {sn}. When¢ =1, we computed the expression

is equal to _Z + 3 , which is positive if and only if {sn} I« E
C
Similarly, the expresswn could be greater than 37 incases ¢ = 0,1,2. (Note
that s < 1 because b < c.) Worklng case by case with the expressions obtained,
we obtain that {sn} = - < Z + 5 in order for the expression to be greater than
Cc N
-1

—. U
32s

Note that —8l(~{4sn}2 —{4sn}) < % since the function x — x? is maximized at
S S

X = % Combining this observation with Lemma 3.2, we obtain the following
corollary.

Corollary 3.3. We have
9 1 b—1(4n

<-4 — —
co(bDy, n) 3 + 325 + — > { - }

Moreover, if {sn} > > 1 >+ oo wemay improve the above bound as follows:

b—1(4n
CO(bea n <1+ > {T} -

4. Bounding c,(bD,, n) and cy(cD,,n)

In this section, we prove the key results needed to bound c,(bD,,n) and

co(cDy,n). This amounts to obtaining bounds for the expression % {4—n} -

Cc
ZJ o p]} where r = b{— l4sn

Lemma 4.1. Letn,b,c € Z* with4 < b < cand gcd(4,b,c) = 1. Let p < 0 be
an integer satisfying4p + 3b = cand s = - If = b{Man} then

e} f)sesgren- S

j=0

}. We begin by recording the following lemma.
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Proof. Since r is the reminder when b is divided into |4sn], we have 4sn =
[4sn| + {4sn} = b[MJ + r + {4sn}. So,

-2 5 e

{4sn}

where the last equality uses 0 < < s Land 0 < — O

b.
By the above lemma, it sufﬁces to bound the expression on the righthand

side. In §4.1, we give a general algorithm to obtain bounds on expressions of

B-D(u+1) u
2— — Z

the form FO{% j} when a and g satisfy particular Diophantine

equations, see Corollary 4.3.

4.1. An algorithm to bound expressions of the form (’3_12)% — Z’;: 0{% J}
Our goal in this subsection is to prove:

Proposition 4.2. Suppose that oy > a4, By > B, and
a1Bp — Brag =0 = +1
where a;,3; € Z*. Let uy = it + uy, where ug,u;,t; € Z=%and 0 < u; < ;
foralli. Then
(uy + 1)(ﬁo -1 Z{ } (y + (B — 1) Z{ 1
25 B

}+e<a t1, 41, Bo» B,

where
;oo ut+D(ou+p —p)  ot(Bt—o)+2u+1-p)
(o, t,u,p,p) = YT + 2F
+ Ao, t,u, B, B)
and A(o, t,u,B',8) = 1ifB' —B < Bt+uand o = -1, and A(o,u,B’,8) =0
otherwise.

When applied iteratively, we arrive at the following algorithm.

Corollary 4.3. Suppose we have sequences of positive integers g > oty > -+ >
ay and By > 1 > -+ > By such that for all i,

aifi—1 — Piti1 = 0; = £1.
Letuy, ..., uy and tq, ..., ty be non-negative integers satisfying u;_; = ;t; +u; and
0 <u; < B;foralli. Then
o+ 1B -1 Z {@j} _ (uy+ DBy - 1)
2By =0 Po 2By

Uy . N
- Z {M} + Z €(0y, tj, Ujs Biz15 Bids
j=0 ﬁN

i=1

where € is as in Proposition 4.2.
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We begin with the following preliminary lemmas.

Lemma 4.4. Leta, 8 € Z* be relatively prime. Then

-1 4 1 Ll 1
D {—kj = 5(0( -DB-1) and > [Ek‘ = 5(06 +1D(B - D).

k=0 ‘6 k=0

Proof. Notice that Zi=ol%kJ + 8 + 1 is the number of lattice points in the
triangle with vertices 0, (3,0), and (8, ). So, by Pick’s Theorem,

AE 1=1 1 +1
I;) 3 +h+1=s(@B+a+f+1)+1.

Since Ziz()[%kj = i;é[%kj + «a, the first result follows. The second result

follows from the first and the fact that Ei:)[%k] -1+ ZB 1%k O

Lemma 4.5. Suppose that oy > ay, By > P1, and
a1y — Prag =0 = *1
where a;, 3; € Z*. Then
(1) {“OJ} = {"‘”} aﬁ—forallo <j <Py, and
1
2) for any mtegeru satisfying 0 < u < f3y,

S-S5t

3)

& (apj) 1=+ By +0)Bo—0)
Z{E}_ 28, :

Proof. We begin with the proof of (1). The case j = 0 is clear, so we assume

1<j<pB—1. Since® = 2 _5_J_ jtsuffices toshow0 < {2} —g-L < 1.
Bo B BiBo’ B B1Bo

Since a; and 3 are relatively prime, we see — ﬁ < {0;” }<1- ﬁl The result then
1 1
follows from the fact that |o—| <+ <1
BiBo " ﬁo B

Part (2) follows from (1) by noting

S )= 5 ([94)-ogl) = S8 - 2 1)

Jj=0

Jj=0

To prove (3), we use Zf;o{%j} = UTH - K;L + Zfl 1{0“”} and part (2) to see
0 0
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& () _o+1 aj |oj /3
Z{ﬁ_oo}_UZ ‘ﬁio (1 {1‘) BB (%)

j=0
o+1 241 ﬁl 1 51
=+ e~ 1B - D0 ,
2 B ﬁl( )= 3@ - 5051(2)
where the second equality uses Lemma 4.4. The result follows by algebraic
manipulation. O

The following result is the first step in proving Proposition 4.2.

Corollary 4.6. With hypotheses as in Proposition 4.2, we have

(u; + 1)(60 ) Z {“0]} (u + DB = 1) _i
2f1

{51 }"‘5/(0 ty, Uy, Bo, B1),

where

u+Dcu+p -p)
2p'B .

¢'(o,t,u,f', ) =
Proof. By Lemma 4.5 (2),
(w + DBy —1) Z {@} _ @+ DB -D {m} RALLE

260 Z o 260 B BB\ 2
Since
(u; + DBy — 1) o u;+1 (u + DB -1
1 2,800 +,3051( 12 )= L 2511 +¢€'(o, t1, U1, Bo» B1)s
the result follows. ]

The next step in proving Proposition 4.2 is provided by:

Corollary 4.7. With hypotheses as in Proposition 4.2, we have

(U + 1)(.30 -1 & (1 + DB -1 S (o)
Z { } 2B ]ZO{ Bo

}+e"<a 111, Bon B,

where
¢’(o,t, u,‘gl,ﬁ) _ at(B(t - g)z_;,zu +1-4")

and A is as in Proposition 4.2.

+ A(o, t,u, B, B)

Proof. We first claim thatif j € Z*t and 1 < j < f3,, then

g—%(j s 1)} {“OJ — N(a, ), (4.8)

Bo Bo } Bo

where A'(c, j) = 1if j = By — B, and 0 = —1, and A/(o, j) = 0 otherwise. Since
apB; = —o mod B, to prove our claim, it is enough to show the righthand side
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of (4.8) lies in the interval [0, 1). Note that {a‘” } — = € [0,1) unless either: (i)

0
o =1and {0;’]} =0,or(ii)oc = —1and {0;’]} = ﬁ L Case (i) never occurs since

ged(ag, Bp) = land 1 < j < By, S0 o j is not d1V1s1b1e by B,. Case (ii) occurs
exactly when «yj = —1 mod S, i.e. when j = S, — 3;. This establishes our
claim.

Recalling that u, = 8;t; + u;, we see from equation (4.8) and Lemma 4.5 (3)
that

2%

Bity

R
B [t S s

SIS h o 1-0+(i+0)B—0)
=Z{ﬂ}—aull+ o) 1+0)pp—0

=g, Bo 2B,
_ é;(fl) A, .11y, o )
-l ey
C(u + 12)/§é30 - (0. ty 1y, Bos o). O

‘We now turn to the main result of this subsection.

Proof of Proposition 4.2. Notingthate(o, t;,u;, By, 1) = €' (0, t1, U1, By, B1)+
6”(O-s tla us, ;8(), 61), we see

(up + 1)(;30 —1) 20 { } (u + 1)(50 —1 Z {%J} +€"(o, ty,uy, Bo, B1)

_(u+ DB —1) <
B 26, Z

where the first equality is by Corollary 4.7 and the second equality is by Corol-
lary 4.6. U

{ }+e(a,t1,u1,ﬁo,51)

We end the subsection by giving a bound on €.

Lemma4.9. Fort,u,,f € Zsuchthat0 <u<B <p and0 <t <|

we have

B'—1-u
L

~(B'+§ ‘81;3)/2; WP up.p < 5'2[;1
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and
ﬁ,_'gse(—l,t,u,ﬁ’,ﬁ)g @(5 B+3)B —B-1), ifu+tpPt<p —p
2p'B 1, otherwise.

Furthermore, letting v = u + ft,

e(-1,t,u,f,B)=—

1
2p'B
and

e, t,u, B, B) = 2/36 g — 6)+%(u+1).

As functions of v, the former (resp. latter) is increasing (resp. decreasing) if and
onlyifv < %(aﬂ + B’ — 1), where u is viewed as a constant in the latter.

Proof. Throughout the proof, we treat 8 and 8’ as fixed constants. Letting v =
u + Bt, we find

n:=28"Be=0cv?+(0(1-B)-PBuv+pA+c)u+p —B+28BA

Then, the expressions e(+1, t,u, 8/, 8) are obtained by substituting o = +1 into

'—1—u
F , Where our con-

7. It suffices to bound € on the larger region 0 < ¢ <

straints become 0 <u <f—-landu<v<p —1.
We first consider the case ¢ = —1 and bound ¢ from the above. Recall that
A =0ifv < f’'—Band A = 1 otherwise. Thenn = —(v+1)(v+B—-B")+2p'BA

has a global maximum at v,y := g _f *1 Since 0 < Umax < B’ — B, we see that

ifv < B’ — B, then n(u, v) < N0, Vyay) = i(ﬁ’ — B +3)B — B —1).If, on the
other hand, g’ — 8 < v, then n(u,v) < 7n(0, B’ — B) = 28’B. The lower bound of
¢ is then obtained by calculating e when v = 0, 8’ — 1 and taking the minimum
of the two.

We next consider the case o = 1. For fixed u, the function n(u,v) has a

global minimum at v,;, = % Sinceu < f—1< Uy, < B —1and

[Vmin = (8" = DI < |vmin — (B — DI, we see n(u,v) < n(u,u). Asn(u,u) is a
quadratic in u with global minimum at w < 0, we find n(u,u) < n(B —

1,8 —1) = B(B’ — 1). This gives the upper bound on ¢ When o = 1, and the
B+p'—
2

lower bound is obtained by substituting v = v, = ! and u = 0 into the

expression €(1,t,u, 8, B).
The final statement concerning where €(o,t,u, 8/, 8) is increasing is clear
from the expression of 7). O

5. Proof of Theorem 1.5

We prove Theorem 1.5 using the procedure outlined in Remark 2.7. Through-

W O
I= (ﬁ B —) be one of the

out this section, we fix the following notation. Let 0’ 20



1078 DAVID MCKINNON, RINDRA RAZAFY, MATTHEW SATRIANO AND YUXUAN SUN

four types of intervals listed in Theorem 1.5 and let Dy ~ myH ~ nydD, be as
listed in Theorem 1.5, with § € {b,c}, ny = bemg
v(D,) from Theorem 1.5; for example, if 3V = 16k? and a(V) = 8k? — 4k — 1,
then D, ~ (2k + 1)bD,, and v, = 4k. Throughout this section, for 8’ € {b, c},
we let [né'D,| := |Prsrp, N Z2|. To prove Theorem 1.5, we must show

€ Z%, and v, be the proposed

5, Yo
[——=n]+1
|nd'D, | <( 8 o )+1 (5.1)
2
for each n whenever 8’ # &, and for each n not a multiple of n, whenever
&’ = 8. Moreover, for each n a multiple of n, with §’ = &, we need to show

ﬁn+2
|ndD,| < ("o , ) (5.2)

Note that inequality (5.2) implies that v(D,) < v, for each D as listed in The-

orem 1.5, by Definition 1.3. Combining this with the result v(D,) > v, estab-

lished by Proposition 2.3, we may prove the claim v(D;) = v, in Theorem 1.5.
By Remark 2.7, it suffices to prove (5.1) and (5.2) for weighted projective

surfaces satisfying either a®b + f®0p = 1 or a®b + f@p = —1 for = € I. It
-p

also suffices to consider b (thus —p and c) sufficiently large. We begin with the
proof of (5.1), the more challenging of the above two equations:

Theorem 5.3. Inequality (5.1) holds for each n whenever 8’ # 8, and for each n
not a multiple of ny whenever §' = 6.

Proof. First, suppose that §' = §. Thus, we need to consider weighted pro-
b

jective surfaces satisfying a;b + 1p = +1 with _i €L, _or— €I/ as

listed in Theorem 1.5. Notice that «;, §; are the corresponding ones listed in

Entries 1 and 2 of Table 1. For the sake of brevity, we prove the result when

§'=86=0b,p, :=pDV =16k?and a; := all) = 8k? — 4k — 1, over the interval

I l’{ = [é, 2:—_11] for k > 2. The other cases are similar and in fact easier.! By
s a

Remark 2.7, it suffices to prove the result for b sufficiently large, where
arb—pi(-p)=1.
Letoy := —p, By := b, and
|[né'D,| = c,n® + cyn + ¢y
where the c; are given as in Section 3.
1 The reason the case considered in this proofis the most difficult is because the upper bounds
on € are weakest when o = —1; the case considered here corresponds to Entry 1 of Table 1 which

has the most number of o; = —1. In addition, among the entries of the table, Entry 1 has the
most number of steps.
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We begin by giving an upper bound for c,. Lettingr = b {%}, we see from

Corollary 3.3 and Lemma 4.1 that
9

1
o < 8+ﬁ+7€

where x is an upper bound on b= 1{4n} - Z ol bp Jj}- To obtain such a bound,

we apply Corollary 4.3 with (a;, ﬁl, al) given as in Entry 1 of Table 1 below (the
other entries listed in the table are used to address the remaining cases whose
proof we omit). Note that foreach i > 1, we have a;5;_; —;a;_; = ;. Therefore,
ifweletuy :=rand uy,...,us and 4, ..., t5 be as in Corollary 4.3, and

€ = e(oy, b, ui, Bioy, Bi)s

we have
5§+ +x +Z€l’
where
K st S{l}sl
4 = 2 4
Entry d Bi g
o, =8k —4k -1 By = 16k? o =1
o, =4k* -4k +1 | B, =8k*—4k+1| o, =1
1 a; =4k —3 B3 =8k —2 o3 =-1
a,=k—1 Bis=2k—1 o, =-1
as =1 ,65:2 os=1
o, =8k?+4k—-1| B =42k+1)? | 0, =1
o, = 4k? ,=8k’+4k+1| o,=1
2 a; =4k —1 B;=8k+2 o;=-1
0(4=k 54=2k+1 U4=1
as =1 Bs=2 os=1
ap=2k—-1 B1 =4k op=1
3 a,=k Br=2k+1 o,=1
a =1 Bs=2 oy =1
4 a, =k BrL=2k+1 o, =1
a, =1 B,=2 g,=1
b-1 4n

TABLE 1. a; and 3; used to bound T{ }— Z;_O{_Tp j} via
c =
Corollary 4.3, when considering D ~ nbD,. We remark

that when considering D ~ ncD,, i.e., bounding _£{4n} +

Z] 0{—]} in the constant term of |P,,.p_N 7%,0, =1 needs to
be replaced by oy = —1.
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We begin by taking crude upper bounds on the ¢;. For small n, we will need
to replace these crude bounds with more refined ones. By Lemma 4.9, we have
€ < M =:¢f

211 '
fori € {1,2,5}and
eg<l=:¢.

Furthermore, one checks that for k > 11,

Ba—B3+3)By—B3—1) =: ¢

€3 <

1
~ 86265
as e;L > 1. It is enough to prove Theorem 5.3 for k > 11, leaving the remaining
finitely many cases 2 < k < 10 to be checked by hand.

Next, solving for p in terms of b, we have p = %% from which we find
1
2 2
c=4p+3b= w. It follows that 1 = — = + (1+2k) s, and so
4k? ¢ 4k?2

% = 4k? — (1 + 2k)?s.

Note also that from our expression for ¢ in terms of b, we have
4k?
§=————7.
(1 + 2k)2 + E
Combining this with our results from Section 3, we see

¢ = 1y b +2(4k2 — (1 + 2k)2s).

2 242036 —4ay)

Recall also that
26,

% + (3B — 40‘1).

We have therefore expressed c,, c1, s, p, and c all in terms of k and b.
Letn =2k + 1)t +ufort >0,1 <u < 2k, whereu # 0since ny = 2k + 1
does not divide n. We can then express

4kt + 2 ifl<uc<k
[En]=[ 4k n]=4kt+2u+e:={ eu pesus

C =

no 2k +1 4kt +2u—1 ifk+1<u<2k.

We are now ready to show

ﬁn]+1

f:=czn2+c1n+c0—([”0 )<1.

Replacing c, by quantity Z + % + i + Zf_l c—:l?*, we obtain a larger function
S =
g = £ where the g; are polynomials in ¢, u, b,k and g, > 0. One checks that
&2
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g,—g; isdecreasing in t and that it is a quadratic in b with positive b?-coefficient
fort > ﬁ . Thus, for t > 5 and b sufﬁciently large, we have shown f < 1.

2
We next turn to the case where t < —.Thenn =Qk+1)t+u < —+ 33k

16
and so
—B3—1
r54sn<%<ﬁ’2.

Asaresult,r = u; = u, and t; = t, = 0. We may therefore plug in directly
to the definition of €; and ¢, to obtain better bounds than c—:Ir and 6; ; using the

B3—Br—1
2

final statement of Lemma 4.9 and the fact that <0< r,wesee

.31 = ———@sn+1)dsn+ B, —B;) =: et

for i € {1, 2}. Similarly, we find

€3 < —

- 25253
Using the same argument as in the previous paragraph, replacing the use of el.+
with € for i € {1,2, 3}, we now find that g; — g, is a cubic in b with positive
b3-coefficient whenever n > \/E andn # k + 1.

It therefore remains to handle the casesn = k+1and n < \/% We consider
n < \/Eﬁrst. Here,t; = t, = t; =ty =0andr = u; = U, = Uz = uy.
Furthermore, r < 4sn < %

——(@sn+1)4sn+ 3 — ) =

, SO we have

€4 < — (Asn+1)dsn+ Py —B3)=: ¢t

Bl ﬁ3/5’4

Now, since 85 = 2, we know us = 0 or us = 1. Plugging back into the definition
of ¥’ and €5 and using that ¢; is increasing on the range from r to 4sn, we find
" + ((4571)2 — (1 + B4)(4sn) + 54 r is even
K +es<elt =17 5 :
2—((4sn) — (14 By)(4sn) + 3B, — 2), r is odd.

++

Treating these cases separately and replacing our use of ¢, with 2 + +Z 01 €

yields f < 1foralln < \/_
Next, we turn to thecasen = k+ 1. Herer = 4k —1,s0r = u; = u, = us,

Uy =us=1,t; =t, =t3 =ts = 0,and t, = 2. Since {sn} = sn—(k—1) > %+$,
Corollary 3.3 tellsuscy <1+ x" + 2;1 ¢;. Directly using the definition of the
¢; functions, we find g; — g, is a quadratic in b with positive b?-coefficient.
This concludes our proof for 8’ = 6 = b, §; = BV = 16k? and a; = aP) =
8k? — 4k — 1.

Finally, if we suppose 6’ # & instead, then the weighted projective spaces
considered are the ones satisfying ct;b + 8, p = +1 with _ip el l’(’+ or _ip el I’{’ W
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Notice that a; and 3; are the corresponding ones listed in Entries 3 and 4 of
Table 1, which have considerably fewer steps than the ones for 8’ = §. The
proof is almost exactly the same as the above, with the only difference being
the technique used to rewrite [% ®plasa piecewise linear function in ¢, u such
no
that ngt + u = n,t > 0,0 < u < ny — 1. We illustrate this with the case
ORTe)
BP =p =2k—1,a® =a; = k—1,0, = —1 over the interval I, _ = [%, %
’ a a
for k > 2, a™ and ,6(1) as in the previous paragraph. Here, § = b, 8’ = ¢, and
Dy ~ (2k + 1)bD,. with v, = 4k as before. Notice that

c p 4 ( @ 1) 2k +1 4

— =4 43=—(—a® - Z)+3= - ,

b= T T\ )Y T kT T -
so that

[E 4k n] _ [ 4k n]
b2k+1 | |2k-1
for all Lok n< - e n< & Thus, we may use our pre-
(2k+1)(2k—1)b 2k+1

vious technique to rewrite the above ceiling function as a polynomial for all
(2k—1)b
n <

. Replacing the function f with an upper bound obtained by the

2k—1)b
same process as before, we may also conclude for n > k=Db

asymptotic behaviour of f, similarly as in the previous case.
We remark that for all other cases where 8’ # §, the ceiling function may be
simplified in such a manner for all n < Cb with C > 0 a constant. O

by examining the

To finish the proof of Theorem 1.5, we must now handle the case where n,
divides n with §’ = §. This is substantially easier than Theorem 5.3.

Proposition 5.4. Inequality (5.2) holds when n divides n and §' = 6.

Proof. Asin the proof of Theorem 5.3, we handle the case where §; := g1 =
16k? a; 1= al) = 8k? —4k —1,8 = b, ny = 2k + 1, and v, = 4k. The other
cases are similar and easier. By Remark 2.7, it suffices to prove the result for b
sufficiently large, where

b —pi(-p)=1
Let oty := —p, By := b, and («;, §;, 0;) be as in Table 1. It is enough to show

Vol + 2
f :=cz(n0t)2+cln0t+co—< 02 )<0

for all t > 1. Indeed, if n = nyt and |nbD, | < (”O’;’z), then v(nbD,) < von + 1
which implies »(nD,) < vyn, as required. Replacing c, by the crude upper
bound .

COS§+%+%+;€;
asin the proof of Theorem 5.3, we obtain a larger function g > f. One computes
g—‘f < 0, so it is enough show g|;—; < 0. After clearing denominators, one is left
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with a quadratic in b whose b?-coefficient is negative. Thus, for b sufficiently

large, f < g < 0. O
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