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ABSTRACT. Let k > 3 be an odd integer. Consider the k-generalized Fi-
bonacci sequence backward. The characteristic polynomial of this sequence
has no dominating zero, therefore the application of Baker’s method becomes
more difficult. In this paper, we investigate the coincidence of the absolute
values of two terms. The principal theorem gives a lower bound for the differ-
ence of two terms (in absolute value) if the larger subscript of the two terms
is large enough. A corollary of this theorem makes possible to bound the co-
incidences in the sequence. The proof essentially depends on the structure
of the zeros of the characteristic polynomial, and on the application of linear
forms in the logarithms of algebraic numbers. Then we reduced the theoret-
ical bound in practice for 3 < k < 99, and determined all the coincidences
in the corresponding sequences. Finally, we explain certain patterns of pair-
wise occurrences in each sequence depending on k if k exceeds a suitable
entry value associated to the pair.
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1. Introduction

Let k > 2 be an integer. The k-generalized Fibonacci sequence (F;k))nez has
initial values

ky _ _ k) _ k) _
F—k+2_"'_F0 =0, F;" =1, (1)
and satisfies the recurrence
F,(qk) = F}gk_)l + - +Fflk_)k foralln € Z. )

The case k = 2 gives the Fibonacci sequence. There exist several results in
the literature related to Diophantine equations with members of the sequences

(F Elk)) with positive indices n but not many results deal with problems in which
negative subscripts are considered.

In this paper, we look at repeated values of F ,Sk) for n < 0. For our conve-
nience, we introduce the sequence (H, ,ik)) by H f,k) 1= F(_k,z for n > 0. It means
the reverse-direction interpretation of k-generalized Fibonacci sequences, such

that H;k) = 0holds forn =0, ...,k — 2, further H]({k_)1 =1,and if n > k, then

k) _ (k) (k) (k)
Hy," = _Hn—l - _Hn—k+1 +Hn—k' ®3)

The characteristic polynomial of this sequence has no dominating zero if k is
odd. Therefore, as we will see, the application of Baker’s method becomes more
difficult. Since we provide now a short survey on the related literature here in

the introduction, we will use the notation H ,Sk) , and analyze the properties later
when it is really favourable.
In fact, we look at the slightly more general Diophantine equation

|F,(1k)| = |F£,I;)|, where (m,n)€2?, n#m, |n|>|ml. (4)

For k even, Peth6 and Szalay [16] gave an explicit upper bound on |n| in
terms of k provided both m and n are negative. Their method uses classical
algebraic number theory but does not use transcendental methods (i.e., Baker’s
theory of linear forms in logarithms). The case k = 3 has been handled by
Bravo et al. [2]. Their paper [2], together with the earlier paper [1], determined
the “total multiplicity of Tribonacci sequence”; namely, all the integer solutions
(m, n) of the Diophantine equation F ;3) =F 53) with n # m. They did not study
the more general equation |Ffl3) | = |F§3)| (i.e., they did not include the situation
F ;3) =—F Ss)), although their methods based on Baker’s theory clearly allow for
the study of this similar equation as well. In this paper, we also fill in this gap.
Thus, we assume that k > 3. By Theorem 4.2 of [17], equation (4) has only
finitely many effectively computable solutions. However, that theorem does
not give an explicit upper bound on |n| in terms of k. Our main result gives an
explicit lower bound on ||F,(1k)| — |F§,’f)|| forn < m <0, when |n| > C(k), where
C(k) is an explicit constant depending on k. In particular, if (4) holds then the
above expression is zero, so |n| < C(k).
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Bravo and Luca [4] found all the solutions of the equation F ;k) =F ,(,f ) when
(n,k) # (m,¢), k > ¢ and n, m are both non-negative. There are paramet-

ric trivial solutions arising from the fact that F ik) =land F ,(qk) = 2"2 for all

n € [2,k + 1]. In particular, every power of 2, say 2¢, is a term of (Fflk))ne,\,
for all k > a + 2. There is a “nontrivial” power of 2 sitting in the Fibonacci
sequence, namely F éz) = 8, which is nontrivial in the sense that it is not part
of the initial string of powers of 2 as described above. Aside from these trivial
solutions and the nontrivial power of 2 mentioned above, the only other solu-
tions of the equation are (m,n, k,¢) = (7,6, 3,2), (12,11,7,3). The particular
case (k,¢) = (3, 2) was worked out earlier by Marques in [12]. When (m, n) are
allowed to vary in the set of all integers (so, one or both of them are allowed
to be negative), Pethd [15] proved that if k, ¢ are fixed then the Diophantine
equation
RO = D

possesses only finitely many solutions (n,m) € Z2. This result is ineffective
and the proof is based on the theory of S-unit equations. An effective finite-
ness result from [15] states that if k, ¢ are given positive even integers and the
integers n and m satisfy

701 = IFyy)|
then max{|m|, |n|} < C(k,¢), where C(k,¢) is a constant which is effectively
computable and depends only on k and €.

Our main result is the following. Recall that H, flk) =F (_12 with non-negative
integers n.

Theorem 1.1. Assume that k > 3 is an odd integer. If n > m > 0 then
i
exp(7 - 1030 - kl6(log k)>(log n)2)

(5)

=

k
= [e]| >
provided
n > C(k) 1= 1032 - 1.4545 k22(log k)°.
Our theorem immediately implies

Corollary 1.2. Assume that k > 3 is an odd integer. Then there is no integer
solution 0 < m < n to the equation

i

- i)
with n > C(k).

2. Preliminaries

The main problem with Diophantine equations with members of (H f,k))neN
with fixed k is that while the characteristic polynomial

k-1 _

Ti(x) = xk — x e—x-1
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of (F flk))neN has a positive real dominating zero, the characteristic polynomial
~ 1
Tk(x) = —kak (;) = xk +xk—1 + .- 4+x-1

of (Hflk)) has no dominating root when k is odd. When k is even, T} (x) pos-
sesses a dominating zero which is a negative real number but its dominance
over the remaining roots is not strong. So, in this section we collect some esti-
mates pertaining to the roots of T} (x) as well as estimates concerning the values

of Fflk) in terms of these roots.

It is known that the polynomial T (x) has simple zeros and the largest one
in absolute value is a positive real number denoted by a; and is greater than 1.
Furthermore, T (x) is a Pisot polynomial, i.e. all zeros but «; lie inside the unit
circle. The other zeros are complex non-real numbers when k is odd. When
k is even, T} (x) has an additional real zero which is in the interval (—1,0). If
two zeros have common absolute value then they form a complex conjugate
pair. This was proved in [15] but it also follows rather easily from a result of
Mignotte [14] which states that there are no nontrivial multiplicative relations
among the conjugates of a Pisot number. Recalling that k > 3 is odd, the zeros
of the characteristic polynomial T} (x) can be ordered by

laie] =l | < lag—a| = lag—s| < <las| = |az| <,

where oy _; = o, otj_3 = Q_s, ..., etc. For brevity, put¢ := |ay|,and ¢, :=
|cti—_»|. The explicit Binet formula
k
FP =3 ge(@pa’™ forall nx0, (6)
j=1
where 1
x —
gr(x) =

2+ (k+1)(x—-2)
was given by Dresden and Du in [5]. It remains true when negative indices n
are allowed. For simplicity, we put

aj 1= gk(ocj)ocj_1 forall j=1,..,k.

Thus, F ,(qk) = Z?:l a joc;? is a simpler than but equivalent form to (6).
In the sequel, we list a few estimates which are used later. The next three
lemmata do not depend on the parity of k.

Lemma 2.1. For k > 2, the following inequalities hold.
1 1
— ﬁ <o < 2— 2_k
Proof. This is Lemma 3.6, and a consequence of Theorem 3.9 in [20]. O

Lemma 2.2. If j # 1, then

1 1 1
Tk <l|ajl <1- TR
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Proof. See Lemma 2.1 in [9] for the left-hand side. The right-hand side can be
found in Theorem 2 in [10]. O
The next statement is Corollary 3 in [6].

Lemma 2.3. If |«;| > |a;|, then

e jl 1

>c =1+ .
] ~ K 1.454K°

An essential part of the proof of the main theorem depends on Baker’s method.
Here we describe the principal tool due to Matveev. Let [K be an algebraic
number field of degree di and let %,%,,...,n; € Knot 0 or 1, and by, ..., b;
be nonzero integers. Put

t
B :=max{|by,..,|b,3} and T:=][n" -1
i=1

Let Ay, ..., A, be positive integers such that
A; > W (n;) := max{dxh(n)), |logn;|,0.16}, for j=1,..t,
where for an algebraic number 7 with minimal polynomial
GO = apX — W) - (X —n®) € Z[X]
with positive a, we write h(n) for its Weil height given by

u
h(n) := 1 log a, + Z max{0, log [nP|}|.
u =

Under these circumstances, Matveev [13] proved

Lemma 2.4. IfT # 0, then
log |T| > —3-30"*(t + 1)>°d. (1 + log d)(1 + 1og tB)A, A, - - A,.

We next list some well known properties of the logarithmic height function.
For the proof, see e.g. [19] Ch. 3.2.

Lemma 2.5. The properties
(i) h(u+v) < h(u) + h(v) + log2,
(i) h(uvth) < h(w) + h(v),
(iii) h(u®) < |€1h(w)
are valid for all algebraic numbers u, v, and integers t.

We also refer the Baker-Davenport reduction method of Dujella and Peth6
(see [7, Lemma 5a]). Let || ¢ || denote the distance of ¢ from the nearest integer.

Lemma 2.6. Let x # 0 and u be real numbers. Assume that M is a positive
integer. Let P/Q be the convergent of the continued fraction expansion of x such
that Q > 6M, and put

§ :=[luQll =M - [[xQl.
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If & > 0, then there is no solution of the inequality
0<|mx—n+pu| <ABk
for positive integers m, n, and k with

log(AQ/§) _
logB ~

The final result of this section is Lemma 7 in [11].

and m<M.

Lemma 2.7. Ifs > 1, T > (4s%)%, and x/(log x)* < T, then
x < 2T(log T)S.

3. Preparation

The proof of the main theorem requires a result concerning the size of |H ﬁlk) |

This is Lemma 3.2 for which we need the following preparation.

Lemma3.1. Ifn > d :=2-10" - 1454k (log k)3, then
: K, 1 . —
@ HO> S o + G@0™"

.. k _
(ii) |H£, )| > 3¢5".

>

Proof. First we prove (i). It is sufficient to show that for n large enough we

have
k=2

—n
Z ajocj .

1 -
3 |aeg” + @@ ™| 2
=1

Indeed, then

k
Z ajocj‘”

j=1

k
IHY| =

and now we conclude the statement (i) of the lemma from (7).

k—2
> ’akoc;” + a_k(a_k)_"| - Z ajocj‘”
j=1

s

(7)

Assume n > 2k? log(4k). We first bound the left-hand side (in short LHS) of

(7) from below as follows:

1
LHS := Elak|9_”

(8

> %lak|9_" exp(—4.74 - 10**k®(log k)* log n)

2114

Here we used the following two observations. The lower bound on

o " exp(—4.74 - 10"*k3(log k)3 log nn).

(®)
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comes from inequality (4.4) in [9]. It assumes that n > 2k? log(4k), which we
are also assuming. Furthermore,

gloy)
Ak

1
T2+ (k + D(ay —2)|

la| =

1
Xk

1 1 1
—-1]>
2+ (k+ D)(Jag| +2) (Iockl ) (3k + 5)(28k3 — 1)
1

2104 "
For k > 5, the above inequality follows from Lemma 2.2 and the fact that
1/(3k + 5) > 1/(4k) which holds when k > 5. For k = 3, one checks directly
that |as| > 0.35 > 1/(210 - 34).

For the right-hand side (in short RHS) of (7), we see that for k > 5 we have

k-2 k—2
et < D layllal™
=t =

k—2 ij —n k—2
= lag—al™ D) lajl|=——| <¢7" D lajl
j=1 A j=1
< g"larl +(k=3) max_aj) <3¢;" 9)

The above inequality also holds for k = 3 since in that case the left-hand side
only has one term which is real and positive, namely a, oy "and a, € (0.18,0.19),
s0 a; < 3. We need to justify upper bounds for |a;| for j = 1,...,k—1. Fork > 5,
j €1{2,...,k} we have

@ = 8r(a;) 1 1
! aj |7 124 (k+D(a; - 2)| |
1 1 1+3Yk 25
1+ < < " 10
(k+1)(2—|ocj|)—2< |ocj|) k-1 k-1 (10)
where we used Lemma 2.2, and for j = 1 we have
@l = 1 <a1—1>
T 2+ k+ D@ -2\ o

1
2+ D/ Da-1/2-1 "

5 (11)

since k > 5, where we used Lemma 2.1. By inspection, as we have done already,
these bounds also hold for k = 3. Hence, (i) of the lemma follows for n >
2k?log(4k) such that

2T1k4 exp(—4.74 - 10Mk®¥(log k)* log n)e™" > 3¢", (12)
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holds. The above inequality is implied by

n
(%) > 213k% exp(4.74 - 10Mk3(log k)* log n). 13
‘We have
92 1
=>1+
) 1.454%°

by Lemma 2.3 and
1

lo (1 + ) > .
£ 1.454k 2. 1.454%

Thus, in order for (13) to hold it is enough for n to satisfy

n
————— > log(213k*) + 4.74 - 10*k3(log k)3 log n.
S Lasae > 10827k (logk)” log

For k = 3, p,/p > oy > 1.8, so log(p,/p) > log(1.8) > 1/2, so we can ig-
nore the factor 1.454% from the denominator on the left-hand side. The first

member on the right-hand side above is small. That is, log(23k*) < 0.26 -
10'*k8(log k) log n for all k > 3 and n > 2k? log(4k). Hence, it suffices that

k3 .
n> 68, - 1055k8(logk)} logn, where & := 1'4i4 g ng (14)

Thus, n > ny, where ny is the largest solution of the inequality

n
< 10155, k8 3
ogr <10 5, k3(logk)

Assume k > 5. To bound n;, we use Lemma 2.7 with s = 1. We take
T :=10" - 1.454 k8(log k)3.
Then

15log10 + 8logk + 3loglogk
k3

logT = k3 <log 1.454 + ) <k3
since k > 5. Hence,
ne < 2TlogT < 2 -1.4545° - 105k (logk)® = di,

subsequently (i) holds if n > dj. Note that d; exceeds 2k?log(4k) so such n
also satisfy that n > 2k? log(4k) and this last inequality holds for k = 3 as well.
Finally, for k = 3, a computation shows that

ny <5-10%° < 10% < ds,
and the inequality n; < dj, fulfils for k = 3 as well.

Now we turn to the proof of (ii). Using (i), we get that (ii) is true provided

1 _ I — -
5 'akock” + (o) ”| > 307"
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Our previous computation (8) shows that the left-hand side of this inequality is
larger than

o " exp(—4.74 - 10"k8(log k)3 log n),

114
while inequality (12) shows that the above expression exceeds 3¢, provided
n>2-1.454% . 1015k (log k)3, which implies the desired conclusion. O

Now we are able to bound |H flk)l as follows.
Lemma 3.2. Let k > 3. The inequality
|H,| < 3¢7"
holds for all n > 0. Furthermore,

9—n+1.3-1017k11(10g k) logn |H§1k) |

isvalid for all n > d.
Proof. The lower bound follows from (8), the observation that 2! < k° holds
for k > 3 together with the fact that o < 1 — 1/(28k3).

For the upper bound, we go back to (9). The only difference that the sum is
up to k instead of k — 2 and we factor out ¢ = || instead of ¢, = |ay_,|. Thus,

k
Z ajocj_"

j=1
where we used (10) and (11). O

<o (ag| + (k- 1)13_1313_1{|aj|}) <3e™",

4. Proof of Theorem 1.1

Set ® .
An 1= |[H] - [P as)

We assume n > m and n > d;. Suppose first that

60~™ < 9—n+4.4~1014k9(log k)*logn_ (16)
It then follows by Lemma 3.2 that
1 1
|H£yll{)| <37M < 59—n+4.4«1014k9(log k) logn 3 |H§Lk) l,

so that © © ©
An,m = ||Hn | - |Hm H > 0'5|Hn |’

which is a better inequality than (5). Thus, let us assume that (16) does not
hold. Then

m—n> —4.4-10%k(logk)’ logn — (log6), log (é) > —Gylogn,
where Gy, := 4.45 - 10'*k°(log k).
Next, equation (15) can be rewritten as

HY =+H,) + A, where A=Ay,
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and yields
k—2
" (1F e, ")+ @(@) AT @) ) = £A- Y @y F ™). (17)
j=1

The absolute value of the second term of the right-hand side of (17) satisfies

k-2 k-2
-2 0@ Fa™| < ) lagl(a ™ + el
j=1 j=1
< 39,7 +39,™ < 60,7, (18)

by a previous argument.

We now turn our attention to the left-hand side of (17). Put a; := ¢z with
z := e®¥ where |z| = 1and 9 := argay. Obviously, a; = ¢z~!. Using this
notation, the absolute value of the left-hand side of (17) equals

Q_H |akz—n(1 T en—mzn—m) + a_an(l T Qn—mz—(n—m))|

n—m

%Z—Zn 1 + Qn_mz

— AN | (1 = sn—m,,—(n—m)
=¢ #akz (1 +¢ z )| a_k 1 F Qn—mz—(n—m)

—-1]. (19)

Now we provide lower bounds for two factors of the product in the inequality
above. The first bound is analytical, the second one is coming from the theorem
of Matveev with t = 3. Hence,

|a_kZ"(1 F Qn_mz_(”_m))* = [agllz|"|1 F g mz= (=)
1 _ (n_
> W(l—en m|z|~(n=m)
1 1
> W(l -9)> W’ (20)

by Lemma 2.2. In order to prepare the application of Lemma 2.4, let

1 1 en—mzn—m

o= _a:k’ i=E s 1= lien—mz—(n—m).
Thus, b; = 1, b, = —n, b; = 1, so B = n. Moreover, all three numbers 5;,1,,7;
arein K := Q(ay, ay), therefore D = di < k. In the forthcoming calculations,
we use the properties of the heights of algebraic numbers (Lemma 2.5). Clearly,
h(n;) < 2h(a;), and then

h(ay) < 3h(ay) + 5log2 + log(k + 1) < 8log2 + log(k + 1).

In the above, we used that 3h(ay) < 3loga;)/k < 3log2/k < 1. So, h(n;) <
21log(2%(k + 1)), and then we take A; = 2k?log(28(k + 1)). Secondly,

21og2
h(ny) = h(z}) = h <g> < 2h(ay) < 2282
Ak k
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so we can take A, = 2(log2)k. Furthermore,

h(ns) < (h(e"z"™) +log2) + (h(¢""z~"""™) + log2)

= 2log2+ h(a;™™) + h((a)"™)

log 2
2log2 +2(n — m)%.

IA

So, we can take A; = 2k(k+n—m)log 2. With the above ingredients, Matveev’s
theorem provides
log|T| > —3-307-4°3(k?)?(1 + log(k?))(1 + log(3n))
- 2k?log(28(k + 1)) - 2(log 2)k - 2k(k + n — m)log 2
> —7.5-10k% . 3logk - 6.4logk - 1.04logn
- (4.5 - 10*k8(log k) log n)
> —6.9 - 103°%!%(log k)>(log n)?. (21)
In the above calculations, we used that 1 + log(3n) < 1.04logn provided n >

1023, together with 1+1log(k?) < 3logk and log(28(k+1)) < 6.4 1og k both valid
for k > 3. Moreover,

k+n—m<k+Gylogn < 4.5-10"k°(logk)? log n.

At this point, we return to (17) which, together with the estimates (18), (19),
(20) and (21) above, provides

—-n

A 2 S5 exp(—6.9 - 10°°%k*%(log k)*(log n)*) — 69, ™
—n
2 She exp(—6.9 - 103%'%(log k)>(log n)?)
(1 625K exp(6.9 - 107K (log k) og nP))
(02/0)"

To finish, using Lemma 3.2, we want that the last factor on the right-hand side
above is greater than 1/2, and

12 - 218k7 < exp(10*°k'®(log k) (log n)?). (23)

Taking logarithms (23) is obvious for all k > 3 and n > max{d,, 103}. So, it
remains to deal with the condition that the last factor on the right-hand side of
(22) exceeds 1/2. This is equivalent to

n
12 - 28K7 exp(6.9 - 10%k6(log k)5(log 1)) < (%) . (24)

By Lemma 2.3, the last inequality holds provided

7 -10%%k1%(log k)°(1 2<nl <1+ )
(logk)>(logn)* < nlog T a2k
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for k > 5. As in the proof of Lemma 3.1, the right-hand side above can be
replaced by 1/2 when k = 3. The last inequality above is satisfied provided

n > 1.48; - 103k (log k)*(log n)?,

where §; has the same meaning as in (14). Thus, we want n > C(k), where
now C(k) is the largest solution of

< 1.46, - 10°1k5(log k)°. (25)

n
(logn)?
Let k > 5 and let T be the right-hand side above. By Lemma 2.7 with s = 2, we
get
C(k) < 4T(log T)>.
Now

log(1.4 - 103Y) + 161logk + 5loglog k
logT < k3 (10g(1.454)+ og( ) +16logk + Sloglog )

k3
< 1.2k3.

Thus, we can take
4-1.4-1.454° 103k (logk)>(1.2k3)
<1032 . 1.4545 k2(log k)® : = C(k),

which is what we wanted. When k = 3, the largest solution of (25) is smaller
than 104 < 10*7 < C(3). Finally, let us note that at some point we did make
the assumption that n > 10?3, which now is justified in light of the fact that
C(k) > 10% holds for all k > 3. O

5. Computations

First, we computed the approximate values of ay, a;_,, ¢, @2, ¢5/¢ and |ay|
in the range k = 5, 7, ..., 99 with 200 digits precision. We found that

0.8187 < ¢ < 0.9891, 0.8710 < ¢, < 0.9891,

1.000008 < % < 1.0639, 0.0067 < |a;| < 0.1483.
Now follow Lemma 3.1, supposing n > |2 - 992 log(4 - 99)| = 50921, and in this
case for (8) we have
1 32 -n

LHS > 300 exp(—6 - 10°*logn)e™".
Comparing thiswith RHS < 3¢;", we finally obtain that statement (i) of Lemma
3.1istrueifn > 6-10%°. In the next step, we return to (24), and using the numer-
ical estimates we conclude n < 4.2 - 107, This upper bound makes it possible
to jump back to the left-hand side of (7), and apply Dujella-Peth6 reduction for
each odd k in [5,99]. These procedures provide, in summary,

% |aka,;” + a_k(oc_k)_”) > % |ako<,;”( 10782,
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Suppose now that |H (k)l =|H (k)| which leads to
n m 1>
1
—n —-82 -m —m—100
§|akak‘-10 <3< ,

and then we get n — m < 17300.

Consider now again (19). In the third term, we have finitely many positive
integer values for k and n—m, and an upper bound on n. We target to reduce this
bound by the application of Dujella-Pethd reduction. It means approximately
2 - 48 - 17298 reductions as follows. Putd :=n —m and

ak 1 i en—mzn—m

elVes 1=

) 26
a_k lien—mz—(n—m) ( )

where —7 < v s < 7. Note that in (26), we used the fact that the right-hand
side has absolute value 1. Recall that z = ¢/®. Then

a 1 —_ n—mzn—m .
S p-am _—FE -1| = |e’(_2”‘9+1’kv5) - 1| > | sin(—2n8 + vy 5)|-
a 1x en—mz—(n—m) ’
Put
—2nd + Vk,s
fk,n,S -= T >

where |c] means the nearest integer to c. Obviously, we have that —7/2 <
—2nd + Vi,s — fk,n,c? < 7'[/2, and

| sin(—2n8 + Vk,5)| = | sin(—2n8 + Vs — fk,n,BT[)l
( 29) n_ ¢ + Vi,
T k,n,6 T |

Now we are ready to apply Lemma 2.6 together with
-n
29 < 3 ( 92 ) ’
ble

4 i
‘(7)”‘ kns ¥ 7
b= [@z"(1F "z~ = lay| [(1F "2 )| 2 ] - 1 -l

\Y

2

via (18) and (19), where

Now the brief summary on the application of the reduction method is pre-
sented. First, we mention that the description here refers the two cases =+ to-
gether. The upper bounds on n we obtained by the first reduction were not suf-
ficiently small for larger values k. Thus, we applied Lemma 2.6 as many times
as it essentially reduced the bound, and this resulted a quasi-optimal range for
n.

Suppose that the final bound on 7 is denoted by b, (k). The experimental
formula b, (k) ~ 4.72k> shows the approximate behavior of b, (k). We note that
the inequality b, (k) < 4.72k? holds for all k < 75. The largest value appears
when k = 99, namely b,,(99) = 4597520. In comparison, in the middle of the
range, b,(51) = 3144305. On the other hand, a brute force search indicated
that there is no repetition (in absolute value) in the sequences if n > 12000.
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The algorithm which verified the possible cases of n (for fixed k) can be split
into two parts. The first part is a direct verification of the equality between
the terms (in absolute value) of the sequence for n < 13000. For k = 5,...,15
this was sufficient. From k = 17, after the threshold 13000 the terms of the
sequence were generated modulo M, a suitable modulus larger then the first
13000 terms (in absolute value) of the sequence. M is constructed as a product
of an initial interval of primes. Then, the checking of the coincidence happened
modulo M. We expected no coincidences by this way. If it might have occurred,
then the procedure chose a new modulus M, and started again the verification
from n = 13000. The check of the largest value k = 99 took approximately 8
and half days on an average desk computer.

In the sequel, we give a survey of the results provided by the algorithm.

» Occurrence of 0, and +1. The large number of coincidences of 0, and +1, re-
spectively makes it not possible to list them up. Thus, we restrict ourselves to
give the number of occurrences 0, (0), and o, (£1). Itis very interesting that they
can be given by polynomial functions of k if 5 < k < 99. The last occurrence
I,(\) can also be described by quadratic functions. The exact expressions are
0, (0) = k(k —1)/2, 0p(x1) = k, [,(0) = (k — 2)(k + 1), (1) = k? — 2.
We remark that a very recent paper [8] has proved 0,(0) = k(k — 1)/2 for
k < 500. We think it would be a challenging problem to prove the correct-
ness of these formulae for arbitrary k > 5. In the case k = 3, we found
03(0) = 4,03(x1) = 3,15(0) = 17, 5(+1) = 7.

« Occurrence of pairs. 1t is also interesting that if an integer not equal to 0, +1
appears twice (in absolute value) for some k = kj, then it appears twice for
all ky, < k < 99 if the appearance of the first pair is fast enough. In ad-
dition, the subscripts of the terms of such pairs can be given by linear func-
tions of k. This phenomenon is summarized briefly in Table 1. Let e, stand

for the entry value k such that a pair appears in (Hflk)), moreover put V, :=
84480, V; := 131072, V, := 17179869184, V3 := 147573952589676412928,
V, 1= 111926018800798233019262132075027171269671785594880. Note that
only —1568 is the integer which occurs twice, in the other cases the coincidence
is valid for only the absolute values. Legend of Table 1: for instance, the row
of 8 indicates that first —8 occurs at H gi), and then 8 at HE‘?H,
true for k > 5.

In the next section, we will show that these formulae of subscripts hold for
allk > e.

moreover it is

« Exceptional occurrences. There are two cases when a matching appears, but

it does not appear later. For k = 3, Hi? = 56, and ng) = —56. We note that
if k = 3 this is the only coincidence which differs from 0 and +1. For k = 5,

) = g =
HS) = HY) = 56.
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value | ¢ subscripts | value | e, subscripts
F8| 5 (Bk,4k +1) +£32 | 7 (5k + 2,6k — 1)
+128 | 9 Bk —1,9k+6) || F256| 9 (7k, 9k — 1)
+512 | 17 | (10k — 1,17k + 14) | —1568 | 29 (9k + 4,29k + 26)
+2048 | 33 | (12k — 1,33k + 30) || +2816 | 9 (9k + 1,10k)
+8192 | 65 | (14k — 1,65k +62) | +V, | 9 (12k + 3,13k + 6)
FV, 19 (15k,18k — 1) ¥V, |35 (31k,35k — 1)
FV;5 | 69 (63k,68k — 1) FV4 | 97 | (114k + 19,115k + 18)

TABLE 1. Repetition formulae.

6. Regularities in the sequence (H )

During the computation of multiple values in the sequence (Hflk)), we ob-
served certain regularities. For example, we mentioned above that if an integer
not equal to 0, +1 appears twice (in absolute value) for some k = k,, then it ap-
pears twice for all kg < k < 99 if the appearance of the first pair is fast enough. In
addition, the subscripts of the terms of such pairs can be given by linear functions
of k. In this part, we prove that this is not an accidental coincidence, but follows

from the fact that the beginning of (H ,(qk")) is repeated with minor modification
in (H®) for all k > k.

The main tool is to split the sequence (H;k)) into consecutive blocks with
length k + 1, and write the blocks in a top-down list. Assume that k > 2, and

n=jk+1)+i

holds with the condition 0 < i < k. This division with remainders admits that
the term H, flk) is located on the place i in the jth block. Thus, the arrangement
of the blocks yields a rectangular table with width k + 1, where one row is one
block, and a column is belonging to a given value i. The principal result of this
section is

Theorem 6.1. Assume j =0, ...,k—2andi = 0, ...,k—2—j. Then Hj’(‘;ﬂ)ﬂ = 0.
Furthermore if either j =0,....,k—2,i=k—-1—j,...,korj=k—1,...,2k — 2,
i=0,..,2k—2—j, then

(k) — (_1\jHi+1—k | ok—1—i Jj+1 J

HJ'("“)”_( b 2 [(j+i+1—k)+(j+i—k) ' @7

A direct application of this theorem shows a connection between the first
few terms of the two sequences (H ;k)) and (Hflk“)).

Corollary 6.2. Ifeither j =0,...,k —2andi=0,..,korj=k—1,...,2k — 2
andi=0,..,2k —2 — j, then

(k) _ py(k+1)
D)+ T 77 j(k42)+i41"
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This corollary proves that if |H fl]f)| = |H ,(1’;)| ¢ {0, 1} such that the locations
(j1,i1) and (j, i,) are in the range of Corollary 6.2, then the coincidence appears
for all larger k values, of course with other subscripts. This also explains the
so called exceptional solutions in the previous section, for instance why 56 =
H;? = Hgg) isnotrepeated later. Indeed, 26 = 4-6+42is possible, but 39 = 6-6+3
is out of the range (k = 5, j = 6, buti = 3 > 2k — 2 — j). Similarly, there is no
guaranteed repetition associated to 56 = H i? = |H§f)) .

It is well known that the k-generalized Fibonacci sequences start in the pos-
itive direction with powers of 2. Moreover, Bravo and Luca [3] established all
powers of 2 in these sequences. Our final statement shows that many powers
of 2 appear regularly in the negative direction, too.

. k .
Corollary 6.3. I[fk > 2and j = 0,..,.k =1, then H() |~ =2/

Proof of Theorem 6.1. The combination of two consecutive terms in (3), to-
gether with the new notation provides
(k (k) k)
H, = 2H, 7\ = HEl—k—l'l

The table arrangement of the blocks shows that an entry of the table located
not in the right-most column is the double of the upper right neighbor element
minus the upper neighbor element. The last entry of a row can be given as the
double of the first entry of the row minus the upper neighbor. We can unify the
two cases if we construct a virtual (k + 1)th column as a copy of the Oth column
lifted by one unit (see Figure 1).

OOODODO

FIGURE 1. Construction rule of the table.

By this rule, we can easily fill the table for a given value k. But, this approach
works also in case of a general k for 0 < j < k—2, and partiallyfork—1 < j <
2k — 2.

First, deal with the cases 0 < j < k — 2. Itis illustrated by Table 2.

The 0th block is
k—1
/T
0,0,..,0,1,—1,

IThis relation appeared in Garcia, Gémez, and Luca [8], equation (19).
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ji Jo] 1 |2 k-3 k-2/k-1] k
0 [0l 0 [0 0 0 1 -1
1 [[o] 0 |oO 0 2 -3 1
2 [[o] 0 [0 4 -8 5 -1
k—210]2k2 (=K1

TABLE 2. The block scheme of (H flk)), rows 0, ...,k — 2.

and the zeros ensure that there are k —2 zeros at the beginning of the first block.
Clearly, the number of the zeros are decreasing block by block. Hence

0 o o i o o
Hj(k+1)+i—0 if j=0,..,k—2; i=0,....,k—2—].

Recall the construction rule sketched in Figure 1. The non-zero parts of the
blocks are gradually widening in a truncated triangular shape: 1, —1 in row 0,
and 2,-3,1 in row 1, etc. While the virtual column (the (k + 1)th) contains 0
values then the non-zero triangle in the table coincides the triangle A118800
of OEIS [18]. No wonder, since A118800 possesses the same construction rule.
Thanks to this coincidence, we see that (27) holds if 0 < j < k—2. In particular,
the left leg of the triangle contains increasing powers of 2, more precisely if
i=k—-1—j,thenn=jlk+1)+i=(+1k—-1 andH;k) = 2/, This proves
Corollary 6.3. We explain why formula (27) is descending from row by row. This
will be useful if we study the cases k —1 < j < 2k — 2. Put Cop 1= (7) + (‘;_1)
(if the lower subscript is negative, then the binomial coefficient takes value 0).
First, observe that in row 0 we have

1=(-1)°-2°-Cyp, —-1=(-D'-271-Cy;.

Then, introducing t i i= (=1)% -2t C. j for some integers s and —1 < ¢, one
can easily verify 7, , = 27,41 — Tj -

Examine now the rows k — 1 < j < 2k — 2. The main difference is that
in these blocks, starting with block k — 1, the left-most elements are non-zero.
Thus, the table is perturbed by the virtual column, and the influence is growing
from right by one additional entry, row by row. This is the reason that (27) is
conditioned by 0 <i <2k —2—jwhenk —-1<j <2k —2. O
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