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Medium-sized values for the prime number
theorem for primes in arithmetic
progressions

Matteo Bordignon

ABSTRACT. We give two improved explicit versions of the prime number the-
orem for primes in arithmetic progressions: the first isolating the contribu-
tion of the Siegel zero and the second completely explicit, where the improve-
ment is for medium-sized values of x. This will give an improved explicit
Bombieri-Vinogradov-like result for non-exceptional moduli.
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1. Introduction

The prime number theorem for primes in arithmetic progressions (PNTPAP)
states
P g,0) = ——
¢(q)
and the strength of the result lies in the explicit value of o(x) and how this de-
pends on the range of g. The best known result is the one with the error term
due to Siegel-Walfisz that is uniform for g < (log x)4, for any A > 0, but this
result can not be made explicit since the proof is ineffective. The classical ex-
plicit versions of the PNTPAP are the following. The first is by McCurley that in
[13] obtained an explicit result for non-exceptional moduli and in [14] focused
on the case where g = 3. Improving [14], Ramaré and Rumley proved in [17]
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explicit results for g < 72 and other small moduli. A result for large moduli is

obtained by Liu and Wang in [12]; they proved, for g < log6 X, a version of the

PNTPAP with an explicit error term of size —— - > —. Dusart, in [8], obtained an
og"”

explicit error term that is of size o (1 ) for any A > 0. Note that while this
og”

result improves [12] for large x, it is worse for medium-sized values in the range
10% < logx < 10%. Dusart also improved the result in [17] for ¢ = 3. Yamada
in [22] (unpublished) proved a generalized version of the result in [12], where

for multiple small- to medium-sized A and for g < logA x, he isolated the con-
tribution of the Siegel zero and obtains an error term of size 1 —~ . Note that
og" “x

this result is better than the one in [8] for medium-sized values, aside for the
non-explicit contribution of the Siegel zero. Yamada also used this result, joint
with [1], to obtain an explicit version of a Bombieri-Vinogradov style theorem
for non-exceptional moduli. The last explicit version of the PNTPAP is the one
by Bennett et al. in [2]. Here they improved the previous results for 3 < g < 10°
for small x and for g > 10 for large x.

In this paper we will focus on a version of the PNTPAP for medium-sized
x. In doing this we will draw inspiration from [22] and we will first obtain
an improved explicit version isolating the contribution of the Siegel zero, see
Theorem 1.2. To obtain this result it is fundamental to obtain, with y a Dirichlet
character modulo g, the best error term in

xlogx

Y= D, +R(x) 1)

p€z(x),l7I<T

see Section 3 for the definition of z()). Setting T = logA x,with0 < A < 1,
Yamada, drawing inspiration from [12], proved explicitly that R(x) <« log x. In
Lemma 3.3 we improve this result by proving an explicit version of the result by
Goldston in [9], to obtain R(x) < loglog x. In doing this we reshape the proof
of Goldston to obtain a better explicit upper bound. Note that all the results
we obtain are as general as possible to make them useful in different ranges of
x and for different choices of A. We then use Theorem 1.2, together with the
explicit bound on the Siegel zeroes in [4] and [5], to obtain a completely explicit
version of the PNTPAP, in Theorem 1.4, that improves the previous results for
medium-sized values. We conclude the paper using Theorem 1.2 to improve
upon Bombieri-Vinogradov style theorem for non-exceptional moduli in [22].
The result we prove is also more general.

We now introduce the three main results. We start with a result on zeroes
on Dirichlet L-functions, namely Theorem 1.1 and 1.3 of [10].

Theorem 1.1. Define [[(s,q) = H;{ (mod ¢) L(s,x), Ry = 6.3970 and R, =
2.0452. Then the function [ [(s, q) has at most one zero p = f3 + iy, in the region
B > 1—1/Rylogmax{q,ql|y|}. Such zero is called a Siegel zero and if it exists,
then it must be real, simple and correspond to a non-principal real character y
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(mod q). Moreover, for any given Q,, among all the zeroes with g < Q, there is at
most one such a zero with § > 1 —1/2R, log Q;.

We are interested in an intermediate explicit result to the PNTPAP that iso-
lates the possible contribution due to the Siegel zero. In this paper we aim to
improve Theorem 1.1 in [22]; we do so in the following result.

Theorem 1.2. Let oy, a, € R, Y, = loglog X, and C(a,,a,,Y,) be the con-
stants given in Table 6 in the Appendices. Let q < log™ x. Let E, = 1 if f, the
possible Siegel zero modulo q, exists and E, = 0 otherwise. If gcd(a,q) = 1 and
x > X, then

¢(Q) X C(al’ A, YO) xﬁo_l
— [(x;q,a) — < + E, 2)
x [PEDT o< Ty TG
and -
Clay,a,,Y 0~
—1+x7b D P )l < @ = )} g2 3)
¥ (mod g) log™ x Bo

See (33) for values of C(«;, a,, Y,) different from those in Table 6. Note again
that, for medium-sized x, we obtain an improvement of size
loglog x/ log x on Yamada’s result in [22]. From Theorem 1.2, using the results
in [4] and [5] to control the size of the Siegel zeroes, we obtain a completely
explicit version of the PNTPAP.

Theorem 1.3. Let oy, a, € RY, a; < 2, ¢ <log™ x, Y, = loglog X,

11log10
Y, > max{ g ,2}and
ap+ay+3

100(log x)'~1/2

Cl(cfl, sz,Xo) =2 exp ( ) logaz X + C(C{l, a, Yo).

(a; loglog x)?
We have c X
ay, oy, X)X
‘zp(x;q,a)— - 1 2a2°) .
®(q) o(q)log™ x
See Table 1 for some explicit upper bounds for C;(ay, &y, Xj).
Yo | |ay| C; Yo |7 || C
4411 1 ]0.65 57 (123 |0.63
5 1 2 |0.66 1421127 | 046
56 |1 3 103 47 |13|1 |0.68
781 [10]8.4-1072 109|132 |09
46121 |0.69 144|133 |0.84
521122 |]043 11.6 | 1.4 |1 | 0.99

Table 1: Upper bound for C,(x, ¢y, a5, X))

Note that the bound a; < 2 is needed to bound effectively the size of the
Siegel zero. If we need an upper bound independent or ¢(q) we can obtain it
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using Theorem 15 in [18]. For medium-sized x this improves the results in [2],
see for example Theorems 1.1, 1.2, 1.3 and Lemma 6.10.

Now, for a given Q,, we call a modulus g, < Q; to be exceptional up to Q, if
11, qo) has a zero with § > 1 —1/2R,; log Q;, with R, defined in Theorem 1.1.
We then use Theorem 1.2 and Theorem 1.2 in [1] to improve Theorem 1.4 in
[22], while taking care in giving a more general version of the result. This result
is an explicit Bombieri-Vinogradov-like theorem where the sum is restricted to
non-exceptional moduli.

Theorem 1.4. Let A € R* be such that A > 3,

) | 27 2+ log(log2/ log(4/3))) <1+ 3 ) [$(13)
0 97r(log 2)2 3 2log2 113

and
o= TI(1+ -1
U T ee-D)
/
LetQ = 1:;A2x and1<Q; < logA x. Let q, denote the exceptional modulus up to

11log10

T }, then we have the inequality

Q, ifit exists. If loglog x > max{7,

9

X 2¢:CoX 2¢icox log2 x
¢()<\/;+ 160X | “6% g

max_[(x; g, @) — ——
qs(%;oqu @ (mod q) ?(a) logA_g x Q
c2xC(A, A —3,X,)(1 + Aloglog x)
+ 2 . B8 B, A),
A—4
2log” x
with C(A, A — 3,X,) from Theorem 1.2, and
2
X c7(1+ Aloglogx)log x
Bx 4) = x/—Al ; glogx)logx
2log2log™ " x 2
1
X _ZARl loglog x 1.52 A log logx
- - + 34x(log x)'~* exp (—0.81 log x) + “Togz
2AR; loglog x
9 11
cocy logz x X2 5 5

4/xlog" x + 18 + 5x6 + ExE logx |.

A

2 4
log2 x

This paper is structured as follows. In Section 2 we introduce useful bounds
on the zeta and the L-functions. In Section 3 we prove the explicit version of (1)
and in Section 4 we conclude the proof of Theorem 1.2. In Section 5 we prove
Theorem 1.4.
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2. Some useful bounds

We start by introducing Corollary 2.1 of [3] that, improving [21], gives a
bound on the value of N(T, y), the number of zeroes up to T of L(s, y).

Lemma 2.1 (Bennett et al.). Let y be a character with conductorq > 1. If T >
5/7, then

T qT
N(T’X) - E logﬁ < rl(q’T)’

with
r1(q,T) = min{0.247log qT + 6.894,0.298log qT + 4.358}.

To bound the possible Siegel zeroes we will use the results in [4] and [5] that
can be stated as follows.

Lemma 2.2. Let 3, be a Siegel zero and q the modulus of the corresponding char-
acter x. Then we have

100 100

— <fy<1-—.
Valog’q Valog’q

Moreover, for 1 < b < 1.3, by equation (1.17) in [19] we have

_ ?’(b) < ﬁ —C+0.1877(b — 1), )

with C = lim,,_, o (— logn + ZZ=1 i) the Euler-Mascheroni constant. Also,

taking b > 1 and ¢t > 1126, by partial summation and Theorems 4 and 14 in
[18], we obtain the asymptotically sharp bound

Y Am=w-1/2-9(3) <no.

§<n<t—1/2

with

t 1 1 f 1
ra(®) ~2 (1 * log(t —1/2) B 2logt/2) Tyi-1/2 (1 * log(t — 1/2))

_ t sl . r
0.98\/;+ A -1/2) - 3 (1 + TToai = 1/2)>'

This gives

b
> A< (2) no. (s)

. t
E<"<t_1/2
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3. Preliminary results
Letting p = 8 + iy, we define

z()=1p 1 p#0,8>1/2,L(p, x) = 0},
which is fundamental in estimating the error term in the PNTPAP. In this sec-
tion we aim to prove the following fundamental result, that is an improved ver-
sion of Theorem 8 in [12] and Lemma 2.1 in [22], obtained making Goldston’s
result in [9] explicit.

Lemma 3.1. Let y be a Dirichlet character modulo q and T = log” x, with o« =
o +a, 43, 09,0, € RY and q < log™ x. Assuming x > expexp C, with C > 2,
we have

A log x log1
P ) = 800xI < ), L+R(C,a2,al)w,
pez(piyi<r Pl

with 8(y) = 1 if y is principal and 6()y) = 0 otherwise. Upper bounds for
R(C, oy, aq) are given in Table 2.

C |a|a|R C |ap|a|R C ||| R

3411 |1 |322 4 |3 |1 |279 51|15 |7 |27.7
37|11 |2 | 286 463 |5 |319 4716 |1 |234
4311 |5 |24.6 4314 |1 |19.7 53|16 |8 |21.1
3812 |1 [173 4914 |6 | 189 497 |1 |17.6
4312 |4 |327 45|15 |1 | 264 55|7 |9 |18.6

Table 2: Upper bound for R(x, a,, ;)

Note that using Theorem 3.4 we can bound R for different values of C, o,
and a,. Lemma 3.1 improves Lemma 2.1 in [22], in the error term, reducing a
log x factor to a loglog x one. It is interesting to note that Littlewood, in [11],
assuming the Riemann Hypothesis proved the above result for ¢(x) with an er-

ror term of m%. This suggests that even if it should be possible to improve the

error term in the above result, it will probably be highly complicated. Yamada’s
Lemma 2.1 is based on Lemma 1 in [6]. Splitting a sum in a similar way as done
by Dudek in [7] and being more careful with the error terms, it is possible to
obtain an upper bound for R(x, a;, ;) that is half the size of Yamada’s. We will
not give more details on this as this result is superseded by the one obtained
making Goldston’s result in [9] explicit. Here, we will prove an explicit version
of Lemma 2 in [9], with a partially different proof to better control the error
term.

Lemma 3.2. We have

y A wa Y AW

= —— r3 25
-1 _ — -1 .
Len<x—3/2 (xn 1Y) x+3/2<n<2x (1 —xn)
2
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where, for x > 10,

r;1(x) = xlogx(z loglog (E - 1) + z1oglogx +0.57 + +
2 3 log (5 — 1)
2 3
+ L (ﬂ— — 1) <log2x5 + 1.76) )
\/; 6
and, for x > 5,
rs,(x) =xlo x(zlo lo x+zlo lo 2x+056+2—x

1

? 3
+—=(—=—-1 (log 2x2 + 1.76) ) + 2.1x.
Jx \ 6

Proof. The proofis based on that given in [9]. We will prove the first of the two
inequalities. We have

A(n) log p
2z (xn~1 - Ny (x—p) ©
§<n§x—3/2 1_131103" Lepl<x—3/2

We will first bound the right-hand side sum with [ = 1. Let 7(x) count the
number of primes less than x and define P(x,y) = 7(x) — #(x — y). In [15] it
is proved that

2y
Px,y) <— 1<y<x. 7
(x, ) Togy y<x (7)
Now
1 1 3 3
Z < Z —(P(x——,n)—P(x——,n—l))
2<p<x-3/2 (x—p) 1<n<2 n+1/2 2 2
3 1 1
< P(x—=,n -
B Z‘i ( 2 )<n+1/2 n+3/2)
ISHSE—I
2 3 x 2 3
+x P(x 2 2 )—EP(X—E,O).
Seen that we assumed x > 10 and using (7), this can be bounded with
1 4 4 8 2
2 Z — b —+—+—+

4<<

_,(n+3/2)logn 15 35 63 log(g—l)
X 4 4 8 2

< Z-1)- —t =t =+ —.

< 210g10g(2 1) 2loglog3 + G + 35 + 3 + - (f - 1)
82
We now bound the right-hand side sum in (6) for [ > 2. We have

log p 1 1
2, L Gt 4 g, Lo

2<l<loﬁ £<plSX—3/2 2<I< logx f<plsx_3/2
~ T log2 2 log2 2

ph’
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For I > 2, using Euler-Maclaurin summation formula, we have

1/
> </°‘ 1y
(x - pl) - (f)l/l (x - tl) 3

§<pl§x—3/2
Vx=3/2 + 2
=y

where in the last step we used the change of variables t = y?/!. Using

log {1
X
—dy=-——"""+C, 8)
(x =y 24/x
we have
1 1
Z n Z _ pl
2<l<logx l §<ple—3/2 (x p)
ly—v/x|
<21 <logx> A2 el
=3°% log 2 6 \/; \/E
2

We finish the proof of the first upper bound observing, for x > 3, that
Vx—+/x=3/2 .
Ny A

(—1 - \/—l) <log2x2+log
TR NE V2+1

We now focus on the second of the two inequalities. We can see that

which gives

A(n A(n
> s Y Amrx Y
x+3/2<n<2x ( —Xxn ) x+3/2<n<2x x+3/2<n<2x (i’l - x)
By Theorem 12 in [18], it follows
Z A(n) <2.1x.
x+3/2<n<2x

While this bound is far from optimal, the sum is asymptotic to x, it is enough
for our purposes as it accounts for a negligible term. We now have

1
Z A(”)) < Z Z 0gp . ©)

— [
X+3/2<n<2x (n—x 1<]< 082 x+3/2<pl<2x (p X)
log2
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We will first bound the right-hand side sum with [ = 1. Define P*(x,y) =
w(x +y)—n(x),with1 <y < x. Now

3 L <Y — L @ n+n-Pun)

x+3/2<p<2x (p - x) B 1<n<x-1 max{n’ 3/2}

< 3 P*(x,n+1)(%—n_1l_1>

2<n<x—1
P*(x,x) P*(x,2) 2
— —P*(x, 1).
t>—2 t 7% 37706

Seen that we assumed x > 5 and using (7), this can be bounded with

) S S 2
nlogln+1) 2 (x—2)logx

4<n<x-1
2Xx

1
<2logl —1)—2loglog3+ = + ———.
< 2loglog(x —1) oglog3 + >+ = 2)logx

We now bound the right-hand side sum in (9) for [ > 2. We have

logp 1 1
Z Z (p! —x) < logx Z 1 Z (p! — x)
2315% x+3/2<p!<2x 2513% x+3/2<pl<2x

For | > 2, using the Euler-Maclaurin summation formula, we have

@)/t

L < f _r dt + 2
x+3/2<pl<2x (pl -Xx) (x+3/2)1/! (tl - X) 3
2 \/E 1 2
<7 2 dy + 3
l Vx+3/2 (2 —x) 3

where in the last step we used the change of variables t = y?/!. Remembering
(8), we have

le;

I
ZSlslfgzzx x+3/2<p!<2x (p' = x)
og

ly—v/x|
L2 1Og(logzx) . (ﬂz 1) log Vi Vax
-3 log 2 6 \/; m

We conclude the proof of the first upper bound by observing that, for x > 3,

\/x+3/2—\/)_c> 1
Ny
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oy

Note that the term 2/3 that appears in the proof above can probably be im-
proved using Euler-Maclaurin summation formula to a higher order. An im-
provement should also be possible in the ~ 0.5 constant. We now introduce a
variation of Chen and Wang Lemma 1 in [6], this is obtained using Lemma 3.2.
Being a bit more careful than Chen and Wang we also obtain a log 2 saving in
the remainder term, not counting the use of Lemma 3.2.

which gives

<log2x§ +10g(\/§_1).
V2+1

\Vx+3/2
U

Lemma3.3. Take f(s) = Z:ozl A(n)/n®, that is absolutely convergent for R(s) >
1. Then foranyb > 1,T > 1and x = N + 1/2 > 6, with N a positive integer, we
have

1 b+iT
DA - — / f(s)s~1x%ds| < Ry(x, T, b),
27 .
n<x b—iT
with
xS A 271xb A(n)
R T =
10 T.0) 7rT10g2n§1 nb T Z nb

§<n<x—1/2

LT(zb( log(x —1/2)(x = 1/2) (2 + ) (x 1 /2)

+log(x +1/2)2(x +1/2) (x +"1/2

) +73 1(X)) + Vs.z(x))-

Proof. Following the proof of Lemma 1 in [6] we obtain

b+iT
Z An) — — f f(s)s™1x%ds
b—iT

n<x

0 —1yb
xb Z1\(;1)4_% Z A(n) (xn 1).

- b -1
nTlog2 iz n = n<z log(xn~1)

We are now left with obtaining an upper bound for the right-hand side sum.
We start splitting the sum in two at n = N, obtaining

Z A (xn

_1 =
§<n<2x log(xn )

—l)b

Z A(n)ﬂ+ Z A(n)ﬂ.

-1
Z<n<N log(xn=1) N<n<2x
2
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The first term of (10), remembering that x = N + 1/2, is

> A(n)ﬂ (11)

-1\
§<n<x—1/2 log(xn~1)

For x > 1 the Taylor expansion for log x gives

which allows to bound (11) with

1Y Am) (xn~Hb(xn~! + 1)

-1 _
§<n<x—1/2 (xn 1)
An)
=2"1xb A(n)n~P 4 2b —_—
X A DI e
E<n<x—1/2 E<n<x—1/2

We can now bound the right-hand side sum using Lemma 3.2. The second term
of (10), remembering that x = N + 1/2, is

(xn_l)b (x/(x — 1/2))b
S Am—2 L <logx - Y e/ =1/

" MogGen—1)[ =
(x/(x +1/2)) + Y A(n)
Toge/Ce+ 1/2)] s /o oo TogGen D[’

x—1/2<n<2x

+ log(x +1/2)

We can bound the right-hand side sum using [log(1 — x)| > x, which holds for
0 < x £1, and Lemma 3.2. This concludes the proof. O

It is interesting to note that in Lemma 3.3 it would be possible to obtain a
slightly better result splitting (10) at a point different than 2, but this would
require proving a customized variation of Lemma 3.2.

We can now prove Lemma 3.1, proceeding similarly to the proof of Theorem
8in [12] and Lemma 2.1 in [22].

Theorem 3.4. Let y be a Dirichlet character modulo q, and let T > 1 and x >
1126. Then

B
X
Y, x)—8CxI < ), = +Rx,T,q),
pez(onyi<r 1P
with
. logq
R*(x,T,q) =@ + Ry(T,x) + R3(T, x) + log 2 + Rs(T, x) + Ry«(T, q, x)

+ Rg(T, q,x) + logx + %M(T, q) + R (T, q, x),
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T+1 —
+1logq( ) T-1

(T, q) = ik

lo
2me T & 2me

+r1(T+1,CI)+r1(T—1aCI),

Ry(x,T) = R,(x,T,1 +log ™" x),

where we use (4) and (5) to make this last term completely explicit,

Ry(x,T) zﬂ“l;ogz(logx 4 Ol.ig817 R
. (x log x + %x - %) log x + x(log x + log 2 + 2) logzx),
rs(x,q) =2.5(1.75 log(gx) + o L ~+ 1
S+x2 0 x(2.25 4 x2)1/2
2= +331) 4062,

141
(3/2+ —)(ex +2.5 oex)
log x

Ry(T,g, %) = (rT+ 1,9 (a(T + 1,9 + 1)

27(T — 1)
+ max rs(x,q)),
T—1<x<T+1 s( q))
re(x) =(1.75 log(2 + |x|) + L +2.43
2.5+ x2

1
T T 025 + x2)2

) +0.62,

1 1 3 1
(ﬁ * ﬁ) G+ s
27(T — 1)

Rg(T,q,x) =

. <2r4(T +1,9)+ max r6(x)) ,

—(T+1)<x<T+1

qlog’q
Rll(T’ q, x) :(\/; + 2)\/_1T§ + (\/; + 1)(R0”1(q’ 1) logq

ri(q,T+1) logT q\/?
T+1 T log 2me + rl(q,T)).
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Proof. Aside for the result in Lemma 3.3 the proof is a more general version
of Theorem 8 in [12]. If ¥ (mod q) is induced by the primitive character y,
(mod g;) we have,
q
G = 902, 9] < oo, (12)
Thus, taking note of the above error term, we can focus on primitive characters.
Note that if y = y,, then the following argument holds with ¥(y, x) replaced
by ¥(x, x) — x. By Corollary 2.1 in [3], we have

D, 1<r(T,q), (13)

ly-T|<1

thus we can see that there exists a real T, such that |T — Ty| < 1 and

<ry(T,q) +1, (14)
ly — Tol a4

for any non-trivial zero p = 8 + iy of L(s, y). Defining x, = [x] + 1/2, we have

P(x, x) = P(x0, X)-

Now,
1 b+iT, 1/ X(S) 4
- _= - < .
¢@x)2ml%0<L@w>ss_&mﬂ as)
By Lemma 1 in [6] and using (4), we obtain
LT,
ves -5 [ (FFen)E a6)
Tt Jp_it,

Considering the difference between 1(x, y) and ¥(2.5, y), we obtain
N 2 N

b+iT, ’ — .
P(x, x) = 2ll f (—Ji(s x)) des+R4(X,T), 17)

i,
where, observing that |(2.5, y)| < log2, |[R4(x,T)| < Ry(x,T)+R5(x, T)+log2.
The difference between the main term of the right-hand side of (17) and its
analogue with x, replaced by x is at most

To
'/ b—1+iudx

In the last step we used (4), b = 1+log "X and |To—T| < 1. Thus (17) becomes

1

27 1,

du < Rs(T, x).

(b + iu, )()‘

b+iT, ’ s s
1 L x®—=2.5
P(x, x) = i f . (—f(s )) Tds+R6(x,T), (18)

with |Rg(x, T)| < |R4(x,T)| + Rs(x, T). We now take Q to be a rectangle with
vertices b +iT, and 1/2 + iT,. By Cauchy’s residue theorem we obtain

1 L x5 —2.5° xP —2.5°
3 (—f(s, )()) Tds =— Z —— +0logx, (19)
Q pez(X),|yYI<Ty
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with |6] < 1. By Lemma 9 in [6], (13) and (14), we obtain

L )
f(a + lTO,)()| Sry(T+1,9) (ry(T+1,9)+ 1)+ 15(Ty, Q).

Also by (9’) in [6] and (13)

LI
f(—l/z +ix, )()’ < 2ry(T,q) + re(x, T).
Hence il
+ido ’ s s
1 f ( L x> —2.5
— ——(s,)()) ————ds| < Ry«(T,q,x)
27i 12T, L S
and ;
—1/2+iT, , s s
1 f ( L x5 —25
— ——(s,)()) ——ds| < Ry(T,q,x).
27mi 12T, L S
Thus by (18) and (19)
P _D.5P
p=— 3 TTEX4R(T,q,%) (20)

p€z(X)ly|<Ty
with |Ry(T, q,x)| < |R¢(x,T)| + Ry(T,q,x) + Rg(T, q, x) + log x. By (13)

xP xP X
> re 2 7<

pE€z(),lyI<T pez(X),lYI<Ty r-1

V4(T, CI)

Thus (20) can be rewritten as

seo=— Y LT+ Y ELirTaex @)

pezColrl<T P pezolyi<T,

with |Ryo(T, q,x)| < |Ry(T, q, x)| + %Q(T, q). We can see that

P
> s ¥ &
pez(x)\l7I<T pez(),lyI<T+1 (22)

2.5 2.5
=+

pez(x)ly|<1 g pez(x),1<|y|<T+1 el

Now using Lemma 2.2 to bound the possible two Siegel zeroes, Theorem 1.1 to
bound the other zeroes and Lemma 2.1, we obtain

1 Valog’q
50

< + Ror1(g, 1) logg. (23)
pez(piri<t B(P)

Furthermore, by Lemma 2.1

T+1
T +1 ,
1 _n(q ) N f r1(q,y) dy. (24)
1

— <
pezoi<ly<r+1 1Pl T+1 )2
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‘We can also see that

xP xP xP
DD D 2
p€z(x) p pe€z(x) P pez(x) p
l7I<T,B<1/2 l71<1,8<1/2 1<|y|<T+1,6<1/2

Similarly to (23), as there is only one possible Siegel zero in this range,

x° \/Elng q
Z ol <Vx 00 + Ror1(q, 1) logq (26)
pez(y) P
ly1<1,8<1/2
and similarly to (24)
T+1
g ’ T 1 ’
Z X_S\/;(”l(q + )+f rl(qzy)dy). 7)
e 1] T+1 1 y

1<|y|<T+1,6<1/2

Here we can note that

fT“ rn@y) = logT \T
1

q
32 y<— log%+r1(T,q).

Thus by (21)-(27), we obtain

xP
¢(t’ X) + Z — S IRlo(T9 q, x)l +R11(T, qax)'

p€z(x)
ly|I<T,>1/2

This concludes the proof. O
We can now prove Lemma 3.1.

Proof. (Lemma 3.1) The result follows from Theorem 3.4, the choices for g, T, x
done in Lemma 3.1 and simple computations. We also used that

1
< 2.5(1.7510g(q(T + 1)) + ————
T—g;?é(THrS(x’ Q< 5( 751log(g(T + 1)) + 2.5+ (T —1)2
+ 1 + + 3.31) +0.62,
(T —1)(2.25+ (T — 1)2)1/2  &T —1)

1
max re(x) < 2.5 (1.75 log(2T +3)+ — + 3.43) + 0.62.
—(T+1)<x<T+1 2.5
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4. Proof of Theorem 1.2

Since (3) implies (2), we will focus on proving (3). We set

DY

7 ezt 1Pl

xB-1

5

where the external sum is over all Dirichlet characters modulo q. Now we need
to bound X and to do this successfully we split the sum as follows. For H > 1
and R > 0, we define

1 1
zo(x, H,R) ={p : 5< B<1- Rloggil’ ly| < H,L(p, x) = 0}
and
1 1
z(x, H,R) ={p : R <1 -PloggH < 4, Iyl <H,L(p, x) = O}
‘We define
B-1 B-1
X X
=), D, S——andZ; =), ) ,
X pE€zo(x.T,R) le] x p€z1(x,T.R) el
This gives us
xﬁo_l
0
‘We can see that
-1 T
Z X < %x—l/Rloqu <2N()(, 1) +/ M)
pezirrR) P! 1 t
and thus, by Lemma 2.1,
¥ < Mx—l/RIquT, (29)

2
with

2 q
S(T1 q) =E log % + Zrl(q’ 1)
1 q
+ e logT (logT +2 (log 3o + 1)) + 0.298.

We are now left with estimating X;. We start with the following estimate, that is
Lemma 2.2 in [22] with the corrected upper bound. In Lemma 2.2 the condition

exp , / % < (qT)'/®o* is misstated as exp , / Rio < (qT)Y/Ro?,
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Lemma 4.1. Let p = 8 + iy be a zero of L(s, y), with § < 1 — 1/Rylogqly|,
ly| < T and p # 0. Let A be such that 3 =1 — 1/ logqT, then

x—l/Rologq X
_ <
1-1/Ryloggq lfl)/l =1,
xf! 1 [l [loex
SHD =16V ifyl > 1andeV ™ < (@R,
x—A/logqT h X
qm otherwise.
\
Proof. When |y| < 1 we obtain
p—1 B-1 —1/Rylogq
x < X < X ’
P B~ 1-1/Rglogq

! L which follows from Theorem 1.1.

I >
using in the last step that § > Rologq = logx’

We may now assume y > 0. If y > 1, observing that
1 1
1 n ogY >2 1 loggq ’
Ryloggy logx Rylogx logx

xP~1
0

Lety, = é exp , / % and y; = q'/RA-1T1/Rd We may assume y, > y;. In the

case y < y; we have

we obtain

<

xP—1 x1/Rologqy 4 1/Rologqy, x—A/logqT
< < =(q )
P /4 4! (qT)V/Rok
. x/Rologar .
since is increasing below y,,. In the other case we have
xP—1 x/l/ logqT < x/l/ logqT x—/l/loqu
< < =q .
P 14 71 (gT)/Ro2
O
We now split Z; as follows
£-1 f-1
x x
el L et T @0
X pez1(x.T.R).lyI<1 x p€z1(x.T.R).ly[21

By Lemma 2.1, we obtain
p-1 x—1/Rylogq

X 1 q
- <29 (— log -— +ri(q, 1)) — . (3D
Z)(Ipezl(x,ZT;%),lylsl lol T 2me 1-1/Ryloggq

Now let p; = §; +iy; be all zeroes of [ [ (s, q) with §; =1—1;/logqT,1 <y; <
Tand1/Ry <A <Ay---.
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We now summarize some of the results in [12] about zeroes of [ [(s, q).

Lemma 4.2. Assuming qT > 8 - 10% then 1; < n;and 1, > & foreach i =
1,---,12 and n;, &; from Table 3 and 15 > 0.26213. Moreover, if gT > 10! then
A, > ¢y, With ¢, in Table 4.

Proof. See Theorems 1-2 and Tables 1, 3-5in [12]. O
il o | & |
1| 0.16 | 0.2605
21 017 |0.2477
3] 0.18 |0.2356
41 0.19 |0.2242
5| 0.20 |0.2135
6| 0.206 | 0.2074
7 1 0.2067 | 0.2067

Table 3: Bounds for 4, and 4,

nl| 4 | 5] 6] 7 ] 10 | 18
on | 0.280.31]0.32]0.33 0.36 | 0.39
n || 45 | 91 | 146 | 332 | 834 | 7000
on | 0427 0.45 | 0.46 | 0.47 | 0.475 | 0.478

Table 4: Bounds for 4,,, forn > 4

Now using Lemmas 4.1 and 4.2, we can obtain an upper bound for Z;, with
the sum restricted to |y| > 1. We are thus summing x#~1 /|| over the zeroes o
of L(s, x), with1—1/RlogqT < ; <1—-1/RylogqT and 1 < |y;| <T.

Corollary 4.3. Assume qT > 10'%, then, for somei =1,---,6,

DI

X p€z1(x,T,R),|y|=1 ol

xf-1

(32)

J
<2q min | p(n) + p(§in) + 2 Myp(maxiEi, vy |,
E P

with R = R;; = 1/ max{§; 11,41} and M; and v; defined in Table 5.
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1 2 3 4 5 6 7
0.2621310.27|0.30(0.32] 0.33 | 0.36 |0.39
1 1 1 1 4 7 47

8 9 |10 | 11 | 12 13
0.42 [0.45]/0.46/0.47|0.475|0.478

57 55 | 186 | 502 | 6166 | -

~.

[~.

E\T} . \'E

f~.

Table 5: Sizes of v i and M j

By Theorem 1.1, Theorem 3.4, (28)-(32) we prove Theorem 1.2, with

R*(x,T,q)loglog x
C(ay, ary, Yy) =max max ( ( 9)loglog
x2Y( g<log™

a
> +qlog”x
log™ x

1 q ) x~1/Rologq
(2(=log —=— +ri(q,1) | —————
( (71 %% ore ra.1) 1—-1/Rylogq (33)
1
; ~ZS(T —1/R; jlogqT
o i, (35T 0%
J
+ 2(u) + p(Ein) + Y Myp(maxtEiy, v;D)))
j=1
Note that with our choice of T we have gT > 10! for loglog x > %. Table
1 2

6 follows by simple computations.

5. Proof of Theorem 1.4

Let y* be the primitive character modulo g*, that induces y modulo g. Then
by (12) and noting that ¢(x, y,) = p(x), we have

(x) 1 . lo
prao-E0< ol T g+ o,
PD ™ 2D |, modgrrtre 0g
Hence we obtain
(x)
Z lp(x’ q’ a) - %
q<Q.q0tq g
QlogQ 1 N
T g2 + ) D »(x, x*)
g qSQ,qurqgo q x  (mod q),x#xo
QlogQ 1 1 *
< +H 2 == 2 == 2 ¥&xx0)|
log2 1<m<Q p(m) 1<q=<Q.q90tq (@) x (mod q)
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%
where Z (mod g denotes the sum over all primitive characters y (mod q).

By Theorem A.17 in [16], we can bound the last equation with

1
Ql ngQ + %logx Z 1
°8 1<q<Q.q01q ?(9)

S e ).

x (mod q)

(34)

We now split the sum in (34) at Q; = logA x. We start bounding the sum up to
Q,, by Theorem A.17 in [16], with

1 *
Y ——=| 2 ¥xn
1<q<Q1.90tq (@) x (mod q)
<c;(1+ Aloglogx max * X, .
1 glogx) max ) (%:,)d i »(x, x)
‘We can now see that
* 1 (x, xo)
D )| < x| -1+ < D e p)| +x'TO - 1'
x (mod q) x (mod q)
1 ¢( x) logq
< — — I’ _ o7
<x|-1+< > )| |+ x ' Tog2
x (mod q)
11log 10
and, by Theorem 1.2, Theorem 1 from [20] and loglog x > max {7, —}, we
can bound this with
C(A,A—3,X,)x xPo
+ —_—
log™ ™3 Bo
og "X (35)
Aloglogx
1.52 _ o
+ 34x(log x) exp( 0.81 logx) + g2

Since qq 1 g implies g < Q; is not exceptional, by Theorem 1.1, we have
1

xﬁo xl_ 2ARq loglog x
T X T (36)
Bo ~ 71—

2AR, loglog x

We now want to bound the part of the sum in (34) from Q; to Q. By Theorem
1.2in [1] and partial summation, we obtain

ZL

0,<9<0 P(@

7

Z bx, )! 4coxlog2 x+
x (mod q)
u (37)

7 T 5 5
+ co(log x):2 (4\/;10{;‘4 x+4 )i +18 xf + 5x6 + gxé log x).
log™ x log? x

Now Theorem 1.4 follows from (34)-(37).
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Appendix
Yo |og | a | C Yo | |ap | C Yo |og |ap | C
43|11 [1 [167 86 2 |7 [9.9-1077 744 |4 [19-1072
441 |1 | o065 7512 |8 | 255.04 86 |4 |4 |[1-107°
74|11 |1 |93-10°° 76 |2 |8 | 071 754 |5 ]1833
49 |1 |2 |225 88 (2 |8 |67-1077 76 14 |5 | 71-1072
5 1 |2 |066 7712 |9 | 7514 88 4 |5 |68-107°
75|11 |2 | 78-10° 7712 |9 |1 7714 |6 | 5575
551 [3 [181 9 [2 |9 |46-1077 78 14 |6 |o011
56 1 |3 |03 79 |2 | 10 | 765.84 9 4 |6 | 46-1077
76 |1 |3 |66-107° 8 |2 |10 043 79 4 |7 | 6204
501 [4 [919 92 |2 |10 31-1077 8 |4 |7 |51-1072
6 1 |4 |093 593 |1 [758 9214 |7 |32-1077
76 |1 |4 |67-10°° 6 3 |1 |0.87 814 |8 [2026
631 |5 |1167 7313 |1 |13-107 82 |4 |8 |62-1073
64 |1 |5 |06 633 |2 178 93 |4 |8 |26-1077
7711 |5 |56-10° 643 |2 |o011 834 [9 |15
671 |6 |1.78 76 |3 |2 | 7-107° 84 |4 |9 |15-10"
68 |1 |6 |3.6-1072 66 |3 |3 |552 95 |4 |9 | 18-1077
8 1 |6 |32-10° 673 |3 |021 84 |4 |10 ] 276.47
7 1 [ 7 [133 793 |3 |39-10°° 85 |4 | 10| 1.9-1072
71101 |7 |12-1072 693 |4 | 866 96 |4 |10 | 1.5-1077
831 |7 |18-107° 7 3 |4 |017 7 5 [1 [283
7211 |8 [283 82 |3 |4 |22-10° 7115 |1 | 47-1072
73|11 |8 |0.16 7213 |5 | 3.08 8215 |1 |22-107°
85|1 |8 |12-10°° 73|13 |5 |24-1072 725 |2 |414
7511 |9 [096 853 |5 |12-10° 73 |5 |2 | 43-1072
7611 |9 |17-1073 7413 |6 | 3087 845 |2 |15-107°
871 |9 |81-1077 75|13 |6 | 014 74 5 |3 | 444
7711 [10] 228 87|13 |6 | 82-1077 755 |3 | 27-1072
78 |1 |10 | 19-1073 76 |3 |7 | 144.06 87 |5 |3 |83-1077
89 |1 |10 | 55-1077 7713 |7 | 034 76 |5 |4 | 857
522 [1 |36l 89 |3 |7 | 56-1077 77|15 |4 | 28-1072
5312 |1 |082 78 3 |8 | 2636 89 |5 |4 |56-1077
692 |1 |27-107° 7913 |8 |029 7815 |5 | 1508
5712 [2 [1.91 913 |8 |38-1077 79 |5 |5 |23-1072
5812 |2 |027 8 3 |9 | 15444 915 |5 |38-1077
7312 |2 |13-107° 813 |9 | 65-102 8 5 [ 6 |986
612 |3 [421 93113 |9 |26-1077 815 |6 |61-1073
622 |3 |035 823 |10 22.78 9215 |6 |32-1077
762 |3 |68-107° 83 |3 |10 32-1073 825 |7 [173
652 |4 |217 94 |3 |10 22-1077 83 |5 |7 |37-107*
662 |4 |82-1072 654 |1 |59 945 |7 |22-1077
78|12 |4 |47-107° 66 |4 |1 |o028 835 |8 | 39148
682 |5 [479 78 |4 |1 | 48-107° 84 |5 |8 | 62-1072
69 |2 |5 |94-1072 68 4 |2 [143 95|5 |8 | 18-1077
812 |5 |26-107° 69 |4 |2 |35-1072 855 |9 | 764
712 |6 | 248 81 |4 |2 |27-10° 86 |5 |9 |32-107*
7212 |6 |21-107% 7 |4 |3 [1381 9715 |9 |12-1077
84 |2 |6 |15-10°° 714 |3 | 025 86 |5 |10 ] 701.51
7312 |7 |361 83 |4 |3 |18-10°° 87 |5 | 10| 1.9-1072
7412 |7 |019 734 |4 | 269 98 |5 | 10| 9.9-1078

1435
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Yo |og |y | C Y, a | ap | C Yy a | a | C
7416 |1 |31 98 |7 [7 [99-1078 88 |9 [4 [73.1073
75|16 |1 |19-1072 87 |7 |8 |[2071.16 98 |9 |4 |1-1077
85|6 |1 |13-10°° 88 |7 |8 |012 88 |9 |5 |[48325
756 |2 |170.94 99 |7 |8 [82-1078 89 [9 |5 |0.15

76 |6 |2 |0.92 89 |7 [9 |1.34 99 |9 |5 |83.-1078
8716 |2 |84-1077 9 7 19 |3-107° 89 |9 |6 |1030.28
7716 |3 |41.41 1017 |9 |56-1078 9 9 |6 | 002
78|16 |3 |012 9 7 |10 | 20.07 10 |9 |6 |68-108
89 |6 |3 |57-1077 91 |7 |10 6.6-1075 9 9 [ 7 ]1571.49
7916 |4 [634 102 |7 |10 | 46-1078 91 |9 |7 |0.19

8 6 |4 |11-1072 8 8 |1 | 12148 1029 |7 |46-1078
916 |4 |39-1077 81 [8 |1 |025 91 |9 |8 |[1673.84
816 |5 |118 91 [8 |1 |39-1077 92 |9 |8 |013
8216 |5 |84-107* 82 [ 8 |2 | 295 1039 |8 |38-1078
93|16 |5 |26-1077 83 [8 |2 |44-1073 92 [ 9 [9 [124331
826 |6 | 28577 93 |8 |2 |27-1077 93 |9 |9 |52-1072
83|6 |6 |99-1072 83 [ 8 [3 | 643 1049 |9 |32-1078
94 |6 |6 |22-1077 84 [8 |3 |o011 93 [ 9 |10 741.93
846 |7 |1534 94 |8 |3 |22-1077 94 |9 |10 ]14-1072
85|6 |7 |17-1073 85 |8 |4 [122 1059 |10 | 2.6-1078
96 |6 |7 |15-1077 86 |8 |4 |12-1073 86 |10 |1 | 10.61

85| 6 |8 | 1872.72 96 |8 |4 |15-1077 87 |10]1 |63-1073
866 |8 |013 86 |8 |5 |883 95 [10 |1 |19-1077
976 |8 |12-1077 87 |8 |5 |57-1073 87 |[10]2 | 169.88
876 |9 |7.58 97 |8 |5 |13-1077 88 |10 |2 | 74-1072
8816 |9 |12-107* 87 |8 |6 | 166.66 9.7 |10 |2 |13-1077
99 |6 |9 |82-1077 88 [8 |6 |73-1072 88 |10 | 3 | 4868

88 |6 | 10 | 315.52 99 |8 |6 |82-1078 89 [10 |3 |0.15

89 (6 |10 | 28-1073 88 |8 |7 | 49545 98 |10 |3 |11-1077
10 |6 |10 6.7-1078 89 [8 |7 |015 89 [ 10 |4 | 1031.98
7717 |1 |4531 10 |8 |7 |68-1078 9 10 |4 |02
78|17 |1 |016 89 [8 [8 | 1363.62 10 104 |68-1078
88 |7 |1 |7-1077 9 8 |8 |02 9 10 [ 5 | 1571.13
797 |2 |398 1018 |8 |56-1078 91 [10|5 | 019

8 7 |2 |82-1073 9 8 |9 | 7602.09 101 |10 | 5 | 56-1078
9 |7 |2 |47-1077 91 [8 |9 |o021 91 [10 |6 | 1666.25
8 7 |3 |86.56 1028 |9 |46-1078 92 (10 |6 |013
817 |3 |013 91 |8 |10 ] 71285.9 102 |10 | 6 | 46-1078
92 |7 |3 |32-1077 92 |8 |10 026 92 [10 |7 [119471
8217 |4 [228 103 |8 |10 | 3.8-1078 93 |10 |7 |52-1072
837 |4 |37-1073 83 [ 9 [1 | 90.88 10310 |7 | 3.8-1078
94 |7 |4 |22-1077 84 |9 |1 |o014 93 [ 10 ] 8 | 561.72
8317 |5 |7636 93 |9 |1 |27-1077 94 |10 |8 |14-1072
84 |7 |5 |o011 85 |9 [2 [132 104 |10 | 8 | 3.2-1078
957 |5 |18-1077 86 |9 |2 |12-1073 94 [10]9 | 167.76
857 |6 |1.59 95 |9 |2 | 18-1077 95 [ 109 |24-1073
867 |6 |12-1073 86 |9 [3 | 898 10510 |9 | 26-1078
97|17 |6 |12-1077 87 |9 |3 |57-1073 95 [ 10| 10 | 30.8

86 |7 |7 |3992 96 |9 |3 |15-1077 96 |10 |10 | 23-107*
87 |7 |7 |69-1073 87 |9 [4 | 16647 10.6 | 10 | 10 | 2.2-1078

Table 6: Values for C(ay, a,, Yy) (Theorem 1.2)
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