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The Tate module of a simple abelian
variety of type IV

Grzegorz Banaszak and Aleksandra Kaim-Garnek

ABSTRACT. The aim of this paper is to investigate the Galois module struc-
ture of the Tate module of an abelian variety defined over a number field. We
focus on simple abelian varieties of type IV in Albert classification. We de-
scribe explicitly the decomposition of the O,[Gx]-module T,(A) into compo-
nents that are rationally and residually irreducible. Moreover these compo-
nents are non-degenerate, hermitian modules that rationally and residually
are non-degenerate, hermitian vector spaces.
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1. Introduction

Let A be an abelian variety of dimension g over a number field F. Let R : =
Endz(A). Put D := R®7 Q and let E be the center of D. The ring R is an order
in D. Because R is finitely generated Z-module then RNE = (9105 is an order in
Of. Throughout the paper we fix a polarization of A. Let [ be a prime number
and let T;(A) be the Tate module of A. Let G := Gal(l?/F ) and let

pi 1 Gp — GL(T|(A))
be the l-adic representation associated with A.

From now on, we assume that R is defined over F, i.e. R = Endg(A) so
D = Endz(A) @, Q.
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In this paper we also assume that A is simple, hence D is a division algebra of
finite dimension over Q with a positive involution ’ [14, p. 193-203]. Let E, be
the subfield of elements of E fixed by ’. We putd? :=[D : E],e := [E : Q]
and e, := [E, : Q].

Recall that, due to A. A. Albert, simple abelian varieties can be classified
according to the type of their endomorphism algebra (see: [1] and [14, Theorem
2, p. 201-203]):

TYPEIL: D = E = E, is a totally real field.

TYPEIIL: E = E| is a totally real field and D is a quaternion division algebra
over Q such that D ® R = M,(R) for any embedding o : E, — R.

TYPEIII: E = E| is a totally real field and D is a quaternion division algebra
over Q such that D ®z, R = H for any embedding o : E; — R.

TYPE IV: E| is a totally real field, E is a totally imaginary quadratic extension
of E, and D is a division algebra over Q such that D ® ; R = M;(C) for
any embedding o : E; — R.

If Aisof type I then d = 1. If A is of type II or III then d = 2, and if A is of
type IV then d > 1 can be arbitrary. Moreover, if A is a simple abelian variety
of type IV then E is a quadratic imaginary extension of a totally real field E, so
e = 2¢, cf. [14, Theorem 2, p. 201-203].

Let A be a prime ideal in O dividing I. Let O, be the completion of O, at 4,
E; :=Frac(O,)and k; := O, /A. Observe that for each [ :

E; :=E®@ QI=HE/1 and OEI =0 Qz Zl:H Oﬂ.' (11)
Al Al

Forlt [Of : 0)], we have 0% ®7 Z; = O ®2 Z,. Hence, for such an [, the
ring O, acts on T;(A) and we put T;(A) := T;(A) ®oy, ;. Hence, for each
It [0p: 0Y] :

T(A) = P TaA). (1.2)

All
The aim of this paper is to describe explicitly the decomposition of the O;[Gr]-

module T;(A) for a simple abelian variety A of type IV into components that are
rationally and residually irreducible. We also show that these components are
compatible with corresponding non-degenerate, hermitian forms. This work
is a continuation of the research in [2], [3] and [4] on the Galois [-adic repre-
sentations for abelian varieties of types I, IT and III. In the papers loc. cit., the
first author with W. Gajda and P. Krason showed that T;(A) has the following
decomposition for [ > 0:

TH(A) = WA,

where W, (A) is a free O;-module of rank 2—5, with non-degenerate bilinear, G-
e

equivariant form
a1 Wi(A) X Wi(4) - 0;
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such that W;(A) := W;(A) ®p, E, is an absolutely irreducible Gp-module
with a non-degenerate, Gg-equivariant bilinear form ybg 1= Y; ®p, E; (resp.
W;(A) = W;(A) ®p, k, is an absolutely irreducible Gp-module with a non-
degenerate, Gg-equivariant bilinear form %1 1= ;3 ®p, ky). For type I and II,

the forms ¢, zl)g and EA are alternating and for type III the forms ;, z,bg and E/l
are symmetric.

For the case of abelian varieties of type II, this result extends integrally and
residually the main result of [8, Theorem A] by W. C. Chi.

The Galois module structure of T;(A) for abelian varieties A of types I, IT and
IIT has been widely investigated as well as Galois module structure of T;(A)
for abelian varieties A of type IV with D commutative (in particular see [9] for
type IV). Such results are useful for current research. Results in [2], [3] and [4]
also found a variety of applications eg. [5], [6], [7], [10], [16], [17], [18] just to
mention a few recent papers. Similarly as in [2], [3] and [4], we expect to prove
the Mumford-Tate conjecture for some families of abelian varieties of type IV
based on results of this paper.

In this paper we address all abelian varieties of type IV, especially those with
D noncommutative. In general, endomorphism algebras of abelian varieties of
type IV are much more complicated than endomorphism algebras of abelian
varieties of types I, IT and III. Indeed, the degree of D over E may be arbitrary
and the standard involution acts nontrivially on its center which is CM field, c.f.
[14, Theorem 2, p. 201-203]. Nevertheless, we obtain new results for abelian
varieties of type IV (see Theorem 1.1 below) showing striking similarity with
corresponding results for abelian varieties of types I, IT and III discussed above.

In Section 2, we describe as explicitly as possible (Lemma 2.1) the endomor-
phism algebra D of a simple abelian variety of type IV and its splitting field L to
obtain an L-algebra isomorphism:

s 1 D®p, Lt = D ®p L — My(L).

Lemma 2.1 is an arithmetic refinement of computations in D. Mumford’s book
[14, § Application I, Step IV]. It is one of the main technical devices in our paper.
Observe how Lemma 2.1 significantly differs from corresponding lemma ([4,
Lemma 2.11]) for abelian varieties of type III. Based on this, we also obtain an
S-integral splitting of the algebra Rg := R ®5 Zg at the end of this section.
This result and construction of the finite set S can be found in Corollary 2.3.
We also construct a positive involution x — x* of D which has the extension

X X*:=X Tr to the ring M (L) via splitting s (see Lemma 2.1 for details).
In Section 3, we carefully investigate the Tate module of abelian variety of type
IV based on results of Section 2. Namely, adding a few assumptions on S and
working as far as possible S-integrally, we eventually construct non-degenerate,
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Gp-equivariant hermitian forms (see Lemma 3.5) to obtain, in Sections 4 and 5,
our main result as follows.

Theorem 1.1 (Theorems 4.3, 5.2). Let A be an abelian variety of type IV. Let |
be a prime outside of a finite set S. Let A|l be a prime of O such that A is inert
over 2y := AN O, and A splits completely in Oy. The O,[Gg|-module T;(A) has
the following decomposition:

Ti(A) = W(A),

where W;(A) is a free O,-module of rank j—i with a non-degenerate, hermitian,
Gr-equivariant form

it Wi(A) X Wi (A) — 0,
such that W;(A) = W;(A) ®p, E; is an absolutely irreducible Gp-module
with a non-degenerate, hermitian, Gp-equivariant form z,bg 1= Yy ®p, E, (resp.
W;(4) 1= WH(A) ®p, k, is an absolutely irreducible Gg-module with a non-
degenerate, hermitian, Gp-equivariant form a/l 1= 1) ®o, k).

Remark 1.2. The restrictions on prime [ in Theorem 1.1 result mainly from
complexity of the endomorphism algebra of A.

2. Ring of endomorphisms of an abelian variety of type IV

Let A be a simple abelian variety of type IV satisfying all assumptions stated
in Section 1. Let’ be the standard Rosati involution on D. This is a positive
involution. Any other positive involution * of D is of the form x* = yx'y~!
with y € D and y’ = y. There exists a positive involution x* = yx'y~! of D and

an isomorphism [14, Theorem 2, p. 201-203]

D ®g R — My(C) X --- X My(C),

e, copies

which carries this involution into (X1, ..., X, ) = X fr, s X Zor). Under the above
isomorphism y ® 1 maps to (Cy, ..., C,, ), where each C; is a hermitian positive
definite matrix. It follows that there exists a positive involution x* = yx'y~! of
D and an isomorphism

D ®g, R = My(C), (21)
—Tr
which carries the involution * of D into the involution X — X* :=X by the

isomorphism (2.1) and y ® 1 — C, where C is a hermitian positive definite
matrix.

For our applications, we need an arithmetic refinement of the above state-
ments as follows.
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Lemma 2.1. There exist a finite Galois extension L /E, containing E, an element
y € Dwithy’ = y and an L-algebra isomorphism

s 1 D®g, Lt =D ®p L — My(L) (2.2)

such that via this isomorphism the positive involution x — x* := yx'y™! of D

has the extension X — X* .= )_(Tr to the ring M4(L) and s(y ® 1) = C, where C is
a hermitian positive definite matrix. Here, Lt denotes the maximal real subfield
of L. Changing base to R over L™ the isomorphism (2.2) naturally extends to an
isomorphism of the form (2.1) with the same properties.

Proof. From [13, Theorem 16, Chap. 29], we know that D has maximal sub-
fields which are splitting fields of degree d over E. Hence, let L, be a maximal
subfield of degree d = [L, : E]such that D ® Ly — My4(L,). Let L, /E, be the
Galois closure of Ly /E,. Naturally D ® L; — M4(L;). Moreover, we obtain:

D®y L = DR E®p LT = D@y L, — My(Ly). (2.3)

Now we argue similarly to [14, p. 199-200]. By the Skolem-Noether theorem,
the Rosati involution on D ®g, LIL (acting trivially on LIL ) extends to an involu-
tion of M4(L,) of the following form:

X - A XA (2.4)
with A; € GL4(L,). Because (2.4) is an involution, we get A} = 7 A, for an

1
element 7 € LT such that || = 1. Let L, /E, be the Galois closure of L, (2)/Ej.
We obtain:

D®g L = DO E®g LI = D®gL, — My(L,). (2.5)
If n # 1 observe that:

1 1 1 1
(2 A))* =1 2 AT =1 294 =12 Ay,

1 1
n:AX*(n2 A = A XFATL
1

Hence, A, :=1n2A; € My(L,) is a hermitian matrix and the Rosati involution
on D ®g, L, (acting trivially on L) extends to an involution of M4(L,) of the
following form:

X - AX*AL (2.6)
Observe that A, is a fixed point of the involution (2.6). The set of elements
inD ®g, L; fixed by this involution via (2.5) (equivalently fixed by the Rosati
involution) is of the form V' ®p, L; , where V is the E,-vector space V = {a €
D : a' = a}. Indeed, by primitive element theorem there is § € L; such that
Ly = Ey(8). Letr :=[L] : E,]. Then every element of D ®p, L is of the form
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Z:;Oi Ot{'i ® '5; focr1 SOTG'? € D. The element Zl:ol a; ® &' is fixed by the Rosati
involution if and only i

r—1

Z(a{—ai)@)éi =0

i=0

and this occurs if and only if oclf = o; for each i.

Let Zl:g a;®8' € Vg, L} be the element sent via (2.5) to A,. Note that E is

dense in R with respect to the absolute value. Therefore, we can find elements
e; € Ey, close enough to §' € L; , such that the element

r—1 r—1
oc®1=z aiei®1=2 a; Q e;
i=0 i=0

maps via (2.5) to B, such that A,B;AJ! = B, and A; := B, A, is very close to
unit matrix I;. Observe that A is a hermitian matrix. Indeed, we have (B by =
(B;)™' = A;'B;'A,. Hence:

Al = (B,'A)" = Ay(B; 1) = A, A'B) 1A, = By 'A, = As.

The hermitian matrix A;, being very close to I, is positive definite. There
exist a finite Galois extension L3 /E, with L, C L3, aunitary matrix U € GLy(Ls)
and a diagonal matrix D; € GLd(L;L ) with positive entries on the diagonal such

that A; = UD% U*.Put B; := UD3U" € GLy4(L3). Observe that B = B; and
Aj; = B. By (2.5) we obtain:

D ®g, L; = D Qg E ®g, L; = D QgL = My(Ls). (2.7)
Observe that the map:

x x* i=a Y a (2.8)
is an involution of D ®, L;‘ and it extends via (2.7) to the following involution
of My(L3) :

X - A X AT (2.9

Now we put L := L; and ¥ := a~!. Composing the isomorphism (2.7) x = X
with the conjugation by B;, namely X — BJ 1XB5, we obtain the isomorphism:

s 1 D®g, Lt — My(L), (2.10)
s(x) := B;'XB;. (2.11)
Observe that:
s(x*) = s(x)*. (2.12)
Indeed:

s(x*) = s(yx'y™") = B;'A3X*A;'B; = B;X*B; ' = (B;'XB;)* = s(x)*.
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Hence the involution x — x* = yx/y~! extends via (2.10) to the involution
X — X* of My(L). The last statement of the lemma follows because:

D®g R = D®E®; L*®+R = D®L®1+ R — My(L)®1+ R = My(C).

(2.13)
Naturally, the involution x —~ x* = yx'y~! of D extends to the involution X ~
X* of My(C).

The following diagram illustrates relations between consecutive extensions
of fields E, and E used in this proof.

E—% 1, L L, L :=L, C
/ 2 |2 |2 |2 |2 2
Q 2 E, L L L L R

O

Remark 2.2. Lemma 2.1 is useful for the proof of Proposition 3.7 which is cru-
cial in the proof of Lemma 4.1 ultimately leading to the proof of Theorem 1.1.

Recall that the ring R is a finitely generated free Z-module. Let (9%0 =
RN O, and O, := RN Op. Then OOEO is an order in O, and O is an order in
Og.

Let S be a set of primes of Z containing prime numbers that divide the in-
dexes [Op, : (9%0] and [0 : O)].

Corollary 2.3. One can enlarge S so that the primes not in S are unramified in
Oy, all primes dividing the polarization degree of A are in S, the Rosati involution
actsonRg :=R Q@7 Zg, 7 € R?, and the L-algebra isomorphism (2.2) restricts
to an Or s-algebra isomorphism:

§ 1 Rs B0y, 5 Or+s = Rs B0, Ors = Ma(Op). (2.14)

Moreover with these assumptions the involution * of D ®p, L™ restricts to the in-
volution * of Rg R0y, s OL+ s Which, in turn, extends to the involution X — X* =

—Tr
X OfMd(OL,S)-

Proof. Follows immediately from Lemma 2.1 and its proof. O

3. Weil pairing of an abelian variety of type IV
Let T(A) = H;(A(C),Z) and V(A) = T(A) ®7 Q. The polarization on A
induces a non-degenerate alternating Z-bilinear form, the Riemann form of A:
x : T(A)XT(A) - Z. (3.1)
Letx® :=x®7 Q : V(A) xV(A) — Q. Then for all v;,v, € V(A) and

x € D we have:
k0(xvy,0;) = 10y, X'0y). (3.2)
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There exists a unique E-bilinear form (E acts on factor V(A) on the right by
complex conjugation):

¢° : V(A)xV(A) - E (3.3)

withx%(vy, vy) = Trgg(f¢° (v, v,)) Where f € E and f = —f [11, Lemma 4.6].

In addition, it is also proven loc. cit. that ¢° is E-hermitian. Now let Ty :=

T(A) ®w Opsand Vg :=T5 ®g, , E. Observe that:

V(A) =T(A) ®z Q=T(A) @y 0 ®z Q =T(A) @y E
=T(A) @ Ops B0y E=Ts Qo E=Vs.

We can enlarge the set S from previous section, if necessary, so that f € OE g
and the E-hermitian form (3.3) restricts to the following O s-hermitian form

¢S . TS X TS - OE,S (34)

such that xg(vy, v;) = Trg/o(f$s(v1,v;)) where kg 1= x ®7 Zg. Observe that
0 = ¢S ®0E,S E'

Recall that we put E; := E Qg Q; and Oy, := O ®z Z,;. Note that E; =
OEI ®Zl @l'

From now on till the end of this paper we assume that [l ¢ S.

Then O, = Op s ®7, Z;- We can naturally extend the action of complex conju-
gation on E to the action on rings E; and O, imposing trivial action on Q;. The
action will be denoted in the same way as complex conjugation i.e. the action
on x € E; will be denoted x. Observe that f € OE:' By [3, Lemma 3.1] and the
idea of the proof of [11, Lemma 4.6] there is a unique O, -bilinear form (O,
acts on factor T;(A) on the right by complex conjugation)

¢ 2 Ti(A) X Ti(A) - Op, (3.5)
such that the Z;-bilinear form x; :=x ®7 Z; :
Xy . Tl(A) X TI(A) - Zl (36)

has the following property:
Kk1(01,03) = Trg, 0, (f$1(V1, 02)). (3.7)

We can also prove as in loc.cit. that ¢; is O, -hermitian.

Lemma 3.1. There is the following isomorphism of O, -hermitian forms:

¢ = ¢s o, UF, - (3.8)
Proof. There is the following equality in Z; :
Ks(Uy, U) @z 1 = Try/q(fes(ur, us)) ®z, 1 (3.9

= Trg 0,(f ¢s ®o, s Ok (U1 o, 1, Uy ®p,; 1)
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Since xg ® 7, Z; = x;and Op, = Og g ®z, Z;, we obtain by (3.9) the following
equality in Z; for all u;,u, € Ts and oy, @, € Op, :

(U @ay, u, ®ay) = Trg, o, (f s ®o, ; OF, (U1 @0, ; a1, U2 B0, %)) (3.10)
Observe that

Ti(A) =T(A) ®z Z, = T(A) @ 0) Q7 Z, = T(A) ®w0 Op,s ®z, Z1 =

=Ts®o,5 Vrs ®z; Z1 =Ts ®p,; U, (3.11)

Hence by (3.10), for all v, v, € T;(A) we obtain:
x1(Uy, 02) = Trg ,(f ¢s @0, ; OF, (U1, 13)). (3.12)
By uniqueness of the form ¢, (3.5) and by equality (3.12), we obtain the equal-
ity (3.8). O

Lemmas 3.2 and 3.3 below extend [8, Lemma (2.3)] to abelian varieties of type
V.

Lemma 3.2. Forall v,,v, € V(A), u;,u, € Tg,x € D,y € Rg there are the
following equalities:
¢0(xvls vy) = ¢0(U1sx/02),

Ps(yuy, uy) = s(uy, y'uy).

Proof. Fixx € D. Consider the Q-bilinear form x, (v, v,) : V(A)XV(A) - Q,
defined as follows:

Ky (U1, 02) 1= x°(xv1, 1) = 100y, X'0y).
Consider two E-bilinear forms ¢9,¢9 : V(A) x V(A) - E :

¢(1)(U1,Uz) :=¢%(xvy,v;) and ¢(2)(U1a02) := ¢y, X'0y).

Recall that
K(xvy, 0y) = Trgo(f ¢°(xvy,0,))
and
K00y, x'vy) = Trgo(f ¢°(vy, x'vy)),
where f € E. Hence
1 (V1,02) = Trg o(f $1(V1,02) = Trg o (f $5(v1, 02)).

We have ¢) = ¢) by [11, Lemma 4.6]. So the first equality follows. Fix y € Rs.
Consider two O s-bilinear forms ¢;, ¢, : Ts X Ts — Op g defined as follows:

$1(uy, uy) 1= ps(yur,uy) and  @y(uy, uy) 1= ps(uy, y'uy).

Observe that bilinear forms ¢; are restrictions to Tg X T of E-bilinear forms ¢?
with y in place of x. Hence, the second equality of the lemma follows from the
first. O
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Lemma 3.3. Forallv,,v, € T)(A) and g € G we have the following equality:
¢1(gu1, 8V2) = Xc(8)¢i(Vy, V2).
Here y, is the cyclotomic character . : Gr — Z,.

Proof. By Galois equivariance of the Weil pairing for all v,, v, € T;(A) and all
g € Gp we have:

%1(gU1, 8V2) = xc(8) % (U1, V). (3.13)

Fix g € Gp and consider Z;-bilinear form: x,(vy,v,) @ Ti(A) X T)(A) = Z,
defined as follows:

Kg(U1, V2) 1= 19(8V1, 8V2) = Xc(8) %:(Vy, L2).
Consider two Op,-bilinear forms: ¢;,¢7 : T;(A) X T;(A) = O, :
¢11(UI’UZ) = ¢i(gvy,gvy) and ¢12(Ulavz) = Xc(@)¢i(vy, ).
By (3.7) we obtain
Kg(vl’ V) = T”E,/@,(f¢ll(vla V) = T”EI/Q,(fqblZ(Ul’ V2))

for f € O . Hence, we obtain ¢ = ¢7 by [11, Lemma 4.6]. O

Now define the following O s-hermitian form
l,bs . TS X TS b OE,S’ (314)
hs(v1,03) = $s(y vy, 02).

Let
P =95 ®p, E : VXV = E. (3.15)

Because the form (3.1) is non-degenerate, the forms ¢, ¢°, ¥ and 3° are also
non-degenerate.

Lemma 3.4. Forevery x € Rg and all vy, v, € Tg we have:
Ps(xv1,02) = Ps(v1, X702),
where, as defined in previous section, x* = yx'y L.

Proof. Recall that y’ = y and let x € Rg. We obtain the following equality for
allvy, v, € T from the property of Rosati involution, Lemma 3.2, the definition
of S and the fact that ¢g and 1g are O g-hermitian forms.

Ps(xvy,0y) = ps(yxvy, 0y) = Ps(y, X'y 10y) = Ps(vy, ¥ Ty Xy tvy)

= ¢S(U15 7_1X*U2) = I,DS(Ul, x*Uz).
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It follows from Lemma 2.1 that the involution * induced on D; := D QL =

M,(L) from D is of the form B* = ETr for each B € M,(L). Consider the com-
plex conjugation 7 € Gal(L/E,). Take a prime number [ and 4|l in O, such
that Frob,,/;, = 7 for a prime ideal w € Spec(0y). Let 4 = Op N be the prime
ideal in Oy below w and over 4,. Because the order of 7 is 2 in Gal(L/E,) and
7 € Gal(E/E,)is also of order 2, hence 4 is inert over 4, and 4 splits completely
in Oy. There are infinitely many such primes A by Chebotarev’s theorem. Then
we have

[Lw . Eﬂ.] =1 and 0, = 0,. (3.16)

Put
Ti(A) :=Ts®ou,; O, Vi(A) :=TH(A) o, E;, AlA] :=T;(A)/AT;(A).
(3.17)

Note that A[4] is a k;[Gr]-module. Define a 1-adic hermitian form as follows:

¢/1 = ¢S ®0E,s Ol . TA(A) X T)‘(A) - Oﬂ.' (318)
Observe that ¢; = ¢, ®0El 0, by Lemma 3.8. We also obtain the following
hermitian forms:
¢} 1= ¢1 ®o, E1 : Va(A) X V(A) - E,
¢, :=¢1®o, k1 : Al x A[A] = k;.
Since y’ = y, the following forms are also hermitian:
P+ Ta(A) X T;(A) = Oy, (3.19)

(01, 02) = G(y 1oy, vy),

P) =9, ®o, Ez 1 Vi(A) xV,3(4) = E, (3.20)

¥, =9 ®0, ky  AIAIXA[A] — k. (3.21)
Lemma 3.5. Hermitian forms ¢;, ¢}, b Vi b9, », are non-degenerate
and Gp-equivariant.

Proof. Since the form x; (3.6) is non-degenerate, the form ¢; (3.5) is also non-
degenerate by property (3.7). Consider the bilinear forms:

K =18z Z/l : All] X A[l] - Z/1,
¢ 1= ¢1®0, O/l @ AllIXA[l] = O/l
related by the following equality
% (vy,0;) = TVE,/Q,(fal(Ub 2)). (3.22)
where [ € (9;51. Because [ does not divide the polarisation of A, then x;(vy, v,)

is non-degenerate. Hence, El(vl, U, ) is non-degenerate by (3.22). By [3, Lemma
3.2], forms ¢;, qbg, ¢, are non-degenerate. Hence, it is obvious that the forms
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V3, z/)g, % are non-degenerate. It follows immediately from Lemma 3.3 that
bi1» ¢£’1, 5/1 are Gp-equivariant. By definition of ,, it follows that the forms

¥, z,bg, EA are Gp-equivariant, because Gy commutes with Endz(A). (]

Observe that we have the following isomorphism
D, :=DQ®gE; gMd(E/l) (3.23)

Indeed, by (3.16) we have D; = DQgE; = D®gL, = DQpL®; L, = My(L,) =
My(E;). Then (3.23) induces the following isomorphism of @;-modules

R;{ = :RS ®OE,S 0, = Md(Oﬂ.) (324)
By (1.1), we have

R®zZ1=R®up O = Rs ®o,, O, = [ [ Ra- (3.25)
All

On the other hand, by [12, Satz 4]:

R ®7 Z; — Endy,g,1(T/(A)). (3.26)
By (1.2),(3.25) and (3.26), we obtain the following isomorphism of O,-algebras.
R;{ —> EndOi[GF](TA(A)). (327)

Finally, (3.24) and (3.27) give the following isomorphism of O;-algebras:
Endo, 6,](Ta(A)) — My(Oy). (3.28)
Remark 3.6. Since 1|4, is unramified and inert, we have
Gal(E/E,) = Gal(E; /E, ;) = Gal(k; /kj,).

Hence, the element Frob, ;= 7 € Gal(E/E,) can be considered as an element
in Gal(E; /Ey,,)- Thus if a matrix B € My4(E) is considered as an element of

My(E,), T acts on B via Frob, /; and we will denote B:= Frob, ;,(B).
Proposition 3.7. (i) Foreveryv;,v, € T;(A) and B € R;, we have
—Tr
71b/l(Bvl’ UZ) = ¢/1(U1,B 02)-
(ii) Forevery v,,v0, € V;1(A) and B € D;, we have
0 0 —Tr
¢A(Bvl’ UZ) = ¢,1(01’B v2)'
(iit) Foreveryv,,v, € A[A] and B € R; ®y, k) = My(ky), we have
— —_ —Tr
‘Qb/l(BUls UZ) = I)b/l(vlsB UZ)'
Proof. It follows from Lemmas 2.1, 3.4 and the isomorphism (3.24). O

Definition 3.8. Let P be the set of prime numbers [ ¢ S such that there is 1|l
in O, and 4 inert over 4, in Og and 4 splits completely in Oy, (see the discussion
below Lemma 3.4).
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Remark 3.9. Observe that the set P has a positive Dirichlet’s density because
of Chebotarev’s theorem. Our main results Theorems 4.3 and 5.2 will be for-
mulated for primes [ € 2P.

4. Main theorem ford <2

Based on results of previous sections, we construct the Tate module decom-
1

position for an abelian variety of type IV when d = [D : E]> = 2. We observe
that we can prove Theorem 4.3 applying the same idempotents as for types II

and IIT as well as the standard idempotents. This observation is the key for
1

proving our main result for arbitrary degree d = [D : E]> which will be shortly
described in the next section. We also briefly explain, at the beginning of the
proof of Theorem 4.3, how the construction works for the case d = 1.

Following [8, p. 91-92], consider the following matrices:

(8 w0

1 0
0 0). Define:

X :=eT)(A) and Y=(Q0-¢e)T,(A),

X = LL’®OAE,1, Y (= y®OAE,1, X = ,’)C®Olk,1, Yy = y®(91k/1.
By (3.27), the action of R; commutes with the action of O;[Gr] on T;(A).
Hence, the equality u e u = (1 — e) yields a O;[GF] - isomorphism between X
and Y, a E;[Gg] - isomorphism between X and Y, and a k;[G] - isomorphism
between X and Y.

Consider the idempotent e = %(1 +1t) = (

Lemma 4.1. [4, Lemma 3.22] Modules X and Y are orthogonal with respect to
;. Moreover, modules X and Y are orthogonal with respect to 1pg, and X and Y

are orthogonal with respect to 5/1-

Proof. Note thatte = e and t(1 — e) = —(1 — e). Then for every v; € X and

v, € Y, weobtain tv; = v; and tv, = —v,. Hence by Proposition 3.7, we obtain
Tr
Pa(v1,02) = Pt vy, 02) = PV, 17 Vy) = Pa(vr,E V)
= Pa(v1, 1 V) = Pa(v1, —0y) = =P;(vy, L2).
Hence, ;(v;, v,) = 0 for every v; € X and for every v, € Y. (]

The discussion before Lemma 4.1 gives the following isomorphism of O;[Gr |-
modules

T,(A)z=zXX. 4.1)
Then by (3.28) we obtain the following isomorphism of O,-algebras,

My (Endg, (6,1()) — Endg 6,1 (Ta(A)) — My(O,). (4.2)



THE TATE MODULE OF A SIMPLE ABELIAN VARIETY OF TYPE IV 1253

Because O, is a discrete valuation ring, by rank and dimension comparison
we obtain:

Endy,[6,1(X) — Oy, Endg,(6,1(X) — E;, Endy,(g,)(X) — k. (4.3)
Therefore, the representations of Gr on the spaces X and Y (resp. on the spaces
X and Y) are absolutely irreducible over E; (resp. k;). Then bilinear form z,bg
(resp. %) restricted to the spaces X and Y (resp. to the spaces X and Y) is
non-degenerate or isotropic.

Remark 4.2. It is also possible to obtain another decomposition of the Tate

module with the idempotent f = %(1 +u) = 2 G }) Then one may take

X =fT(A)and Y = (1 — f) T,(A). Such a decomposition is considered in
[4] and in this case it has the same properties as the decomposition in Lemma
4.1 (cf. also [8, p. 91-93]).

Theorem 4.3. Let A bean abelianvariety of type IV, andletd < 2. Foreachl € P
there exists a free O;-module W;(A) of rank 2—3 with the following properties:
e

(i) There exists an isomorphism of O;|Gr]-modules
T3(A) = Wi (A) & W, (A).
(ii) There exists a hermitian non-degenerate form
i ¢ Wi(A) X Wi (A) — O,.
(iit) For W;(A) = Wy(A) ®p, E), the induced hermitian form
P) 1 Wa(A) X W,i(A) - E,

is non-degenerate.
(iv) For Wy(A) = W;(A4) ®g, kj, the induced hermitian form

a/l . WA(A) XWA(A) - k/l
is non-degenerate.

(v) The Gp-modules W;(A) and W ,(A) are absolutely irreducible. The her-
mitian forms i,, 1,[)‘/{ and ¥, are Gp - equivariant.

Proof. For the case d = 1, we take W;(A) = T;(A) and the forms (3.19), (3.20)
and (3.21). Then statements (i)—(v) hold in this case by Lemma 3.5 and equality
D=E.

Now consider the case d = 2. Part (i) follows by (4.1) taking W,(A) := X.
By Lemma 3.5, the hermitian forms (3.19), (3.20) and (3.21) are non-degenerate
and Gp-equivariant. Restricting forms (3.19), (3.20) and (3.21) to the corre-
sponding forms in (ii), (iii) and (iv) gives again hermitian and Gg-equivariant
forms. We denote the restrictions also 3, z,bg and ¥, by abuse of notations. The

Gr-modules W;(A) and WA(A) are absolutely irreducible by (4.3). Hence (v)
holds. In addition, the forms in (iii) and (iv) are non-degenerate or isotropic.
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By Lemma 4.1 and decompositions V;(A) = W;(A) & W;(A) and A[1] =
WA(A) (4> WA(A), they can not be isotropic because forms (3.20) and (3.21)
are non-degenerate. Hence, (iii) and (iv) holds. Since the form (iii) is non-
degenerate, the form (ii) is non-degenerate so (ii) follows. O

5. Main theorem ford > 2

Let matrices ¢, u and e be as in the previous section. For d > 2 consider the
d x d matrix ¢; consisting of 1 at the i-th place of the diagonal and zeros at all
other places for i = 1,2,...,d. Observe that ¢; € Endg,|,.1(T1(A)) by (3.28).

Let X; := ¢ Ty(A) fori =1,2,..,d. AlsoputX; := X; ®, E; and X; =
X; ®p, k;. Consider the following d X d matrices:

) l J ) ) l J
1 0
0 1 i 1 0 i
Uij = and T” =
1 0 j 0 -1 j
L 1_ L 0_

Uj; is the permutation matrix obtained from the identity matrix I4 by swap-
ping i-th and j-th rows. T;; is the matrix with only two non-zero entries 1 in
the ii-th place and —1 in the jj-th place.

By (3.28), U;;, Tij € Endg,[g,(Ta(A)) for all i, j = 1,..,d. The equality
U;je;U;; = e; gives the following O,[Gp]-isomorphism:

eu — eju
foreveryv € T;(A). Hence all O;[Gr]-modules XXy, ..., X4 are pairwise isomor-
phic. It follows that all E;[Gg]-modules X;, ..., X4 are pairwise isomorphic and
all k;[Gr]-modules X1, ..., X4 are pairwise isomorphic.

Lemma5.1. The modules X1, ..., X4 are orthogonal with respect to ;. Moreover
X1, ..., X4 are orthogonal with respect to ng and X4, ..., X4 are orthogonal with

respectto ;.
Proof. Note that T;; &; = ¢ and T;;¢; = —é;. Then, for every v; € X; and
v, € Xj, we obtain T;; v; = v; and T v, = —v,. Hence
(01, 07) = ¢A(Tij U1, 0) = Pa(vy, T;kj vy) = l;b/I(Ul,TiTjr V)
=, (01, T;; V) = P (U1, —0y) = =P, (v, Vy).
Thus ¥;(vy,v,) = 0 for every v; € X; and for every v, € X;. O
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Let X := X;. We obtain the following isomorphism of O;[Gr]-modules:

d
T;(A) = P x = x. (5.2)
i=1

By (3.28), there is a natural isomorphism of O,-algebras

My(Endp,(6,)(X)) = Endo, [a,1(TA(4)) — Ma(0y). (5.3)

Again by rank and dimension comparison, we obtain:
Endg,6,1(X) — Oz, Endg6,)X) — E;,  Endy ;g (X) — ky. (5.4)

Therefore, the representation of G on the space X (resp. on the space X) is
absolutely irreducible over E; (resp. k;). Then, the hermitian form gbg (resp.

EA) restricted to the space X (resp. to the space X) is either non-degenerate or
isotropic.
Theorem 5.2. Let A be an abelian variety of type IV. Letd > 2 and | € P. Then
there exists a free O,;-module W;(A) of rank 2—3 with the following properties:
e
(i) There exists an isomorphism of O;[Gr]-modules T;(A) = W;(A).
(ii) There exists a hermitian, non-degenerate form
1/)/1 . WA(A) X WA(A) - (9/1.
(iit) For W (A) := W;(A) ®p, E,, the induced hermitian form
P9 1 Wi(A) X Wi(A) - E;

is non-degenerate.
(iv) For W;(A) 1= W)(A) ®o, k;, the induced hermitian form

P, 1+ Wi(A) X Wi(A4) - k;
is non-degenerate.

(v) The Gr modules W;(A) and WA(A) are absolutely irreducible. The her-

mitian forms i,, gbg and 5,1 are Gp-equivariant.
Proof. The proof for d > 2 is very similar to the proof of Theorem 4.3 for
d = 2. Indeed, part (i) follows from (5.2) by taking W;(A) := X. By Lemma
3.5, the hermitian forms (3.19), (3.20) and (3.21) are non-degenerate and Gg-
equivariant. Restricting forms (3.19), (3.20) and (3.21) to the corresponding
forms in (ii), (iii) and (iv) gives again hermitian and Gp-equivariant forms. We
denote the restrictions also 3, gbg and 5/1 by abuse of notation. The Gr-modules
W;(A) and W,(A) are absolutely irreducible by (5.4). Hence, (v) holds. In ad-
dition the forms in (iii) and (iv) are non-degenerate or isotropic. By Lemma
5.1 and decompositions V;(4) = W;(A)4 and A[1] = W,(A)Y, they can not
be isotropic because forms (3.20) and (3.21) are non-degenerate. Hence, (iii)

and (iv) holds. Since the form (iii) is non-degenerate, the form (ii) is non-
degenerate so (ii) follows. O



1256

GRZEGORZ BANASZAK AND ALEKSANDRA KAIM-GARNEK

References

(1]
(2]

(3]

[11

—_—

(12]

[13

[}

[14]

ALBERT, A. ADRIAN Involutorial simple algebras and real Riemann matrices. Ann. of Math.
(2) 36 (1935), no. 4, 886-964. MR1503260, Zbl 0012.39102, doi: 10.2307/1968595. 1241
BANASZAK, GRZEGORZ; GAIDA, WOJCIECH; KRASON, PIOTR. On Galois representations
for abelian varieties with complex and real multiplication. J. Number Theory 100 (2003), no.
1,117-132. MR1971250, Zbl 1056.11034, doi: 10.1016/S0022-314X(02)00121-X. 1241, 1242
BANASZAK, GRZEGORZ; GAIDA, WOJCIECH; KRASON, PIOTR. On the image of [-adic Galois
representations for abelian varieties of type I and II. Doc. Math. 2006, Extra Vol., 35-75.
MR2290584, Zbl 1186.11028. 1241, 1242, 1247, 1250

BANASZAK, GRZEGORZ; GAIDA, WOJCIECH; KRASON, PIOTR. On the image of Galois [-adic
representations for abelian varieties of type III. Tohoku Math. J. (2) 62 (2010), no. 2, 163-189.
MR2663452, Zbl 1202.14042, doi: 10.2748/tmj/1277298644. 1241, 1242, 1252, 1253
BANASZAK, GRZEGORZ; KEDLAYA, KIRAN S. An algebraic Sato-Tate group and Sato-Tate
conjecture. Indiana Univ. Math. J. 64 (2015), no. 1, 245-274. MR3320526, Zbl 1392.11041,
arXiv:1109.4449, doi: 10.1512/iumj.2015.64.5438. 1242

BANASZAK, GRZEGORZ; KEDLAYA, KIRAN S. Motivic Serre group, algebraic Sato-Tate
group and Sato-Tate conjecture. Frobenius distributions: Lang-Trotter and Sato-Tate con-
Jjectures, 11-44. Contemp. Math., 663, Amer. Math. Soc., Providence, RI, 2016. MR3502937,
Zbl 1359.14009, arXiv:1506.02177, doi: 10.1090/conm/663. 1242

CANTORAL FARFAN, VICTORIA. Torsion for abelian varieties of type IIL. J. Number Theory
198 (2019), 346-380. MR3912942, Zbl 1454.11113, doi: 10.1016/j.jnt.2018.10.017. 1242
CHI, WEN-CHEN. On the Tate modules of absolutely simple abelian varieties of type II. Bull.
Inst. Math. Acad. Sinica 18 (1990), no. 2, 85-95. MR1071226, Zbl 0729.14033. 1242, 1248,
1252,1253

CHI, WEN-CHEN. On the [-adic representations attached to simple abelian varieties of
type IV. Bull. Austral. Math. Soc. 44 (1991), no. 1, 71-78. MR1120395, Zbl 0773.11038,
doi: 10.1017/S0004972700029476. 1242

COMMELIN, JOHAN. The Mumford-Tate conjecture for the product of an abelian sur-
face and a K3 surface. Doc. Math. 21 (2016), 1691-1713. MR3603933, Zbl 1356.14009,
arXiv:1601.00929. 1242

DELIGNE, PIERRE. Hodge cycles on abelian varieties. Lecture Notes in Math. 900 (1982),
9-100. Zbl 0537.14006. 1247, 1248, 1249

FALTINGS, GERD. Endlichkeitssitze fiir abelsche Varietdten iiber Zahlkdrpern. Invent.
Math. 73 (1983), no. 3, 349-366. MR0718935, Zbl 0588.14026, doi: 10.1007/BF01388432.
Erratum: "Finiteness theorems for abelian varieties over number fields". Invent. Math. 75
(1984), no. 2, 381. MR0732554, doi: 10.1007/BF01388572. 1251

LORENZ, FALKO. Algebra. Volume II: Fields with structure, algebras and advanced topics.
Springer, New York, 2008. x+336 pp. ISBN: 978-0-387-72487-4. MR2371763, Zbl 1130.12001,
doi: 10.1007/978-0-387-72488-1. 1244

MUMFORD, DAVID. Abelian varieties. Tata Institute of Fundamental Research Studies in
Mathematics, 5. Oxford University Press, London, 1974. x+279 pp. Zbl 0326.14012. 1241,
1242, 1243, 1244

OHSHITA, TATSUYA. Asymptotic lower bound of class numbers along a Galois rep-
resentation. J. Number Theory 211 (2020), 95-112. MR4074549, Zbl 1454.11200,
doi: 10.1016/j.jnt.2019.09.024.

TANG, YUNQING. Cycles in the de Rham cohomology of abelian varieties over num-
ber fields. Compos. Math. 154 (2018), no. 4, 850-882. MR3778196, Zbl 06861834,
arXiv:1510.01357, doi: 10.1112/S0010437X17007679. 1242

VIRDOL, CRISTIAN. Titchmarsh divisor problem for abelian varieties of types I, II, III, and
IV. Trans. Amer. Math. Soc. 368 (2016), no. 11, 8011-8028. MR3546791, Zbl 1419.11092,
doi: 10.1090/tran/6748. 1242


http://www.ams.org/mathscinet-getitem?mr=1503260
http://www.emis.de/cgi-bin/MATH-item?0012.39102
http://dx.doi.org/10.2307/1968595
http://www.ams.org/mathscinet-getitem?mr=1971250
http://www.emis.de/cgi-bin/MATH-item?1056.11034
http://dx.doi.org/10.1016/S0022-314X(02)00121-X
http://www.ams.org/mathscinet-getitem?mr=2290584
http://www.emis.de/cgi-bin/MATH-item?1186.11028
http://www.ams.org/mathscinet-getitem?mr=2663452
http://www.emis.de/cgi-bin/MATH-item?1202.14042
http://dx.doi.org/10.2748/tmj/1277298644
http://www.ams.org/mathscinet-getitem?mr=3320526
http://www.emis.de/cgi-bin/MATH-item?1392.11041
http://arXiv.org/abs/1109.4449
http://dx.doi.org/10.1512/iumj.2015.64.5438
http://www.ams.org/mathscinet-getitem?mr=3502937
http://www.emis.de/cgi-bin/MATH-item?1359.14009
http://arXiv.org/abs/1506.02177
http://dx.doi.org/10.1090/conm/663
http://www.ams.org/mathscinet-getitem?mr=3912942
http://www.emis.de/cgi-bin/MATH-item?1454.11113
http://dx.doi.org/10.1016/j.jnt.2018.10.017
http://www.ams.org/mathscinet-getitem?mr=1071226
http://www.emis.de/cgi-bin/MATH-item?0729.14033
http://www.ams.org/mathscinet-getitem?mr=1120395
http://www.emis.de/cgi-bin/MATH-item?0773.11038
http://dx.doi.org/10.1017/S0004972700029476
http://www.ams.org/mathscinet-getitem?mr=3603933
http://www.emis.de/cgi-bin/MATH-item?1356.14009
http://arXiv.org/abs/1601.00929
http://www.emis.de/cgi-bin/MATH-item?0537.14006
http://www.ams.org/mathscinet-getitem?mr=0718935
http://www.emis.de/cgi-bin/MATH-item?0588.14026
http://dx.doi.org/10.1007/BF01388432
http://www.ams.org/mathscinet-getitem?mr=0732554
http://dx.doi.org/10.1007/BF01388572
http://www.ams.org/mathscinet-getitem?mr=2371763
http://www.emis.de/cgi-bin/MATH-item?1130.12001
http://dx.doi.org/10.1007/978-0-387-72488-1
http://www.emis.de/cgi-bin/MATH-item?0326.14012
http://www.ams.org/mathscinet-getitem?mr=4074549
http://www.emis.de/cgi-bin/MATH-item?1454.11200
http://dx.doi.org/10.1016/j.jnt.2019.09.024
http://www.ams.org/mathscinet-getitem?mr=3778196
http://www.emis.de/cgi-bin/MATH-item?06861884
http://arXiv.org/abs/1510.01357
http://dx.doi.org/10.1112/S0010437X17007679
http://www.ams.org/mathscinet-getitem?mr=3546791
http://www.emis.de/cgi-bin/MATH-item?1419.11092
http://dx.doi.org/10.1090/tran/6748

THE TATE MODULE OF A SIMPLE ABELIAN VARIETY OF TYPE IV 1257

[18] VIRDOL, CRISTIAN. Cyclic components of quotients of abelian varieties mod p. J. Num-
ber Theory 197 (2019), 135-144. MR3906494, Zbl 1444.11128, doi: 10.1016/j.jnt.2018.08.005.
1242

(Grzegorz Banaszak) FACULTY OF MATHEMATICS AND COMPUTER SCIENCE, ADAM MICKIEWICZ
UNIVERSITY, 61-614 POZNAN, POLAND
banaszak@amu.edu.pl

(Aleksandra Kaim-Garnek) FACULTY OF MATHEMATICS AND COMPUTER SCIENCE, ADAM MICK-
IEWICZ UNIVERSITY, 61-614 POZNAN, POLAND
akaim@amu.edu.pl

This paper is available via http://nyjm.albany.edu/j/2021/27-47 .html.


http://www.ams.org/mathscinet-getitem?mr=3906494
http://www.emis.de/cgi-bin/MATH-item?1444.11128
http://dx.doi.org/10.1016/j.jnt.2018.08.005
mailto:banaszak@amu.edu.pl
mailto:akaim@amu.edu.pl
http://nyjm.albany.edu/j/2021/27-47.html

	1. Introduction
	2. Ring of endomorphisms of an abelian variety of type IV
	3. Weil pairing of an abelian variety of type IV
	4. Main theorem for d 2
	5. Main theorem for d >2
	References

