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Infinite families of reciprocal monogenic
polynomials and their Galois groups

Lenny Jones

ABSTRACT. We prove a new irreducibility theorem for a particular class of
polynomials, and we use it to construct infinite families of reciprocal mono-
genic polynomials. These results extend previous work on reciprocal sextic
polynomials to reciprocal polynomials of degree ¢ (2%¢®), where g € {3, 5,7},
and a > 0, b > 1 are integers. As an application, we construct infinite fami-
lies of reciprocal monogenic polynomials with prescribed Galois group.
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1. Introduction

Throughout this article, for f(x) € Z[x], when the words “over F" are omit-
ted from the statement “The polynomial f(x) is irreducible over [F", it is to be
understood that F = @, unless contextual restrictions dictate otherwise. We
say f(x) is reciprocal if f(x) = x9&)f (1/x). We let A(f) and A(K) denote
the discriminants over Q, respectively, of f(x) and a number field K. If f(x)
is irreducible, with f(8) = 0 and K = Q(8), then we have the well-known
equation [6]

A(f) = [Zx = ZI6T) AK), (1.1)
where Zy is the ring of integers of K. We say that f(x) is monogenic if f(x)
is irreducible and Zx = Z[6], or equivalently from (1.1), that A(f) = A(K).
In this situation, {1,9, 62, ...,609¢8/~11 i5 a basis for Zg, making computations
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easier in Zg, as in the case of cyclotomic polynomials ®,(x) of degree ¢(n) [28].
We see from (1.1) that if A(f) is squarefree, then f(x) is monogenic. However,
the converse is false in general, and when f(x) is monogenic and A(f) is not
squarefree, it can be difficult to show that all square factors of A(f) are, in fact,
factors of A(K).

Recently [19], the construction of infinite families of monic sextic recipro-
cal monogenic polynomials f(x) was given, with Gal(f) ~ D,, where Gal(f)
denotes the Galois group of f(x) over Q, and D,, denotes the dihedral group of
order 2n with n € {3,6}. It is the primary goal of this article to extend some
of the results from [19] to larger degree polynomials. More precisely, we prove
the following:

Theorem 1.1. Leta > Oandb > 1beintegers. Letq € {3,5,7}and let N = 2°¢gP.
Letr > 3 be a prime such that r is a primitive root modulo g>. Then there exist
infinitely many primes p such that

Fp(x) 1= y(x) + 4rg? px*™N/2 is monogenic, (1.2)
where ®y(x) is the cyclotomic polynomial of index N.

Remark 1.2. Theorem 1.1 can be extended to primes q with 11 < g < 211, but
this extension is conditional on the abc-conjecture for number fields.

To provide some applications of Theorem 1.1, we prove the following:

Theorem 1.3. Let q € {3,5,7} and let r > 3 be a prime primitive root modulo
q®. Then, there exist infinitely many primes p such that, when
I. g=3
all of Frpp(X), Frgp(X), Fasp(x) and F3e ,(x) are simultaneously re-
ciprocal monogenic polynomials with Gal (F1,,,) = 4T2, Gal (F15 ) =
6T3, Gal (F14,,) = 8T9 and Gal (F 4 ,) = 12T10,
II. g =5,
both ¥ ,(x) and ' ,(x) are simultaneously reciprocal monogenic poly-
nomials with Gal (5 ,) = Gal (Fy,,) = 4T3,
L. g =7,
(a) F7 p(x)is areciprocal monogenic polynomial with Gal (?7,1,) = 6T11,
(b) Fr4,p(x) is a reciprocal monogenic polynomial with Gal (F 14,p) =
6T11.

Remark 1.4. For clarification, the infinite sets of primes for which I., II., III.
(a) and III. (b) hold are not the same.

All computer computations in this article were done using either MAGMA,
Maple or Sage.

2. Basic preliminaries

In this article, we make use of the “T"-notation for transitive groups as given
in MAGMA and [5,10,21]. For the convenience of the reader, Table 1 gives some
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common “AKA"-group names for groups isomorphic to certain “T"-notation
groups. We let C,, denote the cyclic group of order n, D,, denote the dihedral
group of order 2n, and S,, denote the symmetric group on n letters of order n!.

T-name AKA-names
4T2 C, xC,
4T3 D,
6T3 C, X S3, Dy
6T11  C, X S,;,Cy283
8T9 C, X Dy

12T10 C3 X S;

12T139  (Cy X C,) S,
TABLE 1. Some common AKA group names for certain T-groups.

Lemma 2.1. [24] Let m > 1 and n > 1 be integers. Let p be a prime with n = 0
(mod p). Then
q)pn(x) =@, (xP).

Theorem 2.2. [12] Let p be a prime such that p 4 n. Let ord,,(p) denote the order
of p modulo n. Then ®,(x) factors modulo p into a product of $(n)/ ord, (p) dis-
tinct irreducible polynomials, each of degree ord,,(p). Moreover, for any positive
integer m,

© pun(X) = B, (x)*P™  (mod p).
Definition 2.3. [6] Let R be an integral domain with quotient field K, and
let K be an algebraic closure of K. Let f(x),g(x) € R[x], and suppose that
fx)=a H:il (x —a;) € K[x] and g(x) = b H?zl (x — B;) € K[x]. Then the
resultant R(f,g) of f and g is:

R(f.g)=a"[]g(a) =D ] fB).

i=1 i=1

Theorem 2.4. Let f(x) and g(x) be polynomials in Q[x], with respective leading
coefficients a and b, and respective degrees m and n. Then

A(fog) = (~1ym /2. qn=lpmimn=n=DA(f)"R(f og, &)
Remark 2.5. As far as we can determine, Theorem 2.4 is originally due to John
Cullinan [9]. A proof of Theorem 2.4 can be found in [16].
The next two theorems are due to Capelli [27].

Theorem 2.6. Let f(x) and h(x) be polynomials in Q[x] with f(x) irreducible.
Suppose that f(a) = 0. Then f(h(x)) is reducible over Q if and only if h(x) — a
is reducible over Q(a).
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Theorem 2.7. Let s € Z with s > 2, and let « € C be algebraic. Then x° — a
is reducible over Q(«) if and only if either there is a prime p dividing s such that
a = BP for some B € Q(a) or 4 | s and a = —4p* for some B € Q(a).

The next theorem follows from Corollary (2.10) in [25].
Theorem 2.8. Let K and L be number fields with K C L. Then
A(K)ILK] | A(L).

The following theorem is sometimes refereed to in the literature as Dedekind’s
Criterion.

Theorem 2.9 (Dedekind [6]). Let K = Q(6) be a number field, T(x) € Z[x] the
monic minimal polynomial of 6, and Zx the ring of integers of K. Let q be a prime
number and let * denote reduction of * modulo q (in Z, Z|x] or Z[6]). Let

k
T(x) = [t
i=1

be the factorization of T(x) modulo q in Fy[x], and set

k
gx) =[] ),
i=1

where the ti()i) € Z|[x] are arbitrary monic lifts of the t;(x). Let h(x) € Z[x] bea
monic lift of T(x)/g(x) and set

h(x)—T
g(x)h(x) — T(x) cz

F(x) = 7

[x].

Then o
[Zkx : Z[6]] #0 (mod q) < gcd (F,g,h) = 1linF,y[x].

The following well-known theorem is also due to Dedekind.

Theorem 2.10. [8] Let f(x) € Z[x] be monic and irreducible of degree n. Let p
be a prime such that p + A(f). If f(x) factors in ;[ x] as a product of irreducible
factors of degrees ny, n,, ..., n,. Then Gal(f), when viewed as isomorphic to a sub-
group of the symmetric group S,, contains a permutation oo, --- &, wWhere ; is
a cycle of length n,.

Theorem 2.11. Let f(x) € Z[x], and suppose that f(x) factors into a product
of distinct irreducibles, where the largest degree of any irreducible factor of f(x)
is d. Define

Ny (X) = |{p £ X : pisprimeand f(p) is squarefree}|

Then, the following asymptotic holds unconditionally if d < 3, and holds, assum-
ing the abc-conjecture for number fields for f(x), if d > 4:

X
Ni(X)~cCcr—m
FX) ~cy 0g(0)’
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where ( 2)
pr(t
= 1— 2L 7
Cf t’gle( f(f - 1))

and p; (£2) is the number of z € (Z/¢>Z)" such that f(z) =0 (mod ¢2).

Theorem 2.11 follows from work of Helfgott, Hooley and Pasten. To be more
explicit, Hector Pasten has relayed to us (private communication) the follow-
ing information. We consider first the unconditional part (d < 3) of Theorem
2.11. The case when f(x) is a single irreducible cubic is settled in [17, Main
Theorem]. Then one can use a key estimate from the proof of Helfgott’s main
theorem in [17], along with [26, Lemma 3.2 and Lemma 3.3] and an asymptotic
formula for N ;(X) from [26, p. 728], to handle the cases when f(x) is a product
of only cubics, only quadratics or only linear polynomials. The situation when
f(x) is the product of irreducibles of various degrees, all smaller than 4, is ad-
dressed in [18, Chapter 4]. The conditional part (when d > 4) of Theorem 2.11
follows from [26, Theorem 1.1].

The following immediate corollary of Theorem 2.11 is a main tool for the
proof of Theorem 1.1. We require only the unconditional part here.

Corollary 2.12. Let f(x) € Z[x], and suppose that f(x) factors into a product
of distinct irreducibles, where the largest degree of any irreducible factor of f(x)
is d. To avoid the situation when cy = 0, we suppose further that, for each prime

¢, there exists some z € (Z/fzz)* such that f(z) # 0 (mod ¢2). Ifd < 3, or
if d > 4 and assuming the abc-conjecture for number fields for f(x), there exist
infinitely many primes p such that f(p) is squarefree.

Remark 2.13. If for some prime ¢, there does not exist z € (Z/¢ ZZ)* such
that f(z) # 0 (mod ¢2), we say that f(x) has an obstruction at €.

Theorem 2.14. [6] Suppose that deg(f(x)) = n. If f(x) is irreducible, then
Gal(f) is isomorphic to a subgroup of the alternating group A, if and only if

\VA(f) € Z.

Theorem 2.15. [7] Let q be a prime and let f(x) € Z[x] be a monic q-Eisenstien
polynomial with deg(f) = n. Let K = Q(a), where f(x) = 0. Ifn Z 0 (mod q),
then q"1||A(K).

Definition 2.16. [23] The Chebyshev Polynomials of the First, Second and Fourth
Kind, respectively T, U,, and W, are defined as:

To(x)=1, Tiy(x)=x and T,(x)=2xT,_1(x)—T,_,(x) forn>2,
Up(x)=1, U;(x)=2x and U,(x)=2xU,_;(x)—U,_»(x) forn > 2,
Wo(x) =1, Wi(x) =2x+1and W,(x) = 2xW,_1(x) = W, _,(x) forn > 2.

Definition 2.17. [22] The Vieta Polynomials V,, are defined as:
Vo(x)=0, Vix)=1 and V,(x)=xV,_1(x)—V,_,(x) forn>2.
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Proposition 2.18. LetT,, U,, V, and W, be as defined in Definitions (2.16) and
(2.17). Then

(D 23] 2T, (x) = Wy(x) — Wy_1(X),

Y

@) 231,00 = U ((22) ),

(3) [22,23]V,(x) = Uppy (x/2),

(4) [15]Vy(x) = (x* - 4)(‘1_1)/2 (mod q) for any prime q > 3.

Proposition 2.19. [1,11] Let n > 2 be an integer and let
2n

f(x) =Y a;x) € Z[x],

j=0
where a; = a,,_; for all j, so that f(x) is reciprocal. Define an nth degree poly-
nomial g(u) € Z[u], by

glu):i=a,+2 Z a,_jT;(u/2). (2.1)
j=1
Then
flx) = x"g(x +x71). (2.2)

The following corollary is immediate from Proposition 2.19.

Corollary 2.20. Every zero p # +2 of g(u) corresponds to the two distinct zeros

(p +1/p2% — 4)/ 2 of f(x). In particular, every real zero of g(u) in the interval

(=2, 2) corresponds to a conjugate pair of distinct nonreal zeros of f(x) on the
unit circle. Moreover, if g(u) and f(x) are irreducible, it follows that Gal(g) is
isomorphic to a subgroup of Gal(f).

The following proposition is a generalization, from Q to an arbitrary field F
with char(F) # 2, of some special cases of results in [3].

Proposition 2.21. Let [ be a field with char(F) # 2.
(1) Let f(x) = x*+cx?+1 € F[x]. Then f(x) is reducible over F if and only
if at least one of
-4, —c+2 or —-c-2

is a squarein [F.

(2) Let f(x) = x*+bx3+cx?>+bx+1 € F[x], with b # 0. Then f(x) factors
over [F into the product of two irreducible quadratics if and only if at least
one of

8+b*—4c, b2—2c—4—2Va—4b24+4c+c2 or

b2 —2c —4+2V4 — 4b2 + 4c + ¢2
is a square in [F.

The next proposition is a special case of the results in [13].
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Proposition 2.22. [13] Let f(x) € Z[x] be monic and irreducible, with deg(f) =
m. Then f (xzs) isreducible if and only if there exist So(x), S1(x) € Z[x] such that
either
(=1 f(x) = (So(x))” = X ($1(x))”, (2.3)
or
s> 2and f (x2) = (So(x))” = x (S, ()" 2.4
Theorem 2.23. [20] Let f(x) = x* + bx? + d € Q[x] be irreducible. Then
(D) Gal(f) ~C,x C, = \d e
(2) Gal(f) ~ C, <> \Jd(b?> —4d) € Q
(3) Gal(f) ~ D, < Vd ¢ Qand+/d (b? — 4d) & Q.
Proposition 2.24. [14] Let H(x) = x> + ax? + bx — ¢* € Z[x] be irreducible.
Then h(x) = x° + ax* + bx? — ¢? is reducible if and only if h(x) = x* + 2ax? —
8cx + a® — 4b has exactly one integer zero.

Theorem 2.25. [14] Let f(x) = x® + bx® + ¢3 € Z[x] be irreducible, and let
g(x) = x> —3cx — b. Then

L) CaxSy ifVyA(g) € Z
D= e, A ez

Remark 2.26. If c = 1 in Theorem 2.25, then f(x) is reciprocal, and g(x) is
precisely the polynomial g(u) in (2.1).

The following theorem follows from Algorithm 2.3 in [2].

Theorem 2.27. [2] Let f(x) = x°® 4+ ax* + bx? 4+ ¢ € Z[x] be irreducible. Let
h(x) = x% — bx* + acx? — c¢? and let d = a?b* — 4b> — 4a’c + 18abc — 27¢2.
Suppose that none of —c, d and —cd is a squarein Z.

(1) If h(x) is reducible, then Gal(f) = 6T3.

(2) If h(x) is irreducible, then Gal(f) = 6T11.

3. More preliminaries: new results

We require the following additional new machinery for the proof of Theorem
1.1. Throughout this section, we let

Fni(x) 1= Oy(x) + 4ktxtP/2, (3.1)

where N = 2%g®, g > 3is prime, @ > 0 and b > 1 are integers, k is some
prescribed nonzero integer constant, and ¢ is an indeterminate. The first lemma
is of interest in its own right.

Lemma 3.1. Letr > 3 bea prime that is a primitive root modulo g2, where g > 3
is prime. Let k = r in (3.1). Then Fy ,(x) is irreducible for all integer values of t.
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Proof. We consider two cases: 0 < a < 1 and a > 2. Suppose first that 0 <
a < 1,sothat N = q° or N = 2q". Observe that

Fni(x) =Dy(x) (modr).

Since r is odd and r is a primitive root modulo g2, then r is a primitive root

modulo g® and 2q® for all integers b > 1 [4]. Thus, it follows from Theorem 2.2

that #y ((x) is irreducible over F,, and therefore, also irreducible over Q.
Suppose now that a > 2. By Lemma 2.1, we have that

Fraqn () = Fogo (xza_l) )

Since we have shown that F,. ,(x) is irreducible, we can use Proposition 2.22
to show that F5ag ((x) is irreducible. We assume that F5ag ,(x) is reducible
and show that the assumption of either condition (2.3) or (2.4) leads to a con-
tradiction. For both arguments, we let Sy(x) € Z[x] and S;(x) € Z[x], where

$(N)/2—-1 A H(N)/2—1 .
So(x) = x¥WN)/2 4 Z c;x/ and  S;(x) = Z d;xJ, (3.2)
j=0 Jj=0

with N = 2q® assuming (2.3) holds, and N = 4q® assuming (2.4) holds.
We assume first that (2.3) holds. Noting that deg (F,4 (X)) = ¢ (2¢°) =0
(mod 2) and using (3.2), we have that

Fogp 1(X) = P () + 4rtx? 1 @D/2 = (So(x))2 —x (Sl(x))2 . (3.3)
Then,
Fog i (X) = Popp(x)  (mod 2)
=@, (xqbfl) (by Lemma 2.1)

= x@ D" 4§ x@ 0 44 x0T 1 x0T 41 (mod 2), (3.4)

and
5 5 p(N)/2-1 pN)/2-1
— PN 2.2j 2,.2j+1
(So(x))” — x (S;(x))” = x*™N) 4 Z cx J + Z djx J+1 (mod 2)
j=0 J=0
= o) 2 $(N)-1 2 $(N)—2
xPE + d¢(N)/2_1x + Chny 21 + (3.5)

2,.5 2.4 2,3 2 2 2
o dix” +oxt +dix” + e x” +dgx + ¢,
where N = 2¢°. Let

J={0,1,..,¢(N)/2 -1} ={0,1,...,(g — Dg’~t/2 — 1},
J. =10,q"71,2¢"7, ..., (g — 3)¢*~1/2} and
Ja={@" 1 - 1)/2,(3¢" = 1)/2,...((g — 2)¢"' = 1)/2}.
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Then, equating coefficients in (3.11) and (3.5), yields:
¢j=1 (mod2) ifjel,
¢;j=0 (mod2) ifjeJl\J,
dj=1 (mod?2) ifjely,
dj=0 (mod2) ifjeJ\Jjy.

(3.6)

Now we equate coefficients in

(So(x))” = X (5100))° = F g (%), (3.7)

and focus on the coefficient C of x", where n = qb‘l. We define ¢, := 1, when
q = 3. Then, using (3.6), this computation reveals, for the left-hand side of
(3.7), that

(n-1)/2 (n—3)/2
C=2| >, cicpj— 2, djdnij ~d?, ), =260c,~1 (mod 4), (3.8)
j=0 j=0

while for the right-hand side of (3.7), we get

co{ it STl (mody) g (3.9)

-1 =-1 (mod4) ifg>5.
Combining (3.8) and (3.9), we deduce that
2¢ocp, =0 (mod 4),

which is impossible, since ¢y = ¢, =1 (mod 2). Thus, Fpag ((X) is irreducible
ifa=2.
Suppose then that a > 3 and assume condition (2.4) holds. Then

b— —
?qu’[ (xZ) — qub (x2) + Art (xz)q l(q 1)/2

= Dy (X) + 4rtx?""'@D (by Lemma 2.1) (3.10)
2 2
= (So(x))” — x (S1(x))".
Thus, from (3.10) and Lemma 2.1, we have that
.rfrqu,[ (xz) = q)qu (xz) (mod 2)
=, (xqu_l) (mod 2)
=x2"7'@D 4 x20"7@D 4 .. 4 %20 41 (mod 2). (3.11)
Let
J={0,1,..,¢(N)/2—1}={0,1,...,(g — Dg’~! — 1}

and
T={0.g"""2¢", ..(g — 2)¢"7}.
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Then, equating coefficients in (3.11) and (3.5) with N = 4q", yields:

dj=0 (mod?2) foralljel,
c;j=1 (mod2) foralljeld, (3.12)
¢;=0 (mod 2) forallje]\f.

As in the previous argument, we equate coefficients in
2 2
(So())” = x ($1(0))" = Fogp (x%) = Fagn (), (3.13)

and focus on the coefficient C of x", where n = qb_l. For the left-hand side of
(3.13), using (3.12) we get that

(n-1)/2 (n—3)/2
C=2 Z CjCnj— Z did,_1_j |- d(zn—1)/z =2cyc, (mod 4),
j=0 j=0

while for the right-hand side of (3.13), we see that C = 0. Then, since ¢y = ¢, =
1 (mod 2), we arrive at the same contradiction as in the previous case. Hence,
Fagp 1(x) is irreducible for any integer ¢. O

We require formulas for A(¥y ) in the indeterminate ¢, where N € {q, 2q}
and k = rg?in (3.1). Later, we will set r equal to an odd prime thatis a primitive
root modulo qz, but for now, r can be thought of as an arbitrary nonzero con-
stant. We use (2.1) in Proposition 2.19 to construct the polynomials g,(u), with
a € {0, 1}, corresponding respectively to the reciprocal polynomials Fag;(x),
with a € {0,1}:

-

(g-1)/2
arg’t+1+2 ), Tiw/2) ifa=0
j=1
8a(u) = (3.14)
(g-1)/2 _
4r’t + (D@ V2142 > (-1VT;w/2)| ifa=1.
j=1

Lemma 3.2. Let g,(u) be as in (3.14). Then gy(u + 2) and g,(u — 2) are g-
Eisenstein. Consequently, g,(u) is irreducible for all integers t.

Proof. We first consider g,(u). Define

(g-1)/2
yow) :=1+ Y. 2T;(u/2),

j=1
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so that go(u) = 4rgt + yo(u). Then, by Proposition 2.18, we have that

(g-1)/2
o =1+ Y, (W;w/2) - W;_1(u/2))
j=1

=1+ Wy-1)2m/2) = Wy(u/2)

= Wg-1),2(1/2)

/
U, (%)

=V, ((u+2)"?)

(3.15)

=(u-— 2)([1_1)/2 (mod q).
Hence, noting that V,(2) = g, we deduce from (3.15) that
80(2) = 4rg’t +yo(2) = 4rg’t + Vo(2) = 4rg’t + g = q (mod g?),
and
go(u +2)=ulY2 (mod q).
Thus, go(u + 2) is g-Eisenstein and gy(u) is irreducible.
To examine g,(u), define

(g-1)/2 .
) =1+ Y (-1Y2T;(u/2),

j=1
so that g;(u) = 4rq?t + (—1)4~Y/2y,(u). Since T,,(x) is an even function if n is
even, and an odd function if n is odd [23], it follows that

(@-1)/2
nw=1+ Y 2T;(-u/2).

j=1
Then, using Proposition 2.18 and proceeding as in (3.15) yields
7@ =V, (—u+2)"2) = (~1)@D2 @+ 2y (mod g).
Therefore,
g1(=2) = 4rg?t + (-1)4"V/2y,(-2)
= 4rg’t + (1) V2V (2)
= 4rg’t + (-1)4"V/2q
= (-DWV/?q (mod ¢°),

and
g(u—2) = (-D)@ /2@ /2 (mod g).
Thus, g;(u — 2) is g-Eisenstein and g, (u) is irreducible. O
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Based on computer calculations, we make the following conjecture.

Conjecture 3.3. Let g > 3 be prime. Let N = 2%g, with a € {0,1}, and k = rq?
in (3.1), where r is an arbitrary nonzero constant. Then

qagrt +1) (4g°rt + (=)@ D) A(g)*  ifa=0
A(Fpaqy) = (3.16)
q (4qrt + (—1)47V/2) (4g?rt +1) A (g1)2 ifa=1,

where
A(gy) = q992h, (1), (3.17)

such that h,(t) has content 1, h,(t) = 1ifq = 3, and h, (t) € Z [t] is irreducible
with deg (h,) = (q - 3)/2,ifq > 5.

We then have the following result, which is conditional on Conjecture 3.3.

Theorem 3.4. Let g > 3 be prime, and let r > 3 be a prime that is a primitive
root modulo g*. Let Fragp 1(x) beasin (3.1), withk = rq?, and let go(u) and g, (u)
be as in (3.14). Assume Conjecture 3.3 is true, with hy(t) and h,(t) as in (3.17).
Define

By() © = (4grt + 1) (4g%rt + (=1)47V/2) hy(1)

Cy(t) : = (4grt + (1)@ V72 (4g2rt + 1) y(r), and (3.18)

A1) 1= lem(B (1), Cy(0)). (3.19)

If there exists an integer t, such that B, (t,) is squarefree, then g,(u) is monogenic,
and F g (x) is monogenic for all integers b > 1. If there exists an integer t, such
that g (t,) is squarefree, then g,(u) is monogenic, and F g ((x) is monogenic
for all integers a > 1 and b > 1. Consequently, if there exists an integer t (i.e.
t; = tp) such that A(t) is squarefree, then g,(u) and g,(u) are monogenic, and
furthermore, F a4 ,(X) is monogenic for all integersa > 0 and b > 1.

Proof. We present the proof for the situation when there exists an integer ¢
such that A(t) is squarefree. We omit the proof for the situation assuming the
weaker condition that ¢; # t,, since it is similar.

We show first that g,(u) is monogenic. By Lemma 3.2, g,(u) is irreducible.
Let go(a) = 0, K = Q(a) and Zg be the ring of integers of K. Since A,(t)
is squarefree, we know that h,(t) is squarefree. Therefore, by (3.17), to prove
that g,(u) is monogenic, it is enough to show that g } [Zx : Z[a]]. Note that
deg(gy) = (q—1)/2 # 0 (mod q). Since gy(u+2) is g-Eisenstein by Lemma 3.2,
it follows from Theorem 2.15 that gl4~1/2=1 = ql4=3/2||A(K). Hence, A(K) =
A (gy), and gy(u) is monogenic. The argument to show that g;(u) is monogenic
is similar, and we omit it.

We now show that F5a g ,(x) is monogenic by considering several cases. Note,
by Lemma 3.1, F5ag ,(x) is irreducible for all ¢ € Z. We consider first the case
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(a,b) = (0,1). Suppose that F,,(6) = 0, and let L = Q(6). By Corollary 2.20,
K C L. Hence, by Theorem 2.8 and (3.17), we have that

AR = A (g9)” = g7 ho(t)? | A(L).

Since Ay is squarefree, it follows from (3.16) that A(F,,) = A(L), so that
F ¢,/(x) is monogenic. A similar argument handles the case (a,b) = (1,1).

Next, we need to calculate |A (Fagp, [)‘ when (a, b) & {(0,1),(1,1)}. Suppose
first that a > 1. By Lemma 2.1,

a— b
?Zaqb,t(x) = fzq,t ( 2 1) (?Zq tOG) (x),
where
G(x) = x*"7a",
Then, by Theorem 2.4 and Definition 2.3, we have that

alb—l

|A (Faage )| = |A (F g, ,) R (F 24,06, G’)’

albll

- A(sfzq,,)za_q (20-1gb- 1)"1’(2 7) H Fraqp4(0)

_ A(?zq,t)f‘ g (2a—1qb—1)¢(2aq ) '

The case a = 0 is similar, and we omit the details. To summarize, we have that
qb—l _ ¢(qb)
A (7, ) (¢

pa— 1 _ _ ¢ na b
|A (Fae) ¢ (e

ifa=0
(3.20)

|A (fzaqb,t)‘ = 3

ifa>1.

We focus now on the cases when a > 2 and b > 2, so that the powers of 2
and g do not vanish in (3.20). The remaining cases are similar and we omit the

details. Suppose that F5ags ((6) = 0. Then F, (Gza 'q"” 1) = 0. Let

K= @(ez““) and L = Q(0).

Then
KcL and [L:K]=2%1gt""1,

Since F,,,(x) is monogenic, we have that A (¥,,,) = A(K). Thus, by Theorem
2.8, it follows that

2a1b1

A (Faqr) AL). (3.21)

Also, from (1.1) and (3.20), we have that

a—1,b-1 aqb
A (qu,t)z ! (2a_1qb_1)¢(2 ?)

= [z, : Z[6])’ - |A(L))|. (3.22)
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Thus, we conclude from (3.21) and (3.22) that to prove F g ,(X) is monogenic,
it is enough to show that

[Z; : Z[O]] #0 (mod 2) and [Z;: Z[6]]#0 (mod q). (3.23)

To establish (3.23), we use Theorem 2.9 with T := F g ;(x). By Theorem 2.2,
we have that

Dy (x)*) (mod 2)

Dy = 3.24
20q (%) ®,.(x)%(4")  (mod q). (3.24)
We examine the prime 2 first. By Theorem 2.2,
¢(q”)/ ordp(2)
op(x)= [ 7 (mod2), (3.25)
i=1

where y;(x) is irreducible over [, and deg (y;) = ordg(2). Thus, in Theorem
2.9, we may let

(2%
#(qb)/ ord,5(2) ¢(q")/ ord 5 (2)
gx)= [] 7 and ghx)=| ] 7n®
i=1 i=1

By (3.25), we may write
x4 —1
g(x) = ®g(x) + 2p(x) = m + 2p(x),

where p(x) € Z[x]. Define

b
800> = Foagn 1 () g™ - (q)qu (XZH) +4rq’t (x2a1)¢(q )/2)
F,(x) := 5 = 5
Since
gx) =g (xz)zai1 (mod 4) fora > 2,
it follows that

2Fg41(x) = g(x)za - (‘I>2qb (Xza) + 4rq2t (xza)qb(qb)/Z)

a-1 a-1 a1\ $(a")/2
Eg(xz)2 —((bqu ((xz)2 >+4rq2t<(x2)2 > ’ ) (mod 4)

=2F, (x?),
for a > 2. Hence,

Fou(x) =F, (x*) =F,(x)* (mod2) fora > 2.
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Consequently, to show that gcd (F_a §) = 1forall a > 2, it is enough to show

that ged (172, §) = 1. Straightforward computations show that

dbqb(x)z — Dy (xz)
2

2
x4 —1 x4 41
x¢" =1 x20"7 4+ 1

= + 2E(x)

() e

= 5 + 2E(x),
(x4 —1)" (x2*" +1)

Fy(x) =

+ 2E(x)

where

E(x) = p(x)®g(x) + o(x)? = rg’t (x2)¢’(qb)/2.

Hence,

x () =) () - 1).

Fy(x) = -
(x2"7 = 1) (x2" +1)

(3.26)

Suppose that g(a) = 0, where « is an element of some algebraic closure X of
F,. Then the order of  in K is g?, and it is easy to see from (3.26) that F, () # 0

in X, from which we conclude that gcd (1?2, §) =1.

We now examine the prime g. Using (3.24) and proceeding as in the exami-

nation of the prime 2, we may take
8(x) = ®pa(x) + gp(x),
where p(x) € Z[x]. Then

o 80D — Frugp )
q

000 = 000 + T 0,00 (o) - argPext (02

q
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Thus, by Theorem 2.2, and the fact that b > 2, we have that

qﬁ(X) = (I)za(x)¢(qb) _ (DZ (xZa—lqbfl)

gt ¢(¢")-1 b X
(=) e T Py

=Y

+1+Z( 1)1( 2‘”“)q -

$(¢°)-1 b -1
-3 CO) ey S ey

Suppose that ¢2*” +1 = 0 for some ¢ € X, an algebraic closure of Fq- Then, in
X, we have that

$(¢")-1 b
0= 0u()?@) = (1) 414 Y (¢ (Jq ))( 1,
Jj=1
and hence,
$(¢")-1 b
=
Thus,
_ ¢(¢")-1 b
FO= (¢(q )1y - Z( "
=1
=-2-(q-2)
= —q,

so that F(¢) = —1. Therefore, gcd (g, 1?) = 1l and Fpag ;(x) is monogenic. [

Using a computer, we have verified that Conjecture 3.3 is true for all primes
q with 3 < g < 211. Nevertheless, for an unconditional version of Theorem 3.4
for these primes, the question still remains as to whether there exist infinitely
many prime values of ¢ such that 54 ;(x) is monogenic. To accomplish this
task, we must show that either there exist infinitely many primes u and v such
that B,(u) and C,4(v) in (3.18) are squarefree, or that there exist infinitely many
primes p such that A,(p) in (3.19) is squarefree. Both of these conclusions fol-
low from Corollary 2.12, provided that, respectively, B,(¢) and C4(¢) have no
local obstructions, or A,4(t) has no local obstructions (see Remark 2.13). How-
ever, when 11 < g < 211, this result is conditional on the abc-conjecture for
number fields since deg(hy) = deg(h;) = (q — 3)/2 > 4 for these primes.
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Therefore, the only completely unconditional monogenic result we can achieve
at this time is Theorem 1.1.

4. The proof of Theorem 1.1

Proof of Theorem 1.1. In light of Theorem 3.4, and since Conjecture 3.3 has
been verified by computer for g € {3, 5, 7}, it would suffice to show for each
of these primes q that there exist infinitely many prime values of ¢ such that
Ag4(t)in (3.19) is squarefree. We will see that this is possible only for the primes
q € {3,5}. For the prime q = 7, because of a local obstruction of A,(t) at the
prime ¢ = 3 for certain congruence classes of r (mod 9), we must resort to an
analysis of the two separate cases B,(t) and C,(t) in (3.18).

For each g € {3, 5}, we wish to apply Corollary 2.12 to the polynomials A,(¢)
in Table 2. We must first check A, (t) for obstructions. Suppose that g = 3. We

q hq(8) Ag(0)
3 1 (12rt + 1) (36rt — 1) (12rt — 1) (36rt + 1)
5 80rt—1 (20rt + 1)(100rt + 1)(80rt — 1)

TABLE 2. Computer Calculations of h,(t) and A4(¢) for g € {3, 5}.

see easily that A(t) has no obstruction at £ = r since A;(t) = 1 (mod r?). So,
assume that ¢ is a prime with ¢ # r, and let z be an integer such thatrz = 1
(mod ¢?). Then

Ai(z)=(12-1)B6—-1)(12+1)36+1)=11-5-7-13-37#0 (mod ¢?),

and hence .A5(t) has no obstructions.
Now suppose that g = 5. Since

As(1)=—40r —1#0 (mod r?),

we conclude that As(t) has no obstruction at ¢ = r. Assume then that ¢ is a
prime with ¢ # r and let z be an integer such thatrz = 1 (mod ¢2). Then

As(z)=(20+1)(100+1)(80—1)=3-7-101-79 20 (mod ¢2),

and hence A5(t) has no obstructions.

Thus, for each g € {3, 5}, we can apply Corollary 2.12 to A,(t) to conclude
that there exist infinitely many primes p such that A (p) is squarefree, and
this conclusion is unconditional since A4(¢) has no irreducible factor of degree
d > 3. Hence, by Theorem 3.4, the proof of Theorem 1.1 is complete for these
primes q.

Finally, we turn to g = 7. Note that r = 5 is a primitive root modulo 49. For
this value of r, it is easy to check that

A;()=0 (mod 9) forallt € (Z/92)".
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Hence, A,(t) has an obstruction at £ = 3, and so we must break our analysis
into two cases as indicated in Theorem 3.4. For the first case, we have

ho(t) = 21168r%t2—56rt—1 and B,(t) = (28rt + 1) (196rt — 1) hy(t), (4.1)
while for the second case, we have
hy(t) = 21168r%t>+56rt—1 and GC,(t) = (28rt — 1) (196rt + 1) hy(t). (4.2)

Because the methods are similar for resolving each of the cases (4.1) and
(4.2), we provide the details only for (4.1). Since B,(t) = 1 (mod 4), we see
that B,(t) has no obstruction at ¢ = 2. Also, since

B,(t)=-112rt +1#0 (mod r?),

we conclude that B,(t) has no obstruction at ¢ = r. Next, suppose that ¢ =
3. In Table 3, we give the possible congruences classes of r (mod 9) and we
indicate a value of t € (Z/QZYk for which B,(t) # 0 (mod 9). Thus, B,(t) has
no obstruction at ¢ = 3.

r (mod 9) 1 23 45 7 8
t(mod9) |2 1 1 8 1 8 7
B,(t) (mod9) (3 3 7 6 6 3 3

TABLE 3. Values of r (mod 9), t (mod 9) and B,(t) (mod 9).

Suppose now that ¢ is a prime with ¢ & {2,3,r}. Let z be an integer such
thatrz =1 (mod ¢2). Then
By(z) = (28+1)(196—1)(21168—56—1) = 32.5-13-29-31-227 £ 0 (mod ¢?),

which shows that B-(¢t) has no obstructions.

Note that the largest degree of an irreducible factor of both B,(t) and C,(t) is
2. Thus, combining the conclusions of Corollary 2.12 when applied to each of
B,(t) and C,(t), together with Theorem 3.4, completes the unconditional proof
of the theorem. O

5. The proof of Theorem 1.3

Proof of Theorem 1.3. For part 1., suppose first that N = 12. Let p be a prime
such that

Frap(x) =x*+(B6rp —1)x*+1
is a reciprocal monogenic polynomial from Theorem 1.1, for which As(p) in
Table 2 is squarefree. We see immediately from part (1) of Theorem 2.23 that

Gal (‘?’12,}7) =4T2 ~ C2 X C2.
For part I. with N = 18, let p be a prime such that
Frg,p(x) = x° + (36rp — Dx® + 1
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is a reciprocal monogenic polynomial from Theorem 1.1, for which A;(p) in
Table 2 is squarefree. In the context of applying Theorem 2.25 to 5 ,(x), we
get

g(x) = x3 —3x — (36rp — 1).
Then, a Maple computation gives that
A(g) = —81(12rp — 1)(36rp + 1),

which is clearly not a square in Z. Hence, Gal(¥) ~ C, X S;.
For part I. with N = 24, let p be a prime such that

Foap(x) = x8+ (36rp — Dx* +1

is a reciprocal monogenic polynomial from Theorem 1.1, for which A;(p) in
Table 2 is squarefree. Corresponding to the reciprocal polynomial 74 ,(x) we
have from (2.1) that

g(u) = u* —4u® + 36rp + 1.
Note that g(u) = f(h(u)), where
fw)y=u?—4u+36rp+1 and h(u)=u’

Applying Theorems 2.6 and 2.7 to this situation, we let

a=2++/-312rp—1),

noting that f(a) = 0 and f(u) is irreducible. Then g(u) is reducible if and only
if & = B2 for some § € Q(a). However, the norm of « is

N(a)=36rp+1,

which is not a square in Q, and therefore o cannot be a square in Q(«). Hence,
g(u) is irreducible. Using Theorem 2.23, it is easy to verify that Gal(g) ~ D,.
Thus, by Corollary 2.12, Gal (F 24,p) contains a subgroup of isomorphic to D,.
Suppose that F, ,(6) = 0, and let L be a splitting field of >, ,(x). Since

—(6*+067%) =36rp—1,
we have that
Foup(x)=x—-60)(x+6)(x—67")(x+67")(x*+6%) (x2+672)

over Q(8). Thus, either L = Q(6) or L = Q(9, i), depending on whether x? + 62
is, respectively, reducible or irreducible over Q(6). Note that
f1(x) i=x*+@B6erp—1)x? +1

isirreducible since 574 ,(x) is irreducible. Also, applying part (1) of Proposition
2.21to

fo(x) i=x*—@B6erp—1x*+1
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confirms that f,(x) is irreducible since neither
2 —4=3012rp—-1)(36rp +1),
—c+2=36rp+1 nor
—c—2=312rp-1)
is a square in Q. Thus, Q (6%) and Q (i6?) are both degree-4 normal subfields
of L, since they are splitting fields of, respectively, f,(x) and f,(x). If Q (6?) =
Q (i@z), then there exist A, B,C,D, m € Z, with m # 0, such that
_ A+B6*+C6* +D6°
= — )
Squaring both sides of (5.1) and using the fact that 77, ,(6) = 0, we get

i6?

(5.1)

(2CD — 72CDrp + 2AD + 2BC)0°
+ (=72BDrp — 72D?rp + 2AC + B? + 1296D?r?p? + 2BD — 36C?rp + C?)6*
+ (m? — 2CD + 2AB)6? + A> — C?> — D? + 36D*rp — 2BD = 0.
Since the elements of the set {1,62,6%, 6%} are linearly independent, we then
arrive at the system of equations:
2CD —72CDrp +2AD +2BC =0
—72BDrp — 72D%*rp + 2AC + B% + 1296D*r?*p? + 2BD — 36C%*rp + C2 =0
m?* —2CD +2AB =0
A?—C?—-D? +36D?*rp—2BD =0.
Using the Maple isolve command on this system confirms that there are no
integer solutions with m # 0, and therefore, Q (6?) # Q(i6%). Thus, if L =
Q(6), then Gal (¥, ) contains at least two distinct normal subgroups of order

2, corresponding to the two distinct degree-4 normal subfields. Since [Q(6) :
Q] = 8 and Gal (F,4, p) contains a subgroup isomorphic to D,, it must be that

Gal (¥ 24’p) ~ D,. However, D, contains only one normal subgroup of order 2.
Therefore, we conclude that L = Q(6, i) and
[Q6,1) : Q] = ‘Gal (?24,p)| = 16.

Define

gw) :=u*+4u® +36rp + 1.
Then, using the fact that the set of zeros of g(u) is

{x(@+67Y), =+i(6-0671)},
and that the set of zeros of g(u) is

{xi(6+0671), +(6-06"1)},

along with arguments similar to the previous discussion for f;(x) and f,(x), we
see that the splitting fields K; of g(u) and K, of g(u) are such that K; # K,, both
K; and K, are contained in L and [K; : Q] = 8 = [K, : Q]. Thus, as before,
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we deduce that Gal (¥, ,) contains at least two distinct normal subgroups of
order 2. Since, by a Maple computation,

A (Fap) =2*3%(12rp — 1)*(36rp + 1%,

we conclude that Gal (%, ) is even by Theorem 2.14. Examination of the six
transitive groups 8T6 to 8T11 of degree 8 and order 16 reveals that only 8T9 is
even, contains a subgroup isomorphic to D, and has at least two normal sub-
groups of order 2 (see [10,21]). Thus, Gal (¥, ,) = 8T9.

Next, for part I. with N = 36, let p be a prime such that

Faep(x) = x2 + (36rp — Dx® + 1

is a reciprocal monogenic polynomial from Theorem 1.1, for which As(p) in
Table 2 is squarefree. From (2.1), we have for the reciprocal polynomial #3 ,(x)
that

g(u) = ub — 6u* + 9u? + 36rp — 3,
which is 3-Eisenstein, and hence irreducible. Let

a=-—6
b=9
c=36rp—3

d =-81(36rp + 1)(12rp — 1) and (5:2)

h(u) = ub — 9u* + (=216rp + 18)u? — 1296r’p? + 216rp — 9
= (u® +3u? +36rp—3) (u® — 3u® - 36rp +3).

Thus, applying Theorem 2.27 1 to g(u) with the information in (5.2), we deduce,
since A;(p) is squarefree, that Gal(g) = 6T3. Let F34 ,(6) = 0, so that

[Q6) : Q] =12.

Let ¢ be a primitive sixth root of unity. A straightforward computation shows
that the 12 zeros of F34 ,(x) are:

+6, +671, +6¢, +6¢2, +671¢, +671¢2,

Hence, ¥ 3 ,(x) splits completely over Q(6, ). If¢ € Q(6), then |Gal (F4,) | =
12, and thus 6T3 = Gal (g) = Gal (¥34 ) by Corollary 2.20. However, since

A (Fsqp) = 2123836rp + 1)°(12rp — 1)°,

we have from Theorem 2.14 that Gal (F 3, p) is isomorphic to a subgroup of A;,,
which contradicts the fact that 6T3 is not even. Consequently,

[Q(6,9) : Q®)] =2,

so that |Gal ([}' 36, p) | = 24. Examination of the four even transitive groups 12T6,
12T7, 12T9 and 12T10 of degree 12 and order 24 reveals that the only one of
these groups with a subgroup isomorphic to 6T3 is 12T10 [21], which completes
the proof in this case.
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For part I1., we give the details only for #;,(x) since the details for F5(x) are
similar. Let g = 5 and let p be a prime such that
Frop(x) = x* — x> + (100rp + Dx* — x + 1

is a reciprocal monogenic polynomial from Theorem 1.1, for which A5(p) in
Table 2 is squarefree. Observe that F1, ,(x) = ®;(x) + 100r px* > 0 for all x,
which implies that F,, ,(x) has no real zeros. Applying Proposition 2.19 to the
reciprocal polynomial F5 ,(x), we have from (2.1) that

gw) =g (u) =u?—u+100rp — 1.

Note that A(g) = —400rp + 5, from which we conclude that g(u) has no real
zeros. Hence, by Corollary 2.20, 57 ,(x) has no zeros on the unit circle. Sup-

— —1
pose that #, ,(6) = 0so that [Q(6) : Q] = 4. Thus, 6, 6~1,0and & are the
four distinct zeros of 7 ,(x), and since

100rp+1=-0*2+6+6"1-0672
it follows that
Frop(x)=x—-0)(x—6")(x*+(0+671—1)x+1),
over Q(9). If 6e Q(6), then F7 ,(x) splits completely over Q(6) and
|Gal (Tm,p)) = 4.
A computer calculation yields
A (F1op) = 5°(20rp + 1)(100r p + 1)(80rp — 1)%,

which confirms (3.16) in Conjecture 3.3. Since A (F 10,p) is not a square, it fol-
lows that Gal (%, ) = 4T1 ~ C,. However,

6,(6)=6"1 and 0,(6)=6

are two distinct elements of order 2 in Gal (¥, ,), which contradicts the fact
that C, has a single element of order 2. Therefore, |Gal (? 10’p) | = 8, and
Gal (¥ 10’p) = 4T3, since 4T3 is the only transitive group of degree 4 and or-
der 8 [21].

For III., we give the details only for part (a) since part (b) is similar. Letq = 7
and let p be a prime such that

Frp(X)=x0+ x> +x*+(196rp+ x> + x* + x +1
is a reciprocal monogenic polynomial from Theorem 1.1, for which B,(p) in
(3.18) is squarefree. Then, from (3.14), we have that
g(w) = go(u) = ud +u? —2u + 196rp — 1,

which is monogenic by Theorem 3.4. Since

A(g) = —7%(21168r2p? + 56rp + 1) < 0,
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g(u) has exactly one real zero p, two non-real zeros 5 and B, and Gal(g) ~ S;.
Moreover, since
g(=(196rp -3 -1) <0 and g(-(196rp—-1)3) >0,
it follows that
—(196rp — Y3 -1 < p < —(196rp — 1)/3

—(p+1)++/9—2p—3p2
6 = 2
Thus, by Corollary 2.20, we deduce that F; ,(x) has exactly two real zeros,

_ptVpP—4 _p—VpP-4
2 2 ’

and

, with 9—-20-3p2<0. (5.3)

0 and 67! (5.4)
and four non-real zeros,
_B+VB-4 L B3
0= —, O s —
2 2
_ — _ — (5.5)
__BtVE -4 o _a_B-VE -4
a= > a = > .

Since
Fyp(—.5)=.671875—-245rp <0 and F,,(0) =1,
we see that —.5 < 6 < 0. Furthermore, 5 ,(x) has no zeros on the unit circle
since a calculus argument reveals that the absolute minimum value of g(u) on
the interval [—2, 2] is (=1 +/7)/2 + 196rp > 0.
Thus, since —p> — p? 4+ 20 + 2 = 196rp + 1, we have that

Frpx)=(x*—px+1)(x* + e+ 1)xX* + (P +p) X + (o + D) x + 1),

=71(x) =y,(x)

where y;(x) has the two real zeros (5.4) and y,(x) has the four non-real zeros
(5.5). We claim that both y,(x) and y,(x) are irreducible over Q(p). We give
the details for the irreducibility of y,(x), and omit the details for y;(x) since the
argument for y;(x) is similar. Since Q(p) C R and all zeros of y,(x) are non-
real, it follows that if y,(x) is reducible over Q(p), then y,(x) must factor into
the product of two irreducible quadratics.

We appeal to part (2) of Proposition 2.21 with b = p+1and ¢ = p?>+p. There
are three possibilities to check. For the first possibility, we have from (5.3) that

8+b%—4c=-3p>-20+9<0,

which is not a square in Q(p) C R.
For the next two possibilities in Proposition 2.21, we see that a necessary
condition for either of

b2 —2c — 4+ 24— 4b2 + 4c + 2




1488 LENNY JONES

to be a square in Q(p), is that 4—4b?+4c+c? must be a square in Q(p). Repeated
use of the fact that

03 =—p*+2p—(19rp —1) (5.6)
yields
4—4b2 +dc+ct=p* +203 +pr —4p
=2p% — (196rp + 1)p — (196rp — 1). (5.7)

Assume that (5.7) is a square in Q(p). Then, there exist A,B,C,m € Z such
that

m? (2p% — (196rp + 1)p — (196rp — 1)) = (A + Bp + sz)z. (5.8)

Note that we cannot have A = B = C = 0 since that would contradict the fact
that the minimal polynomial of p has degree 3. Expanding (5.8) and using (5.6)
produces the equation

(B2 +3C? — 2BC + 2AC — 2m?) p?
+ (4BC + 2AB + m? — C? — 196rpC? + 196rpm?) p
— C? +196rpm? — 392r pBC + 196rpC? + A2 —m? + 2BC = 0. (5.9)

Since the elements of {1, p, 0%} are linearly independent, we extract from (5.9)
the following system of equations:

B?+3C? —2BC +2AC —2m?* =0
S = 4BC + 2AB + m? — C? —196rpC? + 196rpm? = 0
—C? + 196rpm? — 392r pBC + 196rpC? + A2 — m? + 2BC = 0.

Using the isolve command, Maple supplies the following five solutions to S:

(1) {A=-2Z,, B=-2Z,, C=2,, r=2,, p=0, m=—2,}
(Q){A=-2Z,, B=-2Z,, C=2,, r=0, p=2, m=—2Z,}
B){A=-2Z,, B=-Z,, C=2,, r=0, p=2Z;,, m=2Z;}
4 {A=-27Z,, B=-2,, C=2,, r=Z;, p=0, m=2Z,}
5){A=0, B=0, C=0, r=2,, p=2Z,, m=0}.
Since rp > 0, solutions (1) to (4) can be ruled, and, as mentioned, solution
(5) contradicts the degree of the minimal polynomial for p. Thus, y,(x) is irre-

ducible over Q(p).
Since

@) =x-a)(x—at)(x*+(a+at+p+1)x+1)

over Q(p, a), the previous discussion tells us that Q(p, a, 6, a) is a splitting field
for #; ,(x) and gives us the following tower of fields (with relative degrees):
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Qp,a,6,a)

where d = 1 or d = 2 depending on whether x? + (a +a™ !+ p+ 1) x + 1 s,
respectively, reducible or irreducible over Q(p, a). We deduce that

‘Gal (f7,p)| € {24, 48}
To narrow down these choices, we use three additional facts. First, since
A(F;,) = 7°(28rp + 1)(196rp — 1) (21168r*p* — 56rp — 1)2

is not a square, we have, by Theorem 2.14, that Gal (? 7,p) is not even. Sec-
ond, since Gal(g) ~ S;, we have by Corollary 2.20, that Gal (¥ ,) contains a
subgroup isomorphic to S;. Third, since 57 ,(x) = ®;(x) (mod r) and r is a
primitive root modulo 7, we have from Theorem 2.2 that 7 ,(x) is irreducible
modulo r. Therefore, by Theorem 2.10, Gal (3" 7, p) contains an element of order
6.

We first examine the three transitive groups [21] of degree 6 and order 24:
6T6, 6T7 and 6T8. The group 6T7 is even and therefore can be ruled out by
the first fact above. The group 6T6 is isomorphic to C, X A4, which contains
no subgroup isomorphic to Ss, and thus, by the second fact above, 6T6 can be
ruled out as well. Finally, we can use the third fact above to rule out 6T8 since
6T8 =~ S,, and S, contains no element of order 6. Hence, |Gal(¥;,)| = 48.
Since there is exactly one transitive group [21] of degree 6 and order 48, namely
6T11, it follows that Gal (¥;,) = 6T11. O

6. Final comments
Computer calculations suggest the following:

Conjecture 6.1. Let T p(x) beasin (1.2). Letq =7and b = 1.
(1) If a = 2, then there exist infinitely many primes p such that F a7 ,(X) is a
reciprocal monogenic polynomial with Gal (Z}' 2a7’p) = 12T139.
(2) If a > 3, then there exist infinitely many primes p such that F a7 ,(X) is a
reciprocal monogenic polynomial with

|Gal (Faa7 )| = 2%71 -3,
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During attempts to establish part (1) of Conjecture 6.1, we encountered the
following unexpected consequence:

Theorem 6.2. Let r be a prime. Then there exist infinitely many primes p such
that

gu) :=ub —7u* + 14u® + 196pr — 7
is monogenic with Gal (g) = 6T11.

Remark 6.3. The polynomial g(u) corresponds to Fg ,(x) and arises from
(2.1).

Proof. By Corollary 2.12, there exist infinitely many primes p such that
(28pr — 1) (21168p?r? + 56pr — 1) is squarefree.
Let p be such a prime. Consider the polynomial
gu) :=u—7u® + 14u + 196pr — 7.

Note that g(u) and g(u) are irreducible since they are both 7-Eisenstein. Sup-
pose that g(a) = 0. Then g(a?) = 0. Let K = Q(a?) and L = Q(a), so that
K c L. Hence, by Theorem 2.8, we deduce that

AK) | AL). (6.1)
From Maple, we have that
A(8) = —7*(21168p*r? + 56pr — 1) and

2 (6.2)
A(g) = —2°7°(28pr — 1) (21168p2r? + 56pr — 1) .

By Theorem 2.15, 72| |A(K) and 7°||AL. Since 21168 p?r?+56 pr—1 is squarefree,
we conclude that g(u) is monogenic and therefore, A (g) = A(K). Thus, since
28pr — 1 is squarefree, it follows from (6.1) and (6.2) that we only have to show
2%||A(L) to prove that g(u) is monogenic. We apply Theorem 2.9 with the prime
2. Using Maple, we get

(ud+u?+ 1)2 —g(u)
2

so that F(x) = u’ + u3. Then, another Maple calculation shows that

F(x) = =u’ +ud +4u* — 6u® +4 —98pr,

ged (1?, w4 u’+ 1) =1,
which implies that [Z; : Z[a]] # 0 (mod 2), and hence g(u) is monogenic.
To see that Gal(g) = 6T11, we apply Theorem 2.27 to g(u) with
a=-7, b=14, c¢=19pr—7 and d=A(g).

Thus, from our assumptions on p, it is easy to see that none of —c, d and —cd
is a square in Z. Next, we calculate

h(u) = ub — 14u* — 7(196 pr — 7)u? — (196 pr — 7).
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We claim that h(u) is irreducible. To see this, we use Proposition 2.24. Let
H(u) = u® — 14u? — 77(196 pr — 7)u — (196 pr — 7).

Observe that
Hw=u>+u+1 (mod 2),

which has no zeros modulo 2. Hence, H(u) is irreducible. Then, as in Proposi-
tion 2.24, we have

h(u) = u* — 28u® + (—1568pr + 56)u + 5488 pr.

By the Rational Zero Theorem, there are 80 possible integer zeros of h(u), and

they have the form z; ; := p'r/n, where i, j € {0,1} and n is a divisor of 5488.

We use the Maple command isolve(W), where
W= {(l/’t\(zu)) =0,p>0,r> 0},

to see that there are no solutions for any i and j. It follows from Proposition 2.24
that h(u) is irreducible. Finally, we conclude from Theorem 2.27 that Gal(g) =
6T11. (]
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